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Notation

@ Let AG(n,q) denote the n-dimensional affine space over
the finite field GF(q).

@ Let PG(n, q) denote the n-dimensional projective space
over the finite field GF(q).
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Directions

@ A point at infinitiy of AG(n, q) is called a direction.
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Directions

@ A point at infinitiy of AG(n, q) is called a direction.

Definition

Consider a set U of points of AG(n,q). A direction is called
determined by U if and only if it is the point at infinity of the line
determined by two points of U.
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Directions

@ A point at infinitiy of AG(n, q) is called a direction.

Definition

Consider a set U of points of AG(n,q). A direction is called
determined by U if and only if it is the point at infinity of the line
determined by two points of U. Denote by Up the set of
directions determined by U.
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Directions

@ A point at infinitiy of AG(n, q) is called a direction.

Definition

Consider a set U of points of AG(n,q). A direction is called
determined by U if and only if it is the point at infinity of the line
determined by two points of U. Denote by Up the set of
directions determined by U.

If [U| > q"~1, then all directions are determined by U.
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direction problems

We are interested in the following research questions.

© What are the possible sizes of Up given that [U| = q"~1?
What is the possible structure of Up?
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direction problems

We are interested in the following research questions.

© What are the possible sizes of Up given that [U| = q"~1?
What is the possible structure of Up?

© What are the possible sets U, |U| = q"~1, given that Up, (or
its complement in 7,) or only |Up| is known?
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direction problems

We are interested in the following research questions.

© What are the possible sizes of Up given that [U| = q"~1?
What is the possible structure of Up?

© What are the possible sets U, |U| = q"~1, given that Up, (or
its complement in 7,) or only |Up| is known?

© Given that a set N of directions is not determined by a set
U, |U| =g"! — ¢, can U be extended to a set U’,

|U’| = "1, such that U’ does not determine the given set
N?
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Blocking sets

A blocking set of PG(2, q) is a set B of points such that every
line meets B in at least one point.
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Blocking sets

Definition

A blocking set of PG(2, q) is a set B of points such that every
line meets B in at least one point. A blocking set is called
non-trivial if it does not contain a line.
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Blocking sets

Definition

A blocking set of PG(2, q) is a set B of points such that every
line meets B in at least one point. A blocking set is called
non-trivial if it does not contain a line. A blocking set B is
minimal if B \ {p} is not a blocking set for any p € B.
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Blocking sets and directions
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blocking sets of Rédei type

Definition

Let B be a blocking set of PG(2,q) of size g + n. Then B is a
blocking set of Rédei-type if there exists a line meeting B in n
points.
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blocking sets of Rédei type

Definition

Let B be a blocking set of PG(2,q) of size g + n. Then B is a
blocking set of Rédei-type if there exists a line meeting B in n
points.

Theorem (Blokhuis, Brouwer and Szényi (1995))

Let B be a non-trivial blocking set of Rédei-type in PG(2,q), q
an odd prime. Then [B| > 3@,
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blocking sets of Rédei type

Definition

Let B be a blocking set of PG(2,q) of size g + n. Then B is a
blocking set of Rédei-type if there exists a line meeting B in n
points.

Theorem (Blokhuis, Brouwer and Szényi (1995))

Let B be a non-trivial blocking set of Rédei-type in PG(2,q), q

an odd prime. Then [B| > 3@,

Theorem (Blokhuis (1994))

Let B be a non-trivial blocking set of Rédei-type in PG(2,q),
an odd prime. Then [B| > 3@,
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blocking sets of Rédei type

@ Let g be an odd prime.
@ Define U := {(x,xq_zl)|x € GK(q)}.
@ Then U U Up is a blocking set of size g + 932 = 3@,

@ This blocking set is sometimes called the projective
triangle.
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Question 1 in AG(2,q)

Theorem (Ball (2003))

Let U be a point set of AG(2,q) of size q = p", p prime, h > 1.
Lets = p®, 0 < e < n, be maximal such that any line with with
slope in Up meets U in a multiple of s points. Then one of the
following holds:
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Question 1 in AG(2,q)

Theorem (Ball (2003))

Let U be a point set of AG(2,q) of size q = p", p prime, h > 1.
Lets = p®, 0 < e < n, be maximal such that any line with with
slope in Up meets U in a multiple of s points. Then one of the
following holds:

@ s=1and(q+3)/2<|Up|<qg+1,

q—1

@ e|handd+1<|Up|< &,

©Q s=gand|Up| =1.

Moreover, if s > 2 then U is GF(s)-linear (and all possibilities
for |Up| can in principle be determined).
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Question 1 in AG(2,q)

Theorem (Ball (2003))

Let U be a point set of AG(2,q) of size q = p", p prime, h > 1.
Lets = p®, 0 < e < n, be maximal such that any line with with
slope in Up meets U in a multiple of s points. Then one of the
following holds:

@ s=1and(q+3)/2<|Up|<qg+1,

q—1

@ e|handd+1<|Up|< &,

©Q s=gand|Up| =1.

Moreover, if s > 2 then U is GF(s)-linear (and all possibilities
for |Up| can in principle be determined).

Parts of this theorem were shown by Blokhuis, Ball, Brouwer,
Storme and Sz6nyi in 1999.
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Question 2 in the plane
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Question 2 in the plane

Theorem (Szo6nyi (1996))

Suppose that U is a set of g — k points, k < @ such that

Up| < 9+ Then U can be extended to a set Y, |Y|=qand
2
Yp = Up.
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Early results

Theorem (Ball and Lavrauw (2006))

Let U be a set of gk~ points of AG(k,q), g = p". If U does not
determine at least p€q directions, 0 < e, then every hyperplane
meets U in 0 mod p®*! points.
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Early results

Theorem (Ball and Lavrauw (2006))

Let U be a set of gk~ points of AG(k,q), g = p". If U does not
determine at least p€q directions, 0 < e, then every hyperplane
meets U in 0 mod p®*! points.

Theorem (Ball (2008))

Letq = p", p prime, h > 1and 1 < p® < g2, where e is a
non-negative integer. If there are more than p¢(q — 1)
directions not determined by a set U of g~ points in AG(k, q)
then every hyperplane meets U in 0 mod p&*?! points.
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(i) U={(a,bj,ci,1)li=1...9%}
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The Rédei polynomial approach

(i) U={(a,bj,ci,1)li=1...9%}

(ii)
q2
RX,Y,Z,W)= J[X+aY+bzZ+cw) (1)
i=1
q2
= XT Y o(Y,.Z,W)XTT (2
j=1
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The Rédei polynomial approach

(i) U={(a,bj,ci,1)li=1...9%}
(if)

q2

RX,Y,Z,W)= J[X+aY+bzZ+cw) (1)
i=1
2

q
= XT Y o(Y,.Z,W)XTT (2
=1

(iil) if yX1 + zX5 +wX, = X3 = 0 is a line containing a
non-determined direction, then

R(X,y,Z,W) | (Xq _X)q
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) o(Y,Z,W)=0,j=1...q—1
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The Rédei polynomial approach

) o(Y,Z,W)=0,j=1...q—1

OR _v9* _ R(Xyzw)
V) gx(X,y,z,w) =371, XTay+biztcw)
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The Rédei polynomial approach

(iv) oj(Y,Z,W)=0,j=1...q-1
ol 2 R(X.y,z,

(V) a_)F\()(X’y)va): ?:1%

(vi) R(X,y,z,w) | (X = X)5R(X,y,z,w) implies
g_E(X,y,ZaW)EO
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The Rédei polynomial approach

(vii) R(X,y,z,w) is a p-th power for all
(x,y,z) € GF(q) \ {(0,0,0)}.
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The Rédei polynomial approach

(vii) R(X,y,z,w) is a p-th power for all
(x,y,z) € GF(q) \ {(0,0,0)}.

(viii) A plane yXg + zX; + wX5 4+ xX3 = 0 contains 0 mod p
points of U.

Jan De Beule direction problems



Results in k-spaces

more results in 3 spaces

Theorem (Sziklai (2006))

Let U be a pointset in AG(3,p), p > 3, of size p2. Then one of
the following possibilities hold

@ Uisaplaneand [Up| =p +1
@ U is a cylinder with the affine part of the projective triangle
as a base and |Up| = 1 + p2f3

Q |Up| =p+p.
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stability in AG(3,q)

Theorem (DB and Géacs (2008))

Let U be a set of g2 — 2 points in AG(3,q), g = p", p an odd
prime, and suppose that U does not determine a set of p + 2
directions. Then U can be extended to a set of g2 points
determining the same directions.
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stability in AG(3,q)

Theorem (DB and Géacs (2008))

Let U be a set of g2 — 2 points in AG(3,q), g = p", p an odd
prime, and suppose that U does not determine a set of p + 2
directions. Then U can be extended to a set of g2 points
determining the same directions.

\

Theorem (Ball (2012))

Let U be a set of g¢~* — 2 points in AG(k — 1,q),q = p", p an
odd prime, and suppose that U does not determine a set of

p + 2 directions.Then U can be extended to a set of gk~ points
determining the same directions.

ot
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more stability

Can more stability be obtained if more non-determined
directions are assumed?

Theorem (DB, Sziklai and Takats)

Letn > 3. LetU C AG(n,q) C PG(n,q), [U| =q"~1 — 2. Let

D C H,, be the set of directions determined by U and put

N = Hy \ D the set of non-determined directions. Then U can
be extended to a set U D U, |U| = g"~! determining the same
directions only, or the points of N are collinear and [N| < Lq—f’J,
or the points of N are on a (planar) conic curve.

-
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more stability

Theorem (DB, Sziklai and Takats)

LetU c AG(3,q) C PG(2,q), |U| = g? — ¢, where ¢ < p. Let
D C H be the set of directions determined by U and put

N = Hy \ D the set of non-determined directions. Then N is
contained in a plane curve of degree ¢* — 23 + ¢ or U can be
extendedtoasetU D U, |U| = g?.
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motivation in 3 space

@ A set of g2 points in AG(3, q) not determining the points of
a conic at infinity is equivalent with an ovoid of the
generalized quadrangle Q(4,q), see e.g. Ball and Lavrauw
(2004/2006)

@ Intersection numbers have led to the complete
classification of ovoids of Q(4,q), g prime, Ball, Govaerts
and Storme (2006)

@ Stability results are related to (maximal) partial ovoids, DB
and Gécs (2008).
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stability in higher dimension

intersecion numbers revisited

(I) U= {(ai,bi,ci,l)Hi = lk}
(i) R(X,Y,Z,W) =TI, (X +aY +bZ + W) =
XK S ai(Y,Z, W)Xk
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(I) U= {(ai,bi,Ci,l)”i = 1k}
(i) R(X,Y,Z,W) =TI, (X +aY +bZ + W) =
XK S ai(Y,Z, W)Xk
(i) assume we can compute oj(Y,Z,W)forj=1...q -1,
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(I) U= {(ai,bi,ci,l)Hi = lk}
(i) R(X,Y,Z,W) =TI, (X +aY +bZ + W) =
XK S ai(Y,Z, W)Xk
(i) assume we can compute oj(Y,Z,W)forj=1...q -1,
(iv) then we can compute
Si(Y,Z,W) =YK (&Y +bZ + W), and
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stability in higher dimension

intersecion numbers revisited

(I) U= {(ai,bi,ci,l)Hi = lk}
(i) R(X,Y,Z,W) =TI, (X +aY +bZ + W) =
XK S ai(Y,Z, W)Xk
(i) assume we can compute oj(Y,Z,W)forj=1...q -1,
(iv) then we can compute
Si(Y,Z,W) =YK (&Y +bZ + W), and

k
P(X,Y,Z,W);: Z(X +aY + Dbz —i—CiW)Q—l (3)
i=1
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intersecion numbers revisited

(v) P(x,y,z,w) =k — |=nU| mod p
with 7 : yXg + zX1 + WX, + xX3 = 0.
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hypothesis on intersection numbers

Suppose that P(X,Y,Z, W) = 0.

Conjecture (strong cylinder conjecture)

Suppose that U is a set of g2 points in AG(3,q), g prime, such
that every plane intersects U in 0 mod q points. Then U is a
cylinder, i.e. the set of g2 points on q distinct lines in one
parallel class.
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A general equality

Lemma |

Suppose that R(Xy, ..., Xn) = [Ty (alX1 + ... +al'X,),
a € Fq, €N,
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A general equality

Lemma
Suppose that R(Xy, ..., Xn) = [Ty (alX1 + ... +al'X,),
a € Fq, € N, and consider
P(X1,...,%n) =%, (@lXy + ... +a"%,)9-L. Then
OR q OR

P.R=XI—" 4. . . +X
L oX, T ox:
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stability in higher dimension

If we also suppose that U does not determine g + 1 directions,
assuming P(X,Y,Z,W) = 0 implies

ok(Y,Z,W)=0,k=Ig+1...(1+21)g -1,
l=0...q-1
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If we also suppose that U does not determine g + 1 directions,
assuming P(X,Y,Z,W) = 0 implies

ok(Y,Z,W)=0,k=Ig+1...(1+21)g -1,

l=0...q-1
0o 0o 0o
i ) a1l q__71 q"ly =
(=i + 1)oj4q-1(Y,Z, W) + (Y 8Y+Z 57 +W aW)_o,

i=q+1...9°—q
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If we also suppose that U does not determine g + 1 directions,
assuming P(X,Y,Z,W) = 0 implies

ok(Y,Z,W)=0,k=Ig+1...(1+21)g -1,

l=0...q-1
801 qaa,- qaa,- B
j=q+1.. q —d
Jo; 80 Jo;
qz) et} q7 —
Y 8Y+Z 57 +W aW_O,
j=9°-q+1...q
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Intersections with lines

Substitution Y := sZ + tW enables to use R(X,Y,Z, W) to
investigate intersections with the g2 lines through (0, 1, —s, —t).

o' (Z,W)=0,k=Ig+1...(1+2)g—1,

l=0...q-1
D) s,t s,t
( J+1) H_q 1(Z,W)—|—(Z 82 + WA 8W )_
i=gq+1...0°—q
z4 JS7t+wqaa’&t =0
oz A\ ’
j=0°-q+1...9°
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