© 0 N o o

10
11
12
13
14
15
16
17

18
19
20
21
22
23
24
25
26
27

ON THE GENERATING RANK AND EMBEDDING RANK OF THE
HEXAGONIC LIE INCIDENCE GEOMETRIES

A. DE SCHEPPER, J. SCHILLEWAERT, AND H. VAN MALDEGHEM

ABSTRACT. Given a (thick) irreducible spherical building €2, we establish a bound on the difference
between the generating rank and the embedding rank of its long root geometry and the dimension
of the corresponding Weyl module, by showing that this difference does not grow when taking
certain residues of  (in particular the residue of a vertex corresponding to a point of the long
root geometry, but also other types of vertices occur). We apply this to the finite case to obtain
new results on the generating rank of mainly the exceptional long root geometries, answering an
open question by Cooperstein about the generating ranks of the exceptional long root subgroup
geometries. We completely settle the finite case for long root geometries of type A,, and the case
of type Faa4 over any field with characteristic distinct from 2 (which is not a long root subgroup
geometry, but a hexagonic geometry).

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

The absolutely universal embedding of most “popular” Lie incidence geometries, i.e., the point-
line geometries arising naturally from simple algebraic groups and their variants, are known. This
knowledge allows one to treat each projective embedding of such geometry as a quotient, or in
geometric terms a projection, of a unique, usually well known and natural embedding. A major
exception is the class of long root geometries, which is perhaps the most important class of Lie
incidence geometries in that each split algebraic group admits such geometry, and all long root
geometries share a number of common intrinsic properties, turning them into a class of geometries
ready-made to treat all corresponding algebraic groups simultaneously. A consequence of a group
theoretic result of Volklein [36, Remark(2)] implies that also the universal embedding of the long
root geometries are known, as long as their symplecta (see below for the definition) have rank at
least 3, and as long as they are defined over either a perfect field in positive characteristic, or a
(possibly infinite dimensional) algebraic extension of the rationals. We note that this consequence
was not mentioned in the survey paper [15].

The usual geometric technique to show that a given embedding in a projective space of dimension
r of a given geometry A is absolutely universal is to exhibit a set of r + 1 points of A that
(linearly) generates A. This method has been applied a number of times and it works well for
many geometries, in particular for the exceptional geometries of type Eg 1 and E7 7, see for instance
Blok & Brouwer [3] and Cooperstein & Shult [16]. Hence, for those geometries, the generating
rank, or briefly g-rank (that is, the smallest number of points generating the geometry) is equal
to the embedding rank, or briefly e-rank (that is, the largest rank of a projective space hosting an
embedding of the geometry that spans the whole projective space—the rank of a projective space
is its projective dimension plus one, that is, the dimension of the underlying vector space). We will
frequently use the notation e-rank to simultaneously provide statements and reasonings for both
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the e-rank and g-rank where it is understood that once e-rank is chosen to be either the e-rank or
g-rank it is fixed for the entire statement or reasoning.

However, for the long root geometries the relation between these two ranks seems to be more
complex. In the classical cases, Cooperstein [13] proved that, over a finite prime field, the generating
rank equals the embedding rank, but he does not say anything about other (finite) fields. The
smallest case, type Az, has been investigated by Blok & Pasini [4] and they prove that the generating
rank strongly depends on the minimal number of generators of the multiplicative group of the
underlying field. This is somewhat in contrast with Voélklein’s result mentioned above (because
Vélklein’s result applies to fields for which this number is large, even unbounded). Indeed, it is
even unknown whether the embedding rank for geometries of type Aj (121 over fields that are not
finitely generated is finite or not. This situation is particularly complicated since there might not
exist a universal embedding.

The aim of the present paper is to prove some general results about both the embedding rank
and generating rank of long root geometries, primarily of exceptional type, but we also handle
some classical cases, by relating the respective ranks of different types of geometries. A major
consequence of our investigations is that the generating rank and embedding rank of any long
root geometry over a prime field (except possibly for type Fs over Fy) are equal to each other
(Theorem C below). For finite fields other than prime fields, the generating rank is at most one
more than the embedding rank if symplecta have rank at least 3, and they are equal again for
type A, 11,ny (Theorem D below). We also completely settle the case of type F4 4, regardless of the
underlying field in characteristic distinct from 2.

More exactly, we relate the e-rank and g-rank of a long root geometry to the e-rank and g-rank, re-
spectively, of the long root geometry of a residual geometry in the corresponding spherical building,
showing that a certain excess is non-increasing as the rank of the building increases. More pre-
cisely, and using some terminology introduced later, the ezcess is the difference between either the
e-rank or g-rank of a long root geometry and the dimension of the so-called Weyl module associated
with the longest root of the corresponding root system of the underlying split spherical building
(the adjoint representation module). Concerning the exceptional cases, we have the following main
result.

Theorem A. Abbreviating the assertion “The excess of the generating rank of the long root geom-
etry of type X, over the field K is at most the excess of the long root geometry of type Y over K”
to “Ys — X,.”, we have the following assertions:

As — Eg,
D6 — E7,
Ds -+ E¢ — E7 — Es,
Ar — C3 — Fq.
The same thing holds for the embedding rank.

The arrows A, — C3 — F4 of the previous result have to be read in a specific sense, which will be
explained in Subsection 6.2.2.

The same method can also be applied to the classical cases, and we obtain:

Theorem B. With the same notation as Theorem A, we have the following assertions (where the
geometries are defined over the field K):

Ap — Apt1 = Dpgo = Dpts, n>2, K arbitrary,
B, = Bnt1, n>2, charK#2.

(This holds for both the embedding rank and generating rank.)
2



67

68
69
70
71

72
73
74
75
76
77

78
79
80

81
82

83

84
85
86
87
88
89

90
91
92
93
94
95
96

97
98

99

100
101

102
103
104
105
106
107
108
109
110

Here, also the arrow Bs — Bjs has to be read in a specific sense, which we explain in Subsection 7.4.

The upshot of both theorems is that, if progress is made for some low-rank classical case, then this
has implications on many long root geometries of higher rank, but also on (some of) the exceptional
cases. In the limit, new results in the case of type Ay (1 2y could imply better bounds for all other
cases! As far as we know, it is the first time that this connection is made so explicit.

We now specialise to the finite case. A result of Vélklein [36, Remark(2)] implies that the e-rank
of the finite long root geometries that admit the universal embedding (hence with symplecta of
rank at least 3; so not of type Az or Gy) is precisely the dimension of the Weyl module, that is, the
universal embedding in case there are no symplecta of rank 2 is given by the corresponding Weyl
embedding. We use Theorem A to show the following result (which is the analogue of the classical
case).

Theorem C. The generating rank of the long root geometry of type E,,, n € {6,7,8}, and F4 over
a prime field (distinct from Fo in case of Fa) is exactly the dimension w of the corresponding Weyl
module.

This answers an open question by Cooperstein [15, p.117]. We do not know whether the case F4
over 9 is a true exception or not.

Over a general finite field, we can prove the following, as a corollary to Theorems A and B.

Theorem D. The long root geometry of type An, n > 2, By, n > 3 and odd characteristic, Dy,
n >3, E,, n € {6,7,8}, and F4 over a finite field (distinct from Fo in case of F4) is generated by
w~+ 1 points, where w is the dimension of the corresponding Weyl module. Hence the corresponding
generating rank always belongs to {w,w + 1}. Also, over a finite field which is not a prime field,
both the generating rank and the embedding rank of the long root geometry of type A,, n > 2, are
equal tow +1 = (n+1)%

Our proof, which restricted to the classical cases is very different from the one in [13], uses the
existence and construction of the so-called equator geometries, which are also long root geometries,
but of lower rank. This induction process can be carried out in different ways, providing the
different sufficient conditions stated in Theorem A above. It can also be applied to the classical
cases and to the metasymplectic space Fs 4(K). However, for the latter we can use the notion of an
extended equator geometry to determine both the g-rank and e-rank of Fj4(K), char K # 2. This
provides a complete answer to another question by Cooperstein if char K # 2 [15, p.120].

Theorem E. The generating rank and embedding rank of the Lie incidence geometry of type Fa4
over an arbitrary field of characteristic distinct from 2 is 26.

2. DEFINITIONS AND NOTATION

Henceforth let K be a field. We denote by P"(K) the n-dimensional projective space over K, where
n > 1. The subspace generated by a family .# of subsets of points is denoted by (S | S € %).

Point-line geometries—A point-line geometry A is a pair (X,.Z), with . C 2%X. The members
of X are called the points, usually denoted with lower case Latin letters, those of .Z are the lines,
usually denoted with upper case Latin letters. Since we will deal with embedded geometries, we will
always assume that two points are contained in at most one line, and that lines have constant size
at least 3 (this true for all Lie incidence geometries, which we will introduce in the next paragraph).
Points on a common line are called collinear; if two points x,y are collinear we write x L y. If the
joining line is unique, we denote it by (z,y). The set of points collinear to a given point z is z=+
and for Y C X we define Y = {z € X |z L y,Vy € Y}. Two subsets Y7, Y5 of X are said to be
collinear, in symbols also Y7 L Ys, if each point of either is collinear to every point of the other.
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We will frequently talk about collinear lines, for instance. The collinearity graph of A is the graph
with vertices the points of A, adjacent when collinear.

Lie incidence geometries—The geometries of importance in the present paper are Lie incidence
geometries. These are (natural) point-line geometries associated to spherical buildings (we always
assume that a building is thick) or, equivalently, to simple algebraic groups and their variants like
mixed groups and classical groups. A Lie incidence geometry A = (X,.%) is constructed from a
spherical building © of rank » > 2 in the following way. Let T' = {1,2,...,7} be the type set of
Q2 (using Bourbaki labelling [5]) and choose J C T. Then the point set X is the set of flags (or
simplices) of type J; the lines are the sets of flags of type J completing flags of type T \ {j} to
a chamber, for j € J. (A chamber is a flag or simplex of type T; note that different flags of type
T\ {j} can give rise to the same line.) If  has a simply laced diagram, then it is determined by its
Coxeter diagram X, and a field K and we denote A by X, ;(K), and say that A has type X,. ;. We
write X, ; if J = {j}. In this paper, we only consider subsets J consisting of one element, except
in case A,, where J = {1,r} will play a role. If the Dynkin diagram contains a double bond, then
we will only be concerned about the split case, that is,

(1) for type B, the building associated with a parabolic quadric (viewed as polar space) in P2*(K)
with standard equation Xg =X 1 X1+ X 9 Xo+ -+ X X,

(2) for type C,, the building associated with a non-degenerate alternating form in P?"~1(KK),

(3) for type F4 the building whose residue of type Bj is precisely the case n =2 in (1) above.

We also denote the associated Lie incidence geometries by X, ;(K), where X € {B,C,F}, and for
appropriate n,¢. If J corresponds to the set of fundamental roots not perpendicular to the longest
root of the root system corresponding to the Dynkin diagram, then we say that X,, ;(K) is a long
root (Lie incidence) geometry. More precisely, these are the Lie incidence geometries of split types
Anfinysn>2,Bra,n>2,Ch1,n>3,Dna,n >4, Ego, E71, Egg, Fa1 and Go 1.

In spherical buildings the notion of opposition is an important one. Two chambers in a spherical
building are opposite is they are at a maximal distance in the chamber graph, whose vertices are
chambers, adjacent if they differ in one element. Two flags F, F’ are opposite if for every chamber C
containing F, there is a chamber C’ opposite C' containing F’, and for every chamber C’ containing
F’, there is a chamber C' opposite C’ containing F. Elements of a Lie incidence geometry which
correspond to opposite vertices of the underlying building will also be called opposite in the Lie
incidence geometry. If we want to emphasize in which geometry A the opposition is considered, we
sometimes write A-opposite.

Embedded geometries—We are interested in embedded geometries. Let K be a field and let
n > 2 be a natural number. Then we say that the geometry A = (X,.Z) is embedded in P"(K) if
X is a subset of the point set of P"(K), and each member of .Z coincides (as a set of points) with
a unique line of P"(K). In the literature, this is sometimes also called a full embedding. Usually
it is also tacitly assumed that X spans P"(K). We can also view an embedding as a map ¢ from
X to the point set of P*"(K). Using this point of view, an embedding ¢ into P"(K) (with ¢(X)
generating P"(K)) is called universal if for each other embedding, say ¢/ into P™(K), there exists
an isomorphism 0 : P™(K) — U, with U an m-dimensional subspace of P"(K), and a subspace W
complementary to U in P"(K), such that for each point € X, the point ¢(x) is projected from
W onto U onto the point 6(¢/(x)), that is, ((z), W) NU = 6(/(z)). If A is a long root geometry
Xpn,7(K), then there always exists an embedding that arises from the adjoint representation (we
shall refer to the corresponding module briefly as the Weyl module, as we do not consider other
representations), called briefly the Weyl embedding (cf. Section 4.3 of [2] (in type C,,, we consider
the Veronese embedding, see below for definitions). The dimension of the Weyl module shall be
denoted by w(X,,(K)), and it equals the number of roots of a root system of type X,,, plus the rank
4
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n. For convenience, we tabulate this value for the different geometries appearing in the present
paper.

A w(A) Diagram A w(A) Diagram
Aoiiy(K) 72 +2n oo oe |Ega(K) 78  ootos
Bua(K) 2024 n oo o |Eri(K) 133 e-obooo
Cot(K) 202 4nm eo ot | Egg(K) 248  ooboooe
Dr2(K) 202 —n oeo { Fai(K) 52 eomoo

Polar Spaces—Parapolar spaces were introduced to capture the (Lie incidence geometries related
to the) spherical buildings of exceptional type. It is convenient to work within this framework,
especially when dealing with (classes of) different Lie incidence geometries sharing some common
properties. Since parapolar spaces amply contain polar spaces as subgeometries, we first provide a
definition of polar spaces.

Polar spaces have been introduced by Veldkamp [35], later on included in the theory of buildings
by Tits [33], and around the same time the axioms have been simplified by Buekenhout & Shult
[6]. It is the latter point of view we take here.

Recall that a subspace of a point-line geometry A = (X,.%) is a subset S of the point set X such
that, if two points a, b belong to .S, then all lines containing both a and b are contained in S. A
subspace H is called a geometric hyperplane if each line of I intersects H nontrivially. A geometric
hyperplane is proper if it does not coincide with X. A singular subspace is a subspace every two
points of which are collinear. Note that the empty set and a single point are singular subspaces. A
deep point of a subspace S is a point x such that each line containing x is contained in S.

We can now define polar spaces.

Definition 2.1. A point-line geometry A = (X,.%) is called a polar space if the following hold.

(PS1) Every line contains at least three points.

(PS2) No point is collinear to all other points.

(PS3) Every nested sequence of singular subspaces is finite.

(PS4) For any point x and any line L, either one or all points on L are collinear to x.

Some basic properties—Let A be a polar space. Then every one of its singular subspaces is a
projective space, and its dimension can hence be defined as the dimension of the projective space.
There exists an integer » > 2 such that each nested sequence of singular subspaces has length -+ 1.
We call r the rank of A. Consequently, the maximal singular subspaces of A have dimension r — 1.
Note that axiom (PS3) implies that the rank is finite, which is not strictly necessary for polar
spaces. As we will only consider polar spaces of finite rank, we preferred to include this axiom.

Parapolar spaces—Let A = (X,.%) be a point-line geometry. A subspace S of A is called convex
if, for any pair of points {p,q} C S, every point incident with a line occurring in a shortest path
between p and ¢ is contained in S. Also, A is called connected if its incidence graph is connected.

Definition 2.2. A parapolar space is a point-line geometry A = (X,.%Z) such that:

(PPS1) A is connected and, for each line L and each point p ¢ L, p is collinear to either none, one
or all of the points of L and there exists a pair (p, L) € X x £ with p ¢ L such that p is
collinear to no point of L.

(PPS2) For every pair of non-collinear points p and ¢ in &, one of the following holds:

(a) the convex closure of {p, ¢} is a polar space, called a symplecton; we say that p and ¢
are symplectic and denote p L g;
5
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(b) pt N gt is a single point called the centre; we say p is special to g, denoted pxg. The
centre of the special pair {p, ¢} is denoted ¢(p, q);
(c) ptngt=0.
(PPS3) Every line is contained in at least one symplecton,

For p € X, denote by p'* = {g € X | p 1L ¢} and let p*= {q € X | pxq}.

Some basic properties—Let A = (X,.%) be a parapolar space. First of all, note that it is never
a polar space by (PPS1) and (PS4). In general, a singular subspace of a parapolar space should not
necessarily be projective; however, in the Lie incidence geometries that we will consider all singular
spaces are projective spaces. Therefore, a plane always means a singular subspace of projective
dimension 2. This enables us to define the residue at a point x € X in the usual way: it is the
geometry Resa(x) with point set the set of lines through = and line set the set of (full) planar line
pencils with vertex x. It corresponds to the building-theoretic notion of the residue at x. Likewise,
the residue at any other singular subspace can be defined, as long as the rank of the symps is at
least two more than the dimension of the subspace. Objects that are opposite in the residue at a
point z will be briefly called locally opposite at x.

If there are no special pairs in A, we say that A is strong. Symplecta are also briefly called symps.
We denote symps with greek letters like ¢ and (. By Kasikova & Shult [24], all Lie incidence
geometries with symps of rank at least 3 that we will encounter admit a universal embedding.

A para is a proper convex subspace of A, whose points and lines form a parapolar space themselves.
The set of symps of a para is a subset of the set of symps of A. Paras are rather rare in long root
geometries; they are classified in [26]. Restricted to the exceptional types, Main Result 1 of [26]
says that all paras of E7 1(K) are isomorphic to E¢ 1(K), and all paras of E¢ 2(K) are isomorphic to
Ds 5(K); the geometry Egg(K) does not contain paras, just like any geometry of type Fs1 or Fa4.

Hexagonic geometries—In the present paper we are mainly concerned with a particular class
of parapolar spaces, some specific Lie incidence geometries of exceptional type, known as the
(split) exceptional hexagonic geometries. They are the (exceptional) long root geometries of type
Es, E7, Eg, F4, but also the Lie incidence geometry Fj4(K), which very much behaves like a long
root geometry, but is not. They have in common the following properties, which are the defining
axioms for abstract hexagonic geometries and can be found in [30, Chapter 17]:

(H1) If x is a point and ¢ is a symplecton, with x ¢ &, then z* N ¢ is not exactly one point.

(H2) If a plane 7 and a line L meet at a point p, then either
(a) every line of 7 containing p lies in a common symplecton with L, or
(b) exactly one such line incident with p and 7 has this property.

(H3) If (p, L) is an incident point-line pair, then there exists a second line N such that LNN = {p}
and no symplecton contains L U N, i.e., zxy for each x € L\ {p} and y € N \ {p}.

By definition, all symps have rank at least 3. The diameter of the collinearity graph of a hexagonic
geometry is 3 [25, Theorem 39]. Points p, g at distance 3 are opposite and we denote this by p > q.

The hexagonic Lie incidence geometries that we will be considering are B, 2(K), n > 3, D,, 2(K),
n > 4, Ee2(K), E71(K), Egg(K), F41(K) and F44(K) and for the purposes of the present paper,
we also call the parapolar space A, (1 ,1(K), n > 3, hexagonic. All these, except for Fy4(K), are
long root geometries. We will also work with A (1 51(K), B22(K) and C,,1(K), but these are not
parapolar spaces and are hexagonic in a broader sense, namely, in the sense of root filtration spaces
[10, 11]. Without going into details, we mention that all hexagonic geometries are root filtration
spaces, but the latter is more general. In the present paper, we shall use the notion exceptional
hexagonic geometries to refer to the Lie incidence geometries Eg 2(K), E71(K), Eg g(K), F4,1(K) and
Fa4(K).
6
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Generating rank—Let A = (X,.Z) be a point-line geometry. Let S C X. Since obviously the
intersection of an arbitrary family of subspaces of A is again a subspace, and since X itself is a
subspace, the intersection of all subspaces containing S is well defined and is a subspace again,
which we denote by (S). A subset S is said to generate A if (S) = X. The generating rank pg(A)
of A is the minimal cardinality of a generating set. For a long root geometry X, ;(K), we write
pe(Xn(K)) = pg(Xp, s (K)). We sometimes abbreviate ‘generating rank’ to g-rank.

Embedding rank—Let A = (X,.Z) be a point-line geometry. If A does not admit any embedding
into some finite dimensional projective space, then we say that its embedding rank is 0. Otherwise,
the embedding rank pe(A) is equal to

1+ sup{n € N| A is embedded in P"(K), for some field K, with (X) = P"(K)}.

If A admits a universal embedding in P"(K), then the embedding rank is equal to n + 1. We
sometimes abbreviate ‘embedding rank’ to e-rank. Note that the e-rank of A is always at most the
g-rank of A. For A 11 5,(K), we need a more restrictive notion of the embedding rank:

Segre embedding rank of Aj (; 5} (KK)—Let A be the Lie incidence geometry A; ¢1 51 (KK). This
geometry is a subgeometry of all hexagonic parapolar spaces, in particular those with symps of
rank at least 3, and so, in particular of those that admit a universal embedding. That universal
embedding admits a projection onto the Weyl embedding, by definition of universality. This Weyl
embedding, however, contains the Weyl embedding of Ay (1 2 (K). Hence, we are only interested in
those embeddings of Aj (1 2} (K) that admit a projection onto the Weyl embedding of A27{172}(K).
One plus the corresponding supremum of such (projective) dimensions will be called the Segre
embedding rank of Ay (121(K) and denoted by pg(A2(K)). To motivate this name, we note that
the Weyl embedding of Aj 112} (K) arises from intersecting the Segre variety corresponding to the
product geometry P?(K) x P?(K) with a generic hyperplane. Indeed, that Segre geometry is given,
after introducing homogeneous coordinates in P?(K) and P¥(K), by the image of the map

P?(K) x P2(K) = P8(K) : (a,b,c;z,y, 2) — (ax, ay, az; bz, by, bz; cx, cy, cz),

and we can choose the hyperplane such that it induces the equality ax + by + cz = 0. This provides
the Weyl embedding of A; (1 21(K).

Veronese embedding rank and Veronese generating rank—In order for our procedure to
make sense for the arrows in Theorem A involving type Cs3, and to be uniform across all types, we
need to consider a different type of embedding and generation of symplectic polar spaces, but also
of projective spaces. Let A = (X,.Z) be a point-line geometry. A Veronese subspace V is a set
of points such that each line not entirely contained in V intersects V' in at most two points. Any
(ordinary) subspace is a Veronese subspace, but the converse is not true: consider two collinear
points. The intersection of an arbitrary family of Veronese subspaces is again a Veronese subspace,
and X itself is a Veronese subspace, hence we can again consider the Veronese subspace V' spanned
by a subset S C X; we say that V is Veronese generated by S. The minimal cardinality of such a
set S Veronese generating X is called the Veronese generating rank and denoted by p;(A).

We say that A = (X,.%) is Veronese embedded in P™(K) if X is a subset of the point set of P"(K)
(generating it), and each member of £ is a nondegenerate conic in some plane of P"(K). The
Veronese embedding rank p%(A) is 0 if there does not exist any Veronese embedding of A in a finite
dimensional projective space; otherwise it is the supremum of all natural numbers n for which A is
embedded in P"~1(K), for some field K. Given a Veronese embedding € : X C P*(K) of A, then the
e-relative Veronese embedding rank is the supremum of all natural numbers m for which A admits
an embedding in P ~!1(K) that projects onto e.

Again we abbreviate ‘Veronese generating rank’ and ‘Veronese embedding rank’ to Veronese g-rank
and Veronese e-rank, respectively.
7
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Structure of the paper—In Section 3 we gather some known results on the g-rank and e-rank
of a number of Lie incidence geometries. In particular, we focus on long root geometries of types
A,, and D,, over finite fields, in particular over (finite) prime fields. In Section 4 we discuss various
properties of long root geometries, starting with general properties in Section 4.1, before focussing
on Fgo in Section 4.2 and E7; in Section 4.3. We define the equator geometries related to paras.
In Section 5 we prove Theorem A for the long root geometries of types Eg, E; and Eg. In Section
4.4 we explain the role of geometric hyperplanes (since these are essential to our arguments). In
Sections 5.1 and 5.2 we define certain subspaces and prove these are hyperplanes. We show that
these are designed to allow us to inductively compute the g-rank and e-rank, and we conclude the
proof of Theorem A in the case E. In Section 6 we discuss the cases of geometries of type F41 and
F4,4 in detail. We prove Theorem E and the remainder of Theorem A. The proof of Theorem B is
very similar and we only sketch the proof, leaving the details to the reader, in Section 7. The proof
of Theorem C (being well known for the classical cases [13]) is given in Section 5.3 for the case of
type E, and in Section 6.3 for type F4. Finally, Theorem D is proved in Section 8, where we also
provide a geometric proof of Volklein’s result (restricted to finite fields) using the statements of the
present paper, for types D,,, n > 4, Eg, E7, Eg and F4 (the latter in characteristic distinct from 2).

3. GENERATION AND EMBEDDINGS OF SOME LIE INCIDENCE GEOMETRIES

3.1. Projective spaces, polar spaces, strong parapolar spaces. In the table below we list the
g-rank and e-rank for several Lie incidence geometries, strong if they are parapolar spaces. Since
in all cases pg(A) = pe(A) we write p(A) in the table. The table includes the so-called minuscule
embeddings of geometries of type Eg1 and E77. The results there follow from the existence of
embeddings in the given (vector) dimension (see for instance [1] and [12]), the fact that the g-rank
is exactly equal to that dimension (see [3] or [16, Corollary 7.5]), and the existence of the absolutely
universal embedding (see [24]). The results we mention in this section are also surveyed in [15].

Fact 3.1. The following is known for g-rank and e-rank, where K is an arbitrary field:

A p(A) References | A p(A) References
A1 (K) (" 3, 16] Ee1(K) 27 [l 3,16, 24]
D1 (K) 2 3, 16] Ez7(K) 56  [3, 12, 16, 24]
Dn,n (K) 2t 3, 16, 37]

In particular, the g-rank and e-rank of As 3(K), Dg6(K) and E77(K) are equal to 3.2"~3 + 8, where
r 18 the rank of the corresponding building.

All geometries mentioned in the table of Fact 3.1 are generated by the set of points contained in
one given apartment, as is proved in [3, 16]. The constructions and decompositions of apartments
given in Section 7 of [34] imply immediately the following facts.

Fact 3.2. The Lie incidence geometry Dg 6(K) is generated by two opposite 5-spaces and the set of
points collinear to a plane in each of these 5-spaces.

Proof. This follows from the third to last diagram of Section 7.2 in [34]. One can also (easily) prove
this directly using the associated polar space. O

Proposition 3.3. The Lie incidence geometries As 3(K), De 6(K) and E7 7(K) are generated by two
opposite symps and the set of points collinear to mazrimal singular subspaces in both these symps.

Proof. This follows from the fourth diagram of Section 7.2 in [34] for type E77. The other types
are similar. O
8
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3.2. Some classical hexagonic geometries over finite fields and prime fields. In order to
prove Theorems C and D, we collect some known results about the e-rank and the g-rank of long
root geometries of types A, and D,, over finite fields, in particular over (finite) prime fields.

Fact 3.4 (Theorem 4.1 of [13]). The e-rank of A, 11 ,(K), for K a finite prime field, is n? +n.

In fact, Cooperstein [13] only proves the above for finite fields. However, the proof of this, and of
the next fact, also works for K = Q and n = 2.

Fact 3.5. The e-rank of Ay (12(K), for K a finite field, but not a prime field, is 9. The Segre
embedding rank of Az 112)(K) for a finite field K is equal to 8.

Proof. Tt follows from Section 2 of [31] that the g-rank is at least 9, that the e-rank is equal to 9
and that the Segre e-rank is equal to 8. The rest follows straight from Theorem 1.1 of [4]. O

Remark 3.6. If K is not finitely generated, for example when K is the algebraic closure F, of
Fp, then py(A, (1,,}(K)) is infinite as shown by Cardinali, Giuzzi and Pasini [7]. On the other

hand pe(A;, 1.0, (Fp)) € {(n+1)? — 1, (n + 1)}, as also shown in [7]. However, it will follow from
Proposition 8.1 that pe(A, (1,3(Fp)) = (n+1)2.

Fact 3.7 (Theorem 5.1 of [13]). The e-rank of D, 2(K), for K a finite prime field, is 2n® — n.

4. PROPERTIES OF THE LONG ROOT GEOMETRIES OF EXCEPTIONAL TYPE

4.1. General properties. We start by listing a number of general properties which we will use
later on. Note that the references we use may use a labelling convention different from our Bourbaki
labelling.

Fact 4.1 (Proposition 2 of [9]). In the Lie incidence geometries B3 3(K), As3(K), Dge(K) and
E77(K), given a point p and a symp &, p is collinear to at least one point of §. If p & £ is collinear
to at least a line of &, then p is collinear to a mazimal singular subspace of . If p & & is collinear
to precisely a point x of £, then p is at distance 3 (in the collinearity graph) of all points of & not
collinear to x.

Fact 4.2. In the Lie incidence geometries B3 3(K), As 3(K), D¢ 6(K) and E7 7(K), collinearity is an
isomorphism between the point sets of two symps if and only if these symps are opposite.

Proof. This follows from Theorem 3.28 and Proposition 3.29 of [33]. O

Fact 4.3. Let A be a hexagonic Lie incidence geometry or one of B3 3(K), As3(K), Dee(K) and
Ez7(K). If p and q are opposite points of A, and L is any line containing q, then L contains a
unique point at distance 2 from p.

Proof. This is condition (F) for root filtration spaces, see [10]. For the geometries B3 3(K), As 3(K),
Ds,6(K) and E77(K), this follows from Theorem 17.1.2(2) in [30]. O

In several ways, F41(K) or Fs4(K) behave slightly different compared to the other exceptional
hexagonic geometries.

Fact 4.4 (Theorem 2 of [9]). Let A be an exceptional hexagonic geometry. If a point p of A is
collinear to a point of a symp &, and p ¢ &, then p N & is either a line, or a mazimal singular
subspace of €. The latter possibility does not occur in Fa1(K) and in Fa4(K).

Fact 4.5 ([8]). Let A be F41(K) or F44(K). If two symps of A share a line, their intersection is
a plane.
9
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Fact 4.6 (Lemma 6 of [29]). Let A be a hexagonic Lie incidence geometry. If a point x of A is
collinear to a unique line L of a symp &, then all points of & collinear to L, but not on L, are
symplectic to x, whereas all points of £ \ Lt are special to x.

Lemma 4.7. Let A be a hexagonic Lie incidence geometry. Fach point x of A is symplectic to at
least one point of each symp £. Moreover, being symplectic is an isomorphism between the point sets
of two symps if and only if these symps are opposite. In particular, if & contains a point opposite
x, then & contains a unique point symplectic to x. Also, if A is F41(K) or F44(K) and - N¢ =0,
then & contains a unique point symplectic to x.

Proof. Let x be a point not contained in a symp £. Assume for a contradiction that no point of
& is collinear or symplectic to x. Hence by Fact 4.3, there exists a point y € £ special to x. Set
r = c¢(x,y). By (H1), r is collinear to some line L C ¢ and since all points of L are now at distance
2 from z, (H2) implies that some point of L is symplectic to x. This shows the first assertion. The
second assertion follows from Theorem 3.28 and Proposition 3.29 of [33]. The third assertion follows
from the second, as there exists a symp &’ through x opposite ¢ (this follows from the definition of
opposition in [33, §2.39]).

For the last assertion, suppose for a contradiction that - N¢ = @ and z is symplectic to two points
yand z of . If y L z, then y is collinear to a line L 5 z of the symp &(z, z) determined by x and
z by Fact 4.4. Since y and « are symplectic, Fact 4.6 implies that = is collinear to L and hence to
2, a contradiction. So y 1L z. Let u be a point of y~ Nzt C &. Again by Fact 4.4, u is collinear to
lines L and M of the respective symps &(x,y) and {(z, z). Let 3 be the unique point on L collinear
to x, likewise, 2’ the unique point on M collinear to x. If 3/ = 2’ then this point is contained in &,
contradicting - N & = 0. So v’ # 2’ and hence x and u are symplectic, a contradiction to Fact 4.6
as x is not collinear to L. O

Lemma 4.8. Let A be a hexagonic Lie incidence geometry. If a point p of A is symplectic to a
unique point x of a symp &, then all points of £ collinear to x, but distinct from x, are special to p,
whereas all points of & \pL are opposite p. In particular, p'- N g+ = 0 for opposite points p, q.

Proof. Note that p cannot be collinear with any point £ since otherwise there would be more than
one point of ¢ symplectic to p. Let ¢ be a point of € N\ {z}. By the foregoing, ¢ is either special
to or opposite p. Therefore, ¢ is not contained in the symp £(p, z) and hence, by (H1), ¢ is collinear
to a line M of &(p,z). Since p is collinear with a point on M we find that p and ¢ are at distance
2 and hence special. Note that pxt is collinear to x. Observe that the last statement of the lemma
can be deduced from this argument.

Next, let y be a point in £ \ z' and suppose for a contradiction that y is special to p, and let
r = ¢(p,y) (note that r ¢ & because r L p). By (H1), r is collinear with at least a line L of £. Note
that 7 is not collinear to « for otherwise r € z+ Nyt C &, whereas we deduced above 7 ¢ £. So z is
collinear to a unique point ¢ of L\ {y}. By the above, p and ¢ are special and r = ¢(p,t). However,
in the previous paragraph, we noted that r is collinear to x, contradicting the above. ]

From Lemma 2(v) of [11] we immediately obtain

Lemma 4.9. Let A be a hexagonic Lie incidence geometry and let xg,x1, 22 and x3 be four points
Of A. If o Laxy Lag L xs3, with ToXIT2 and T1XT3, then g <> I3.

Lastly, we will use the following.

Lemma 4.10. If in a hexagonic Lie incidence geometry a point p € X is special to all points of
a line L € £, then there exists a unique line M collinear to p such that M and L are &-opposite
lines in a symp €.
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Proof. Select x,y € L, x # y, and set ¢ = ¢(p,x). Then {c,y} is not special as otherwise p would
be opposite y by Lemma 4.9. Also, by Condition (H2) of hexagonic geometry, ¢ is not collinear to
y. Hence we may consider £ := &(c,y). Then, by Fact 4.4, p is collinear to a line M of £, obviously
with ¢ € M. No point of L is collinear to M as such a point would be automatically symplectic to
p, contrary to our assumption that all points of L are special to p. Hence L and M are &-opposite.
Moreover M is unique, otherwise at least two points of L are symplectic to p. The lemma is proved.

O

4.2. The long root geometry of type Eq. Since a point of the long root geometry Ego(K) is
given by a 5-space of the Lie incidence geometry Eg ;(K), we first state facts about the latter.

Fact 4.11. The Lie incidence geometry E¢1(K) is a strong parapolar space of diameter 2, which
is self-dual, that is, the geometry (E,.4 ), where = is the set of symps of A and a typical member
of M consists of all symps of Ee1(K) containing a given mazimal singular 4-space, is isomorphic
to Ee 1(K). In particular, two symps of Ee1(K) either intersect in a unique point or in a 4-space.
Given a point p and a symp & with p ¢ &, the intersection pN¢E is either empty or a singular space
of dimension 4 corresponding to a flag of type {2,6} of the underlying spherical building of type E¢.

Proof. The first statement is 3.7 of [32]; the second follows from Section 3.3 of [32]. The rest is an
immediate consequence of these two statements. ]

A singular space of dimension 4 that corresponds to a flag of type {2,6} of the underlying building
will be referred to as a 4’-space. It is obviously always contained in a (unique, maximal) 5-space.

If p* N ¢ = () (which means that p and ¢ are opposite), we have:

Fact 4.12. Given a point p and a symp & in Eg1(K) with p-NE& =10, each symp through p meets
& in a unique point and this correspondence induces an isomorphism between the dual of the point
residue at p and &. In particular, each line L containing p contains a unique point p;, with pf Nné
a 4’ -space Vi, (and hence (pp,Vy) is a 5-space), and for each 5-space U containing p, there is a
unique 4'-space Vi in U which is in a symp together with a unique 4-space V{; of &.

Proof. This follows from Theorem 3.28 and Proposition 3.29 of [33]. O

Proposition 4.13. Given a symp & of Eg1(K), the set of points {p | p- N & # 0} is a geometric
hyperplane of Eg 1(K).

Proof. This is exactly (5.3.1) of Section 5.3 in [17]. O

Since the 5-spaces of Eg 1(K) are the points of Eg 2(K), their relation with respect to each other and
to points and symps is also relevant for us.

Fact 4.14 (Tits [32]). Two 5-spaces of Eg1(K) meet in at most a plane; for a point p and a 5-space
U, either p and U are incident (sop € U) or pNU is a unique point or a 3-space. Dually, for a
symp & and a 5-space U, either & and U are incident (so UNE is a 4'-space) or ENU is a line or
a 4'-space.

The set of points of Eg2(K) on a line corresponds to the set of 5-spaces incident with a plane of
Es,1(K). Using the diagram, one sees that the maximal singular subspaces of E¢ 2(K) are 4-spaces,
and that the symps of Eg2(K) are of type Dy (they correspond to a flag of type {1,6}). There
are two types of paras in Eg2(K), corresponding to a residue related to a node of type 1 and to a
residue related to a node of type 6, respectively. Both carry the structure of a D5 5(K) geometry.
We refer to the first type as a para of point-type and to the latter as a para of symp-type. We list
the possibilities for the mutual relations between these paras.
11
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Lemma 4.15. Let II; and Il be distinct paras of E¢2(K). IfII; and Il have the same type, then
they intersect each other either in the empty subspace, or in a 4-space; if 111 and Ils have different
types, then they either meet in a symp, in a unique point, or are disjoint. In the latter case, no
point of I; is collinear to a point of Iz, and every point of 111 (resp. Ilz) is contained in a unique
para IT with a unique 4-space of Iy (resp. 1), and 11 has the same type as Iy (resp. I1; ).

Proof. Suppose first that II; and Il have the same type. By duality, we may assume that both
have point-type. Let p; and ps be the corresponding (distinct) points of Eg 1(K). Obviously, p;
and po are either on a unique line L, or there is no line joining them. Since the points in II; N Iy
correspond to the 5-spaces of Eg 1 (K) containing both p1, pa, it follows that in the first case, II; NIy
is a 4-space (corresponding to the residue of L), and in the latter case, II; NIl is empty.

Next, suppose that II; and II; have different types. By symmetry, we may assume that II; cor-
responds to a point p; of Eg 1(K) and Ilp to a symp &». Again using Fact 4.11, either p; € & or
pf N&; is either a 4’-space or the empty set. In the first case, IT; NIl is a symp, since it corresponds
to the set of 5-spaces of Eg 1(K) incident with both p; and &, i.e., to a flag of type {1,6}. In the
second case, (p1,pi N &) is the unique 5-space incident with both p; and & and hence IT; N Iy is
a unique point. Finally, in the last case, pll N &y is empty so every b-space containing p; is disjoint
from &, leading to II; NIl = 0.

We continue with the final case. In that case, no point of Il is collinear to a point of Ilo, as this
would correspond to a plane 7 in Eg 1 (K) which is contained in a 5-space incident with p; and in a
5-space incident with &, implying that 7 shares a line with p;- N &>, which is empty however. Now,
a point in II; corresponds to a 5-space U containing p;, and according to Fact 4.12, U contains
a unique 4’-space Vyy contained in a symp &y together with a unique 4-space V{; of {&. Moreover,
each point of Vi is contained in a unique 5-space with a 4’-space of &, and each such 5-space is
incident with both {7 and &. Hence £y corresponds to a para (of symp-type, i.e., same type as
IT3) which meets II; in a point (corresponding to U) and Ils in a 4-space (corresponding to the
5-spaces incident with & and &). By duality, we may interchange the roles of II; and IIy. The
statement follows. 0

Disjoint paras of different types are opposite, as they correspond to opposite elements of Eg.

Let II; and Iz be two opposite paras of Eg2(K), where II; corresponds to a point p; and Il to a
symp & of Eg 1 (K).

Definition 4.16. Given opposite paras Iy, Il of Eg2(KK), the set E(II;, II3) of points z of Eg 2 (K)
with the property that - N II; and 2 NI, are maximal 3-spaces in II; and Iy, respectively,
equipped with the lines of Eg2(K) fully contained in it, is called the equator geometry E(II;,II5)
with poles I11 and Ils.

In Eg1(K), a 5-space U corresponds to a point of E(IIj,Ils) if and only if p N U is 3-dimensional
and U N&s is a line, as is easily verified.

The definition hints at a bijection between the maximal 3-spaces of II; and the points of E(IIy,II5).
Indeed, consider any maximal 3-space W in II;. Then W is contained in a unique 4-space Vi of
E,2(K), which corresponds to a 4-space Vi, of Eg1(K) containing pi. By Fact 4.12, V{j, contains
a unique 3-space Uy, which is collinear to a unique line Ly in &. The 5-space (Uw, Lyy) gives
us a point of E(II;,Ily), as it is contained in a 4-space incident with IIa too, namely the one
corresponding to the line Ly of &. By duality, the points of E(II;,IIs) are also in bijection with
the maximal 3-spaces of E(II;,II). Another verification using the correspondence with Eg ;(K)
shows that two points of F(IIy,Il2) which are on a line L of A, correspond to 3-spaces of II; which
share a line L', moreover, each point on L corresponds to a 3-space of II; containing L’ and hence
L is a full line of E(II;,II2). More precisely, this shows:
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Fact 4.17. Given opposite paras 111,115 in E¢2(K), the equator geometry E(I11,Ilz) is a D5 2(K)
geometry and collinearity induces the natural isomorphism between 1I; and E(I1,113), i =1,2. A
point of I1y is hence collinear with a subgeometry of E(Il,Ils) isomorphic to Ag2(K).

4.3. The long root geometry of type E;. The points of the long root geometry E7 1(K) can be
identified with the symps of the Lie incidence geometry E7 7(K), which is a strong parapolar space
of diameter 3 and hence more manageable than the long root geometry (which also has diameter
3 but is non-strong). By Main Result 1 of [26], the paras of E71(K) correspond to the points of
E77(K) and are isomorphic to Eg 1 (K).

Since points, lines and symps of E77(K) correspond to paras, symps and points, respectively, of
E71(K), we deduce the following possibilities for the mutual position of paras in E7 1 (K):

Proposition 4.18. Two paras in A either are disjoint (in which case they are opposite), or meet
in exactly one point, or meet exactly in a symp.

Two opposite paras II; and IIs define an equator geometry E(I11,11s) as follows (see [21])

Definition 4.19. Given opposite paras 11y, Il of E7 ;(K), the set E(II;, II2) of points z of E7 1(K)
with the property that 2 NII; and 2 NIl are 5-spaces in IT; and Ty, respectively, equipped with

the lines of E7;(K) fully contained in it, is called the equator geometry E(1I;,Il3) with poles II;
and II5.

It is shown in Lemma 6.7 of [21] that the poles of the equator geometry are unique. It is noted in
Section 6 of the same paper that E(II;,II) is isomorphic to Eg2(K).

We also have the following property. In the proof, a 5'-space of E7 7(K) corresponds to a flag in the
corresponding building of type {1, 2}.

Proposition 4.20. IfII; and IIy are two opposite paras of E7 1(K), then every 6-space intersecting
IT; UIly in a 5-space contains a unique point of E(I11,113).

Proof. Translated to E77(K), we are given two opposite points p, ¢ (points at distance 3) and a
maximal singular subspace W of dimension 6 containing p. We have to find a symp ¢ intersecting
W in a 5'-space and such that ¢ is collinear to a 5’-space of £. By Fact 4.3, each line of W through p
contains a unique point at distance 2 from ¢, and this yields a 5'-space U C W of points symplectic
to g. Since U corresponds to a flag of type {1, 2} of the underlying spherical building, it is contained
in a unique symp &. Since ¢ is symplectic to all points of a 5'-space of £, Fact 4.1 implies that either
q is collinear to a point of U, contradicting p and ¢ being opposite, or ¢ is collinear to a unique
5'-space of &, which concludes the proof of the proposition. O

4.4. Geometric hyperplanes. Our technique to prove Theorem A uses geometric hyperplanes
of the long root geometries in question. Essential in the arguments will be the fact that the
complement of these hyperplanes is a connected geometry, which is Theorem 2.2 in [23].

We will need the following lemma by Hall and Shult [22, Lemma 3.1(2)].
Lemma 4.21. No polar space is the union of two (proper) geometric hyperplanes.

Proposition 4.22 (Kasikova [23]). The complement of any geometric hyperplane H of any hexag-
onic Lie incidence geometry A = (X,.L) with no rank 2 symplecta is connected.

This will be applied in two well-known ways (we include a proof for completeness):

Lemma 4.23. Let A = (X,.%) be a hexagonic geometry with no rank 2 symplecta and let H C X

be a geometric hyperplane (which may also coincide with X ).
13
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(1) If A admits an embedding in a projective space of dimension d, then H spans a subspace of
dimension at least d — 1.
(ii) If the generating rank of H is r, then the generating rank of A is at most r + 1.

Proof. If H = X the statements are trivially true, so suppose H C X. Let x be a point of X \ H.
Since each line of A through z intersects H in a point, all points of X \ H collinear to x are
generated by x and H. By connectivity (see Proposition 4.22), all points of X \ H are generated
by x and H, showing the two assertions. O

We will also need the connectivity of the complement of a geometric hyperplane in the point residues
of the long root geometries of type Eg, E7, Eg. This has been proved by Shult [28, Lemma 5.2].

Proposition 4.24 (Shult [28]). The complement of any geometric hyperplane H of a Lie incidence
geometry of type As 3,De 6, E7 7 is connected.

5. GEOMETRIES OF TYPE Eg, E7, Eg

Recall that

pe(Xr(K)) = w(Xr(K)) + €o(Xr(K))
for the e-rank of the long root geometry of type X, over the field K, where w(X, (K)) is the dimension
of the corresponding Weyl module, and €, (X, (K)) is the excess.

5.1. Bounds by point-equator geometries. Let (X,,Y,_1) € {(E¢,As), (E7,Ds), (Es,E7)}. Our
principal aim is to show

Theorem 5.1. €,(X,(K)) < €q(Y,—1(K)).
We will do this by showing the following slightly more explicit form.
Theorem 5.2. pe(X,(K)) < 3.2773 + 19 + po(Y,_1(K)).

To show that Theorem 5.1 really follows from Theorem 5.2, we notice that, for all r € {6,7, 8},
WX (K)) =3.2"73 +19 4+ w(Y,_1(K))

(use the explicit value of the dimension of the Weyl module, which is 35, 66 and 133 for types As,
D¢ and E7, respectively). Hence Theorem 5.2 yields

w(X;(K)) + e(Xr(K)) = p(Xr(K)) < =1+ w(X;(K)) + 1+ e(Yr—1(K)),
which proves Theorem 5.1.
Theorem A then follows from Theorem 5.1 for the cases As — Eg, Dg — E7, E7 — Eg.

Remark 5.3. (1) It is not by coincidence that the number 3.2" 73 4 18 is 2 more than the double
of the e-rank and g-rank of the Lie incidence geometries mentioned in Fact 3.1, as will become
apparent in the proof.

(2) There is also a closed formula for w(Y,_1), which reads 227712 4+ 27.2"=6 4 » + 1. But we will
not need this.

In order to prove Theorem 5.1, we use Lemmas 4.4 and 4.23. Throughout we denote by A = (X,.Z)
the long root geometry of type X,., r = 6,7,8. We will establish a geometric hyperplane H C X of
A. Let p and g be two opposite points of A and define H as the subspace of A generated by p'-
and ¢', that is,

H:=({zeX|zlporzllq}) = {pltugh).
We first prove a bound on the g-rank and e-rank of H, and then we show that H is really a geometric

hyperplane of A. We begin with a lemma. Recall that E(p,q) = {z € X |p 1L x 1L ¢} = pngt.
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Proposition 5.4. The subspace H of A is generated by p*, g- and E(p,q).

Proof. Set H' = (p*, ¢+, E(p,q)). We show H = H’. By their definitions, E(p,q) C H. Let L
be any line containing p. By (PPS3), there is a symp £ containing L. Since the points of £ not
collinear to p are symplectic to p, and p- N & generates &, we see that p- C H. Likewise ¢ C H,
and we conclude H' C H.

Now let ¢ be an arbitrary symp containing p. Since (p™ N &) is a geometric hyperplane of ¢ and
¢ N ¢t is nonempty by Lemma 4.7 and belongs to E(p,q) by the last statement of Fact 4.8, we
deduce that ¢ € H'. Hence each point z 1L p is contained in H’. Similarly, every point y 1L ¢
belongs to H'. This yields H C H'. O

Lemma 5.5. The e-rank of H is at most 3.2" 73 + 18 + pe(Y,_1(K)).

Proof. We know that p is a cone with vertex p and with basis As3(K), D 6(K), and E7 7(K), for
r = 6,7,8, respectively. Fact 3.1 implies that both the g-rank and e-rank of p, as a point-line
geometry, are bounded above by 3.2"~% +9 (in fact they are easily seen to be equal to it). Likewise
for g*. Now, since E (p, q) is isomorphic to the long root geometry of type Y,_1 over K, the assertion
follows from Proposition 5.4. O

Now we embark on the proof that H is a geometric hyperplane of A. Throughout, let L € £ be
arbitrary. In a series of lemmas, we will show that LN H # (). We start, though, with showing that
H is proper. Note that this is not necessary for the proof of Theorem A (as H = X would even
give a stronger upper bound), but it is good to know.

Lemma 5.6. The subspace H of A does not coincide with X.

Proof. By letting the Lie algebra e7; act in its adjoint representation on eg, one deduces that in
the Weyl embedding of A, the equator geometry E(p,q) is the Weyl embedding of the long root
geometry of type Y,_1. Now the subspace of the ambient projective space generated by H has
(projective) dimension at most 3.2"73 + 17 + w(Y,_1), which is equal to (w(X;) — 1) — 1, as one can
compute in the three cases r = 6,7,8. The lemma follows. O

Recall that a deep point of a hyperplane of a Lie incidence geometry is a point for which every line
containing this point is fully contained in the hyperplane.

We will call a line rebellious if it has empty intersection with H.

Lemma 5.7. Each line with a point in E(p,q) belongs to H, that is, each point of E(p,q) is a deep
point of H. Hence a line contained in a symp & with € N E(p,q) # 0 is not rebellious.

Proof. Let x € E(p,q) be arbitrary. In Resa(z), the lines through x contained in &(p, z) U &(q, x)
form the union of two opposite symps (1 and (2. By Proposition 3.3, Resa(z) is generated by (3
and (o and the set S of points collinear to maximal singular subspaces in both these symps. Let
S’ be the set of points s’ of A such that the line zs’ is a point of S and take s’ € S’. Then s’ is
collinear to a maximal singular subspace of £(p,x), and also to one of &(q,z). This implies that
p 1L s’ 1L ¢, and so s’ € E(p,q). We conclude that =+ = (¢1,(2,5") C (p*t,q*, E(p,q)) = H
(the latter equality by Proposition 5.4), from which the first assertion follows. The second follows
immediately from the fact that the union of the set of lines through a certain point (the perp of
that point) in a polar space is a geometric hyperplane. ([l

Remark 5.8. The next results and their proofs, until Proposition 5.13, only use Lemma 5.7 and
the fact that A is a hexagonic geometry with no rank 2 symps. In particular, they also hold in
Fa1(K). We will need this in Proposition 6.4.
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Lemma 5.9. If all points of a line L are special to either p or q, that is, L C p™ or L C ¢*, then
L is not rebellious.

Proof. Without loss of generality we may assume that all points of L are special to p. By
Lemma 4.10, there is a line M collinear to p and contained in a symp £ together with L, and
M and L are &-opposite. By Fact 4.6, all points of £ collinear to M are symplectic to p and hence
contained in H. By Lemma 4.7, there is at least one point x € £ symplectic to gq. If x € M, then
Lemma 4.8 contradicts p and ¢ being opposite. If M # = L M, then z € p'* Ng'* = E(p,q)
and the result follows from Lemma 5.7. Finally, if 2 ¢ M=, then M' and = generate a geometric
hyperplane T of £ contained in H, proving the assertion as L will meet T in at least a point. [

Recall that, according to Lemma 4.7, if a point  and a symp & are such that £ contains a point
opposite x, then ¢ contains a unique point symplectic to . We will use this a couple of times.

Lemma 5.10. Suppose L is a rebellious line. Then L contains a point opposite p and q. Conse-
quently, if € is a symp containing L, then & contains unique points p' and q' symplectic to p and q,
respectively, and p’' # ¢'.

Proof. We show that L contains a point opposite p. Firstly, since p- C H by Proposition 5.4 and
since pt- C H by definition, L contains no points collinear or symplectic to p. By Lemma 5.9, not
all points of L are special to p. Therefore, all points of L but one are opposite p (and the unique
remaining one is special to p by the last statement of Lemma 4.8). The same goes for q.

Now let £ be a symp containing L. Since L contains a point opposite p, £ has a unique point p’
symplectic to p by Lemma 4.7; likewise £ Ng'- is a unique point ¢’. If p’ = ¢ then this point belongs
to €N E(p,q), and Lemma 5.7 implies that L is not rebellious, a contradiction. So p’ # ¢'. O

Lemma 5.11. Suppose a line L is contained in a symp & which has a unique point p’ symplectic to
p and a unique point ¢’ symplectic to q, with p' # ¢'. Let r be the unique point of £(p,p’) symplectic
to q. Then p' 1L r if and only if p' LL ¢'. Moreover, if p' LL ¢/, then L is not rebellious and every
point a € (p®NE)\ H is contained in a line M C & which intersects H in a point opposite p.

Proof. Note that p’ # ¢ implies that p’ # r. Suppose that ¢’ L p’ 1L r. Then by Lemma 4.8, since
q 1L ¢ L p/, we see that gup’. Since p’ 1L r, Lemma 4.8 yields ¢ <> p’ and hence p’ LL r implies
p' 1L ¢'. Likewise, p’ 1L ¢ implies p’ LL r.

Now, every line in p'* N ¢ not through p’ only contains points special to p and hence contains at
least one point of H (by Lemma 5.9). It follows that each plane in p’ L containing p’ either contains
a unique line through p’ in H, or is contained in H. Hence we may assume that H, :== H N (p L Nn¢)
is a geometric hyperplane of p't N ¢ containing p’ (if H, would coincide with the whole of p't N ¢,
then L N H is nontrivial and the lemma is proved; in fact in this case L C H because ¢’ € H \ Hp).
Since ¢’ ¢ Hp, we see that H, and ¢’ generate a hyperplane of £, and so L has a point in common
with (Hp,q') C H. This is the first assertion.

If £ C H, then the second assertion is trivial. If not, then every line M in £ through a and not

contained in p’ L intersects H in unique point (as we showed above that £ N H is a geometric
hyperplane of £) which is automatically opposite p. O

The remaining problem is when a line is not contained in a symp satisfying the assumptions of
Lemma 5.11. So, a rebellious line contains points opposite both p and g, and for every symp
containing L, the unique points p’ and ¢’ symplectic to p and ¢, respectively, are collinear.

Lemma 5.12. If there exists a rebellious line, then there is one, say L, with the properties that it
contains unique points t,u € L with t # u, tXp and uXq and such that there exists a line M >t

which intersects H in a point opposite p.
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Proof. Let £ be any symp containing some rebellious line. Define p’, ¢’ € £ as before (symplectic
to p, g, respectively). By Lemma 5.11, p’ L ¢/. Define H, and H, as in the proof of Lemma 5.11;
so H, = HnN P Né¢ and H,=Hn ¢"- N €. If these do not coincide, then they generate at least a
geometric hyperplane of £ and no line of ¢ is rebellious. Hence H, = Hy ={z € { |z L (p',¢)} (as
H, and H, are geometric hyperplanes of p/ L and q J‘, respectively). Note that, since £ contains a
rebellious line, we have H N§ = H, = H,,.

By Fact 4.2 applied in the residue of p/, each line K contained in H), and containing p’ is coplanar
with a unique line K in £(p,p’), which itself is coplanar with (p'¢’)®. All such lines K“ hence
constitute a geometric hyperplane of p/*n ¢ (p,p'). Tt is easy to see that we can select a line T
through p’ in £(p, p’) not belonging to that geometric hyperplane and not collinear to r L p’, where
q 1L r € &(p,p). Then T is collinear to a unique line 7" through p’ in &, which does not belong to
H,. Pick any t € T"\ {p'}, then there exists a line L > ¢ such that the unique point u € L collinear
to ¢’ does not belong to Hy, and clearly ¢ # u. Since ¢ is not collinear to ¢, we see that LN H, = {)
and hence L is rebellious.

Take a point p* on T'\ {p'} not collinear to p and let U be the line tp*. Let ¢ be a symp containing
U and locally opposite &(p,p’) at p* (and note p* 1L p). Since the unique point of ¢ symplectic
to p is p*, and p* is symplectic to r (by the choice of T'), the unique point ¢* of ¢ symplectic to ¢
is symplectic to p* by Lemma 5.11. The second assertion of the same lemma yields a line M C (
through ¢ containing a point z € H Np*. O

We now show that rebellious lines cannot exist.

Proposition 5.13. There do not exist rebellious lines, that is, H is a geometric hyperplane of A.

Proof. Suppose for a contradiction that there exists a rebellious line L. By Lemma 5.12, we may
assume that it contains unique distinct points txp and uxg, and that there exists a line M > ¢t
containing a point z € H opposite p. Consider the subspace W := t. The points not opposite p
in W form a geometric hyperplane G; by Lemma 5.10, H intersects that geometric hyperplane in
a geometric hyperplane thereof. But also z belongs to H. It suffices to show that L has nonempty
intersection with J := (GN H,z) C H. Since W is a cone with vertex ¢, the subspace (t,J) just
consist of the points on a line connecting ¢ with a point of J. But (¢,J) = (¢,2,G N H) = (2,G),
and, by Proposition 4.24, the latter coincides with W. Hence J contains a point of every line of W
through ¢. In particular L N .J # (. O

Now combining Lemmas 4.23, 5.5 and Proposition 5.13 yields Theorem 5.2, and hence also Theo-
rem 5.1. This shows the arrows As — Eg, Dg — E7 and E; — Eg of Theorem A.

5.2. Bounds by para-equator geometries. In this subsection we show the arrows Ds — Eg,
Es — E7 of Theorem A. Although there are similarities, there are also differences between the
cases, so we treat these two arrows separately.

5.2.1. The case E2(K) from Ds(K). In this section, A = (X,.Z) is a long root geometry of type
Eg over the field K. With previous notation, we show:

Theorem 5.14. €,(E¢(K)) < €4(D5(K)).

This is a consequence of the following theorem.

Theorem 5.15. pe(Es(K)) < 33 + pe(D5(K)).
17
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Indeed, w(Es(K)) — w(Ds(K)) = 78 — 45 = 33. Hence
ce(Es(K)) = pa(Es(K)) — w(Es(K)) < 33 + ps(Ds(K)) — w(Ds(K)) — 33,
thus €o(E6(K)) < €4(D5(K)).

The method to show Theorem 5.15 is the same as in the previous section: we exhibit a geometric
hyperplane of A, determine a bound on its e-rank and its g-rank, and use Lemma 4.23. So we start
by introducing the geometric hyperplane H.

Let II; and ITs be two opposite paras of A, where II; corresponds to a point p; and Ils to a symp &9
of E1(K). Let H be the subspace of Eg2(K) generated by II;, ITp, E(II;, II2), see Definition 4.16.
Then we already have the following result.

Lemma 5.16. The e-rank of H is at most 32 4 pe(Ds(K)).
Proof. This follows immediately from Fact 3.1. (|

Our next aim is to show that H is a geometric hyperplane of Eg2(K). To that end, we first show
that all points of II; U Ils are deep points of H.

Lemma 5.17. For any point x € I1; UIly, its perp x- is contained in H.

Proof. We may suppose that z € II;. The residue of z in II; is isomorphic to A4 2(K). Moreover,
we know that x+ N E(II;,1Iy) is also isomorphic to Ay2(K) by Fact 4.17. On the other hand, in
Es2(K), the residue of z is isomorphic to As3(K). Now z+ NI and =+ N E(IIy,T1y) are clearly
disjoint. Since two disjoint A4 2(K) geometries generate As 3(K), as can easily be checked, it follows
that 1 is generated by - N1II; and 2+ N E(II;,II,) and hence z+ C H. O

Next, we show that H contains certain paras which intersect II; UE(II;, II) UIl;. Let A* = Eg 1(K).

Lemma 5.18. For each symp % of Il1, there is a unique para Iy, containing ¥ and meeting
E(I14,113) in the symp ¥/ corresponding to 3. Moreover, Iy, is of symp-type, and the corresponding
symp contains p1. Finally, the para Ilx, is generated by ¥ and X' and as such contained in H.

Proof. Recall that Iy corresponds to the point p; of A* and note that 3 corresponds to a flag
{p1,&x}, where &x is a symp of A* containing p;. Then &5 corresponds to the unique para Ily of
A distinct from II; and containing Y. Since p; is opposite &2, the symps £ and &y intersect in a
point . Every 5-space U incident with {z, s} intersects & in a line and shares a 3-space with pf.
Hence the symp ' of A corresponding to {z, s} entirely belongs to E(IIj,IIz). This shows the
first two assertions. Since D5 5(K) is generated by two disjoint symps, such as ¥ and ¥', also the
final statement follows. 0

We need one other type of para.

Lemma 5.19. For each point z of Iy, there is a unique para 11, containing z and meeting 11y
in the unique 4-space of 11y containing the points symplectic to z. Moreover, 11, is of point-type,
and the corresponding point p, is collinear to py and to a 4'-space of & (which, together with p,
generates the 5-space U, corresponding to z). Finally, 11, is contained in H.

Proof. We argue in A*. Since U, shares a 4'-space with &, and p; is opposite &, there is a
unique point p, in U, collinear to p;. Recalling that symplectic points of A correspond to 5-spaces
intersecting in a point, we now see that the set z- NII; of points of II; symplectic to z corresponds
to the set of 5-spaces of A* containing the line (p1,p.). Since the intersection of all these 5-spaces
is exactly p., the unique para I, we are looking for corresponds to p, and all assertions except the
last one follow.
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For the last assertion, we translate the situation to the polar space Ds 1(K) corresponding to the
para II,, where the points of II, correspond to 4-spaces; the other maximal subspaces will be called
4'-spaces (they correspond to 4-dimensional subspaces of I1,)). Then z corresponds to a 4-space W,
and the 4-dimensional subspace z'- NTI; corresponds to a 4’-space V,. Since 2+ C H and s+ C H
for any point s € z- NII; by Lemma 5.17, H induces in Ds,1(K) a set of 4-spaces containing all
4-spaces intersecting W, in a plane, or intersecting V, in a line. Any other 4-space W of Ds ;1 (K)
intersects W, in a point x. Select an arbitrary plane # C W with x € w. Then <7r,7rl NV,) and
(m, = NW,) are two distinct 4-spaces induced by H containing 7; hence also W is induced by H
(since H is a subspace). O

Definition 5.20. By the previous two lemmas, we may introduce the following paras:

e For each symp ¥ of IIj, the para Iy, of symp-type meeting II; in ¥ and meeting E(II;,II3) in
the symp ¥’ corresponding to X.

e For each point z € II, the para II, of point-type meeting II5 in {2z} and II; in - N1I;.

Using these paras, we can show that H is a possibly nonproper geometric hyperplane of A. In fact,
analogously to Lemma 5.6, one shows that H is proper, but since we do not strictly need this, we
only state:

Proposition 5.21. H is a (possibly nonproper) geometric hyperplane of A.

Proof. We argue in A*. Set H* the set of 5-spaces corresponding to points of H. Recall that the
lines of A correspond to the planes of A* (and the points on the line are the 5-spaces through that
plane of course). Recall also that p; is the point corresponding to II;. Let 7 be an arbitrary plane
in A*. We have to show that some 5-space through 7 is contained in H*. Let S(m) be the set of
5-spaces containing m. By Lemma 5.17, we may assume that no member of S(7) contains a plane
collinear to p;.

Then p; is collinear to a unique point ry of W, for each W € S(w). Suppose first that ry € 7
(that is, all points ry coincide; denote this common point by 7). Select two points s,¢ € 7 not on
one line with 7. Set £ := &£(p1,s) and W = (t,t+ N ¢). Note that, since r, s € t+ N, the space W is
5-dimensional, and it contains 7. So W € S(7) and {r} C pi N W, contradicting our assumption.

Hence we may assume that the points ryy, W € S(7), do not belong to 7 and are hence all distinct.
We claim that they are exactly the points of a line L. Indeed, firstly, they are pairwise collinear
for otherwise the unique symp determined by two noncollinear ones among them contains both p;
and 7, contradicting pi N7 = 0. Since U := (rU{ry | W € S(n)}) is a singular subspace sharing,
for each W € S(r), the 3-space (ry, ) with W, we see that U is 4-dimensional. Since p;- N U is a
subspace disjoint from 7 and containing all ry, W € S(w), we conclude that (ry | W € S(7)) is
a line L. Since each point of L is collinear to m and there is a unique 5-space through a singular
3-space, L = {ry | W € S(n)} indeed. Now, Proposition 4.13 yields a point ry € L, for some
W € S(r), collinear to some point, and hence some 4’-space, of . As ry is also collinear to p1,
Lemma 5.19 implies that the point of A corresponding to W belongs to the para I, of point-type,
with z the point of A corresponding to the 5-space of A* generated by ry and r‘J;V N&s. O

Now combining Lemmas 4.23, 5.16 and Proposition 5.21 yields Theorem 5.15, and hence also
Theorem 5.14.

This shows the arrow Ds — Eg of Theorem A.

5.2.2. The case E7 1(K) from Eg2(K). Let A = (X,.%Z) be the long root geometry E7(K). We
show the arrow E¢ — E7 of Theorem A, see the theorem below (using the same notation as before).
Although this case is somewhat similar to the previous case, the details of the arguments are quite
different, so we provide an explicit proof.
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Theorem 5.22. ¢,(E7(K)) < €4(E6(K)).

As before this is a consequence of the following theorem.

Theorem 5.23. pe(E7(K)) < 55 + pe(E6(K)).

Indeed, w(E7(K)) — w(Es(K)) = 133 — 78 = 55. Hence
€e(E7(K)) = pe(E7(K)) — w(E7(K)) < 55 + pe(Es(K)) — w(Es(K)) — 55
thus €4(E7(K)) < €4(E6(K)).
Again, the method to show Theorem 5.23 is the same as in Section 5.1: we exhibit a geometric

hyperplane of A, determine a bound on its e-rank, and use Lemma 4.23. So we start by introducing
the geometric hyperplane H.

Select two opposite paras II; and Il in A and recall that these are isomorphic to Eg 1(K). Denote
by H the subspace of A generated by II;, Il and E(IIy,113), cf. Definition 4.19.

Lemma 5.24. The e-rank of H is at most 54 + pe(Ee(K)).
Proof. Both II; and Il are isomorphic to Eg 1(K) whose e-rank is 27. O

Now we show that H is a geometric hyperplane of A. As before we do not insist on the fact H # X.

Lemma 5.25. If z is a point of E(I1y,1ly), then o C H, that is, the points of E(II1,1l3) are deep
points of H.

Proof. The residue Resa (z) is a geometry isomorphic to Dg 6(K). The lines joining x to a point of
IT; and IIy correspond to opposite 5-spaces W1 and Wa, respectively, in Resa (z). Fact 3.2 implies
that Resa(x) is generated by Wi, Ws and the set S of points collinear to planes in both W; and
Ws. Similarly as in the proof of Lemma 5.7, it follows that the lines zs’ corresponding to points of
S in Resa () are contained in E(II,II5), leading to 2+ C H. O

Lemma 5.26. If p is a point of A collinear to at least a plane of 111 UIls, then p € H.

Proof. We may assume that p is collinear to some plane 7 of II;. Select any symp £ in II; containing
7 (since I1; is a para, & is also a symp of A). By Fact 4.4, pt N ¢ is a 4-dimensional subspace U
containing w. Let V' be the unique 5-space in II; containing U and let W be the unique 6-space in
A containing U. Then W contains both V' and p (as otherwise a standard argument shows that the
symp through two non-collinear points of W UV U{p} contains a subspace of projective dimension
at least 5, a contradiction). But W has a unique point = in E(II;, 1) by virtue of Proposition 4.20.
Hence p € (z,V) C H. O

Lemma 5.27. Every para Il sharing a symp & with 111 intersects H in at least a hyperplane of 11;
if moreover 11 contains a point of Ils, then I C H.

Proof. The set H N1I contains all points of £ and all points close to £ (collinear to a 4-space of
¢) by Lemma 5.26. The first assertion now follows from Proposition 4.13. A point of Il is never
collinear with any point of I1;, so the second assertion now also follows from Proposition 4.13. [

We now translate the situation to A* := E7 7(K), where it is somewhat easier to argue. Note that

points, lines, symps and paras of A = E71(K) correspond to symps, maximal 5-spaces, lines and

points, respectively, of A*. Moreover, paras of A intersecting in symps correspond to collinear

points of A*, paras in A intersecting in just a point correspond to symplectic points of A*. Denote

by p1,p2 the points of A* corresponding to Iy, Ils. Then the set of paras in A intersecting II; in

a symp and intersecting Il in a point, corresponds to the set pi N ps- of points of A* collinear to
20
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p1 and symplectic to ps. Also, the set of paras of A intersecting Iy in a symp corresponds to pf
in A*. From this discussion and Lemma 5.27 follows:

Lemma 5.28. Let L be a line of A and let U be the corresponding maximal singular 5-space in
A*. Then L contains a point of H as soon as either pt N U is nonempty, or some symp of A*
contains U and a point of pi- N py-.

Proof. Suppose first that U is such that pf N U is a point a. Then a corresponds to a para Il, in
A sharing a symp £ with IIy, and U corresponds to a line L in II,. By Lemma 5.27, L has at least
a point contained in H. Next, suppose U is such that it is contained in a symp ¢ of A meeting
pf N p%‘L in a point b. Then b corresponds to a para Il meeting II; in a symp and Ils in a point
and is hence contained in H by Lemma 5.27. The symp (¢ corresponds to a point x in II, and U
corresponds to a line containing x. Since x € H, the statement follows. O

We are now ready to show that:

Proposition 5.29. H N X is a geometric hyperplane of A.

Proof. As above, we argue in A*. Let U be any maximal 5-space of A* and suppose p; N U = {.
Let S(U) be the set of symps of A* containing U. By Fact 4.1, for each symp & € S(U), there exists
at least one point pe € £ collinear to p;. Select two distinct members &, ¢ of S(U) and suppose
for a contradiction that pe and p¢ are not collinear. Since they are collinear to at least a common
3-space of U, they are symplectic and the symp &; containing them also contains p;. But then
pf- NU is at least a 2-space, contradicting our hypothesis. Hence pe and p are collinear.

Now note that pe is collinear to a 4-space of U and hence a 5-space of (, i.e., a maximal singular
subspace of ¢, implying that pf N¢ = {pc¢}. Similarly, pe is unique. Now let &, (, v be three distinct
symps containing U. We claim that p¢, p¢, p, are contained in a common line L. Suppose not, then
the span is a plane 7 all points of which are collinear to p;. The convexity of £ implies that every
point of pé NU is collinear to pg¢; hence V := pé NU = pé‘ NU and likewise V = pi NU. So V and
7 are contained in a singular subspace, which has dimension at most 6 in A*. Since dimV = 4, it
follows that # NV ## (), contradicting our assumption that pf NU = (). The claim is proved.

So L C pf. Now there is some point x € L contained in p%L. Due to Lemma 5.28, it suffices to
show that there is a symp containing U U {x}. Notice that the previous paragraph yields V C L*.
Pick y € U\ V. Since U is a maximal singular subspace, it follows that y ¢ 2. The symp defined
by x and y contains U and x and hence the proposition is proved. ]

Now combining Lemmas 4.23, 5.24 and Proposition 5.29 yields Theorem 5.23, and hence also
Theorem 5.22. This shows the arrow Eg — E7 of Theorem A.

5.3. Proof of Theorem C for type E. By Fact 3.7, the excess €o(Ds5(K)) for a finite prime field
K, is equal to 0. Indeed, the number of roots of a root system of type Ds is equal to 40; hence the
Weyl module has dimension 40 + 5 = 45 = 2n? — n for n = 5. Now Theorem A, in particular the
arrows Ds — E¢ — E7 — Eg, implies that the excesses €4(E;(K)), i = 6,7,8, are 0, too.

6. GEOMETRIES OF TYPE F41 AND Fg4

6.1. The embedding rank and generating rank of F,4(K). The e-rank and g-rank of F4 4(K)
can be completely determined for all fields K not of characteristic 2.

Theorem 6.1. Let K be any field not of characteristic 2. Then both the embedding rank and
generating rank of Fa 4(K) is 26.
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Proof. Since the standard embedding of F4 4(K) happens in a projective space of dimension 25, it
suffices to show that Fs4(K) is generated by 26 points.

By [20], each pair of opposite points p, ¢ is contained in a unique so-called extended equator geometry,
which can be described as follows. Each symplectic pair of points x, y is contained in a unique symp
&(x,y), which is isomorphic to a symplectic polar space of rank 3. The set {z,y}*+ =: L(z,y)
contains x and y, and is called a hyperbolic line. In the standard embedding of the polar space
in 5-dimensional projective space over K, it is an ordinary, though non-isotropic, line. Now, the
points symplectic to both p and ¢, together with p and ¢ generate by hyperbolic lines a polar space
E(p, q) isomorphic to B4 1(K) (whose lines are thus hyperbolic lines), This is the extended equator
geometry defined by p and ¢. The set T (p, q) of all points collinear to a maximal singular subspace
of E(p, q), together with all lines it contains, is a geometry isomorphic to the dual polar space
B4 4(K) (called the tropic circle geometry of p and q in [20]). Now the set of points of Fs4(K)
contained in some line joining a point of E(p7 q) with a point of T\(p, q), constitutes a geometric
hyperplane H(p, q) of Fa.4(K) by Lemma 5.37(iv) of [21].

Now let T' be a minimal generating set of f(p, q), and E a minimal generating set of E (p,q) (as a
polar space, hence with respect to hyperbolic lines). By Theorem 5.3 of [18], we have |T'| = 16. Since
E(p, q) is a parabolic polar space, we have |E| = 9. Proposition 5.3.1 of [20] implies that, for any
pair of symplectic points z,y € E(p, q), the set {z,y}+ N&(x,y) is contained in (T'). Now &(z,y) is
isomorphic to C31(K), a symplectic polar space of rank 3 over a field of characteristic different from
2. Since = and {x,y}" generates a singular hyperplane of £(z,y), we see that T'U {z, y} generates
&(x,y) and hence also L(x,y). It follows that T'U E generates ﬁ(p, q). Hence, by Lemma 4.23(i7),
the g-rank of F44(K) is at most |T'| + |E| +1 =16 + 9 + 1, which is 26. As noted in the beginning
of this proof, this implies that the g-rank is exactly 26, as is the e-rank. U

This proves Theorem E.

Remark 6.2. The proof of the previous theorem also works for perfect fields of characteristic 2 not
of size 2. In this case one obtains that bot the embedding and generating rank of Fj41(K) equals
52.

6.2. The generating rank and embedding rank of F4;(K). Let A = (X,.Z) be the Lie
incidence geometry Fq1(KK). Recall that the Segre e-rank of Ay (12}(K) is denoted by pg(A2(K)).
In this section we want to prove:

Theorem 6.3. IfK is a field with characteristic distinct from 2 and size at least 5, then pe(Fa(K)) <
14+ p2(Ao(K)) and also pg(Fa(K)) < 44+ pg(Aa(K).

6.2.1. The equator geometry for Fs1(K). We consider two opposite points p and ¢ and define
H = (p* Uqght). Recall that E(p,q) = p N gt. We start by showing that H is a geometric
hyperplane.

Proposition 6.4. The subspace H is a geometric hyperplane of A.

Proof. By Remark 5.8, we only have to show that each point of E(p,q) is a deep point of H (not
using the fact that H is a geometric hyperplane).

So let L be a line containing a point = of E(p, q) and suppose L is not contained in &(p, x) U&(q, ).

In the polar space C31(K) corresponding to Resa(z), the symps &(p,z) and &(g, z) correspond to

two opposite points a and b. The line L corresponds to a plane 7 neither containing a nor b. Then

a point ¢ € m N a* N b corresponds to a symp ¢ through L intersecting both &(p, x) and £(gq, x)

in (different) planes, say o, and a4, respectively. Set L, = a, N pt and Ly = agn ¢* and note
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that £ = (Ly, Ly, Lﬁ N LqL). Then every point of L]JD- N LqL is symplectic to both p and ¢ and hence
belongs to E(p, q). Since also L, and L, are contained in H, it follows that £ is entirely contained
in H. Since L C ¢, Lemma 5.7 follows for the current A and H. g

A proof similar to that of Proposition 5.4 yields:
Proposition 6.5. The subspace H of A is generated by p*, ¢ and E(p,q).

We now first concentrate on the equator geometry E(p, q¢). We will equip this point set with “lines”
with the help of the following lemma. Recall that the symps of A are polar spaces isomorphic to a
parabolic quadric B3 1(K) in P5(K).

Lemma 6.6. Let & = &(x,y) be a symp with x,y a symplectic pair of points of E(p,q). Then
L:=p'N€ and M = ¢-NE are lines, which are opposite in &, and LN M* is a conic C C E(p, q)
in the ambient projective space of . Moreover, the set of symps &(p,c) with ¢ € C' coincides with
the set of all symps of A through the plane (p, L).

Proof. Since p is, by definition of E(p, q), symplectic to the two points x and y of , it follows from
Fact 4.5 that p™ N ¢ is non-empty. Fact 4.4 then implies that pt N ¢ is a line, say L. Likewise,
g NE&is aline M. We claim that L and M are opposite in &. Since p and ¢ have distance 3, it is
clear that L and M are disjoint. Let r be any point of L and suppose for a contradiction that r is
collinear to M. Then r and g are symplectic (see also Fact 4.6), which however implies that p and
q are not opposite (cf. Fact 4.9), a contradiction. We conclude that L and M are opposite lines
in £, Hence C := L+ N M~ (which is contained in & by convexity of £) is a conic in the ambient
6-dimensional projective space of £ as a polar space isomorphic to B3z 1(K). Note that the points
of L+ N M+ are symplectic to both p and ¢ by Fact 4.6 and hence C C F (p, q) indeed. Moreover,
for any point ¢ € C, £(p, ¢) contains the plane (p, L). To prove the last statement, suppose £’ is a
symp containing the plane (p, L). Then &' N¢ is a plane 7 by Fact 4.5. The plane 7 contains L and
hence contains a unique point z collinear to M, so z € C and &' = &(p, 2). ]

We now declare two points x,y of E(p,q) collinear if they are symplectic in A, and the joining
“line” is given by L+ N M+, where L = p* N¢&(z,y) and M = ¢+ N&(z,y). Noting that a point
x of E(p,q) corresponds to a symp containing p (namely (£(p,z)) and that, by the above lemma,
the just defined “lines” correspond to the symps containing a plane of A through p; we see that
E(p, q) equipped with the new lines has the structure of the symplectic polar space Cz1(K).

Since the Weyl embedding of Fj1(K) induces the Weyl embedding of C31(K), and the latter in-
duces the Weyl embedding of its planes (as in the proof of Lemma 5.6, these assertions follow by
considering the adjoint action of the corresponding Lie subalgebras on the appropriate Lie algebra),
and since the universal embedding of A projects onto the Weyl embedding of A, we see that the
“planes” of E(p,q) span a subspace of dimension at least 5. By Theorem 2.3 of [27], these planes
correspond to ordinary Veronese surfaces in projective 5-space. Therefore we may consider the
Veronese e-rank of F(p,q). Likewise, we are only interested in the Veronese g-rank of E(p, q).

6.2.2. The Veronese generating rank and Veronese embedding rank of C31(K). We now determine
the Veronese e-rank p;(C31(K)) and the Veronese g-rank pz(Cs1(K)) of C31(K) in terms of the
Segre e-rank pg(A2(K)) and the g-rank pg(A2(KK)), respectively, of Ay g1 51(KK), where K is a field
whose characteristic is not equal to 2.

Let A" = (X', Z") be the symplectic polar space C3 1(K). We choose two opposite (that is, disjoint)
planes m; and o in A’. Consider the following set P of points of A’:

P={zeX'|3Le ¥ ;2 € Land m;NL#0,i=1,2}.
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In this section we forget the notation E(p,q); in particular the letters p and ¢ do not refer to the
points introduced in the previous subsection. Recall that a hyperbolic line of A’ is an ordinary line
of the 5-dimensional projective space P°(K) in which A’ naturally embeds.

Lemma 6.7. The set P, endowed with all lines and hyperbolic lines of A’ fully contained in P, is
isomorphic to a Klein quadric, that is, an irreducible hyperbolic quadric of rank 3.

Proof. This follows from the fact that P is the union of all planes of A’ intersecting 7; in a point
x and 79 in a line L, the mapping p — L being a duality, using Proposition 5.2 of [34]. O

Lemma 6.8. Let p,q be two noncollinear points of the generalized quadrangle By 1(K). Then
{p.a}* =1{p.a}-

Proof. Since the characteristic of K is not equal to 2, the relation L is induced by a non-degenerate
polarity p in the ambient projective space P*(K) of B 1(K). Let Z be the point set on By 1(K) in
PY(K). Then {p,¢}**+ = Zn(p,q)” = Z N (p,q) = {p.q}. O

Lemma 6.9. Each singular line contained in P intersects w1 U moy nontrivially.

Proof. Assume for a contradiction that some line L disjoint from w1 U o is contained in P. Then
each point = of L is contained in a unique line L, intersecting m; in a point ¢, ;,7 = 1,2. If t; 1 = t1
for two distinct points z,y € L, then L is contained in the plane spanned by t; 1,?;2,t, 2 and hence
intersects 2 nontrivially, a contradiction. Note that in P°(K), the point t.,1 is the projection of x
from 79 onto ;. Hence {t; 1 | # € L} is the projection of L from mp onto m; and is hence the point
set of a line L;. Likewise, {t;2 | # € L} is a line Lo.

Set p1 = L% N and py = Lf N . Assume that p; € L1 and let « be the plane spanned by Lo
and pi. Let € L be such that p; = t,1 (note x € a) and pick yi,42 € L\ {z}. Then y; L t, »
and inside the plane (yi,z,ty, 2) = (L,ty,, 2) we see that ya L t,, o, implying t,, o = ty,2, so by
the above y; = ya, contradicting the fact that L contains at least three points. Hence p; ¢ Ly and
likewise py & Lo. Hence p1 L pa, so {p1,p2}* is isomorphic to C2,1(K), i.e., the dual of By 1(K).
But L intersects every line which intersects both L; and Lg, contradicting Lemma 6.8. U

Corollary 6.10. A singular plane o of A’ disjoint from m Uy intersects P in a (possibly empty)
non-degenerate conic.

Proof. Considering the situation in P°(KK), the intersection aN P is given by a quadratic equation in
the coordinates, hence is a possibly degenerate conic. If it is degenerate, then by possibly considering
the situation over a quadratic extension, we may assume that N P contains a (singular) line, which
contradicts Lemma 6.9. g

Lemma 6.11. Let (', ~) be the graph with vertex set X'\ P, where two vertices x1,xo are adjacent
if they are collinear in A’ and contained in a common singular plane o disjoint from w1 Umy which
intersects P nontrivially. Then T" is connected.

Proof. First we claim that any singular line L disjoint from 7; U mg is contained in at least one
singular plane disjoint from m; Uy and having nonempty intersection with P. Indeed, if LN P # 0,
then it suffices to select a plane of A’ through L distinct from (L, L+ N 7) and (L, L+ N ).
Now suppose L N P = (). It is easy to select a line L; C m such that Lt N L; = 0 and that
p2 == Li N1 # Lt Ny, Let a be the plane spanned by L and put y := L+ N (L1, ps). Note
that y € P and that our assumptions on L; and py imply that y ¢ m Umy U L (so « is really a
plane). Assume for a contradiction that « contains some point p; of m1. Then p; = Lt N7 and
y L (p1, L1). The latter is, by assumption on Lq, the whole of 71, forcing y € 71, a contradiction.
Next, assume for a contradiction that a contains some point xo of mo. Then ps | xo 1 y and the
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990 plane (xo, po,y) intersects 71 in some point 21 (the latter is Ly N (pa,y)). Hence the point LN {x2,y)
991 belongs to P, a contradiction. The claim is proved.

992 Let x1, 29 be two distinct points of X’ \ P. Suppose first that x1 L x9 in A’. If L := (x1,29) is
993 disjoint from 7 U mo, then x1 ~ x9 by the first paragraph. So assume that L intersects w1 U mo. It
994 is easy to see that we can find a plane « containing L so that a \ L is disjoint from 71 U me. Pick
95 x € a\ (LU P). Note that this is possible by Corollary 6.10 (including any line of « disjoint from
996 1 Uy in a plane disjoint from 7 U my). Then both (x1,x) and (x9,x) are disjoint from 73 U my
997 and hence x1 ~ x ~ xo by the previous paragraph.

998 At last suppose that x1 is not collinear to z2. Let oy be any plane through x; disjoint from 7y U g
999 and not disjoint from P (this exists by the first paragraph). Let o, be the plane generated by

1000 and Lo := 91:2L N aj. Then Ls N P has size at most 2 (since P N o1 is a non-degenerate conic).
1001 Hence we can pick x3 € Lo \ P. By the previous cases, both x1 and x5 are in the same connected
1002 component of I' as x3. O

1003 Lemma 6.12. Let (I, ~) be the graph with vertex set X'\ P, where two vertices x1,x2 are adjacent
1004 if they are collinear in A" and the joining line (x1,x2) intersects P in exactly two points. Then T’
1005 1S connected.

Proof. If |K| > 5, then this follows straight from Lemma 6.11. So we may suppose that |K| = 3.
We coordinatize P°(F3) such that the underlying alternating form is given by

(@1, @6) (Y1, -+ 1Y) = T1Y2 — Tay1 + T3Ya — TaY3 + TsYe — T6Ys-

1006 Then we may define m; as the plane with equations Xo = Xy = Xg = 0 and 7y as the plane with
1007 equations X1 = X3 = X5 = 0. One easily calculates that a point with coordinates (x1, z2, z3, x4, T5, T6)
1008 belongs to P if and only if 129+ z3x4+ 2526 = 0 (which indeed represents an irreducible hyperbolic
1000 quadric). Now, two points (x1, x2, 23, 24, T5, xg) and (y1, Y2, Y3, Y4, Y5, ¥s) belong to X'\ P and are
1010 adjacent in I if and only if

T1T2 + 374 + 576 # 0,

Y1y2 + Ysya + ysys # 0,

T1Y2 + T3Y4 + T5Ye = T2Y1 + T4Y3 + TeYs,

(w1 4+ y1) (w2 + y2) + (23 + y3) (24 + ya) + (25 + ys5) (26 + Y6) = 0,

(1 —y1)(z2 — y2) + (23 — y3) (24 — ya) + (25 — y5) (26 — y6) = 0.

\

1011 Define the weight of a point as the number of nonzero coordinates of each of its coordinate tuples.
1012 Now let z1, %2, x3, 24, x5, g be six arbitrary but nonzero elements of F3 (hence each of them is 1
1013 or —1). Using the above conditions, we see that (z1,z2,0,0,0,0) ~ (0,0,21, —x2,0,0). Permuting
1014 the coordinates in blocks of two in the obvious way, this implies that all points of weight 2 of T”
1015 belong to the same connected component, say C.

1016 Up to permuting coordinates, a generic weight 3 vertex of I is given by (x1,z2,x3,0,0,0), and
1017 one calculates that this is adjacent to (0,0,0,0, 21, —22). Hence also all weight 3 points in X'\ P
1018 belong to C. Likewise, a generic weight 4 vertex has coordinates either (x1, 2,23, 24,0,0) with
1019 z1xe + x3x4 # 0, or (x1,z2,23,0,25,0). The former is adjacent to (0,0,0,0,z1,22), and the
1020 latter is adjacent to (0,0, s, 12273, —25, —T172w5) (note that 23 = 22 = 1). Hence all weight
1021 4 elements belong C. A generic weight 5 vertex is a point with coordinates (x1,z2, z3, x4, T5,0),
1022 with z129 + 2324 # 0 (and note that this implies z1x9 — x3x4 = 0). This point is now adjacent to
1023 (21, —x9, —x3,x4,0,0), showing that all weight 5 vertices belong to C. Finally, for the vertex with
25
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coordinates (x1,x2,x3, x4, x5, Tg) We may, without loss of generality, assume that x1xy = x314 =
—x526. It follows that this vertex is adjacent to (x1,z2, —x3, —24,0,0).

We have shown that all vertices belong to C, and the assertion follows. O

Define the following geometry A” = (X", #"). The set X" is the set of lines of A’ intersecting
both 7 and 72 nontrivially. A typical member of .£” is the pencil determined by (p,«), where
p € m; and « is a plane of A’ containing p and intersecting 73_; in a line, i € {1,2}.

Lemma 6.13. The geometry A" is isomorphic to Ay 11 21 (K).

Proof. Let {p, L} be a flag of 7, where p € 71 is a point and L C 7 a line containing p. Obviously,
the mapping {p, L} — (p, L N ) is a bijection between the set of flags of 71 and X”. Also,
for each line L of m, that bijection maps the set of flags {{p,L} | p € L} onto the line pencil
determined by (L N o, L), which belongs to .#”, and, for each point p € my, it maps the set of
flags {{p,L} | p € L € &', L C m} onto the pencil determined by (p, p™ N 73), which belongs to
Z". One checks that this correspondence is bijective onto .£”. O

The next lemma holds for all fields with at least 3 elements.

Lemma 6.14. Let K be an arbitrary field with at least three elements. Then the Veronese generating
rank and the Veronese embedding rank of P2(K) are both equal to 6.

Proof. Clearly a line and a point do not Veronese generate P?(K). Since five arbitrary points no
four on a line determine a (possibly degenerate) conic of P?(K), and every such conic intersects each
line that it does not contain in at most two points, the Veronese g-rank of P?(K) is at least 6. Let
p1, P2, p3 be a triangle in P2(K) (that is, they are not contained in a common line). Select a point
¢ in (pj,pr) \{pj, pr}, with {1,2,3} = {4, j, k}. Then {p1,p2,p3,q1,q2, g3} generates the three lines
(p1,p2), (P2,P3), (P1,p3). Since |K| > 2, every point is contained in a line intersecting the union
of these three lines in three distinct points. Whence the assertion concerning the Veronese g-rank.
The assertion concerning the Veronese e-rank follows straight from Theorem 2.3 of [27]. U

Let € : X' C P20 be the Veronese embedding of A’ obtained from the Veronese map on the
underlying projective space P?(K). Let ¢ be the restriction of ¢ to P. We note that ¢, and hence
every embedding that projects onto it, satisfies the following easy to verify statements.

(a) Every projective plane contained in P spans a 5-space and hence defines an ordinary quadric
Veronese surface (use Theorem 2.3 of [27] again);
(b) The span of two disjoint planes of P intersects P in the union of those planes.

Lemma 6.15. Consider P as a subgeometry of A" with induced line set. Then the Veronese
generating rank of P is at most 124 pg(A2(K)). Also, the e-relative Veronese embedding rank of P
is at most 12 + p2(A2(K)).

Proof. We first prove the assertion about the Veronese g-rank of P. Let GG be a minimum generating
set of points for A”. For each g € G, we select an arbitrary point p, on the corresponding line
Ly of A’, but not belonging to m U me. We claim that G* := my Uma U {py | g € G} generates P,
which then proves the assertion using Lemmas 6.13 and 6.14. Indeed, it suffices to show that, if
91,92 € G and g is collinear to g2 in A”, then each point of the singular plane a := (L, , Lg,) of
A’ is (Veronese) generated by G*. Now « intersects w1 U o in the union of a point and a line, say
{z} U K. Then clearly {x,pg,,pg,} U K is a Veronese generating set of a (because it contains the
triangle {x, pg,, pg, } together with an additional point on each side, namely the intersection of that
side with K'). The claim follows.
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Next we consider the e-relative Veronese e-rank. So we assume that P is embedded in some
projective space PP such that each of its lines is a plane conic, and P projects into the usual
Veronese (Weyl) embedding of C31(K) obtained from the ordinary Veronese embedding of the
ambient projective space P?(K). By (a), the planes contained in P correspond to ordinary Veronese
surfaces. The subspace spanned by m U o in PP is strictly contained in the one generated by P
(as this is the case in the Weyl embedding). So we can project P\ (m Uma) from W := (7, m2)
(generation is now in IP) onto some complementary subspace U of P. Let a be a singular plane in
P intersecting 71 in some point p; and 7y in some line Ly. By (b), the projection of v in P from
(p1, L2) is either a point or a (full) line. If it were a point, then some 4-space of () would intersect
a in just {p1} U Lo, a contradiction. It follows that the projection of P\ (7m; Umg) from W onto U
is isomorphic to an embedded Aj (1 2 (K). Moreover, in the Weyl embedding, the same procedure
yields the Weyl embedding, hence the dimension of the subspace generated by the image of the
projection of P\ (7w Umg) from W onto U is at most pg(Az(K)) — 1. Since dim(m; Umg) < 11, the
lemma is proved. O

We are now ready to prove the main result of this subsection.

Proposition 6.16. Let K be a field with characteristic distinct from 2. Then pg(C31(K)) <
13 + pg(A2(K)) and pZ(C31(K)) < 13 + pZ(Az(K)).

Proof. First we consider the Veronese g-rank. It suffices to prove that, for an arbitrary point
x € X'\ P, the set P U {z} is a Veronese generating set of A’. Clearly, all points on each line L
through z that intersects P in two points are Veronese generated by P U {z}. Now the assertion
follows from Lemma 6.12.

Concerning the Veronese e-rank, we have to show that, if A" is Veronese embedded in the projective
space P, then X’ is contained in the subspace of P generated by P and one additional point
x € X'\ P. Suppose « is a plane disjoint from 7 U 7, containing = and meeting P non-trivially,
i.e., in a non-degenerate conic by Corollary 6.10. Then, since every conic in « generates a hyperplane
in the corresponding ambient projective 5-space of the Veronese surface, and that hyperplane does
not contain any other points than those of the conic, we see that all points of «a are contained in
the (projective) subspace of P spanned by P and z. Now again Lemma 6.11 completes the proof.

O

6.3. Conclusion. In this subsection, we let p and ¢ again be two opposite points of A = F4 1(K),
and H is again <piL U qiL> as in Subsection 6.2.1. We can now complete the proof of Theorem 6.3.
First we notice that this theorem follows from Lemmas 4.23 and Proposition 6.4 as soon as we show
the following lemma:

Lemma 6.17. The generating rank of H is at most 30 + pg(C31(K)) < 43 + pg(A2(K)), and the
embedding rank is at most 30 + p%(C31(K)) < 43 4 p2(A2(K)).

Proof. We start by noting that Resa(p) is isomorphic to C33(K). Such a geometry has e-rank and
g-rank equal to (g) — ((15) = 14, by [14] and [19]. Hence the e-rank of p* U ¢* is at most 30. The
second assertion of Proposition 6.16 implies that the e-rank of H is at most 30 + 13 + p2(A2(K)).

Now consider a set T of 30 points generating p- U ¢~ and a set E Veronese generating E(p,q) =

ptNgt. Let C be a line of E(p, q), the latter viewed as a symplectic polar space. Let £(C) be the

symplecton containing C. Then, as explained in Lemma 6.6 and just after it, C = L+ N M+, with

L=ptn&(C) and M = g NE(C). Hence if E contains at least three points of C, then the whole

of C' is generated by T'U E. It follows that, if F is a Veronese generating set of F(p,q), then TU FE

generates H. The first assertion now follows from the first assertion of Proposition 6.16. O
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Since w(F4(K)) — w(C3(K)) = 52 — 21 = 31 and w(C3(K)) — w(A2(K)) = 21 — 8 = 13, the arrows
A, — C3 — F4 of Theorem A follow, as before, from Lemma 4.23, Propositions 6.4 and 6.16, and
Lemma 6.17. Moreover, Fact 3.4 implies that the g-rank of F41(p) is equal to 52, for any prime p.
This shows Theorem C for type F4.

7. THE CLASSICAL CASES A,,B, AND Dy 1, n>2

The structure of the proof of Theorem B is exactly the same as that of Theorem A. Hence we
are not going to repeat it here. We content ourselves with only mentioning the various geometric
hyperplanes H, based on the various equator geometries. We consider all cases separately.

7.1. Case A,—1 — A,, n > 3. Recall that An,{1,n}(K) is the geometry with point set the incident
point-hyperplane pairs of the projective space P"(K), where lines are given by the incident line-
hyperplane pairs and incident point-subhyperplane pairs, with natural incidence (a subhyperplane
is a subspace of codimension 2, that is, a hyperplane of a hyperplane).

Let A = (X,.2) be isomorphic to A, 11,}(K). Pick a non-incident point-hyperplane pair (p, W)
in the underlying projective space P"(K). Define H to be the subspace of A generated by all
points (z, W) € X, z € W, all points (p,U) € X, p € U and all points (z,U) € X, x €¢ W
and p € U. One easily checks that H indeed generates a hyperplane. Moreover, the singular
subspaces {(z,W) € X | x € W} and {(p,U) € X | p € U} have e-rank n, whereas the subspace
{(z,U) € X | x € W and p € U} is isomorphic to A,_1(K). The arrow now follows from the
numerical equality w(A,(K)) = (n+1)2—=1=(n?>-1)+n+n) +1=w(A,—1(K)) + 2n + 1.

Remark 7.1. This arrow implies that the e-rank of the geometry A;, (1 ,1(K), for K finite but not
prime, is equal to w(A,(K)) + 1. Indeed, this is true for n = 2 by Lemma 3.5, and it follows from
Proposition 8.1 below for n > 3.

Remark 7.2. This arrow can also be interpreted as an arrow in the class of Segre embeddings,
with the same proof. Hence, as a consequence, the Weyl embedding of A,, 11 ,,(K), for K a finite
field, is relatively universal.

7.2. Case A,,_; — Dy, n > 3. Recall that D, »(K) is the geometry with point set the set of lines
of a hyperbolic polar space I' of rank n and lines the planar line pencils.

Let A = (X, .Z) be isomorphic to D, 2(K). Pick two disjoint (opposite) maximal singular subspaces
W1, Wy in the underlying polar space I' = (Y, .#); hence X = .#. Define H to be the subspace
of A generated by all points M € .# either contained in Wy or Wy, or intersecting both W; and
W nontrivially. It is routine to check that H indeed generates a hyperplane of A (use the fact
that every point of I' is contained in a line intersecting both W; and Ws nontrivially). Clearly
the subspace on the set {M € .# | M C W;}, i = 1,2, is isomorphic to A,_; 2(K), whereas the
subspace on the set {M € .# | MNW; £ (),i = 1,2} is clearly isomorphic to the long root geometry
An—1,{1n—13(K). Now, by Fact 3.1, the g-rank and e-rank of A,,_12(K) are both equal to @
The arrow then follows from the numerical equality w(D,,(K)) = 2n%2—n = w(A,—1(K))+n(n—1)+1.

7.3. Case D,,_1 = Dy, n > 4. Let A = (X,.%) again be isomorphic to D, 2(K). This time, we
pick two non-collinear (opposite) points p1, p2 in the underlying polar space I' = (Y,.#). Define
H to be the subspace of A generated by all points M € .# either incident with p; or with ps, or
contained in plL N sz. It is again routine to check that H indeed generates a hyperplane of A (use
the fact that every singular plane of I' intersects p;- N py nontrivially). Clearly the subspace on
the set {M € A4 | p; € M}, i =1,2, is isomorphic to D,,_1,1(K), whereas the subspace on the set
{M € .# | M C piNpy} is isomorphic to the long root geometry D,,_1 2(K). Now, by Fact 3.1, the
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g-rank and e-rank of D,,_; ;(K) are equal to 2(n — 1). The arrow then follows from the numerical
equality w(D,(K)) = 2n?—n = (2(n—1)2—(n—1))+2(n—1)+2(n—1)+1 = w(Dy—12(K)) +4n—3.

7.4. Case B,, = Bjt1, n > 2. This case is completely similar to the previous arrow. Note that,
for the case n = 2, we have to use p;(B2,2(K)) and pg(B22(K)), which are the Veronese g-rank and
Veronese e-rank, respectively, as defined in Section 2.

8. PROOF OF THEOREM D

Putting Theorems A and B together, we see that the excess in the g-rank of Ay 17 5)(K) is at least
the excess in g-rank of all long root geometries mentioned in the statement of Theorem D. Since
for a finite field, this excess is 0 in the prime case, and 1 otherwise, the first part of Theorem D
follows. We now show the last part. This will follow from the next result.

Proposition 8.1. If K is a field with Aut(K) # 1, then pe(A, (1,3(K)) > (n+1)%

Proof. Let 6 € Aut(K). Consider the following map from A, 1 ,}(K) to P’ +2n(K). We label
the coordinates in the latter with (7;)1<i<n1<j<n. We also denote a point of A, 1 ,3(K) by the
coordinates of a point-hyperplane flag in P"(K), that is, with a pair ((z;)1<i<n, (@j)i1<j<n), all
elements in K, and > 7" | a;z; = O:

((zi)1<i<n: (a5)1<j<n) F (2505)1<i<n1<j<n-

If & = 1, this induces the ordinary Weyl embedding. If 6 is nontrivial, one shows, exactly as in
Section 2 of [31], that this induces an embedding spanning JP’"2+2”(K). O

Now the second part of Theorem D follows from the first arrow of Theorem B and Fact 3.5.
Finally, we can prove the finite case of Volklein’s result in a purely geometric way.

Proposition 8.2. The embedding rank of any finite long root subgroup geometry of type Dy, n > 4,
Ee, E7, Eg and Fa (the latter in characteristic distinct from 2) is exactly equal to the dimension of
the Weyl module.

Proof. This follows from Fact 3.5, the fact that the stated geometries admit the universal embedding
by [24], Theorem 6.3, Remark 7.2 and the arrows A,,_; — D,, and Ds — Eg — E7 — Es. O
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