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Abstract

A polarity of an exceptional geometry of type Eg is called regularif its fixed structure,
viewed as a simplicial complex, is a building. Polarities that do not act trivially on the
underlying field were classified a long time ago by Jacques Tits. In the present paper, we
classify the regular polarities of exceptional geometries of type Eg that act trivially on the
underlying (arbitrary) field. As a result, we discover new subgeometries of the exceptional
geometry of type Eg.
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1. Introduction

The exceptional groups and corresponding exceptional geometries have, since their
discovery, always been a rich source of beautiful connections and remarkable behavior.
However, due to their rather restrictive accessibility, a lot of properties that should parallel
properties of classical geometries remain yet undiscovered. One of these properties con-
cerns polarities of exceptional geometries of type E¢. Although polarities of the classical
geometries such as projective spaces are well understood via their absolute geometry, there
is, to the best of our knowledge, no result in the literature describing the possible absolute
geometries of a polarity of an exceptional geometry of type Eg over an arbitrary field.
Partial results have been obtained, though. If the polarity induces a non-trivial involution
of the ground field, then it defines a form of type Eg, and those are treated in [1]. If the
ground field is the complex number field C, then Wolf and Gray [2] (Theorem 5.10) classify
the polarities inducing a trivial action on the ground field. We call such polarities linear.

Let A be a geometry of type Eg, defined over an arbitrary field K. To each polarity
of A is associated its absolute geometry, that is, the geometry of the fixed simplices. Let
charK # 2. A first goal of the paper is to classify all linear polarities of A according to
their absolute geometries. In particular, we prove that each such absolute geometry is the
geometry associated with a spherical building itself, and we provide an explicit list of all
possibilities. If the absolute geometry is empty, then we content ourselves with proving
that the polarity is anisotropic, that is, maps each simplex to an opposite simplex. Our
classification is in accordance with [2] (Theorem 5.10), where the case K = C is used. We
will comment on this after we provide precise formulations of our main results in Section 2,
and when we discuss the explicit constructions in Section 6. Now let char K = 2. In this case,
we restrict to absolute geometries that define buildings and prove a similar classification
as in the case of characteristics different from 2. There is one exception: if the rank of the
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absolute geometry is 1, then we content ourselves with an example to only show existence.
We consider the higher rank as more important. We also show that an empty absolute
geometry is equivalent to an anisotropic polarity.

1.1. Motivation

The absolute geometry of a linear polarity is, in general, larger than the one of a non-
linear polarity. So, our classification in particular exhibits relatively large subgeometries
of geometries of type E¢. This contributes to our knowledge of the structure of such
geometries, just like the subgroup structure of a group provides very useful information.
Moreover, the centralizers of the polarities are large subgroups of the groups of type Eg,
and our results contribute to the subgroup structure of those groups. As already mentioned,
the classical case K = C was performed by Wolf and Gray [2]. This case is applied in a
recent study of involutions of the moduli space of principal Eg-bundles over a compact
Riemann surface by Antén-Sancho [3]. Our results offer applicability over other fields than
C. In the same vein, let us also mention that there is quite some contemporary activity on
structures of type Eg, and with the present paper, we make our contribution. For recent
results, we refer to additional work of Antén-Sancho [4,5] and to the paper [6] linking such
structures with theoretical physics.

1.2. Structure of the Paper

In Section 2, we introduce the necessary notions in order to be able to state our main
results more precisely. Then, in Section 3, we recall some known results that we will use in
our proofs. Most of them will concern the standard exceptional geometry of type Eg over
an arbitrary field K, which fully describes the corresponding building of type Eg. For the
convenience of the reader, we also provide a short subsection gathering the notation we
will use. Our method requires some knowledge about polarities in two other geometries:
projective spaces of dimension 5 and hyperbolic quadrics in projective spaces of dimension
9, also called triality quadrics. We study the latter in Section 4. Then, in Section 5 we prove
our main results. The last section is devoted to examples, which should also settle the
existence of the different classes of polarities turning up in our main results.

2. Main Results

We assume the reader is familiar with the basics of (spherical) building theory; see [7,8],
in particular with opposition, Coxeter and Dynkin diagrams and the Moufang condition.
We will view a spherical building as a simplicial complex, numbering the types of the
vertices with Bourbaki labeling [9]. In the present paper, we are concerned with buildings
of type Eg. Their symmetric Coxeter or Dynkin diagram, including the Bourbaki labeling,
can be seen below.

’—O—ZI—O—Q
1 3 4 5 6

It is proved in [8] that for each field K, there exists a unique building of type Eg, which
we denote by Eg(K), and call the building of type Eg over K. The latter is sometimes also
referred to as the ground field. It means that each projective space that turns up as a residue
is defined from a vector space over K.

In order to state our main results, we need terminology and notation to describe the
absolute geometry of a polarity within E¢(K) and its abstract isomorphism type within
the world of spherical buildings. We will do so with the help of fixed diagrams and Tits
indices. The former, being more intuitive than the latter, helps to better understand the
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latter. Unfortunately, not every spherical building that we will encounter has a description
using a Tits index, and we will need to introduce some buildings with explicit coordinates.

2.1. Fix Diagrams

Let A be an arbitrary irreducible spherical building, and let G be an automorphism
group of A. Then the fix diagram for G is the Coxeter/Dynkin diagram of A furnished
with encircled orbits of nodes under the action of G on the diagram indicating the types of
minimal simplices that are fixed by G. Note that, as soon as G preserves types and fixes
a chamber, which is somehow the generic case, the fix diagram is trivial—all nodes are
encircled. But in this case, the fixed diagram obviously does not provide useful information.
However, if the fixed structure is a building again, then such diagrams are very useful, and
we will only use fixed diagrams in that case. Some examples related to Eg are given in
Figure 1, where we also introduce the names of the various fix diagrams for later reference.

Figure 1. The possible fixed diagrams for involutions in Eg(K).
Fix diagrams in which each node is separately encircled are called full.

2.2. Tits Indices

Tits indices are introduced in [10], and therein called simply indices, as a generalization
of the classical Witt index. They can be considered as a special case of a fixed diagram
in the following way. Recall that each simple algebraic group G gives rise to a unique
irreducible spherical building A(G), see chapter 5 of [8]. Now let G be defined over an
algebraically closed field . Let ¥ be an automorphism group of IF. Denote the fixed field
by K. Note that Il is a Galois group for the extension IF /K. Then one can let ¥ act on G as
an outer automorphism group. The fixed point group—also called the group of rational
points in the literature—is a simple algebraic group H over K. The spherical building A(H)
arises from A(G) as the fixed structure of the group ¥. The corresponding Tits index is
the fixed diagram furnished with some other data regarding the algebraic groups, such
as dimensions of anisotropic kernels and the like; see [10]. Since for our purposes, it is
enough to understand the connection with fixed diagrams, we refer to [10] for more precise
information. We note that if a spherical building arises from a Tits index, then the latter is
unique for the building. A building is called split if it arises from a Tits index that is full

as a fixed diagram. Written in the symbols of [10] the Tits index is of the form 1X,(1%,)1, if

X e {AB,C,D}, and 1X2’n, if X € {E, F}. For instance, every building of type Eg is split, as
follows from the tables in [10]. The type of the building A(G) is called the absolute type of
A(H), whereas the actual type of A(H) is sometimes referred to as the relative type. We say
that A(H) arises from A(G) by Galois descent.

2.3. Moufang Buildings

Although we will not need a formal definition, it is instructive to mention the notion
of a Moufang (spherical) building. This is a spherical building whose automorphism group
satisfies certain transitivity properties; see [8] (Addendum). All spherical buildings of rank
at least 3 are Moufang, and they arise either from Galois descent, from a classical group, or
from a group of mixed type Fy4. This is explained in [11]. However, in the rank of 2, there are
exotic examples of buildings. Rank 2 simplicial complexes are just graphs, and irreducible
thick spherical buildings of rank 2 are graphs with diameter n and girth 2n, n > 3, without
vertices of valency 2. These are the thick generalized n-gons. The Moufang condition [12]
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distinguishes the exotic ones from the ones that behave just like the higher-rank irreducible
spherical buildings. For instance, the Moufang rank 2 buildings also arise either from
Galois descent, from a classical group, or from groups of mixed type B, F4 or Go. We note
that some Moufang buildings can arise both from Galois descent and from a classical group.
A group of mixed type is a phenomenon in low characteristic using purely inseparable
field extensions. It only applies to buildings of type B> and F4 in characteristic 2 and type
Gy in characteristic 3.

The importance of the Moufang condition for the present paper is that if the fixed
structure of a polarity is a building, then it is a Moufang building; see [13] (Theorem 24.31).
Hence the fixed building either arises from Galois descent, from a classical group, or from a
group of mixed type.

We now present a construction of a building that arises from a classical group, but not
from Galois descent. It uses an inseparable field extension in characteristic 2, hence the
corresponding group can also be seen as one of mixed type; see again [11]. We construct
a generalized quadrangle. Let K be a field with characteristic 2, and suppose there are
elements a,b € K such that {1,4,b} is an independent set of vectors of K, considered as a
vector space over the field K? of squares of K. Let V2 KO KO KO KO K@ K@ Kbea
7-dimensional vector space over K and let

2 2 2
q:V —=K:(x_g,x_1,x1,X2,X0,Y0,20) — X_2X2 + X_1X1 + x5 + ayg + bz

be a quadratic form. Let C»(K,K? + aK? + bK?) be the simplicial complex defined by
the graph with vertex set the set of isotropic 1- and 2-spaces of g, adjacent when the 1-
space is contained in the 2-space. Then C» (K, K? 4 aK? + bK?) is a (Moufang) generalized
quadrangle, as follows from Chapter 7 of [8].

2.4. Preview of the Main Results

Finally, before stating our main results, we discuss the way we present them. Both
theorems contain information about different types of linear polarities of buildings of type
Ee. This information is given in tabular form. For a given polarity, we provide two data.
The first one is the fix diagram, as discussed in Section 2.1. This explains how the fixed
structure sits into the ambient building of type Eg by revealing which types of simplices
are fixed. The second one is the Tits index. This provides the abstract isomorphism type
of the fixed building as explained above in Section 2.2. In case the fixed building does
not arise from Galois descent, we refer to an explicit construction, namely, the one of
C2(K, K2 + aK? + bK?) above. This only happens in characteristic 2. In two cases, the fixed
building has rank 1, which we did not yet discuss. In that case, ref. [13] (Theorem 24.31)
asserts that the fixed building is a Moufang set, as defined and discussed by Tits in [11].
The ones that we will encounter will all arise from Galois descent, and hence, again, they
correspond to Tits indices.

In characteristic 2, there are only two classes of polarities having as fixed structure
a (thick) building of rank at least 2. In the other cases the fixed structure could be called
a degenerate building, just like pseudo-polarities in projective space over fields with
characteristic 2 have a degenerate polar space as a fixed structure.

2.5. Main Results

We can now state our main results. We distinguish between the case of characteristic 2
and distinct from 2. We assign each class of polarities a type for further reference. We begin
with the latter.
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Theorem 1. Let A be a building of type Eg over a field K with char K # 2. Let p be a polarity of A,
that is, an involution interchanging the types 1 and 6, and 3 and 5. Suppose p is not anisotropic,
that is, it maps at least one object not to an opposite object. Then its fixed structure is a building
(possibly of rank 1) and the associated fixed diagram and corresponding Tits index are given as in

Figure 2.
Type || Fixed diagram | Tits index
Typel | 2604 = @& [[][}] | Flu -0 @>0—@
Typell || *Ego = @{:z ) =<
Type Il || 2Eq = @@{E f Cht = O—O—@=<@
Type IV 2E6;1 = @—C:: Cfl) = ’—'—‘:é@

Figure 2. Polarities of E¢(K) with char K # 2.

Theorem 2. Let A be a building of type Eg over a field K with char K = 2. Let p be a polarity of A,
and suppose that p is not anisotropic. If the fixed structure for p is a (thick) building (possibly of
rank 1), then the associated fixed diagram and corresponding Tits index or isomorphism type are
given as in Figure 3, where a,b € K such that {1,a,b} is linearly independent in the vector space
K over K2.

Type H Fixed diagram \ Tits index

Typel || 2Epq =

i
i

Type Il || 2Eg2 = Co(K, K2 + aK? + bK?)

3 1A = @ = PG(1,K)

’

Type IV || 2Eg1 =

3

Figure 3. Regular polarities of E¢(K) with charK = 2.

2.6. Some More Discussion

Concerning the last row of Figure 3, there are presumably different possibilities for
the isomorphism type of the fixed building of rank 1, but we will establish one with the
given type. This shows the different behavior compared with the case of the characteristic
different from 2.

Concerning our results, to the best of our knowledge, the polarities of type Il over a
field with characteristic 2 are the first examples of automorphisms of any split building
with a fixed structure, a classical generalized quadrangle of mixed type that does not arise
from Galois descent. Other buildings admitting automorphisms with a fixed structure, a
generalized quadrangle of mixed type, are themselves of mixed type; see, e.g., [14].

Furthermore, it is interesting to note that almost all absolute types of the fixed struc-
tures in the case of characteristic different from 2 are C4. Somehow the authors would have
expected type By to turn up, since split buildings of that type occur as large subgeometry
of buildings of type F4s—and the latter is the absolute type for the polarities of type I.

If K = C, the complex numbers, then the results reproduce the Eg entry of the table in
(3) of Theorem 5.10 in [2]. Moreover, it will follow from the constructions and examples
in Section 6.3 that polarities of type I and III exist over any field K (for type III only for



Mathematics 2025, 13, 3804

6 of 27

char K # 2). This is in contrast to the other types. Whereas type II polarities exist over the
reals R, but not over C, we will see that polarities of type IV do not even exist over R.

Let us mention once again that Tits [1] classified all polarities of any building of type
Ee that are not linear; see also [10]. So our paper can be considered as a complement to
these results.

As already mentioned, we refer to Section 6 for (the construction of) examples. We use
the model of a building of type Eg based on a cubic form in a 27-dimensional vector space.
The same cubic form was used by Aschbacher [15] to describe maximal subgroups of the
exceptional groups of type Eg over a finite and algebraically closed field. In Section 4 of [15],
Aschbacher uses a polarity of type I, and in Section 9 of [15] he describes the corresponding
fixed geometry. Cohen [16] deduced from the cubic form an explicit construction of the
geometry Eg 1 (K) (see below) as the intersection of 27 quadrics in 26-dimensional projective
space. As a side result, Theorem 4 provides a way to explicitly calculate the subspace of
dimension 9 spanned by an arbitrary symplecton of Eg 1 (K) in this representation. This by
itself could be useful in other situations, in particular in computational environments.

3. Preliminaries
3.1. Buildings and Point-Line Geometries

As already mentioned, we assume familiarity with the basic notions in the theory of
spherical buildings. We say that an automorphism is anisotropic if it maps every simplex to
an opposite simplex. We have the following characterization of anisotropic automorphisms.
It basically says that it suffices to look at the images of vertices of any given type in order
to check whether an automorphism is anisotropic or not.

Lemma 1 (Theorem 3.1 of [17]). An automorphism of a spherical building maps every element of
a given type to an opposite element if, and only if, it is anisotropic.

The way we are going to approach buildings in this paper is via their most standard
geometry. More precisely, we turn them into point-line geometries using a well-known
recipe. Before quickly describing that recipe, we define point-line geometries.

Definition 1. A point-line geometry I is a bipartite graph where the vertices of a given class X are
called points and the vertices of the other class Y are called lines. Points x,y adjacent to a common
line are called collinear, and we denote x L y. The set of points collinear to a given point x is
denoted as x. A repeated line is a set of points that is the neighborhood of two distinct lines. A
subgeometry is an induced subgraph, and it is called full if it contains the full neighborhood in T
of any of its lines. A subgeometry is called convex if it contains all vertices of each shortest path
between every pair of its vertices. A subgeometry is called a geometric hyperplane if for each line
L, the neighbor set T'(L) either is contained in it or intersects the subgeometry in a unique point.

For a given point-line geometry T with classes X and Y, we define L = {T'(y) | y € Y'}. Then
the bipartite graph T' with classes X and L, where a point x € X is adjacent to any member L of L
containing x, is a point-line geometry without repeated lines. We call T' the reduction of T'. The
graph T is completely determined by the sets X and L.

Definition 2. Now let A be an irreducible spherical building. Recall that, for the type set, we
always use the Bourbaki labeling [9] of vertices of the corresponding diagram. Let X be the set of
vertices of some given type, say i. Define Y to be the set of panels of cotype i. A vertex v of type i is
adjacent to a panel P of cotype i if P U {v} is a chamber. This defines a point-line geometry T, the
reduction in which is called the i-Grassmannian of A. If the diagram of A is simply laced, and A has
rank n > 3, then A is determined by its diagram, say X,,, and a given skew field K. In that case
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we denote A by X, (K) and its i-Grassmannian T by X,, ;(K). In general, we say that T is a Lie
incidence geometry of type X,, ;.

3.2. Projective Spaces

With the conventions of Definition 2, the projective space of dimension n over a skew
field K, which is usually denoted PG(n, K), is also denoted by A,, 1 (K). Projective planes
are Lie incidence geometries of type Ay 1. A collineation of PG(n,K) is a permutation of
the point set preserving the line set. An involution is a collineation of order 2. A duality
is an automorphism of the underlying building A, (K) that interchanges the types i and
n —i+ 1. A polarity is a duality of order 2.

We will need the following two lemmas for projective spaces:

Lemma 2 (Theorem 4.4 of [18]). An involution of a projective plane fixes at least three points and
at least three lines.

The next lemma immediately follows from [19] (Proposition 3.3).

Lemma 3. Let o be an involution of PG(d, K), d > 2. Suppose ¢ is induced by a linear transfor-
mation of the underlying vector space. Suppose also that o admits at least one fixed point. Then
exactly one of the following occurs:

(i) charK = 2, the set of fixed points is a subspace Uy, the set of hyperplanes is the set of
hyperplanes containing a given subspace Uy, C Uy, and dim Uy +dim Uy, =d — 1.

(ii) charK # 2 and the set of fixed points is the union of two disjoint subspaces U and U’, with
dmU+dimU' =d—1.

We also introduce the following notation: for a set S of points of a projective space, we
denote by (S) the projective subspace generated by the elements of S.

3.3. Hyperbolic Quadrics

In the present paper, we will approach buildings of type Eg via their Lie incidence
geometries of type Eg 1. An important ingredient to define such geometries and list their
properties is the notion of a hyperbolic quadric and the related building of type D, for
some natural n > 3.

Definition 3. A hyperbolic quadric Q (over the field K is the set of points of a projective
space PG(2n — 1,K), n > 2, whose coordinates with respect to a suitable basis, satisfy the
quadratic equation

X_nXn+ an+1Xn71 +o X 2Xp+ X1 X1 =0,

where we work with generic coordinates (X_p,...,X_1,X1,...,Xn). The maximum (projective)
dimension of subspaces entirely contained in Q is n — 1, and such subspaces are called generators.
They fall into two classes in such a way that subspaces belonging to distinct classes intersect
each other in a projective subspace of dimension n — i, with i even. We call these classes the
oriflamme classes. Subspaces contained in Q are usually called singular subspaces. The vertices
of the corresponding building D, (K) of type D,, are the singular subspaces of projective dimension
0,1,...,n—3,n—1, and the maximal singular subspaces comprise two types of vertices according
to the oriflamme class they are contained in. Two vertices corresponding to a singular subspace
of dimension n — 1 form a simplex if they intersect in a subspace of dimension n — 2 (see [8]).
A duality of D,,(K) is a collineation of PG(2n — 1,K) preserving Q and interchanging the two
oriflamme classes. As usual, a polarity is a duality of order 2.
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Note that the points and lines of Q define the geometry D,, ; (K).

In general, quadratic equations define quadrics, and the Witt index of a quadric is
one more than the maximum projective dimension of a singular subspace. A quadric
is non-degenerate if there exist disjoint maximal singular subspaces. A non-degenerate
quadric of Witt index 1 in PG(2#n,K) is called a parabolic quadric. It defines a Lie incidence
geometry of type By, ;.

Example 1. Let Q be the hyperbolic quadric defined in Definition 3. Let H be a hyperplane of
PG(2n — 1,K), which is not a tangent hyperplane to Q. Then there is a unique involution p of
PG(2n — 1,K) pointwise fixing H and preserving Q, and it is called a parabolic polarity. An
explicit description of p is given by x_,, <+ x,, if H has equation x_,, = x;,.

In general, we have the following property of polarities in D4 1 (K).
Lemma 4. Every polarity p of a hyperbolic quadric D41 (K) fixes at least one point.

Proof. Let U be an arbitrary maximal singular subspace. Then either U N UF is a point
(which is fixed under p), or U N UP is a plane 7. In the latter case p induces an involution
in 7r. Then the result follows from Lemma 2. O

3.4. Geometries of Type Eg 1

Now let A be a building of type Eg over the field K. We are going to work with the Lie
incidence geometry Eg 1 (K), the 1-Grassmannian of A. A good reference is [20]; see also [21].
Additional properties of Eg 1 (K) will be derived using an apartment of the corresponding
building. We gather them in this preliminary section as they are independent of a polarity.
This way they do not interrupt the flow of the proof of the main results in Sections 4 and 5.

We begin with describing the elements of Eg 1 (K) and linking them to the Coxeter
diagram. The points of Eg 1 (K) are the vertices of type 1 of the building Eg(K), by the very
definition. The lines correspond to the vertices of type 3. Vertices of type 4 are planes of
Ee,1(K), whereas vertices of type 5 and 2 are projective subspaces of dimension 4 and 5,
respectively. We refer to them as 4-spaces and 5-spaces, respectively. Finally, vertices of
type 6 correspond to convex subspaces of Eg 1 (K) isomorphic to Ds 1 (K) and will be called
symplecta, or briefly symps, as in the theory of parapolar spaces. But we avoid introducing
the latter theory here and refer instead to the later chapters of [22].

We display the basic properties of Eg 1 (K) (which can be found in [20]).

Proposition 1. Let x,y be two points of Eg 1 (K) and let &, be two symps. Then the following
properties hold:

(i) Either x =y, or there is a unique line containing both x and y, or x and y are not collinear
and there is a unique symp containing both x and y;

(ii) Either ¢ = {, or ¢ N { is a 4-space, or ¢ N { is a point;

(iii) Either x € §, or x is contained in a unique 5-space that intersects ¢ in a maximal singular
subspace distinct from a 4-space, or x is not collinear to any point of ¢.

The intersection of the unique 5-space in (iii) with the symp ¢ will be referred to as
a 4'-space. It follows from [20] that 4-spaces and 4’-spaces of a symp belong to different
oriflamme classes. The unique symp through x and y in (i) is sometimes denoted as &(x, y).

Definition 4. Two symps of Eg 1 (K) are called adjacent if they intersect in a 4-space. A point x
and a symp ¢ are called far if no point of ¢ is collinear to x; they are called close if x is collinear to a
4'-space of €.



Mathematics 2025, 13, 3804

9 of 27

In fact, the properties in Proposition 1 can easily be checked inside an apartment,
keeping in mind that every pair of simplices is contained in a common apartment. We now
present an explicit construction of such an apartment X, based on [23] (§10.3.4), and we call
it the standard apartment. The point set of X is

1,2,3,4,56U{1,2,3,4,5, 6/ Uu{{i,j} |1<i<j<6}
J ]

To avoid confusion, for instance, between the point {1,2} and the pair of points 1
and 2, we will denote the former shorthand as 12. Lines, or vertices of type 3, in X are
the pairs {i,j} and {7,j'}, 1 < i < j < 6, the pairs {i,i'},i = 1,2,...,6, the pairs {i, jk}
and {7, jk}, with {i,j,k} € {1,2,3,4,5,6} and |{i,j, k}| = 3, and the pairs {ij, k¢}, with
{i,j,k, ¢} € {1,2,3,4,5,6} and |{i,,k,¢}| = 3. This now defines a graph I'. The vertices
of type 4 correspond to the cliques of size 3, those of type 2 to the cliques of size 6, those
of type 5 to the maximal cliques of size 5, and those of type 6 to the sets of vertices not
adjacent to a given vertex. Each such set forms a so-called pentacross, that is, an apartment
of a building of type D5 consisting of 10 points arranged in a complete graph minus a
perfect matching.

Let us, for instance, check Proposition 1(iii). As symp ¢, we can take the set of vertices
of I not adjacent to 1’. This is the set

¢ =1{12,13,14,15,16,2,3,4,5,6}.

Now the vertex 1’ is not adjacent to any of the vertices of . The vertex 1 is adjacent
to the vertices 2,3,4,5,6, which indeed form a 4'-space as they are contained in the 5-
space defined by {1,2,3,4,5,6}. Any other vertex not contained in ¢ is of the form ij
with 2 < i < j < 6. Such a vertex is adjacent to the vertices 1i,1j,k, ¢ and m, with
{i,j,k,t,m} ={2,3,4,5,6}. Each such set of vertices again forms a 4’-space as it is contained
in a 5-space by adding the vertex ij itself.

From now one we leave such straightforward checks to the reader.

Similarly, one proves the following basic property.

Proposition 2. A point x of E¢ 1 (K) is either contained in a given 5-space W of Eg 1 (K), or it is
collinear to all points of a 3-space inside W, or it is collinear to a unique point of W.

If a point x is collinear to (all points of) a 3-space contained in a 5-space W, then we say
that x is close to W; if it is collinear to a unique point of W, then we say that x is far from W.

The diagram of Eg ;1 (K) shows a symmetry. This reflects into a principle of duality
for Eg 1 (K). Interchanging the roles of points and symps, and of lines and 4-spaces, gives
us new properties out of old ones. If two vertices of Eg(K) form a simplex, then we call
the corresponding elements of the geometry Eg 1 (KK) incident. For instance, a 5-space is
incident with a symp if they intersect in a 4’-space. A 5-space is incident with a 4-space if
they intersect in a 3-space. Other incidences are given by inclusion.

The dual of Proposition 2 is the following:

Proposition 3. A symp ¢ of Eg 1(K) is either incident with a given 5-space Wof Eg 1 (K), or it
intersects it in a line, or it is disjoint from it.

Likewise, we use the terminology of a symp ¢ being close or far from a given 5-space
W, meaning that ¢ N W is a line or the empty set, respectively.

The mutual position of two 5-spaces can also be seen in X. This leads to the
following observation:
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Lemma 5. Two distinct 5-spaces of Eg 1 (K) either intersect in a plane, or intersect in a unique
point, or are disjoint and there exists a unique 5-space intersecting both 5-spaces in respective planes,
or are opposite. If they intersect in a unique point x, then they are incident with a unique common
symp, which automatically contains x. If they are opposite, then every point of either is far from
the other.

If two 5-space W, W' intersect in a unique point, then we denote the unique symp
incident with both as (W, W'). A pencil of 5-spaces with base plane 7t is the set of 5-spaces
containing the given plane 7r. The next lemma follows directly from the Coxeter diagram
and its geometric interpretation.

Lemma 6. Let (p, () be an incident point-symp pair of E¢ 1 (K). Define X as the set of 5-spaces
containing p and intersecting ¢ in a 4'-space. Define L as the set of pencils of 5-spaces with base
plane some plane containing p and itself contained in . Then (X, L) is a Lie incidence geometry
isomorphic to Da 1 (K). One oriflamme class of maximal singular subspaces corresponds to the set
of lines through x in ¢; the other to the set of 4-spaces through x in ¢.

The geometry (X, £) will be referred to as the residue at (p, ) in Eg 1 (K).

Lemma 7. Ifa symp & through a point x close to a 5-space W in Eg 1 (KK) is close to W, then the
line & N W is contained in x*.

Proof. We check this in X. We can take for W the 5-space defined by {1,2,3,4,5,6}, and
x = 12. Then an arbitrary symp ¢ containing x and close to W is given by the set of vertices
not collinear to a point of the form ij, with3 <i < j < 6. Then {NW = {i,j} and the
points i and j are clearly collinear to 1. g

Lemma 8. Let & be a symp far from some 5-space W in Eg 1 (K) and let ¢’ be the unique symp
adjacent to ¢ and incident to W. Then each point of ¢ far from W is collinear to a (unique) point of
FNW.

Proof. This can be checked inside X, but there is also a short direct argument. Indeed, let x
be a point of ¢ far from W. Since x is collinear to points of ¢ N ¢, it is collinear to all points
of a 4’-space U of ¢’. Since 4’-spaces of ¢’ form an oriflamme class, U intersects &' N W,
which is also a 4’-space, in a point, which is automatically the unique point of W collinear
to x. O

For the final lemma of this section, we recall from Lemma 5 that two 5-spaces W, W/,
with WN W’ = {x}, are incident with a common symp &(W, W’) that contains x.

Lemma 9. Let W, W', W" be three 5-spaces such that the following apply:
(i) WNW ={x}and W NW" ={x"};
(ii) x & (W', W")and x" ¢ E(W,W').

Then, W and W" are opposite.

Proof. Lety be an arbitrary point of the 4’-space W N &(W, W’). Suppose for a contradiction
that y is collinear to at least a 3-space S of W”. Then y is collinear to at least a plane 7 of
W N g(W',W"). Now, since (W, W) N &(W’, W) contains a 3-space T in W/, the two
symps &(W,W’) and &(W’, W") intersect in a 4-space U. Suppose, for a contradiction,
that U N W” contains a point z. By assumption x” ¢ U. Hence z is collinear to T U {x"},
contradicting Proposition 2. Consequently U NW" = @. So, y is collinear to a 3-space of U
and a disjoint plane 7t in W”, all contained in &(W’, W”’), contradicting Proposition 2 again.
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Hence, we have proved that every point of the 4’-space W N &(W, W) is far from W”.
It follows from Lemma 5 that, if W and W” are not opposite, then they share a unique
point p. But then p is collinear to both x and x”, hence to a 3-space of W/, hence to a plane
of W' N &(W,W’). Since it is also collinear to the 4’-space W N (W, W’), this leads to a
contradiction in view of Proposition 1.

The lemma is proved. 0

3.5. Summary of Notation

For the convenience of the reader, we here summarize some notation that we already
introduced as follows:

*  Collinear points x and y are denoted as x L y, and the set of points collinear to x is
denoted as x . A point is always collinear to itself.

% Abuilding of simply laced type X, defined over the field K, is denoted as X, (K). The
corresponding Lie incidence geometry using the vertices of type i as points is denoted
as X, ; (K).

«  The projective space of dimension 7 over the field K is denoted by PG(n,K) and is
isomorphic to the Lie incidence geometry A, 1 (K).

«  The subspace generated by a set S of points in a projective space is denoted by (S); it
is the intersection of all subspaces containing S.

%  The unique symp in Eg 1 (K) containing two given non-collinear points x and y is
denoted as {(x,y).

% The unique symp in Eg 1 (K) incident with two given 5-spaces intersecting in a unique
point is denoted as ¢(W, W').

4. Linear Polarities of the Triality Quadric

This section is devoted to prove auxiliary results about polarities in the polar space
D4,1(K). The reason why we need some properties of those is Lemma 6. If a polarity of
Es 1 (K) maps a point x to a symp ¢ that contains x, then p induces a polarity in the residue
at (x,¢).

Each collineation ¢ of D4 1(K) is induced by a unique collineation of the ambient
projective space PG(7,K). We call ¢ linear if its extension to PG(7, K) does not involve a
field automorphism, that is, is induced by a linear map of the underlying vector space.
Recall that a polarity of a hyperbolic quadric is an involutive collineation that interchanges
the oriflamme classes of maximal singular subspaces. Also, note that a parabolic polarity p is
the unique non-trivial collineation of D4 1 (K) pointwise fixing a given subspace isomorphic
to a parabolic quadric of Witt index n — 1. Indeed, since p is axial in PG(7, K), it is central,
say with center c. Since lines through c intersect the polar space in at most two points, p
has order 2 and so is a polarity.

We have the following characterization.

Lemma 10. A collineation p of D4 1(K) is a parabolic polarity if, and only if, for every maximal
singular subspace W the intersection WP N'W is a plane.

Proof. The “only if” part followed by the definition of parabolic polarity. We now show
the “if” part. Let W be a maximal singular subspace, and suppose for a contradiction that
some line L of W not contained in W = WP is mapped onto a disjoint line L’ = L. An
arbitrary maximal singular subspace X intersecting W in precisely L is mapped onto a
maximal singular subspace X’ with X’ "W’ = L’. Since the only point of L collinear to L'
is LN W', we find that X N X’ is at most a line, a contradiction. Hence L N L' is a point, and
it easily follows, by varying L, that W N W’ is fixed pointwise. This, in turn, implies that
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the set of fixed points is a geometric hyperplane, which clearly does not coincide with x*,
for any point x. Hence p is a parabolic polarity by definition. O

Proposition 4. Let p be a linear polarity of Da1(K), charK # 2. Then, either one of the

following applies:

(i)  pis a parabolic polarity;

(ii)  The fix structure of p is a subquadric of Witt index 1 which is the intersection with Dy 1 (K) of
a 4-dimensional subspace of PG(7,K), and no maximal singular subspace is adjacent to its
image under p;

(iii) The set of fixed points is the union of a conic and its perp. The latter is a subspace isomorphic
toBoq (K)

Proof. We denote the involution of the ambient projective space PG(7,K) inducing p in
D4,1(K) also by p. Since char K # 2, there is a polarity # of PG(7, K) whose set of absolute
points is precisely the hyperbolic quadric Q defined by D4 1 (K). Since char K # 2, Lemma 3
implies that the set of fixed points of p is the union of two disjoint subspaces U and U’ with
dimU + dim U’ = 6. We review all possibilities. We may assume 0 < dim U < dim U’. Note
that, since p preserves Q, we always have U C U" or U’ = U". The following apply:

(0) dimU = 0. If U C U, then U € Q and every singular 3-space of Q through U is
preserved, implying that p is type-preserving, a contradiction. Hence U’ = U" and U
does not belong to Q. Then we have situation (7).

(1) dimU =1. Asin (0), U C U" leads to a contradiction. Hence U’ = U" again. Since
U"NU = @, we find that [U N Q| € {0,2}. Suppose first that U intersects Q in two
points x,y. Then every singular 3-space of Q through x intersects x= Ny+ = x7 Ny =
U’ in a plane and hence is stabilized by p. This again implies that p is type-preserving,
a contradiction. Suppose now that U and Q are disjoint. Set Q' = U’ N Q. Since
UNQ = @, Q is non-degenerate. Since dim U’ = 5, the Witt index of Q’ is at least
2. Suppose Q' contains a plane 7t. Then U C 7. The latter is a 4-space containing
the two singular 3-spaces of Q through 7. Hence U intersects each of these singular
3-spaces, a contradiction. Consequently Q' has Witt index 2. Now let W be a maximal
singular subspace of Q containing a line L of Q" C U’. Since L is fixed pointwise and
p is a polarity, we deduce that « := WP N'W D L is a plane, stabilized by p. Since
char K # 2 and p pointwise fixes the line L of «, it fixes an additional point of &, which
necessarily has to lie in U U U’. But this is impossible as a N (U U U’) = L. This shows
that this case does not arise.

(2) dimU = 2. Asin (0), U C U" leads to a contradiction. Hence, U7 N U = & and so
U N Q is anon-degenerate conic. If that conic is non-empty, then we have situation (iii).
So, we may assume that U N Q is empty. Similarly as in (1), one shows that U’ N Q
is a non-degenerate quadric of Witt index 1. Each maximal singular subspace W of
Q intersects U’ in a point. Reference Lemma 3 implies that W N WP is either a point
or a line. If WN WP is a line, p is type-preserving, a contradiction. Hence W N W¥ is
always a point, leading to (ii).

(3) dimU = 3. Asin (2), U N Q is non-degenerate. Using similar arguments as above,
one shows that the Witt indices of U N Q and U’ N Q coincide. If this Witt index is
0, then there are no fixed points, contradicting Lemma 4. If the Witt index is 1, then
consider a line L intersecting U and U’ non-trivially, say in the respective points u
and u'. Since L is stabilized by p, similarly to above, we find a fixed plane, which only
contains two fixed points (¢ and u'), contradicting Lemma 2. Finally, assume that
the Witt index of both U N Q and U’ N Q is equal to 2. Then each maximal singular
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subspace spanned by a line of Q N U and one of Q N U’ is fixed. This implies that p
would be type-preserving, a contradiction.

O

Proposition 5. Let p be a linear polarity of D4 1(K), charK = 2. We consider D41 (K) in its

ambient projective space PG(7,K). Then either one of the following applies:

(i) pis a parabolic polarity, that is, p is the unique non-trivial collineation pointwise fixing a
given non-degenerate hyperplane of D4 1 (K);

(ii) The fixed structure of p is a subquadric P of Witt index 1, which is the intersection with
Da4,1(K) of a 4-dimensional subspace of PG(7,K); it has a plane nucleus, and no maximal
singular subspace is adjacent to its image under p;

(iii) The set of fixed points is the intersection of Dy 1(K) with a 4-dimensional subspace U and
has the structure of a cone with vertex some point x and base a quadric of Witt index 1 in a
hyperplane of U. No maximal singular subspace not through x is mapped onto an adjacent
one, whereas each maximal singular subspace through x is mapped onto an adjacent one.

(iv) The set of fixed points is the intersection of Da 1 (K) with a 4-dimensional subspace U and has
the structure of a cone with vertex some line K and base a non-degenerate conic in some plane
of U. A maximal singular subspace is mapped onto an adjacent one if, and only if, it is not
disjoint from the line K.

Proof. Letagain Q be a quadricin PG(7, K) corresponding to Dy 1 (K). Now Q is embedded
in a unique symplectic polar space Cs 1 (K) with corresponding symplectic polarity #. The
polarity p of Q extends to a unique involution of C41(K), which we keep denoting as
p. Note that p is also a collineation of PG(7, K), which commutes with 7. Let U, be the
intersection of all stabilized hyperplanes. Then, by Lemma 3, each hyperplane through

Uy, is stabilized by p. Also, each point of UZ is fixed because, for each x € U}, we have

xf = xPT = ((x)P)T = (x7)" = x. Hence the subspace U, consisting of all fixed points of

p is precisely UZ . It follows that U, C UZ , so U}, is a singular subspace of Cq 1 (K). If U,

were contained in Q, then all maximal singular subspaces of Q through Uj; would be fixed;

in particular, p would be type-preserving, a contradiction. We review the possibilities for

Uj,. Note dim Uy, € {0,1,2,3}. The following apply:

(0) dimUj, = 0. Here, Uy, is a point off Q, and this leads to situation (7).

(1) dimUy, = 1. Here, Uy, is a line. Then U, is 5-dimensional and hence intersects every
maximal singular subspace in at least a line, which is consequently fixed by p. Hence,
since p is type-interchanging, corresponding maximal singular subspaces intersect in
a plane. Reference Lemma 10 leads to ().

(2) dimU, = 2. Suppose first U, N Q = @. Since dim U, = 4, at least one point per
maximal singular subspace is fixed. If a singular line L were pointwise fixed, then,
since L C U, = UZ, we would find U, C L7. The latter is a 5-space intersecting
Q in a quadric with radical L. This implies that (L, U}), and hence also U}, is not
disjoint from Q, a contradiction. Using Lemma 2, this leads to (ii). Now suppose
U, N Q = {x}. Similarly as in the previous case, one shows that no line disjoint from
Uy, is pointwise fixed by p. Hence, also similarly, each maximal singular subspace
W not containing x contains exactly one fixed point x. So, using Lemma 2 again,
we deduce that W N WP is not a plane. We conclude W N WP = {x}. Now let W be a
maximal singular subspace containing x. Then W N U, = W N M1, with M a line in
Uj, not through x. This implies that some line of W through x is pointwise fixed, and
so, W N WP is a plane 7r. That plane cannot be pointwsie fixed, as otherwise 777 N Q,
which is the union of two hyperplanes, contains Uy, contradicting M N Q = @. This
is situation (iii). Similarly, dim U, N Q = 1 leads to situation (iv).
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(3) dimUj, = 3. Since every maximal singular subspace of Q is also singular with respect
to C41(K), the intersection Uy, N Q is a singular subspace of Q. Hence there exists a
maximal singular subspace W of Q disjoint from U}, = Uj. This implies that no point
of WN WP, which is globally stabilized, is fixed. Hence W N WF is not a point, and, by
Lemma 2, it is not a plane either. This contradicts the fact that p is not type-preserving.

O

Definition 5. We say that a linear polarity of D4 1(K) has type I, I, IIT or IV, respectively, if
situation (i), (i), (iii) or (iv), respectively, of either Proposition 4 or Proposition 5 occurs.

5. Proofs of Theorems 1 and 2

Now that we have gathered all necessary general properties of A in Section 3 and
studied polarities in polar spaces of type Dy4,1 in Section 4, we can embark on the proofs
of Theorem 1 and Theorem 2. For the rest of this section, A = (X, £) is a Lie incidence
geometry of type Eg 1 over the field K, and p is a given linear polarity of A.

5.1. Fix Diagrams
We first show that the fix diagram of a polarity is one of Eg;o, Et23,1/ E%;z or E%;4‘

Lemma 11. Each absolute point is contained in a fixed 5-space.
Proof. This follows directly from Lemma 6 combined with Lemma 4. O
Proposition 6. If p does not fix any 5-space, then it is anisotropic.

Proof. Suppose for a contradiction that p is not anisotropic. Then there is a 5-space W such
that W is not opposite W. There are three possibilities described below. Note that Wf # W
by assumption:
(i) WNWPisaplane 7.
Select x € 7. Then 7t C x*, since p preserves the incidence relation. Hence x is
absolute, and p fixes a 5-space by Lemma 11, a contradiction to our assumptions.
(ii) W N WP isapoint x. Then clearly x is mapped onto the unique symp incident with
both W and WP, which contains x. Again, Lemma 11 leads to a contradiction.
(iii) WNWP = @ and W is not opposite WP,
Then there is a unique 5-space W* that intersects both W and WF in some plane.
Clearly, p fixes W*, again a contradiction.

This completes the proof of the proposition. g

From now on, we assume that p is not anisotropic. We introduce the following notation:

Notation 1.

o Let W be a 5-space, fixed by p. Then p induces a polarity in W, and we denote that polarity
as pw. Every absolute point for p in W is an absolute point for py, and, conversely, every
absolute point for py is an absolute point for p. Note that planes of W fixed under p correspond
to planes of A fixed under py.

*  Let x be an absolute point for p. Then p induces a polarity in the residue at (x,x°) and we
denote that polarity as py. A fixed point for py corresponds to a stabilized 5-space for p through
x and incident with xP. Also, a line of the residue at (x, x°) fixed by px corresponds to a plane
of A fixed by p. Remember also that the two oriflamme classes of maximal singular subspaces
of the residue at (x, xP) correspond to the set of lines of x° through x and the set of 4-spaces in
xP through x, respectively.
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Since we assume that p is not anisotropic, Proposition 6 implies that p fixes at least
one 5-space W. We now prove that the Witt index of the polarity pyy is restricted to
three possibilities.

Proposition 7. With the above notation, let w be the Witt index of py. Then w € {0,1,3}.

Proof. We have to show that w # 2, so suppose for a contradiction that w = 2. Then there
exists an absolute point x € W and an absolute line L with x € L C W. In the residue of
(x,xP), the line L corresponds to a maximal singular subspace U, and W to a point. Since L
is absolute for p, the 3-space U is absolute for p,. Also, W is clearly fixed by p,. Since U is
absolute, U N UP~ is a plane &, and py induces an involution in «. Now Lemma 2 implies
that p, fixes some line. Such a line corresponds in A to a plane in W through x, fixed under
both pw and p. This contradicts w = 2 and the proof is complete. g

Lemma 12. Let x be an absolute point of the polarity p and let W be a fixed 5-space. Assume that x
is far from W. Then the unique point y € W collinear to x is also absolute, x ¢ y°, and there exists
a unique 5-space in A fixed by p and containing both x and y.

Proof. Since x L y, y is adjacent to x° and incident to W. Hence Lemma 8 yields y € y*
and y is absolute. Let U be the intersection of the symps x° and y°. Note that y ¢ U because
xf is far from W, and hence disjoint from W. Also, x ¢ U C y as otherwise x would be
close to W. Hence Uy := x* N U and Uy := y+ N U are 3-spaces. If U, did not coincide with
Uy, then there would exist a point u € (y N x?) \ x*. This would imply y € &(u, x) = x°,
a contradiction. It follows that (x,y, U) is a 5-space W’. Note that W’ is the unique 5-space
containing y and incident to x°. Hence it is mapped onto the unique 5-space incident to y*
and containing x, which coincides with W'. Thus, W' is fixed. It is also the unique fixed
5-space containing x and y, since such a 5-space is automatically incident with both x* and
yP. The lemma is proved. O

Lemma 13. Let x be an absolute point of the polarity p and let W be a fixed 5-space. Assume that x
is close to W. Let L be the intersection of W with xf. Then the plane (x, L) is fixed by p.

Proof. The 4-space U := (x, x* N W) is mapped onto the line x* N W and is hence absolute
by Lemma 7. The plane (x, L) is then mapped onto the intersection of x* with L = U, and
that is exactly (x, L) itself. O

Lemma 14. Let I be the graph with vertices the absolute points of the polarity p, adjacent when
contained in a common 5-space, fixed under p. If I is not empty, then it is connected.

Proof. Let x and y be two absolute points. Lemma 11 yields a 5-space W containing y and
fixed by p. If x € W, then x is adjacent to y in I' (and we denote x ~ y). Suppose now
that x is close to W. Then, by Lemma 13, denoting by L the intersection x* N W, the plane
7 := (x, L) is fixed. It follows that each point z on L is absolute. Now in the residue of
(x, xP), the plane 7t corresponds to a line in a fixed plane, and hence contains at least one
fixed point. By Notation 1, the latter corresponds to a fixed 5-space W’ containing 77, and
hence containing both of x and z. Now x ~ z ~ yinI'. At last, suppose that x is far from W
and let z be the unique point of W collinear to x. Then z is absolute (so y ~ z) and x ~ z by
Lemma 12. The lemma is proved. O

We record an immediate consequence of the proof of Lemma 14.
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Corollary 1. For every pair {x,y} of absolute points of p, there exists an absolute point z not
collinear to either x or y. In other words, {z,z°} is a simplex opposite both {x, x°} and {y, y*}.

The following is a direct consequence of the classification of polarities in finite-
dimensional projective spaces.

Lemma 15. With the above notation, one of the following holds:

(a)  pw is a symplectic polarity;

(b) charK # 2 and py is an orthogonal polarity with absolute geometry D3 1 (K);

(c¢) charK # 2 and py is an orthogonal polarity of Witt index 1, hence with absolute geometry a
non-ruled non-degenerate non-empty quadric;

(d) charK = 2and py is a pseudo polarity with absolute point set an absolute hyperplane;
(e) charK = 2and py is a pseudo polarity with absolute point set an absolute 3-space;
(f) charK = 2and py is a pseudo polarity with absolute point set a plane fixed by pw;
(g) charK = 2 and py is a pseudo polarity with absolute point set a non-absolute line;

(h) charK = 2 and py is a pseudo polarity with a unique absolute point;

(j)  pw is an anisotropic polarity.

We say that py has type A, B, ..., H, ], respectively, if situation (a), (b), ..., (h), (j) of
Lemma 15 occurs. Now we treat the different cases of pyy. We start with char K # 2.

5.2. Fixing Metasymplectic Spaces in Characteristic Different from 2

Suppose char K # 2 and p admits an absolute point x. Then it induces a polarity py in
the residue of (x, x?) in A. By Proposition 4, there are at least two non-adjacent 5-spaces
of A incident with both x and x* stabilized by p. Denote one of them by W. With that, we
have the following result.

Lemma 16. With the above notation, the types introduced below are compatible.

Typeofpx | Typeof pw
Type 1 Type A or D
Type 11 Type C, Gor H
Type III | Type A, B, D, Eor F

Type IV Type A, D, E

In particular, if char K # 2, then py has type 11 if, and only if, pw has type C. Also, if py has
type Il or IV, then there exists W such that the type of p is not A.

Proof. This follows from comparing the local behaviors of the different polarities. For
example, all polarities of both types I and A are locally symplectic (every point is absolute),
and hence they are compatible. However, all points of the conic in the description of type III
in characteristic different from 2 also have this local structure; hence, type A is compatible
with both types I and III. The rest is analogous. 0

We now show that if char K # 2, for a given polarity p, the type of p, is independent
of the absolute point x.

Lemma 17. Let p be a linear polarity of A, with char K # 2. Then for any pair {x,y} of absolute
points, the type of px coincides with the type of py.

Proof. First suppose that, for some fixed 5-space W, the type of pyy is C. Let x and y be two
absolute points contained in the same fixed 5-space. Proposition 4 yields a fixed 5-space
W' through x such that WN W’ = {x}. Then Lemma 15 yields an absolute point z € W’
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such that z ¢ x (and x ¢ zf). Again Proposition 4 yields a fixed 5-space W such that
W' NW"” = {z}. Lemma 9 implies that W is opposite W”. Since the absolute structure in
W is determined by a non-degenerate quadric, or a symplectic polar space, we find an
absolute point u € W such that u is not contained in either x° or y*. Denote by u” the
unique point of W collinear to u. Then it follows, just like in the proof of Lemma 14,
that u" is absolute. Also, one deduces from this that 1’ is the projection of uf onto W”.
Then ref. [8] (Proposition 3.29) implies that (u”,u"f) is opposite both (x, x°) and (y, y*).
By projection, the fixed structure incident to (x, x”) is isomorphic to the one incident to
(u”,u""?), and the same thing holds for the fixed structures incident to (u”,4"f) and (y, y).
The assertion now follows from Lemma 14. O

Definition 6. Lemma 17 permits us to subdivide the linear polarities of E¢ 1 (K) for char K # 2
into three major classes. We designate these classes with the same type as the type of the polarity
induced in the residue of the pair (x, ), with x any absolute point and ¢ its image. If there are no
absolute points, but the polarity is not anisotropic, then we say that it has type IV.

Proposition 8. Polarities of type 1 are symplectic polarities.

Proof. Suppose for a contradiction that the polarity p is not a symplectic polarity. Then,
since p is not anisotropic, ref. [24] (Main Result 1.2) implies the existence of a point x close
to its image x°. As follows from Proposition 1, there is a unique 5-space W incident with
both x and x°. Since the pair {x, ¥’} is mapped onto itself, W is fixed. But x is not an
absolute point for py, contradicting the fact that pyy is of type A. O

Remark 1. If we define type I polarities in characteristic 2 as those for which py has type I and
pw has type A, for all absolute points x and all fixed 5-spaces W, then Proposition 8 also holds in
characteristic 2.

Remark 2. The arguments in the proof of Proposition 8, in particular the reference to [24], can
be used to give a short proof of Proposition 6 as follows. If a polarity is not anisotropic, then,
according to [24] (Main Result 1.2), it is either a symplectic polarity or there exists a point close
to its image. In the former case, it certainly fixed some 5-space. In the latter case it follows from
the proof of Proposition 8 that the unique 5-space incident to both is fixed. We record the latter for
further reference.

Lemma 18. Ifa point x of Ee 1 (K) is mapped by a polarity p to a symp ¢ close to x, then the unique
5-space incident with both x and ¢ is stabilized by p.

Proposition 9. A polarity p of type 111 is characterized by the property that its fixed structure
is a non-thick metasymplectic space of type Cy4 2, more precisely, it is the line Grassmannian of a
symplectic polar space of rank 4.

Proof. Define the following point-line geometry (): The points are the 5-spaces W such
that WP = W and py is symplectic, the lines are the absolute points of p, and incidence is
natural (symmetrized) inclusion. We prove that Q) is a polar space isomorphic to C4 1 (K).

By Corollary 1, no point is collinear to all other points. By Notation 1, a line is the
set of absolute points of py in the residue of (x, x), for an absolute point x. Hence, with
the notation of Part (2) of the proof of Proposition 4, a line can be identified with the conic
U N Q. Thus, every line contains at least three points. Now we check the one-or-all axiom.
Let x be an absolute point and W a fixed 5-space not containing x. If x is far, then Lemma 12
yields a unique fixed 5-space through x containing an absolute point y of W. Now suppose
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that x is close to W. Lemma 13 yields a fixed plane 7 through x intersecting W in a line
L. Let z € L be arbitrary. Recall that, by Proposition 4, the polarity p, pointwise fixes a
conic C and a generalized quadrangle Qp of type By ; in the orthogonal complement of C
with respect to the triality quadric Q. The 5-space W corresponds to a point w € C. The
line L corresponds to an absolute 3-space of Q through w. That absolute 3-space contains
a line M fixed by p, and corresponding to 7r, but not incident with w. This implies that
M is contained in Qg. The line L corresponds to a(n absolute) 3-space of Q through M
intersecting C in w. Likewise, the line xz corresponds to such a 3-space, and its intersection
with C corresponds to a fixed 5-space W,, with py,_ a symplectic polarity. Reversing the
roles of x and z, and varying z over L, we see that each line of 7t through x is contained in a
unique fixed 5-space. The set of all such 5-spaces corresponds to the pointwise fixed conic
in the residue of (x, x”) whose orthogonal complement is also pointwise fixed. Hence, in
), all points of the line corresponding to x are collinear to the point corresponding to W.
The one-or-all axiom is proved.

Hence, () is a polar space. To see its type, we consider the residue at a point, say W.
The lines of () incident with W are the absolute points of py. From the previous paragraph
we deduce that two such absolute points correspond to two lines in a common plane of ()
if, and only if, they are contained in an absolute line of p. This proves that the residue in ()
of the point corresponding to W is isomorphic to the symplectic polar space defined by py.
Hence ) is a symplectic polar space of rank 4 and the proposition is proved. U

5.3. Fixing a Generalized Quadrangle in Characteristic Different from 2

Here we handle the case that p has type II. Note that in this case, there are no fixed
planes and no absolute lines. Indeed, otherwise any point x on such an object would be
absolute, and then p, would have fixed lines, a contradiction to the assumption that p, has

type IL

Proposition 10. A polarity p of type 11 is characterized by the property that its fixed structure is a
generalized quadrangle. More precisely, the point-line geometry Q) with point set the set of absolute
points of p and line set the set of fixed 5-spaces under p, with natural incidence, is the generalized
quadrangle arising from the Tits index sz).

Proof. We first prove that () is a generalized quadrangle. It suffices to show the main
axiom since clearly each line contains at least 3 points and each point is contained in at
least 3 lines. So let x be an absolute point and W a fixed 5-space not containing x. By the
fact that p does not fix any plane, Lemma 13 implies that x is far from W. Then Lemma 12
yields a unique fixed 5-space W' through x intersecting W in an absolute point. Hence () is
a generalized quadrangle, as wanted.

Let W be a fixed 5-space and x an absolute point. Then py is an orthogonal polarity
which, over a splitting field, determines a hyperbolic quadric of Witt index 3. Hence its Tits
index is 1Ag?) = o—{(o}——e. Also, the fixed points of py in the residue at (x,x) form a
quadric of Witt index 1 in a 4-dimensional space. Hence, over a suitable splitting field, this
turns into a parabolic quadric of Witt index 2. Hence the Tits index of the fixed quadric
is Bp;1 = (e=>s, which coincides with Cg) = «==+f»). Note that there is, in fact, also a
component of rank 1, type A;, which is determined by the orthogonal complement of the
previously mentioned 4-space. This now implies that, over a common splitting field, p
becomes of type IIl and hence () is a form of C4. The above Tits indices paste together as

the index sz):

) u:é@ = .—@—.é@
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and that concludes the proof of the proposition. O

5.4. Fixing a Rank 1 Building in a Characteristic Different from 2

In this paragraph we assume that the polarity p is not anisotropic and has no absolute
points. Then the fix diagram is Eg,;. We identified such polarity earlier as a polarity of
type IV.

Proposition 11. The fixed structure of a polarity p of type IV is a rank 1 building with Tits index Cfl).
Proof. Let W be a fixed 5-space. Then pyy is a linear polarity which, over a suitable splitting
field L, has maximal Witt index 3. It follows that p has type IIl over L and hence, by
Proposition 10, the absolute type of the fixed structure of p over K is C4. The 5-spaces W’
with py» a hyperbolic polarity, correspond to vertices of type 4 in the associated building
of type C4. Hence, the Tits index of the fixed structure of p is C‘(&) and the proposition
is proved. U

This concludes our analysis in the case char K # 2, and Theorem 1 is proved.

5.5. Regular Polarities in Characteristic 2

Now we turn to the case char K = 2. Note that we are only interested in regular
polarities, that is, polarities the fixed structure of which defines a building. In particular,
each element must have an opposite. Opposites in the fixed structure must also be opposites
in A because the fixed structure is convex and the convex closure of two simplices is empty
precisely when they are opposite. This observation enables us to restrict the possibilities
for py and py, with W a fixed 5-space of p and x an absolute point.

Lemma 19. Let p be a polarity of Eg 1 (K), with char K = 2. Let x be an absolute point and W a
fixed 5-space. If py has type Il or IV, or if py has type D, E, F or H, then p is not regular.

Proof. Suppose first that py has one of the types D, E, F or H. Let A be the subspace
of absolute points for pyy. In each of the types, there exists a point p in A N APW. Since
p € APW,we deduce A C pPW C pf. Now let g be an absolute point of p such that {g, 4"}
is opposite {p, p*} in A. Then p* is far from g and consequently, ¢ is also far from W.
Lemma 12 yields an absolute point p’ € W not contained in p*, a contradiction.

Now suppose px has type III or IV. Then Lemma 16 yields a fixed 5-space W of type D,
E or E The assertion now follows from the previous paragraph. O

There is an immediate consequence.

Corollary 2. A reqular polarity of Eg 1 (K), with char K = 2, satisfies exactly one of the following:

(Typel)  The type of px is 1, for all absolute points x, and the type of pw is A, for all fixed
5-spaces W;

(Typell)  The type of py is 11, for all absolute points x, and the type of pw is G, for all fixed
5-spaces W.

(TypeIV) There are no absolute points, but there are fixed 5-spaces W; all corresponding polarities
ow are anisotropic.

Remark 1 classifies polarities of type I. We now take a look at polarities of type IL

Proposition 12. A polarity p of type Il is characterized by the property that its fixed structure
is a generalized quadrangle. More precisely, the point-line geometry Q) with point set the set of
absolute points of p and line set the set of fixed 5-spaces under p, with natural incidence, is a rank 2



Mathematics 2025, 13, 3804

20 of 27

building C (K, K? + aK? + bK?), with {1,a,b} linearly independent in K as a vector space over
K2. Moreover, all absolute points are contained in a common symp of A.

Proof. The first part of the proof of Proposition 10 can be taken over verbatim to show that
() is a generalized quadrangle, and every absolute point not contained in a given fixed
5-space is far from that 5-space. Notice also that lines of (), as sets of absolute points, are
lines of A. Hence we can view () as a full point-line subgeometry of A.

We now prove that () is contained in a symplecton ¢. Indeed, let L, M be opposite
lines of (); they are contained in unique respective fixed 5-spaces. Since each point of L is
collinear to a unique point of M, there is a unique symp ¢ containing both L and M. It now
suffices to prove that each line of (2 through some point of L belongs to . So, let x be any
point on L and let K be any line of () through x. Select a point y € M not collinear to x.
Then there is a unique line N through y intersecting K in some point, say z. Sincex L z L y,
we conclude that z € {(x,y) = ¢. Hence also K = xz C . Thus, () is contained in ¢.

Now we consider the geometry x* Nyt = Dg1(K). With the above notation, the
line K is the unique line of A through x intersecting the fixed 5-space through N. Hence,
the set S of points of Q lying in x- N y* is isomorphic to the set of fixed points of py in
the residue at (y, y*). We deduce from Proposition 5(ii) that S is a quadric of Witt index
1 with plane nucleus. Since () is a full subgeometry of ¢, it follows from [25] that ) is
contained in the subspace spanned by x, y and S. Hence Q) is, by [26], the intersection of ¢
with a 6-dimensional subspace of its ambient projective space of dimension 9. Since S has a
nucleus plane, it can be described as the set of points of a projective 4-space satisfying an
equation of the form x_1x; = x3 + ay3 + bz3, with {1,4,b} a linearly independent set of
elements of K over K2. Note that the said nucleus plane then has equations x_; = x; = 0.
The proposition is proved. g

The part of polarities of type IV in Theorem 2 will be proved in Section 6.3.4 when we
write down an explicit form of any such polarity.

6. Concrete Constructions; Existence
6.1. Representation of Polarities

In order to construct examples of polarities of Eg 1 (K), we view it as a full subgeometry
of PG(26, KK). This has been achieved before by Aschbacher [15] using a trilinear form. We
here follow the approach of [27] (§3.1), which is based on Aschbacher’s paper.

Let ¥ be the standard apartment. Viewed as a graph, the complement ¥ is a bipartite
graph and actually defines a building of rank 2—a generalized quadrangle & with 3 points
per line and five lines through each point. We denote the set of lines of Z by £. We consider
the following partition S of Z into lines (equivalently, a partition of X into cocliques of
size 3).

S={{1,12,2'},{2,23,3'},{3,13,1'},{4,45,5'},{5,56,6'}, {6,46,4' }, {14,26,35},{15,24,36}, {16,25,34} }.

Such a partition is usually called a spread of the generalized quadrangle &. The above
one has the special property that no 3 x 3 subgrid of E contains exactly two members of
S. Such spreads are called Hermitian, and one can easily check that they are characterized
as follows.

Proposition 13. Let S* be a spread of T. Then the permutation of {1,2,...,6} that maps i to j if
the line ij’ € S*, consists of two disjoint 3-cycles if, and only if, S* is Hermitian.

Let V be the 27-dimensional vector space over K where the vectors of the standard
basis are labeled by the points of Z. Hence the standard basis is of the form {e, | p € E}.
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We denote the coordinate corresponding to e, as x,. For every point p € X, there is a
quadratic form Q) : V — K defined by

QP(U) = XgXgy — Z Xr1Xry

{pr1r2}€L\S

where v = (xp)pez and {p, 41,42} is the unique line of S through p.

Let PG(V) be the 26-dimensional projective space arising from V (hence the points of
PG(V) are the 1-spaces of V). Then it is shown in [27] (§3.1) that the set & of projective
points with coordinates X := (xp)pez such that Q,(¥) = 0, for all p € &, together with all
projective lines contained in it, defines the geometry Eg 1 (K). It is unique for the given field
K as follows from the classification of irreducible thick spherical buildings in [8].

We denote the projective point corresponding to the vector v € V as (v). Since we are
interested in polarities, we want to see the symps of Eg 1 (K) as points of the dual space
PG(V*), where they also should form a set £ of points isomorphic to &. To that end, we
first show that every symp ¢ of Eg ;1 (K) is contained in a unique hyperplane Hg of PG(V)
that also contains all points close to ¢. This is easily checked for the base points (e,), p € E,
using the following straightforward lemma:

Lemma 20. A point (v) € PG(V) with v = (xp)pez is collinear to (eq) for some q € Z if, and
only if, x, = 0 for all r collinear to q in E.

To prove, in general, the existence and uniqueness of Hg, we use the type preserving
automorphism group of Eg 1 (K), which is the group of collineations of PG(V) preserving
&6 by combining [28,29].In fact, it suffices to use the group generated by the following
collineations.

Definition 7. Let {O, O’} be a pair of opposite 5-spaces of ¥. and let a € K. Using Proposition 13
we may assume that O = {1,2,3,4,5,6} and O' = {1,2/,3',4,5,6'}. Then, we define

ep > ep p¢ O,
q)(0,0’),a VoV ey —r ey +ae; 1€ {1,2,3},
ey — ey —ae; i€ {4,56}.

This implies the following map on the coordinates of a vector v = (xp)pez:

/

p e ep p&o0,
xXi ey +ae; i€{1,2,3},
X+ ey —ae; i€ {4,5,6}.

X

One can check that this map preserves E¢ and hence defines a collineation of Eg 1 (KK).

The group G' generated by these collineations is sometimes also called the little
projective group, because ¢ o o) , is a so-called long root elation.

Recall that the hyperplane of PG(V) with equation },czapxp = 0, a, € K, has
dual coordinates [ap],cz (We use square brackets for clarity). We can now prove the
following theorem.

Theorem 3. A hyperplane with dual coordinates [ap] ez arises as Hg for some symp ¢ of Eg 1(K)
if, and only if, the vector v = (ap) ez satisfies Qp(v) =0, forall p € E.
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Proof. The assertion is obviously true for the base points (¢,), p € E. Now, noticing that

the automorphism ¢ o1 , reads in dual coordinates as ¢ o/, —,, the assertion follows

—ar

from applying G' to the base points. g

Theorem 3 implies that the matrix of a duality, that is, an isomorphism from Eg 1 (K)
to its dual, is just the matrix of a collineation of PG(V) preserving &.

6.2. The 9-Space Associated with a Dual Point

Most examples of polarities that we will present map each base point to the dual of a
base point. Hence, viewed as collineations, they permute the base points. Such collineations
are determined by the image of six base vectors, as we will see. This conforms to the torus
of G as an algebraic group being 6-dimensional. Extending to PG(V'), we obtain a polarity
of PG(V). However, not all absolute points for that polarity are absolute points for the
polarity on Eg 1 (K): Besides the absolute points that do not lie on &, also the points of
& that are mapped onto a close symp are absolute for the extended polarity. So, one has
to distinguish the hyperplane corresponding to the symp and the symp itself. Hence the
following problem arises. Given a dual point [a,],cz, which coincides with Hg, for ¢ a
symp of Eg 1 (K), then we know ¢ C Hg, but what is the 9-space (&) of PG(V) spanned by
¢? The answer is given by the following theorem.

Theorem 4. The symp corresponding to a dual point p of & lies in the 9-space spanned by the
vectors, dual to the tangent hyperplanes in the dual point p of the quadrics Q, with r € X. In other
words, if the point (x4),cz belongs to E, then the 9-space spanned by the symp defined by the dual

point p = [x4],ez is equal to
20,
(p)) re E>
< (E)xq ges

Proof. We will use the fact that G' acts transitively on the points. The theorem holds for
the dual points (e;), p € E by a straight forward calculation. Now let p have coordinates

(x4)gez and assume the theorem holds for p. Then we want to prove that it still holds for

<P(o,o'),a(P)-
As before, we may, without loss of generality, assume

O =1{1,2,3,4,56}and O' = {1',2,3,4,5,6'}.

Note that since p is a dual point, the (dual) coordinates of p are transformed using the
dual map ¢ (o 01,4, which corresponds to
X, = xp —ax; ifie{1,2,3},

X, = xy +ax; ifi € {4,5,6}.

Define

_ (9 — (9
vy 1= (axq (p))qea and u, := <aqu ((P(o,O/),a(P))>

Then the 9-space corresponding to p is equal to (v, | r € E) and the 9-space corre-

qex

sponding to ¢0,01),.(p) is equal to V := (@(0,01),4(0r) | 7 € E). The theorem claims that
the latter space coincides with (u, | r € E). By symmetry, and interchanging ¢ (o o) with
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its inverse, it suffices to prove that U C V. For that we will show all the generically distinct
cases; namely we will prove that all of u1, 11/, u1, u14 belong to V.

Uy = X126y — X133 — X146y — X15€5 — X16€¢
+ (xy —axz)ern — (xz —axz)ers
— (xy +axg)ers — (x5 +axs)ers — (xg + axe)eis
= x12(ey + aep) — x13(e3 + aez)
— x14(ey — aey) — x15(es — aes) — x16(eqr — aee)
+ Xprep — Xze13 — Xyel4 — X5€15 — Xg/€le
— aX12€2 + X133 — AX14€4 — AX1565 — AX1664
— axpeqp + axze13 — Axge14 — AX5e15 — AXeC16
= 90,0),a(v1) +a9(0,0),a(v1)

Uy = X13€3 — X12€2 — X14€4 — X15€5 — X16€6
+ X3€13 — X2€12 — X4€14 — X5€15 — X6€16
= <P(o,o'),a(01')

U = x1ey + (X — axa)ey — xaey — (X — axy)en
— X34€56 — X56€34 — X35€46 — X46€35 — X36€45 — X45€36
= ¢(o,o'),a(012)

U1y = X26€35 + X35e06 — X164 — (X +aXg)e1 — Xgey/
— (X7 — axy)eq — X23e56 — X56€23 — X25€36 — X36€25
= 4’(0,0/),;1(014)

One finds the following, by the same calculations with a permutation on the indices
and by changing, in some cases, a to —a:

Up = ¢(0,0,4(0p) ifp &0,
ui = @0,01,a(vi) +a9,0.(vr) ifi€{1,2,3}, (1)
u; = 90(0,0/),”(01‘) — a(p(oro,)ﬂ(vi/) ifi € {4, 5, 6}.

Hence U C V and the theorem is proved. O

Let Wy and W, be the 5-spaces of Eg 1 (K) contained in ¥ determined by {1,2,3,4,5,6}
and {1/,2/,3,4',5',6'}, respectively. The following consequence will be very useful to
determine the type of the polarity induced in W (when W is stabilized).

Corollary 3. The symp associated with the dual point [ap] ez, with ap, = 0 if p ¢ Wy intersects
Wy in the 4'-space with equation (W coordinatized with coordinates (x1, ..., X))

Ay X1+ ayxp 4 azyx3 — Ay xq — Ay X5 — ag X = 0.

6.3. Explicit Form of Some Polarities of Eg 1 (K)

We now provide the coordinate form of some polarities, not only proving existence of
such polarities, but also ready-made for investigating further properties.

6.3.1. Polarities of Type I—Symplectic Polarities

In order to keep the oversight, we break up the coordinate tuple into suitable pieces.
We denote the coordinates of a generic point as (xp)pcz, and those of a dual point, or
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hyperplane, as [a,],cz. Then a symplectic polarity can be described by the following map
from PG(V) to PG(V*).

X1,X2,X3,X4, X5, X6) Xyt X510, Xgt , X171, X1, X3/],

( = [

(x17, X1, X31, Xg1, X57, X5 ) — x4, X5, X6, X1, X2, X3],
(x12, %23, X13, X45, X56, X46)  — [X45, X56, Xa6, X12, X23, X13),
(x14, X25, X36) = [—X14, —X25, —X36),

( = [

X15, X16, X26, X24, X34, x35) X24, —X34, —X35, —X15, —X16, —xzé]-

This is indeed a symplectic polarity in characteristic unequal to 2 since it is easily
checked that Wy and W}, are fixed and, by Corollary 3, every point of Wy U W is absolute
in Eg 1 (K). Similarly, the 5-space W; of ¥ determined by {1,2,3,45,56,46} is fixed, and
every point is absolute. Since in the line Grassmannian of a symplectic polar space of rank
4 no two symplectic symps share more than a point, the fixed structure must be a thick
metasymplectic space. The verification that a generic point is absolute happens over a ring
of polynomials with integer coefficients. This also holds over a field with characteristic 2.
Thus, the set of absolute points is a hyperplane defining a symplectic polarity.

From the expressions in coordinates, we deduce that these polarities exist over an
arbitrary field.

6.3.2. Polarities of Type III in Characteristic Unequal to 2

The following polarity, described by a map on the coordinates, has type III over a field
of odd characteristic or characteristic 0.

(x1, X2, X3, X4, X5, X¢) > [xy, X5, X1, X171, X1, X31],

(x11, Xor, X3, Xg1, X51, X ) — x4, x5, Xg, X1, X2, X3],

(x12, X23, X13, X45, X56, X46) '+ [—X45, —X56, —X46, —X12, —X23, —X13],
(xX14, X25, X36) > [X14, X25, X36),

(x15, X16, X26, X24, X34, X35) > [X24, X34, X35, X15, X16, X26 -

Again, it can be verified using Corollary 3 that every point of W is absolute. However,
with the same notation as in the previous paragraph, a straightforward computation using
Theorem 4 shows that the absolute points in W form a hyperbolic quadric in W;. Hence,
we have a polarity of type IIIL

Again, from the coordinate description, we deduce that such polarities exist over
arbitrary fields of characteristic unequal to 2. We conclude that polarities of types I and
III exist over arbitrary fields, as long as the characteristic is not 2 for type III. In particular,
these polarities exist over the complex numbers, as already shown in [2].

6.3.3. Polarities of Type II in All Characteristics

The following polarity has type II, independent of the characteristic. Let ko, k3, k4, k5
be such that the bilinear form

(X2, X3, X4.X5) — k2x§ + kgxg + k4xi + k5x§

is anisotropic, that is, has only the trivial vector as isotropic vector, and such that kxk3ksks is
a perfect square in K. For instance, k, = k3 = k4 = k5 = 1 over thereals, ork, = s, k3 = ¢,
ky = st and ks = 1 over the Laurent series [F((s, t)), with F any field with characteristic 2.
Let k, ¢ € K be such that (k¢)? = kpkskyks. Then we define the polarity as follows.
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(x1, X2, X3, X4, X5, X¢) — [kxgr, koxor, kaxz, —kgxy, —ksxs, —kxy/],

(17, X1, X3, Xy, X571, Xgy ) — [—kxe, koxo, k3x3, —kaxa, —ksxs, kx1],

(X12, X13, X14, X15, X26, X36, X46, X56) [—%xzef ’,j—fx%, —;%X%, %Xs& —%xlzf %Xlsf —;%XMI %xlS] ,
(X165 X23, X24, X25, X34, X35, X45) > [53616, - %xzsf %xz@ - %3@5/ - %x% %X%I —%MS} :

As before, one can check with some calculations that this really defines a polarity
of type II. Clearly, such polarity does not exist over the complex numbers, as anisotropic
quadratic forms with at least two variables do not exist over an algebraically closed field.
And indeed, these polarities do not appear in [2]. However, over the reals we have examples,
forinstance k = £ =k; = kp = k3 = kg = ks # 0.

6.3.4. Polarities of Type IV

We now describe a polarity of type IV. In order to check that the polarity is really of
type IV, one only has to verify that it fixes at least two 5-spaces and it has no absolute points
in either. The following polarity obviously fixes Wy and W}, and it has no absolute points
in either if the form

(X], X9, X3,X4.X5, xé) — klx% + kzx% + k3x§ + k4xi + k5x§ + k6x§

is anisotropic (use Corollary 3 again).

(x;) = [kixy], ie{1,2,3},

(xi) ¥ [kixi], ic{1,2,3}

(xi) = [~kixg],  i€{4,5,6},

(xi) = [~kix;], i€ {4,56}

(o) = (v, (L € 123hi<],
(k) = x|, (i} S {a5.6Li<,
(xij) = {f%xu}, ie€{1,2,3},j€e{4,56},

where 2 + ki kokskskske = 0. Clearly, this does not exist over C, but neither over R, as all k;,
i=1,2,...,6, have the same sign, and then there does not exist ¢ € R satisfying the stated
equality. Over any field of characteristic distinct from 2, any non-degenerate quadratic
form can be diagonalized, so that the expression above is generic. So, over R, no polarity of
type IV exists. Such a polarity exits, for example, over the field Q(s, ), where we can take
k1=2ky=3,ks=—6,ky =s,ks =t, kg = stand £ = 6st.

We now prove that, if char K = 2, then there exists an example with the property that
the only fixed 5-spaces are contained in the space (Wp, W(), and hence they form a projective
line over K, establishing the last row of Figure 3 of Theorem 2. Indeed, suppose K and
ki,..., ks are such that K = F((kq, ..., ks)) the field of Laurent series in the indeterminates
ki,...,ks over a field [F in characteristic 2, and set £ := kg := k1koksksks. One checks that
the 5-space of & contained in U := (Wy, W{)) is given by (ke; + ey | i € {1,2,3,4,5,6}).
All points of U are absolute for the extended polarity in PG(V), because the set of absolute
points of a pseudo polarity is a subspace. Hence, by Lemma 18, each point of U N & is
contained in a stabilized 5-space of £. It suffices to show that no point of & outside U is
absolute for the extended polarity. This, in turn, will follow if we show that the subspace
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u' = (e;j | {i,j} €{1,2,3,4,56},i # j) complementary to U does not admit any absolute
point. The matrix of the polarity restricted to U’ is diagonal with diagonal
Kiki ) iy 123456021

It now sulffices to observe that the set
{kskaks, koksks, koksks, koksky, k1ksks, k1ksks, kikoks, kiksky, kikoks, kikoks, ki, ko, k3, ka, ks }

is linearly independent as a set of vectors of the vector space K over K2.
This concludes the proof of Theorem 2.
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