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Abstract
We classify all domestic collineations, that is, collineations mapping no chamber to an
opposite one, of all thick spherical buildings of type F4. Besides the previously known
cases like central elations and products of two perpendicular such elations, we find
collineations that pointwise fix certain subspaces, also of type F4, but over a smaller
algebra, or even non-thick as a building. We also find examples that pointwise fix
Moufang quadrangles, and these inclusions are new:Moufang quadrangles of absolute
type D5 are contained in buildings of type F4 of absolute type E6, and exceptional
Moufang quadrangles of type E6 are found inside buildings of relative type F4 and
absolute type E7 (the so-called quaternion metasymplectic spaces). Together with the
already established Moufang quadrangles of mixed type inside mixed buildings of
type F4, our results imply that domestic collineations give rise to inclusions of the
three different types of Moufang quadrangles inside metasymplectic spaces: Moufang
quadrangles of classical, exceptional and mixed type.
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1 Introduction

This paper fits into a series of papers classifying so-called domestic automorphisms
of spherical buildings. Before we sketch the situation, let us recall some motivation.
A domestic automorphism of a spherical building is an automorphism that does not
map any chamber onto an opposite chamber—hence this is very specific to spherical
buildings. As soon as there are no rank 2 residues defined over the smallest field F2,
every domestic automorphism comes with an opposition diagram, which encodes the
types of simplices that are mapped onto an opposite. These diagrams are classified
in [16] and the result is—very roughly— that ignoring the arrows these diagrams
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Fig. 1 The Tits indices 2D(2)
5,2 and 2E16

′
6,2

coincide with the Tits indices [30] for which the Galois group is an involution (the
exceptions occur in rank 2 and for type F4; in the latter case, however, we can appeal to
themixed Galois descent introduced in [14]). Tits indices generalise to fix diagrams—
encoding the types of simplices that are fixed by the automorphism. The initial crucial
observation is that the fix diagram and opposition diagram of each domestic duality
of any spherical buildings of the second half of the second row of the Freudenthal-
Tits Magic Square coincide with the Tits indices of the corresponding cells in the
relative Magic Square and those of the cells lying symmetric with respect to the main
diagonal. This led to the conjecture that the nonsplitMagicSquare encodes all domestic
automorphisms of the buildings of exceptional type in the split Magic Square that do
not fix a chamber, see [35]. This conjecture did not turn out to be be correct, but only a
slight adaptation is necessary, see [15, 20]. In any case, domestic automorphisms seem
to be related to automorphisms fixing a large substructure, in particular linearisations
of Galois descent, called linear descent in [35]. This linear descent provides ways to
see certain buildings inside others as a larger fix point structure than is the case in
the corresponding Galois descent. For example, the quaternion buildings of type F4
(with Tits index E97,4), which are (Galois) forms of E7, arise as fixed point structures
of groups of domestic automorphisms in buildings of type E8.

The situation in buildings of type F4 is particularly interesting. Not in the least
because it is the unique type of exceptional buildings of rank at least 3 admitting non-
split examples. But on the level of Tits indices and fix diagrams: On the one hand, there
are not many Tits indices; on the other hand, there are fix diagrams that are not Tits
indices, and they correspond to the mixed Galois descent introduced and explained in
[14], giving rise to the exceptional Moufang quadrangles of type F4. In the same paper
[14], the linearisation of this mixed Galois descent is presented, and the full fix group
is determined in [23]. We will show that an automorphism of a mixed building of type
F4, fixing no chamber, is domestic if, and only if, it belongs to such a linear descent
group.We also pin down the domestic collineations that do fix a chamber. The situation
in non-mixed buildings of type F4 is also very intriguing. Besides an explicit list of
unipotent and torus elements, we obtain two new classes of linear descent groups. One
is related to the Tits index 2D(2)

5,2 (see Fig. 1), which we find in the buildings of type F4

having Tits index 2E
2
6,4 and the other is related to the Tits index

2E16
′

6,2 (an exceptional
Moufang quadrangle of type E6, see Fig. 1 again), which we find in buildings of type
F4 having Tits index E97,4. Both correspond to the opposition diagrams F4;2. Note that
it was generally believed among experts that Moufang quadrangles arising like this in
metasymplectic spaces were a characteristic 2 phenomenon, see Remark 2.2 of [26].
The new examples in the present paper refute this belief.

We mention in passing an interesting consequence of our construction: Since the
exceptional Moufang quadrangles of type E6 appear now in quaternionic metasym-



    8 Page 4 of 102 L. Lambrecht. H. Van Maldeghem

Fig. 2 The possible opposition diagrams for nontrivial domestic collneations of F4(K, A)

Fig. 3 The Dynkin diagram of
type F4 with Bourbaki labeling

plectic spaces, their automorphism group can be written with quaternionic 27 × 27
matrices, see [8] and [36].

More exactly, with the notation and conventions of Section 2, we will show the
classification of the Main Result below, where we use the following terminology. By
[31, Theorem 10.2], thick buildings of type F4 are classified by the pairs (K, A), where
K is a field and A a quadratic alternative division algebra over K, and we denote the
corresponding building by F4(K, A). Recall from Theorem 20.3 in [33] thatA is either

Class (K) equal to K and char (K) �= 2,
Class (L) a separable quadratic extension of K,
Class (H) a quaternion division algebra over K,
Class (O) a Cayley algebra (octonionic division algebra) over K, or
Class (M) a (purely inseparable but possibly trivial) extension of K, char (L) = 2,

with A
2 ⊆ K (where A

2 denotes the field of all squares of A).

We number the vertices of the building as in Fig. 3. This numbering allows to consider
the Lie incidence geometries �1 := F4,1(K, A) and �4 := F4,4(K, A) (see Section 2
for more details), and also gives a precise meaning to the opposition diagrams F14;1 and
F44;1 (see Fig. 2 for the list of opposition diagrams of type F4 of nontrivial domestic
collineations), and also to long and short root elations (a long root elation being a
central elations with centre a vertex of type 1, and a short root elation being an elation
where the corresponding root has a type 4 vertex as central vertex). To understand
the Main Result, it suffices to know for now that in the opposition diagram (only) the
types of the elements that are mapped onto opposites are encircled (see Section 2.11
for more details). Note that the Main Result for the split case (class (K)) has already
been proved in [18].

Main Result. Let, with the above notation, θ be a nontrivial automorphism of
F4(K, A), |K| > 2. Then θ is domestic if, and only if, it has opposition diagram either
F14;1, or F

4
4;1, or F4;2. More exactly,

(Dom1) θ has opposition diagram F14;1 if, and only if, θ is a long root elation;

(Dom4) θ has opposition diagram F44;1 if, and only if, one of the following occurs
in the corresponding class:

(K) θ is an involution with fix structure the weak subbuilding corresponding
to an extended equator geometry and its tropics geometry in F4,4(K, K);

(L) θ is an involution pointwise fixing a subbuilding canonically isomorphic
to F4(K, K);

(M) θ is a (central) short root elation;
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(Dom14) θ has opposition diagram F4;2 if, and only if, either

(i) θ is the product of two perpendicular long root elations, or
(i ′) θ is the product of two perpendicular central short root elations in Class

(M), or
(i i) θ pointwise fixes some apartment and one of the following occurs in the

corresponding class:
(L) the fix structure of θ is the weak subbuilding corresponding to an

extended equator geometry and its tropics geometry;
(H) the fix structure is a thick subbuilding of class (L) (isomorphic to

F4(K, L) for some quadratic field extension of K) canonically embed-
ded in F4(K, A), and L is a subalgebra of A of dimension 2 fixed under
some automorphism of A, or

(i i i) the fix structure of θ consists of vertices of types 1 and 4 only, naturally
defining a Moufang generalised quadrangle � in such a way that the fixed
vertices of type i incident with a fixed vertex of type j , {i, j} = {1, 4}, forms
an ovoid in the corresponding symplecton of F4,i (K, A) and we have the
following cases:
(L) � is a classical Moufang quadrangle with Tits index 2D(2)

5,2;

(H) � is an exceptional Moufang quadrangle with Tits index 2E16
′

6,2;
(M) � is a mixed Moufang quadrangle and θ is an involution.

In particular, the only domestic collineations of F4(K, O), with O a Cayley division
algebra over K, are the central elations and the products of two perpendicular central
elations. Also, there do not exist domestic dualities of any building of type F4.

We will also construct collineations in each of the cases displayed in the Main
Result. Our tool to do so will be Tits’ extension Theorem 4.16 of [31], together with
the construction of some specific subgeometries in �i , i = 1, 4, taking advantage of
the duality between those two. In particular we will explicitly show that �1 admits all
central elations and �4 does not admit any central elation except if it is in Class (M).

The case |K| = 2 is a true exception but we are allowed to disregard it since all
domestic collineations in this case are classified in [17].

Structure of the paper—In Section 2 we define the metasymplectic spaces that we
will work with, define equator and extended equator geometries, the corresponding
tropics geometry and derive from this fully embedded polar spaces of a certain type
in �1. This allows us to define imaginary lines, which play a prominent role in the
proof of our main result. All results are new and interesting in their own right, although
certain versions in the split case (and sometimes under the additional hypothesis of the
underlying field being algebraically closed) of some of the results obtained exist in the
literature (for instance in [25]). In Section 3 we prove some lemmas for polar spaces,
which appear in the metasymplectic spaces as symplecta, point residuals, equator
geometries and extended equator geometries. In Section 4 we prove the converse of
our Main Result, namely, that all automorphisms in the conclusion of the Main Result
are really domestic. Section 5 then contains the full proof of our Main Result. In
Section 6 we construct all the examples, showing that all cases do exist. This section
is completely independent of the others and could be read first.
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2 Preliminaries

In this section we review the basic notation and terminology that we will use in this
paper. Many proofs are geometrical, using the Lie incidence geometries �1 and �4
mentioned in the introduction. A crucial notion in this approach is that of an equator
geometry, an extended equator geometry and the corresponding tropics geometry.
These have been defined in F4,4(K, K), see [7, 10] and in F4,4(K, A) for general A in
[22]. However, the proofs in loc. cit. are rather sketchy and incomplete concerning the
tropics geometry, so we provide full proofs here. We also define equator geometries
in F4,1(K, A) with corresponding proofs (which is also missing in the literature).

Concerning buildings of type F4, we refer to the literature, e.g. [31], for a formal
definition. In this paper, we content ourselves with defining the Lie incidence geome-
tries F4,1(K, A) and F4,4(K, A) in an axiomatic way, so that we are able to provide
full and precise proofs, based on these axioms.

We also review all relevant notions on domesticity and opposition. The split case
was already treated in [18], but we also include it here as it not only goes without any
additional effort, but it would generate artificial arguments in trying to avoid this case.
We start, however, with some necessary basics of incidence geometry.

2.1 A crash course on point-line geometries

Definition 2.1.1 A point-line geometry is a pair � = (P,L ) with P a set and L a
set of subsets ofP . The elements ofP are called points, the members ofL are called
lines. If p ∈ P and L ∈ L with p ∈ L , we say that the point p lies on the line L ,
and the line L contains the point p, or goes through p. If two (not necessarily distinct)
points p and q are contained in a common line, they are called collinear, denoted
p ⊥ q. If they are not contained in a common line, we say that they are noncollinear.
For any point p and any subset P ⊆ P , we denote

p⊥ := {q ∈ P | q ⊥ p} and P⊥ :=
⋂

p∈P

p⊥.

A partial linear space is a point-line geometry in which every line contains at least
three points, and where there is a unique line through every pair of distinct collinear
points p and q. That line is then denoted with pq.

Example 2.1.2 Let V be a vector space of dimension at least 3. Let P be the set of
1-spaces of V , and let L be the set of 2-spaces of V , each of them regarded as the
set of 1-spaces it contains. Then (P,L ) is called a projective space (of dimension
dim V − 1) and denoted by PG(V ), or PG(n, K) if V is defined over the field K and
had dimension n + 1.

Definition 2.1.3 Let � = (P,L ) be a partial linear space.

(i) Apathof lengthn in� frompoint x to point y is a sequence (p0, p1, . . . , pn−1, pn),
with (p0, pn) = (x, y), of points of � such that pi−1 ⊥ pi for all i ∈



Automorphisms and opposition in spherical buildings… Page 7 of 102     8 

{1, . . . , n − 1}. If n is minimal, then it is called the distance between x and
y in �.

(i i) The partial linear space � is called connected when for any two points x and
y, there is a path (of finite length) from x to y. If moreover the set of distances
between points has a supremum in N, this supremum is called the diameter of
�.

(i i i) A subset S ofP is called a subspace of�when every line L ∈ L that contains
at least two points of S, is contained in S. A subspace that intersects every line
in at least a point, is called a (geometric) hyperplane; it is proper if it does not
coincide with P . A subspace is called convex if it contains all points on every
path of minimal length that connects any two points in S. We usually regard
subspaces of � in the obvious way as subgeometries of �.

(iv) Asubspace S inwhich all points are collinear, or equivalently, forwhich S ⊆ S⊥,
is called a singular subspace. If S ismoreover not contained in any other singular
subspace, it is called amaximal singular subspace. If it is contained in at least one
other singular subspace, but all such singular subspaces are maximal, then we
call it submaximal. A singular subspace is called projective if, as a subgeometry,
it is a projective space (cf. Example 2.1.2). Note that every singular subspace is
trivially convex.

(v) For a subset P of P , the subspace generated by P is denoted 〈P〉� and is
defined to be the intersection of all subspaces containing P . The convex hull of
P is defined to be the intersection of all convex subspaces that contain P . A
subspace generated by three mutually collinear points, not on a common line, is
called a plane. Note that, in general, this is not necessarily a singular subspace;
however we will only deal with geometries satisfying Axiom (GS) (see below),
which implies that subspaces generated by pairwise collinear points are singular;
in particular planes will be singular subspaces.

Polar and parapolar spaces—We recall the definition of a polar space, mainly
to fix notation and vocabulary. We take the viewpoint of Buekenhout–Shult [2]. All
results in this section are well known. Since we are only interested in polar spaces of
finite rank, we include this in our definition.

Definition 2.1.4 A polar space is a point-line geometry � in which for every point
p the set p⊥ is a proper hyperplane, and each maximal nested family of singular
subspaces is finite and had size r + 1 at least 3. The integer r is the rank of the polar
space.

One shows that a polar space � is partial linear, and that each singular subspace is a
projective space, see [2]. The maximal singular subspaces of a polar space of rank r
have dimension r − 1. Two singular subspaces are called �-opposite if no point of
either of them is collinear to all points of the other. This coincides with the building
theoretic notion of opposition, see chapter 3 of [31].

Example 2.1.5 Let K be a field, n an integer at least 2, V0 a vector space over K and
let q : V → K be an anisotropic quadratic form, that is, a quadratic form without
nontrivial isotropic vectors. Let V be a vector space of dimension 2n. Then, with
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respect to any reference system, the set of points p of PG(V ⊕ V0) with p = 〈(v, v0)〉
having coordinates satisfying X−1X1 + X−2X2 + · · · + X−n Xn = f (v0), forms a
nondegenerate quadric the points and lines of which form a polar space of rank n.
The singular subspaces are precisely the projective subspaces of PG(V ⊕ V0) entirely
contained in the quadric.

We also recall the definition of a parapolar space—for more details (and unproved
claims in this section) see Chapter 13 of the book of Shult [24].

Definition 2.1.6 A parapolar space � is a connected point-line geometry, which is
not a polar space, and for which every pair {p, q} of points with |p⊥ ∩ q⊥| ≥ 2 is
contained in a convex subspace isomorphic to a nondegenerate polar space. Any such
convex subspace is called a symp of � (which is short for symplecton).

A pair of points p and q is called special if |p⊥ ∩ q⊥| = 1. A pair of noncollinear
points p and q is called symplectic if |p⊥ ∩ q⊥| ≥ 2. In this case, the convex hull of
p and q is a nondegenerate polar space.

If all symplecta have the same rank r , then we say that � has uniform (symplectic)
rank r . If this is the case, and if r ≥ 3, then automatically all singular subspaces are
projective spaces.

Example 2.1.7 If � is a polar space of rank at least 3, then the corresponding dual
polar space is the point-line geometry with point set the set of singular subspaces of
dimension r − 1 and set of lines the sets of singular subspaces of dimension r − 1
containing an arbitrary but fixed singular subspace of dimension r−2. If this geometry
has thick lines, that is, each line contains at least three points, then it is a parapolar
space of uniform rank 2.

Remark 2.1.8 The definition of parapolar space immediately implies that it is a partial
linear space. Also, parapolar spaces are so-called gamma spaces, that is, they satisfy
the following axiom, which is sometimes superfluously added in the definition.

(GS) Every point is collinear to zero, one or all points of any line.

Definition 2.1.9 Let � be a polar or parapolar space of (uniform) rank r and let U be
a singular subspace of � of dimension at most r − 3. We define Res�(U ) to be the
point-line geometry (P,L ) with

P := {singular subspaces K of � with U ⊂ K and codimK (U ) = 1},
L := {singular subspaces L of � with U ⊂ L and codimL(U ) = 2},

where any element of L is identified with the set of elements of P contained in it.
If U is a point, then we say that Res�(U ) is a point residual.

Point residuals of polar and parapolar spaces of (uniform) rank r ≥ 3 are polar and
parapolar spaces, respectively, of (uniform) rank r − 1.
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Table 1 Quadratic alternative division algebras over K

Notation dimK(A) char(K) Class Properties

K 1 �= 2 (K) commutative, associative

L 2 (L) commutative, associative

H 4 (H) non-comm, associative

O 8 (O) non-comm, non-ass, alternative

K
′ 2h , ∞ 2 (M) commutative, associative

2.2 Families of buildings of type F4

As noted in the introduction, due to Chapter 10 of [31], a building of type F4 is com-
pletely determined by a pair (K, A), where K is a field and A is a quadratic alternative
division algebra A over K. We label the diagram as explained in the introduction and
denote the corresponding building by F4(K, A).

We list the properties of the different classes of quadratic alternative division alge-
bras in Table 1, introducing the notation we will adopt for these algebras. Then we
collect the first four rows—Classes (K), (L) , (H) and (O)—under the name separable
and Class (M) is referred to as the inseparable case (“M” stands forMixed). Note that
the latter includes the case K = A with char K = 2. Also, we refer to the case A = K

in either characteristic as the split case; the other cases then are nonspilt. We also use
these notions for the symplecta.

Cayley-Dickson process—Let, with the notation of Table 1, (A, B) be one of
(K, L), char K �= 2, (L, H), (H, O). So L is a quadratic (Galois) extension of K, H

is a quaternion division algebra over K and O is an octonion division algebra over K.
Then A can be obtained from B by the so-called Cayley-Dickson process, see [12],
as follows. Let x �→ x be the standard involution in B (for B = K this is just the
identity), and let b ∈ K be such that it cannot be written as xx , for any x ∈ B. Then
A consists of all pairs (u, v) ∈ B × B with standard addition and multiplication given
by the rule

(u, v) · (u′, v′) = (uu′ + bv′v, uv′ + u′v),

for all u, v, u′, v′ ∈ B. The new standard involution is given by (u, v) �→ (u,−v).
Standing hypothesis. From now on we denote by K an arbitrary field, and A is a

quadratic alternative division algebra over K.

2.3 Two families of polar spaces

Now we define the two families of polar spaces which we will need in the definition
of the metasymplectic spaces we are concerned with.

Definition 2.3.1 The polar space Br,1(K, A) is the quadric in PG(n, K) = PG(V), with
n = 2r − 1 + dimK(A) and V = K

2r ⊕ A, with equation

x−r xr + · · · + x−2x2 + x−1x1 = N(x0),
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where x−r , xr , . . . , x−2, x2, x−1, x1 ∈ K, x0 ∈ A and N the natural norm form of A.

Definition 2.3.2 The polar spaceC3,1(A, K), withA not equal toK and not an octonion
division algebra, is the Hermitian polar space in PG(5, A) with point set the points the
coordinates of which satisfy

x−3x3 + x−2x2 + x−1x1 ∈ K,

where x−3, x3, x−2, x2, x−1, x1 ∈ A and x �→ x the standard involution of A. If
A = K, then C3,1(K, K) is the symplectic polar space of rank 3 corresponding to the
standard alternating form x−3y3+x−2y2+x−1y1−x1y−1−x2y−2−x3y−3. IfA = O

is an octonion division algebra, then C3,1(O, K) is the non-embeddable polar space
with planes over O, see chapter 9 of [31].

We will not need a precise definition of the non-embeddable case. An explicit
construction with coordinates is provided in [6].

2.4 Metasymplectic spaces

Now we can finally define the metasympletic spaces. Sometimes, for example in [7]
and [22], the axioms used in the following definition are referred to as facts which can
be proven from the building-theoretic definition, as stated in [34] p. 80 or proved in
[4].

Definition 2.4.1 (Metasymplectic space). A metasymplectic space �i = F4,i(K, A)

(i ∈ {1, 4}) is a parapolar space of uniform rank 3 whose points, lines, planes and
symplecta satisfy axioms 2.4.2, 2.4.3, 2.4.4, 2.4.5 and 2.4.6, where A is a quadratic
alternative division algebra over K.

Axiom 2.4.2 (Symp residue). The points, lines and planes of �i contained in a given
symplecton ξ , endowed with the natural inherited incidence relation, are the points,
lines and planes, respectively, of a polar space Res�i (ξ) isomorphic to B3,1(K, A) if
i = 1, and C3,1(A, K) if i = 4.

Axiom 2.4.3 (Point residue). The symplecta, planes and lines of �i through a given
point p, endowed with the natural incidence relation, form a polar space Res�i (p)
isomorphic to C3,1(A, K) if i = 1, and B3,1(K, A) if i = 4, where the points of that
polar space are the symplecta through p, the lines are the planes through p, and the
planes are the lines through p.

In particular, it follows that the isomorphism class of the geometry Res�i (p) does
not depend on p. It also follows that the point residual at p as defined earlier is the
dual polar space corresponding to Res�i (p). .

Axiom 2.4.4 (Point-point relation). Let x and y be two points of �i . Then exactly one
of the following situations occurs:

(0) x = y;
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Fig. 4 The Tits indices corresponding to Class (L), (H) and (O), respectively

(1) there is a unique line incident with both x and y;
(2) there is a unique symplecton incident with both x and y. In this case, there is

no line incident with both x and y, and we call x and y symplectic. We denote
the unique symplecton by ξ(x, y) and write x ⊥⊥ y to indicate that x and y are
symplectic;

(3) there is a unique point collinear to both x and y. In this case, x and y are special.
We denote the unique point collinear to both x and y by c(x, y) and write x��y to
indicate that x and y are special;

(4) there is no point collinear to both x and y. In this case, x and y are at distance 3
and we say that they are opposite.

Axiom 2.4.5 (Point-symp relation). Let x be a point and let ξ be a symplecton of �i .
Then exactly one of the following situations occurs:

(0) x ∈ ξ ;
(1) the set of points of ξ collinear to x is a line L. Every point y of ξ \ L which is

collinear to each point of L is symplectic to x and ξ(x, y) contains L. Every other
point z of ξ (i.e., every point z of ξ collinear to a unique point z′ of L) is special
to x and c(x, z) = z′ ∈ L. We say that x and ξ are close;

(2) there is a unique point u of ξ symplectic to x and ξ ∩ ξ(x, u) = {u}. All points v

of ξ collinear to u are special to x and c(x, v) /∈ ξ . All points of ξ not collinear to
u are opposite x. We say that x and ξ are far.

Axiom 2.4.6 (Symp-symp relation). The intersection of two symplecta is either empty,
or a point, or a plane.

Remark 2.4.7 Defining the dual point-line geometry to �i as the geometry with point
set the set of symplecta of �i and line set the set of sets of symplecta sharing a given
plane, we deduce from the diagram that the dual of �1 is �4 and vice versa. We will
refer to this correspondence as the natural duality. Lemma 2.8.4 is the key ingredient
to deduce this natural duality from the axioms above, but we will not do so explicitly.

Remark 2.4.8 The split buildings of type F4 have trivial Tits index—every node of the
F4 diagram is encircled; those of Class (M) are of mixed type (and have no Tits index
if K �= A). The Tits indices of those of Classes (L), (H) and (O) are gathered in Fig. 4.
This is purely informative and shall not be used in this paper; hence we do not define
Tits indices in a formal way, but refer to [30].
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2.5 Some properties of metasymplectic spaces

The axioms in the previous section have some immediate corollaries, which are stated
in e.g. [7] and [22].

Corollary 2.5.1 Every singular subspace of �i is contained in some symplecton, and
hence is either empty, a point, a line or a projective plane.

Corollary 2.5.2 (Point-line relation). Let x be a point and let L be a line in a meta-
symplectic space. Then precisely one of the following situations occurs:

(0) x ∈ L;
(1) x ⊥ L;
(2) x ⊥ p ∈ L for exactly one point p, and x ⊥⊥ q for all q ∈ L \ {p};
(3) x��p ∈ L for exactly one point p, and x is opposite q for all q ∈ L \ {p};
(4) x ⊥ p ∈ L for exactly one point p, and x��q for all q ∈ L \ {p}, with evidently

c(x, q) = p;
(5) x ⊥⊥ p ∈ L for exactly one point p, and x��q for all q ∈ L \{p}, with c(x, q) = a

with a ⊥ L independent of q;
(6) x��L, with M = {z|z = c(x, p), p ∈ L} a line.

Corollary 2.5.3 If a ⊥ b ⊥ c ⊥ d is a path in �i , then a��c and b��d if, and only if, a
is opposite d.

We can also prove the following.

Corollary 2.5.4 Let ξ be a symplecton of �i and let p, q be two points close to ξ . Then
p and q are opposite if, and only if, the lines L := p⊥ ∩ ξ and M := q⊥ ∩ ξ are
opposite in the polar space ξ .

Proof Suppose first that L and M are not opposite. Let x be a point of L collinear to
all points of M . Then q ⊥⊥ x by (1) of Axiom 2.4.5 (point-symp relation). Now p
must be close to ξ(q, x), which implies that p is not opposite q.

Suppose now that L and M are opposite. Let a be a point of L and denote by b
the unique point of M collinear to a. Then by the point-symp relations, p��b and q��a.
With Lemma 2.5.3 we find that p and q are indeed opposite. ��

2.6 The equator and extended equator geometries

In this section, wewill define some geometries which are included in ametasymplectic
space. Among these are the equator geometries. As remarked in [22], these have been
treated in the split case in [7]. This was generalised in [22] to all metasymplectic spaces
�4. In the present paper, we define the equator geometry for both metasymplectic
spaces �1 and �4, and this requires a sightly different approach. For the extended
equator geometries, we have to restrict ourselves to metasymplectic spaces �4, which
we will motivate below. Concerning the tropics geometries, the authors of [22] claim
that the proof of Lemma 2.6.17 remains the same as in the split case. However, this
does not seem to be entirely true, and so we provide a detailed, different proof. Along



Automorphisms and opposition in spherical buildings… Page 13 of 102     8 

the way, we also prove somemore properties of the interaction of the equator geometry
with hyperbolic lines.

Definition 2.6.1 (Equator geometry). Let p, q be twoopposite points of�i (i ∈ {1, 4}).
The equator geometry E(p, q) is the point-line geometry with point set the points
symplectic to p and q and line set the sets of points corresponding to symplecta
through a fixed plane through p.

Note that this definition differs from the one in [7] since we also want to include
�1. Also, the definition (of the line set of E(p, q)) is not symmetric in p and q; see
however Lemma 2.6.4 below.

Proposition 2.6.2 Let p, q be two opposite points of �i . The equator geometry,
E(p, q), is isomorphic to the point residue Res�i (p) and is consequently a polar
space of rank 3. If i = 1, then E(p, q) ∼= C3,1(A, K) and if i = 4, then
E(p, q) ∼= B3,1(K, A).

Proof Define the map

φ : E(p, q) → Res�i (p) : x �→ ξ(x, p).

We prove that φ is an isomorphism of point-line geometries. The injectivity follows
from the possible point-symp relations (Axiom 2.4.5). Suppose x, y ∈ E(p, q) and
ξ = ξ(x, p) = ξ(y, p), then q is far from ξ , because ξ contains a point opposite q. But
x and y are symplectic to q, so x = y. Also the surjectivity follows from this axiom.
Let ξ be a symplecton through p. Then ξ is far from q and there exists a unique point
a of ξ symplectic to q, so ξ = ξ(a, p) = φ(a) with a ∈ E(p, q). It is clear that lines
are preserved, because they are defined in the same way in E(p, q) and Res�i (p). ��

The lines in a equator geometry will also briefly be called lines and it should be
clear from the context which kind of lines is meant. However, we will frequently write
the word “line” within quotation marks when we mean a line in the equator geometry.
Similarly we will refer to a plane of an equator geometry writing “plane”.

Lemma 2.6.3 Let p, q be opposite points of �i , and let x �= y be two points in E(p, q).
Then x is collinear to y in E(p, q) if, and only if, x ⊥⊥ y in �i . Also, if x ⊥⊥ y, then
x⊥ ∩ y⊥ ∩ p⊥ is a line in the plane α := ξ(x, p) ∩ ξ(y, p), and that line coincides
with q�� ∩ α.

Proof If x is collinear to y in E(p, q), then the symplecta ξ(x, p) and ξ(y, p) intersect
in a plane α. Since a symplecton is a polar space of rank 3, x is collinear to a line
L ⊆ α and y is collinear to a line M ⊆ α. If L = M , then x and y are symplectic (and
then L = M = x⊥ ∩ y⊥ ∩ p⊥) or collinear. If they were collinear, we would have a
singular subspace of dimension 3, which contradicts Corollary 2.5.1. If L �= M , then
x and y are special, with c(x, y) = L ∩ M which is in particular collinear to p. By
the point-symp relations, y has to be close to ξ(x, q), because y is symplectic to q
and special to x , but these two are not collinear. Let M ′ be the unique line of ξ(x, q)

collinear to y. But then the plane containing q and M ′ is contained in ξ(x, q)∩ξ(y, q)
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and similarly to the first part of this paragraph we get c(x, y) ⊥ q, which contradicts
the opposition between p and q.

If x ⊥⊥ y in �i , then x is close to ξ(p, y), because of the possible point-symp
relations and the fact that x is symplectic to at least two points of ξ(p, y), but not
contained in ξ(p, y) (that would contradict the opposition of p and q). Let L be the
line of ξ(p, y) collinear to x . Since x ⊥⊥ p and x ⊥⊥ y, we get that p ⊥ L and x ⊥ L
by the point-symp relations and therefore L ⊆ ξ(x, p) ∩ ξ(y, p). By the symp-symp
relations the intersection is a plane α containing L . Corollary 2.5.3 yields L ⊆ q��

and the lemma follows. ��
Lemma 2.6.4 Let p, q be opposite points of �i . Then E(p, q) coincides with E(q, p).

Proof Let α be a plane through p and let x, y be points in E(p, q) corresponding
to symplecta through α. Then, Lemma 2.6.3, x and y are symplectic and x⊥ ∩ α =
y⊥ ∩ α =: L . By applying the same lemma to E(q, p), the symplecta ξ(x, q) and
ξ(y, q) intersect in a plane β and x⊥ ∩ β = y⊥ ∩ β =: M . Let now ζ be an arbitrary
symplecton through α corresponding to some point z in E(p, q). Then x, y and z are
pairwise symplectic and again by Lemma 2.6.3 the corresponding symplecta through
q pairwise intersect in planes which, by Axiom 2.4.3, have at least one common line K
(through q). Lemma 2.6.3 yields a point r ∈ K ∩ x⊥ ∩ y⊥ ∩ z⊥ ⊆ β ∩ x⊥ ∩ y⊥ = M .
Hence ξ(x, y), which clearly contains L and M , also contains z. Since z ⊥⊥ q, the
point-symp relations applied to q and ξ(x, y) imply that z ⊥ M and so ξ(z, q) contains
β. Similarly a symplecton through β corresponds to a symplecton through α. ��
Lemma 2.6.5 Let p, q be opposite points of �i and let x, y be points in E(p, q). Then
either x = y, or x ⊥⊥ y, or x is opposite y.

Proof Suppose x ⊥ y, then x is close to ξ(y, p) and x is collinear to a line L of ξ(y, p)
through y. Since x ⊥⊥ p, p has to be collinear to L by the point-symp relations and
this contradicts p ⊥⊥ y.

Suppose for a contradiction that x��y. Then x has to be close to ξ(p, y) by the point-
symp relations, because it is special to y and symplectic to p, but p is not collinear
to y. Then z = c(x, y) must lie in ξ(x, p) and similarly in ξ(x, q), so z = x , a
contradiction. ��
Lemma 2.6.6 Let p, q be opposite points of�i . Then every line in E(p, q) is contained
in a unique symplecton in �i . In particular, if x and y are contained in a “line”, then
the symplecton is ξ(x, y).

Proof Let α be a plane through p corresponding to a line h in E(p, q) and let β be
the corresponding plane through q, according to Lemma 2.6.4. Lemma 2.6.3 implies
that every point of h is collinear to both lines q�� ∩ α and p�� ∩ β, which then are
contained in ξ(x, y) for distinct x, y ∈ h. Then clearly h ⊆ ξ(x, y). ��
Lemma 2.6.7 Let p, q be two opposite points of �i and let ξ be a symplecton. Then
the intersection ξ ∩ E(p, q) is either empty, or a point, or a line of E(p, q).

Proof If the intersection contains two points x, y, these have to be symplectic by
the possible relations between two points in a symplecton and the possible relations
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between two points in E(p, q) (Lemma 2.6.5). By Lemma 2.6.6 the symplecton then
contains every point z ∈ E(p, q) with ξ(x, p) ∩ ξ(y, p) =: α ⊆ ξ(z, p), which is by
definition the “line” containing x and y.

Now we prove that the intersection cannot contain more. When the intersection
contains the line in E(p, q) through x and y, then p and q must be close to ξ ; denote
by L and M the unique line of ξ collinear to p and q, respectively. Since p and q are
opposite in �i , by Corollary 2.5.4 M and L are opposite in the polar space ξ . Now
every point z in ξ ∩ E(p, q) must be collinear to L and M and so the symplecton
ξ(x, z) contains the plane 〈L, p〉 which defines the line through x and y in E(p, q).
So z is contained in the “line” through x and y. ��

Now we will see that we can define the lines in E(p, q) in a different way, if we
are in a metasymplectic space �4. This is because the symplecta are then polar spaces
isomorphic to C3,1(A, K). We will see that in this case the so-called hyperbolic lines
(Definition 2.6.8) will correspond to sets of points given as the common perp of two
opposite lines in a symplecton (Lemma 2.6.9), which will allow us to identify these
lines with the lines in E(p, q) (Proposition 2.6.11). This will then also show that the
definition of the equator geometry in �4 in the present paper is equivalent with that in
[22].

Definition 2.6.8 (Hyperbolic line). Let ξ be a polar space and let x, y be two opposite
points in ξ . The hyperbolic line h(x, y) is the set of points (x⊥ ∩ y⊥)⊥.

Lemma 2.6.9 Let ξ be the polar space C3,1(A, K). If x, y are two opposite points in
ξ and L, M are two opposite lines in x⊥ ∩ y⊥, then h(x, y) = L⊥ ∩ M⊥ and the
number of points on h(x, y) is |K| + 1.

Proof It is clear that h(x, y) ⊆ L⊥ ∩ M⊥, so it suffices to prove that L⊥ ∩ M⊥ ⊆
h(x, y). We provide two proofs: First we will give a proof that is applicable to the
embeddable polar spaces, i.e. the polar spaces C3,1(A, K), with A not an octonion
division algebra. Then we will give a prove that can be applied to the separable case
only, i.e. A is not an inseparable field extension in characteristic 2.

Suppose first that ξ is an embeddable polar space C3,1(A, K). Then by Defini-
tion 2.3.2 and the general theory of polar spaces (see for example Chapter 8 in [31]),
ξ is a polar space embeddable in (the absolute elements of) a nondegenerate polarity
ρ in PG(5, A). Let z ∈ L⊥ ∩ M⊥ be a point. The polar space x⊥ ∩ y⊥ is embeddable
in dimension 3 and is consequently spanned by two opposite lines. In other words
every point of x⊥ ∩ y⊥ lies on a line of the underlying projective space that intersects
L and M . Since z is collinear to these points and zρ is a subspace in the underlying
projective space, z is collinear to each point of x⊥ ∩ y⊥. The number of points on
h(x, y) is now equal to the number of planes through a line in the polar space, because
each plane through L contains exactly one point collinear to M . This, in turn, is equal
to the number of lines through a point in any point residual, and equals |K| + 1 by
Proposition 2.3.5 of [34].

Suppose now that ξ is not isomorphic to C3,1(A, K) with A an inseparable field
extension in characteristic 2. By Theorem 5.9.4 of [34], the quadrangle x⊥ ∩ y⊥ has
no proper thick subquadrangles with full lines. So the quadrangle spanned by L and
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M must be the whole quadrangle or a grid. The latter is impossible by Lemma 5.5.8
of [34] and our assumption on ξ . So the quadrangle spanned by L and M is the whole
quadrangle x⊥ ∩ y⊥. If a point z is now collinear to both L and M , it is collinear to
x⊥ ∩ y⊥. The number of points on h(x, y) in the octonion case is now also the number
of planes through a line, which equals |K|+1, as follows from the construction in [6].

��
Lemma 2.6.10 Let ξ be the polar space B3,1(K, A) and assume that the latter is
separable. If x, y are two opposite points in ξ , then h(x, y) = {x, y}.
Proof By the definition of B3,1(K, A), we may look at the underling projective space
PG(n, K) of this polar space. By Proposition 3.20 of [22], ⊥ defines a nondegenerate
polarity ρ in PG(n, K). Hence (x⊥ ∩ y⊥)ρ is a line intersecting the quadric in the two
points x and y, implying (x⊥ ∩ y⊥)⊥ = {x, y}, which proves the statement. ��
Proposition 2.6.11 Let p, q be two opposite points of �4, and let x, y be collinear
points in E(p, q). Then the line through x and y in E(p, q) is exactly the hyperbolic
line h(x, y). In particular E(p, q) is closed under taking hyperbolic lines of pairs of
symplectic points.

Proof Let z be a point on the line through x and y in E(p, q). Then z is contained in
the symplecton ξ(x, y) by Lemma 2.6.6. By the point-symp relations p is collinear
to some line L of this symplecton and L is collinear to the points x, y, z. Similarly q
is collinear to such a line M and because p and q are opposite in �4, L and M are
opposite in ξ(x, y). With Lemma 2.6.9 we now have that z ∈ h(x, y).

Let z′ now be a point on h(x, y). Then z′ is collinear to the unique line L of ξ(x, y)
collinear to p, because this line is contained in x⊥ ∩ y⊥. So z′ is symplectic to p
and similarly to q, so z′ ∈ E(p, q). The symplecton ξ(p, z) also contains the plane
〈p, L〉 = ξ(x, p)∩ ξ(y, p), and z′ is consequently contained in the line through x and
y in E(p, q). ��

Now we can define the extended equator geometry in the case of metasymplectic
spaces�4. The reason that we are not able to do this in general for�1, is that hyperbolic
lines are no longer determined by the common perp of two distinct lines, like in Lemma
2.6.9.

Definition 2.6.12 (Extended equator geometry). Let p, q be two opposite points of
�4. Then define the extended equator geometry Ê(p, q) as the point-line geometry
with point set ⋃

{E(x, y)|x, y ∈ E(p, q), x opposite y},
and line set all the hyperbolic lines contained in this point set.

Note that, by Lemma2.6.5 and Proposition 2.6.2, E(p, q) contains pairs of opposite
points, so Ê(p, q) is nonempty.Wealso get directly that p, q and E(p, q) are contained
in Ê(p, q).

The following three results come from [22].
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Lemma 2.6.13 Let p, q be two opposite points in �4 and let x be a point in Ê(p, q).
Then the set of points of E(p, q) symplectic to or equal to x is a geometric hyperplane
of E(p, q), viewed as a polar space, or coincides with it.

Proof This is Corollary 3.16 of [22]. ��
Lemma 2.6.14 Let p, q be two opposite points in �4 and let x, y be two points in
Ê(p, q). Then either x = y, or x ⊥⊥ y, or x is opposite y. If, moreover, x ⊥⊥ y,
then there exist opposite a, b ∈ E(p, q) so that h(x, y) ⊆ E(a, b) and h(x, y) is
consequently completely contained in Ê(p, q).

Proof This is Lemma 3.17 of [22]. ��
Proposition 2.6.15 Let p, q be two opposite points in �4. The extended equator geom-
etry Ê(p, q) is a polar space isomorphic to B4,1(K, A).

Proof This is Proposition 3.18 of [22]. ��
We now provide some additional properties of the extended equator geometries,

either only proved in the split case (in [7]) and stated without proof in [22], or new.

Lemma 2.6.16 Let p, q be two opposite points in �4 and let ξ be a symplecton inter-
secting Ê(p, q) in at least a point. Then ξ ∩ Ê(p, q) contains a hyperbolic line.

Proof Suppose that ξ intersects Ê(p, q) in a point x . If x = p or x = q it is clear that
ξ ∩ Ê(p, q) contains at least the hyperbolic line h(x, y) with y = ξ ∩ E(p, q) by the
fact that p, q and E(p, q) are contained in Ê(p, q) and Lemma 2.6.14. If x ∈ E(p, q),
we can find a point y opposite x in E(p, q) and then the hyperbolic line h(x, z) with
z = ξ ∩ E(x, y) is similarly as the previous case, using Lemma 2.6.14, contained in
Ê(p, q). Sowe can assumewithout loss of generality that x is opposite p. Then p is far
from ξ and we denote by y the unique point of ξ symplectic to p. By the previous case,
the symplecton ξ(p, y) intersects Ê(p, q) at least in a hyperbolic line h. Because Ê is
a polar space, this hyperbolic line has at least one point symplectic to x . But because x
is far from the symplecton ξ(p, y), with y the unique point symplectic to x , the point
y has to be contained in h ⊆ Ê(p, q). Now again by Lemma 2.6.14, h(x, y) has to be
contained in Ê(p, q) and consequently in the intersection of Ê(p, q) ∩ ξ . ��
Lemma 2.6.17 Let p, q be twoopposite points in �4 and let a, b ∈ Ê(p, q)beopposite
points. Then, Ê(a, b) = Ê(p, q).

Proof We start by showing that E(a, b) ⊆ Ê(p, q). Let x be an arbitrary point of
E(a, b). Consider the symplecton ξ(a, x). By Lemma 2.6.16, this has a hyperbolic
line h in common with Ê(p, q). By Proposition 2.6.15 b must be symplectic to some
point of this line h. It is however clear that b is far from ξ(a, x) and the only point of
that symplecton symplectic to b is x . So x has to be contained in h ⊆ Ê(p, q). By the
arbitrariness of x , we get that E(a, b) ⊆ Ê(p, q).

Now an arbitrary point w of Ê(a, b) is by definition contained in E(x, y) for some
opposite points x, y ∈ E(a, b). Applying the previous paragraph to x, y as opposite
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points in Ê(p, q), one gets that w ∈ E(x, y) ⊆ Ê(p, q). By the arbitrariness of w,
we get that Ê(a, b) ⊆ Ê(p, q).

Now note that E(a, b) ∩ E(p, q) is a geometric hyperplane of b⊥⊥ ∩ E(p, q), a
geometric hyperplane of E(p, q) by Lemma 2.6.13. Now E(a, b)∩ E(p, q) contains
two opposite points x, y (cf. Lemma 4.2.3 of [7]). But then p, q ∈ E(x, y) ⊆ Ê(a, b)
and we can apply the previous two paragraphs switching the roles of a, b and p, q to
obtain Ê(p, q) ⊆ Ê(a, b). ��
Lemma 2.6.18 Let p, q be two opposite points in �4 and let ξ be a symplecton. Then
either ξ is disjoint from Ê(p, q) or ξ ∩ Ê(p, q) is a hyperbolic line. Hence every
symplecton that has a point x in common with Ê(p, q) intersects it in a hyperbolic
line through x. In particular, any hyperbolic line in Ê(p, q) appears as the intersection
of Ê(p, q) and a unique symplecton.

Proof By Lemma 2.6.16 it suffices to prove that ξ does not intersect Ê(p, q) in more
than a hyperbolic line. As a hyperbolic line defines a unique symplecton containing
it, the rest of the lemma follows then immediately.

Suppose now for a contradiction that the said intersection is more than a “line”,
namely at least a hyperbolic line h(u, v) and a point w /∈ h(u, v). By Lemma 2.6.14
we find some opposite points a, b in E(p, q) with h(u, v) ⊆ E(a, b). By Lemma
2.6.17, we get that Ê(p, q) = Ê(a, b). By the definition of the extended equator
geometry we now find some opposite points x, y ∈ E(a, b) such that w is symplectic
to x and y. In E(a, b), x is symplectic to a point of h(u, v) and so x is symplectic
to two points of the symplecton ξ . Consequently x is close to ξ and similarly also y
is close to ξ . But by case (1) of Axiom 2.4.5 (the point-symp relations) and Lemma
2.6.14 (the point-point relations in Ê), x and y must be symplectic to every point of
Ê(p, q) ∩ ξ . Now Ê(p, q) ∩ ξ ⊆ E(x, y) and so E(x, y) ∩ ξ contains more than a
hyperbolic line, contradicting Lemma 2.6.7. ��

2.7 The tropics geometries

Another geometry living in themetasymplectic spaces, the tropics geometry, is defined
starting from the extended equator geometry. This section is strongly based on Section
5.3 in [7]. As noted in [22], most of the results stay valid in the non-split case. There
are however some subtleties that are no longer valid as hyperbolic lines are no longer
always lines in a underlying projective space, and which were overlooked in [22].
Therefore we display the full proofs.

Before defining those tropics geometries, the next lemma is very useful. A hyper-
bolic solid in the next lemma is just a solid (a singular subspace of projective dimension
3) in the polar space Ê(p, q), where the lines are the hyperbolic lines. Similarly, one
can define a hyperbolic plane.

Lemma 2.7.1 Let p, q be two opposite points of �4. Let x be a point of �4 which is
collinear to at least two points of Ê(p, q). Then x⊥ ∩ Ê(p, q) is a hyperbolic solid.

Proof ByLemma 2.6.17 and Proposition 2.6.15, wemay assume that p ⊥ x . Let a be a
second point of Ê collinear with x . By the possible relations between points in Ê(p, q)
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(Lemma 2.6.14), we get that p ⊥⊥ a. Hence, by Lemma 2.6.17 and Proposition 2.6.15,
we can choose q opposite p and symplectic to a. So we have that a ∈ E(p, q)

and x ∈ ξ(a, p). By Proposition 2.6.11, the set of intersections with E(p, q) of the
symplecta through the line px is a hyperbolic plane π of E(p, q). Let b ∈ π be a
point different from a. Since a is collinear with x and x ∈ ξ(b, p), the point a is close
to ξ(b, p). Since b ⊥⊥ a, the possible point-symp relations (Axiom 2.4.5) imply that
x ⊥ b.

Hence all points u of π are collinear with x . But x belongs to ξ(u, p), and in the
latter symplectic polar space, u and p belong to x⊥; hence, by the definition of the
hyperbolic line h(u, p), all points of h(u, p) are collinear with x , implying that all
points of the maximal singular hyperbolic subspace of Ê(p, q) spanned by π and p
are collinear with x . Every two points in x⊥ ∩ Ê(p, q) lie at distance at most two,
so they must be symplectic by the possible relations between points in Ê(p, q). As
two points are symplectic if, and only if, they are contained in a hyperbolic line, this
implies that the singular hyperbolic subspace of Ê(p, q) spanned byπ and p is exactly
x⊥ ∩ Ê(p, q). ��
Definition 2.7.2 (Tropics Geometry). Let p, q be two opposite points of �4. Then
define the tropics geometry T̂ (p, q) as the point-line geometry with point set

{x ∈ � : |x⊥ ∩ Ê(p, q)| ≥ 2},

and line set the set of all the lines of �4 contained in this point set.

We note that the big difference with the (extended) equator geometry, is that the
lines in this geometry T̂ (p, q) are no longer hyperbolic lines, but really the lines
of the metasymplectic space. Note also that this construction is only possible in the
metasymplectic space �4, as it relies on the extended equator geometry which is only
defined there.We also remark that by the possible relations between points in Ê(p, q),
we see that Ê(p, q) ∩ T̂ (p, q) = ∅.

Lemma 2.7.1, allows us to introduce the following notation. This is actually the core
idea of the rest of this section. To track down the structure of the tropics geometry,
we will define a map between this geometry and the dual of the extended equator
geometry. This map is in fact the β defined here.

Remark 2.7.3 Let p, q be opposite points of �4 and let x be a point of the tropics
geometry T̂ (p, q). Then we denote by β(x) the hyperbolic solid Ê(p, q) ∩ x⊥.

First of all we give a lemma that follows immediately from these definitions.

Lemma 2.7.4 Let p, q be two opposite points of �4. Then no point of T̂ (p, q) is
opposite nor symplectic to any point of Ê(p, q).

Proof Let x ∈ T̂ (p, q) and y ∈ Ê(p, q) be arbitrary points, y /∈ β(x). Then y is
symplectic to a hyperbolic plane π of β(x) in the polar space Ê(p, q). Now x is not
opposite y as it lies close to the symplecton ξ(y, z), for all z ∈ π . This also implies
that x is not symplectic to y as the point-symp relation would then yield z ⊥ y, for
each z ∈ π , contradicting Lemma 2.6.14. ��
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Now we will show that β is a bijection between T̂ (p, q) and the dual of Ê(p, q)

as a polar space.

Lemma 2.7.5 Let p, q be two opposite points of �4. Let U be a hyperbolic solid of
Ê(p, q). Then there exists exactly one x ∈ T̂ (p, q) such that β(x) = U. Moreover,
this is the only point in �4 collinear with U.

Proof By Lemma 2.6.17, we may suppose that p belongs to U . Then U ∩ E(p, q) is
a hyperbolic plane π . The intersection of all symplecta ξ(p, z) with z ∈ π is by the
definition of E(p, q) a line L through p.

We first prove the uniqueness. Suppose there are two points x, y ∈ T̂ (p, q) with
β(x) = β(y) = U . Then, both x and y must be contained in all the symplecta through
p and a point of π , hence both are on L . Let z ∈ π be arbitrary. Then in ξ(z, p), the
point z is collinear with exactly one point of L and this point must be x = y.

Now we prove the existence. Let a, b ∈ π be arbitrary but distinct. Then b is not
contained in ξ(a, p) and hence is close to it. So b is collinear with a line M ⊆ ξ(a, p)
and by the point-symp relations a and p must also be collinear with M . Clearly, L is
contained in the plane generated by p and M , which is the intersection of ξ(a, p) and
ξ(b, p). So x := L ∩ M is collinear with both a and b. Since x is the unique point of
L collinear with a, we see, by varying b ∈ π , that x is collinear with all points of π .
Since also x ⊥ p, we see that x is collinear to the hyperbolic subspace spanned by p
and π , as x is collinear to every point of a hyperbolic line that has at least two points
collinear to x . This means β(x) = U .

The last assertion follows from the uniqueness combined with the fact that any
point in �4 collinear with U is of course collinear with at least two points of Ê(p, q)

and belongs consequently to T̂ (p, q). ��
The next proposition relates the mutual position between two hyperbolic solids on

Ê(p, q) and their preimages under β. In fact it checks that β does indeed preserve the
structure.

Proposition 2.7.6 Let p, q be two opposite points of �4 and let β(a) = U, β(b) = V
be two different hyperbolic solids in Ê(p, q), with a, b ∈ T̂ (p, q). Then

(i) U ∩ V is a hyperbolic plane π if, and only if, a ⊥ b in �4. In this case, some
point x is collinear with all points of π if, and only if, x belongs to ab;

(i i) U ∩V is a hyperbolic line if, and only if, a ⊥⊥ b in �4. In this case, every point
of h(a, b) belongs to T̂ (p, q) and is collinear with all points of U ∩ V ;

(i i i) U ∩ V is a singleton {z} if, and only if, a��b in �4. In this case, z = c(a, b);
(iv) U ∩ V = ∅ if, and only if, a and b are opposite in �4.

Proof By Lemma 2.6.17, Proposition 2.6.15 and the assumption thatU �= V , we may
assume that p ∈ U \ V and q ∈ V \ U . We get then that (U ∩ V ) ⊆ E(p, q). We
assume this throughout the proof.

(i) Suppose first that a ⊥ b. By the above assumption and Lemma 2.7.4, we
infer a��q and b��p. Let ξ be any symplecton through bq, and denote {x} :=
E(p, q) ∩ ξ . Then p ⊥⊥ x and p and ξ are far. Since p is special to b, the
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point-symp relations imply b ⊥ x . Now b is close to ξ(p, x), hence there is a
line L in ξ(p, x) containing x such that L is collinear with b. As p is collinear
to a point of this line, a = c(b, p) is also contained in L . So a is collinear to
x . Varying ξ over all symplecta through bq, the point x varies over a plane
of E(p, q). This plane must coincide with U ∩ V as x ⊥ a, x ⊥ b and the
intersection U ∩ V is at most a hyperbolic plane.
By Lemma 2.5.2, no point of the line ab is symplectic to or opposite p.
Lemma 2.6.14 then implies that the line ab has empty intersection with Ê .
Let z now be any point of U ∩ V . Then a ⊥ z ⊥ b, and so every point of the
line ab is collinear with z and hence with all points of π . Hence every point of
the line ab is collinear with all points of π .
Now assume thatU and V intersect in a plane π . Consider two points x, y ∈ π .
Then both a and b are collinear with both x, y and hence both are contained
in ξ(x, y). It follows that a, b are either symplectic or collinear. If they were
symplectic, then ξ(a, b) would contain π , contradicting Lemma 2.6.18, so
a ⊥ b.
Suppose now that some point c is collinear with all points of π . Then c ∈
T̂ (p, q) and we have just shown that a ⊥ c ⊥ b. Suppose for a contradiction
that c does not belong to the line ab. Then take two points u, v ∈ π . It follows
that a, b, c ∈ ξ(u, v), contradicting the fact that ξ(u, v) is a polar space of rank
3 and hence no plane can be contained in the intersection u⊥ ∩ v⊥.

(i i) Assume first that U and V intersect in a hyperbolic line h. We then have that
h ⊆ E(p, q). Consider two points x, y ∈ h. Then both a and b are collinear
with both x, y and hence contained in ξ(x, y). It follows that a, b are either
symplectic or collinear. But they are not collinear by (i), so they must be
symplectic.
Now assume that {a, b} is a symplectic pair. Then by (i), we know thatU ∩V is
at most a hyperbolic line. Both p and q are close to ξ(a, b). Hence p is collinear
with the points of a line L ⊆ ξ(a, b), and q is collinear with the points of a line
M ⊆ ξ(a, b) and these are opposite viewed as lines of the polar space ξ(a, b)
by Corollary 2.5.4. With Lemma 2.6.9, this implies that ξ(a, b) contains a
unique hyperbolic line h all of whose points are collinear with L and M , i.e.,
h = L⊥ ∩M⊥. In particular, h is contained in a⊥ ∩b⊥. By Axiom 2.4.5 (1), all
points of h are symplectic to both p and q, hence h ⊆ E(p, q). So h ⊆ U ∩V ,
implying h = U ∩ V .
Let z now be a point on the hyperbolic line h(a, b). Then z is collinear to the
intersection a⊥ ∩b⊥, which containsU ∩V . Hence it follows immediately that
z is collinear to U ∩ V and so z is also a point of T̂ (p, q).

(i i i) Suppose first that U and V intersect in a point. Then a and b are collinear
with a common point and hence cannot be opposite. Moreover, they are neither
symplectic nor collinear by (i) and (i i). Consequently, they are special.
Now suppose that a and b are special. We show that z = a��b belongs to
Ê(p, q), which will complete the proof of (i i i) taking the previous two state-
ments into account. Note that no point of U ∪ V can be special to z as this
would give with Lemma 2.5.3 that this point is opposite a or b, contradicting
Lemma 2.7.4. So z must be collinear or symplectic to the points of U ∪ V .
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Suppose z is collinear to at least two points of U ∪ V , then z is contained in
T̂ (p, q) and by (i) the intersections β(z)∩β(a) and β(z)∩β(b) are hyperbolic
planes in β(z), contradicting the fact that the intersection β(a)∩β(b) contains
at most one point by (i) and (i i). So z is collinear to at most one point ofU ∪V .
Without loss of generality, we may assume that z is symplectic to every point
inU and at least one point y of V . It is easy to see thatU contains a point y′ not
symplectic to y, as otherwise U and y would be contained in a singular hyper-
bolic subspace of Ê(p, q)with dimension at least 4, a contradiction. But then, y
and y′ are opposite by Lemma 2.6.14 and z ∈ E(y, y′) ⊆ Ê(y, y′) = Ê(p, q)

by Lemma 2.6.17.
(iv) This follows by elimination and the previous cases. ��
This proposition has an immediate corollary.

Corollary 2.7.7 Let p, q be opposite points in �4. Then T̂ (p, q) is a subspace of �4.

Proof Let a, b be two collinear points in T̂ (p, q). By (i) of Proposition 2.7.6, we see
that all the points of the line ab are contained in T̂ (p, q). ��

However, the most important corollary is of course that we know now the structure
of this tropics geometry.

Corollary 2.7.8 Let p, q be opposite points in �4. Then the tropics geometry T̂ (p, q)

is isomorphic to the dual polar space B4,1(K, A).

Proof This follows immediately from Proposition 2.6.15 combined with the fact that
β is an isomorphism, which follows from Lemma 2.7.5 and Proposition 2.7.6. ��

2.8 Opposition and projection

Opposition is a very important notion in the theory of spherical buildings, and it is
of course also central in the idea of domesticity. Also typical in spherical buildings
is the notion of projection. Opposition and projection are also intimately related, in
particular by Theorem 3.28 of [31]. We review some basics here. We refer to Chapter
3, Sections 3.22–3.32 of [31] for more details.

Definition 2.8.1 (Opposition). The opposition of singular spaces and symplecta in a
polar space or a metasymplectic space �i is defined as follows.

(1) Two points are opposite if they are at maximal distance from each other: not
collinear in polar spaces, distance 3 in metasymplectic spaces (this agrees with
Axiom 2.4.4);

(2) Two singular subspaces or symplecta are opposite if every point of one of them
is opposite some point of the other.

Remark 2.8.2 We will sometimes speak about locally opposite spaces or symplecta in
polar or metasymplectic spaces. Then there will always be a residue obvious from the
context containing both (for example the intersection of these elements) and we mean
that they are opposite in this residue.
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For lines and planes of �i , i = 1, 4, we can be more precise.

Lemma 2.8.3 Two lines are opposite in �i if, and only if, every point is special to
exactly one point of the other line and opposite all the other ones. Two planes are
opposite in �i if, and only if, every point is special to the point set of exactly one line
of the other plane and opposite all the other points.

Proof The statement about the opposite lines follows immediately from the definition
above and the possible point-line relations in Lemma 2.5.2. The statement about the
planes follows from the same lemma: It is clear that, if α1, α2 satisfy the stated con-
dition, then the planes are opposite. Suppose conversely that the planes are opposite.
Let p ∈ αk be a point and denote by p′ an opposite point in αl , l �= k. Then by
Lemma 2.5.2 every line M through p′ has an unique point special to p and all the
other points of M are opposite p. We now claim that the set of these points special
to p is exactly a line. This is the case, because every line through two of these points
has to be completely special to p, by Lemma 2.5.2 and the fact that αl contains only
points opposite and special to p. ��

For symplecta, we could appeal to the duality between �1 and �4, as already men-
tioned, and as follows from the connection with buildings. However, for foundational
reasons, we prove the following lemma merely using the axioms.

Lemma 2.8.4 Let ξ1, ξ2 be two symplecta of �i . Then ξ1, ξ2 are opposite if, and only
if, the intersection of ξ1 and ξ2 is empty and there is no symplecton which intersects
both in a plane. If ξ1 and ξ2 are disjoint and not opposite, this symplecton intersecting
both in a plane is unique.

Proof First suppose that ξ1 and ξ2 are opposite. If there was a point in the intersection,
it would not have an opposite point in one of the symplecta, so their intersection must
be empty. If there was a symplecton intersecting both in a plane, every point in such
a plane would be collinear to a line of the other plane and consequently be close to
the other symplecton. This makes it impossible to have an opposite point in the other
symplecton and contradicts our assumption.

Now suppose conversely that the intersection of ξ1 and ξ2 is empty and there is no
symplecton which intersects each of them in a plane. Then we claim that every point of
ξk has to be far from ξl , l �= k, from where it follows immediately that the symplecta
are opposite, by the point-symp relations. Suppose for a contradiction without loss
of generality that there is a point p ∈ ξ1 close to ξ2. Then this point is collinear to
some line L of ξ2. Let p1, p2 ∈ L be two different points which are now collinear
to lines through p in ξ1, say respectively L1, L2. If L1 = L2, this line is collinear to
the line L and they span consequently a projective plane, which contradicts the empty
intersection of ξ1 and ξ2. So we may suppose that L1 �= L2. Let q be a point of L1
different from p. Then q is clearly symplectic to p2, as p and p1 are collinear to both
of them. The symplecton ξ(p2, q) now has the lines L and L1 in common with the
symplecta ξ2 and ξ1, respectively. By the symp-symp relations, this contradicts our
assumption.

Suppose now that ξ1 and ξ2 are disjoint, but not opposite. Suppose for a contradiction
that there exist two different symplecta ζ and ζ ′ intersecting both in a plane. Denote by
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π
(′)
i := ζ (′) ∩ ξi , i = 1, 2. We will now take a closer look at the different possibilities

for the intersections of the planes π1 and π ′
1.

• Suppose π1 and π ′
1 share at least a line. Two distinct points of such line are

collinear to two distinct respective lines, both lying in both π2 and π ′
2. By the

possible point-symp relations these lines and hence these planes coincide. Now
interchanging ξ1 and ξ2, also π1 and π ′

1 coincide.• Suppose π1 ∩ π ′
1 is a point. Then that point is collinear to a line of both π2 and

π ′
2; hence these intersect in at least a line and we are reduced to the previous case.• Suppose π1∩π ′

1 is empty.By the previous case, wemay also assume that π2∩π ′
2 is

empty. Let p be a point in π1. Then, since ξ1 and ζ are polar spaces, p is collinear
to a line L1 of π ′

1 and a line L2 of π2. Let now p′ be a point of π ′
2. Then similarly

p′ is collinear to a line M1 of π ′
1 and a line M2 of π2. Now the points p and p′

have (at least) two points in their common perp, namely L1∩M1 and L2 ∩M2 and
are consequently symplectic. The symplecton ξ(p, p′) intersects the symplecta
ξ1, ξ2, ζ and ζ ′ in respective planes. Applying the previous cases now twice (once
to ξ(p, p′) and ζ , and once to ξ(p, p′) and ζ ′), yields again the contradiction that
ζ = ζ ′. ��
The concept of projection is again something that descends from building theory

and which has very strong properties as proved in [31], for example Theorems 3.28
and 3.29, see also below. Let us define the projections in the metasymplectic spaces
�1 and �4 that we will need.

Definition 2.8.5 Let p and q be two opposite points of �i . The projection from
Res�i (p) onto Res�i (q) is the collineation that maps each symplecton ζ through
p to the unique symplecton through q that intersects ζ in a point; that maps each plane
α through p to the unique plane through q containing a line that lies in a symplecton
together with a line of α and that maps each line L through p to the unique line through
q having a point collinear to a point of L . We denote this by projpq .

Dually, one defines the projection of a symplecton ξ onto an opposite symplecton
ζ . This, however, can also be defined as the isomorphism from ξ to ζ determined by
mapping a point x ∈ ξ to the unique point y ∈ ζ symplectic to x , that is, x ⊥⊥ y.

The uniqueness and existence of projpq follows almost immediately from the point-
line relations in Lemma 2.5.2(3) and the reasoning in the proof of Proposition 2.6.2.
From this definition it is immediately clear that the types of elements are preserved,
so we only have to check that inclusion is preserved to conclude that this is indeed a
collineation. We leave this to the interested reader, being aware that this also follows
from the general theory of buildings in chapter 3 of [31].

With the notion of projection, we can define a collineation on the residue from some
collineations on a metasymplectic space. We define this here.

Definition 2.8.6 Let θ be a collineation of a metasymplectic space �i mapping a point
p to an opposite point pθ . Then we wrtie θp for the composition of θ |Res�i (p) with the
projection from Res�i (p

θ ) to Res�i (p), in symbols: θp := projp
θ

p ◦ θ |Res�i (p).
We remark that this is well-defined by the previous reasoning. Then we have the

following connection between global and local opposition:



Automorphisms and opposition in spherical buildings… Page 25 of 102     8 

Lemma 2.8.7 Let p and q be two opposite points of some metasymplectic space �i .
Let U and V be two elements of the same type through p and q respectively. Then U is
opposite V in �i if, and only if, proj

q
p(V ) is opposite U in Res�i (p), that is, proj

q
p(V )

and U are locally opposite.

Proof This follows directly from Theorem 3.28 of [31]. ��

2.9 A polar line Grassmannian and a hexagon

Using Lemma 2.8.4, one shows from the axioms that �1 and �4 are dual to each other
in the sense of Remark 2.4.7. We will not do this explicitly, as we already proved all
necessary ingredients. This now allows and motivates the following terminology.

Definition 2.9.1 Let ξ1, ξ2 be two symplecta of a metasymplectic space, then we call
ξ1 and ξ2

(0) equal if ξ1 = ξ2;
(1) collinear if the intersection ξ1 ∩ ξ2 is a plane;
(2) symplectic if the intersection ξ1 ∩ ξ2 is a point;
(3) special if the intersection ξ1 ∩ ξ2 is empty and there is unique symplecton ζ

intersecting both in a plane;
(4) opposite if the intersection ξ1∩ξ2 is empty and there is no symplecton intersecting

both in a plane.

The duality between �1 and �4 makes it possible to define some more geometries
embedded in metasymplectic spaces. These will be used later on.

We start by embedding the lineGrassmannian of the extended equator geometry into
�1. Therefore,we have to prove someproperties ofmutual positions of hyperbolic lines
of an extended equator geometry of �4. However, we will also need the corresponding
properties of �1, so we initially phrase it more generally in the next lemma.

Lemma 2.9.2 Let p, q be opposite points in a metasymplectic space �i . Let L, M be
two “lines” of E(p, q) and let ξ, ζ be the symplecta containing L, M, respectively.
Then:

(i) L and M are contained in a plane of E(p, q) if, and only if, ξ and ζ are collinear;
(i i) L and M intersect in a point, but are not coplanar in the polar space E(p, q)

if, and only if, ξ and ζ are symplectic;
(i i i) L and M are disjoint but not opposite in the polar space E(p, q) if, and only

if, ξ and ζ are special;
(iv) L and M are opposite in the polar space E(p, q) if, and only if, ξ and ζ are

opposite.

Proof (i) Suppose L andM lie in a “plane” of E(p, q) and denote by x the intersec-
tion of both lines. Letm be a point of M \ {x}. Then all points of L are collinear
to the linem⊥ ∩ ξ and consequently this line is also contained in x⊥ ∩m⊥ ⊆ ζ .
So there is at least a line contained in the intersection ξ ∩ζ . By Definition 2.9.1,
we see that this means indeed that the symplecta are collinear.
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Suppose now that the symplecta ξ and ζ intersect in a plane. Then it is clear
that every point of L is close to ζ and by the possible relations between points
in E(p, q), every point of L must be symplectic to every point of M . So L and
M are contained in a “singular subspace” of E(p, q), which is a “plane” by the
rank of that polar space.

(iv) First suppose that ξ and ζ are opposite symplecta of �i . Then each point of ξ is
symplectic to a unique point of ζ . In particular, no point of L can be symplectic
(or collinear in the polar space E(p, q)) to all points of M . Hence L and M are
opposite in E(p, q).
Now assume that L and M are opposite lines in E(p, q). We consider the
possible relations between symplecta, taking Lemma 2.8.4 into account. The
symplecta ξ and ζ do not meet in a plane as otherwise no point of ξ is opposite
any point of ζ . Suppose that they meet in a point s. Points x ∈ ξ and y ∈ ζ

are opposite if, and only if, x �⊥ s �⊥ y, by the possible point-symp relations.
So given that each point of L is opposite some point of M , we deduce that all
points of L are opposite all points of M , a contradiction. Now suppose that there
is a symplecton ω intersecting ξ in a plane α and ζ in a plane β, with ξ and
ζ disjoint. Since each point of L is opposite some point of M , all points of L
belong to ξ \α and likewise M ⊆ ζ \β. But then, again, there are no symplectic
point pairs from L×M since the unique point of ζ symplectic to a point of ξ \α

is contained in β and we have again a contradiction. Hence ξ is opposite ζ .
(i i) Suppose L and M intersect in a point, but are not contained in a “plane”. Then

the symplecta ζ and ξ must at least contain this intersection point and by (i),
this is exactly their intersection, which means that the symplecta are symplectic.
Suppose now ξ and ζ intersect in a point x . By (iv), there must be a point l ∈ L
which is symplectic to all points of M and a point m ∈ M which is symplectic
to all points of L . It is clear that l is contained in or close to ζ ; we will exclude
the latter, which implies l = x . Suppose for a contradiction that l �= x , then
l ⊥⊥ x or l ⊥ x . Suppose first that l ⊥⊥ x , then the line l⊥ ∩ ζ must be collinear
to x and so the intersection ξ ∩ ζ contains a plane, contradicting (i). Suppose
now that l ⊥ x , then every point of M must be collinear to x and consequently
close to ξ , implying that every point of M must be symplectic to every point
of L , again contradicting (i). Similarly it follows that m = x , which proves the
statement.

(i i i) This follows by elimination and the previous cases. ��
The previous lemma can be adapted to extended equator geometries.

Corollary 2.9.3 Let p, q be opposite points in a metasymplectic space �4. Let L and
M be two lines of the polar space Ê(p, q) and let ξ, ζ be the corresponding symplecta
containing L and M respectively. Then:

(i) L and M are contained in a plane of Ê(p, q) if, and only if, ξ and ζ are
collinear;

(i i) L and M either intersect in a point, but are not coplanar in the polar space
Ê(p, q), or are contained in a “solid”, but don’t intersect, if, and only if, ξ

and ζ are symplectic;
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(i i i) L and M are disjoint but not opposite in the polar space Ê(p, q) if, and only
if, ξ and ζ are special;

(iv) L and M are opposite in the polar space Ê(p, q) if, and only if, ξ and ζ are
opposite.

Proof By Lemma 2.9.2 it suffices to prove that every pair of lines of Ê(p, q) is
embedded in a common equator geometry E(a, b), exceptwhen the lines are contained
in a common “solid” but not in a common “plane” and that in this particular case the
corresponding symplecta are symplectic.

If L and M span a “plane” π of Ê(p, q), then we can take two different maximal
singular subspace through this submaximal singular subspace, that give rise to two
opposite pointsa, b symplectic to every point ofπ . Suppose now that L andM intersect
in a point, but are not contained in a “plane”. Let then α and β be two locally opposite
“planes” through L . Define now a, b as points on the respective projections of M onto
α, β not on L . Subsequently, let L and M be nor contained in a solid, nor opposite
in Ê(p, q) and denote by l and m the respective points of L and M symplectic to all
points of the other line. Consider now opposite points l ′ ∈ L \ {l} and m′ ∈ M \ {m}.
Then in the rank 3 polar space m′⊥⊥ ∩ l ′⊥⊥ = E(l ′,m′) we can consider two locally
opposite planes through lm giving rise to opposite points a and b symplectic to all
points of L and M . Suppose finally that L and M are opposite in Ê(p, q). Then one
can choose two opposite points in the rank 2 polar space L⊥⊥ ∩ M⊥⊥.

Let now L and M be two lines contained in a common “solid” but not in a common
“plane”. Then it is clear that the symplecta ξ and ζ cannot be disjoint as they contain
both the point of T̂ (p, q) corresponding to this “solid”. So we may suppose for a
contradiction that ξ and ζ are collinear, and denote π := ξ ∩ ζ . Then, since every pair
of points of L ∪ M is symplectic, all points of L and M are collinear to the same line
K of π . Remark now that every point y in the “solid” spanned by L and M , must lie
in a symplecton through this line K , as a solid is spanned by two opposite lines and
each symplecton through a point l ∈ L and a point m ∈ M contains clearly the line
K . Similar as above, y must now be collinear to K , but then each point of the line K
is collinear to the same hyperbolic solid of Ê(p, q), contradicting Lemma 2.7.5. By
elimination we now see that ξ and ζ are symplectic in this case. ��

Now we will see that the previous lemma and corollary allow us to embed some
more geometries in a metasymplectic space.

Definition 2.9.4 The polar (line) Grassmanian B4,2(K, A) is the point-line geometry
with point set the lines of the polar space B4,1(K, A) and line set the planar line pencils
of B4,1(K, A) (i.e. all the lines in a certain plane π through a certain point v ∈ π ; v is
called the vertex of the pencil; π is called the base plane).

Lemma 2.9.5 The polar lineGrassmanianB4,2(K, A) is a parapolar space of diameter
3 and with uniform symplectic rank 3.

Proof See Paragraph 17.1.1 of [24]. ��
Points of B4,2(K, A) at distance 3 shall be called opposite; they indeed correspond

to opposite lines of B4,1(K, A).
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Proposition 2.9.6 All points of any two arbitrary opposite symplecta of �1 are con-
tained in a subspace 
 of �1 which, viewed as a point-line geometry, is isomorphic
to B4,2(K, A) enjoying the following property:

(Isom) Two points of 
 are collinear, symplectic, special or opposite in 
 if, and only
if, they are collinear, symplectic, special or opposite, respectively, in �1.

Proof Let, under the natural duality between �1 and �4, the two given opposite sym-
plecta of �1 correspond to the two opposite points p, q of �4. Then let 
 be the set
of points of �1 corresponding (under the natural duality) to the symplecta of �4 inter-
secting Ê(p, q) nontrivially. Note that Lemma 2.6.18 implies that these symplecta
intersect Ê(p, q) in hyperbolic lines and that by definition all points of the the given
opposite symplecta belong to 
. We claim that 
 is a subspace. Indeed, let ξ and ζ

be two collinear symplecta intersecting Ê(p, q) nontrivially. Then by Corollary 2.9.3,
the intersection contains a point of Ê(p, q), and hence all symplecta containing ξ ∩ ζ

intersect Ê(p, q) nontrivially, proving the claim. Now, identifying a symp of �4 inter-
secting Ê(p, q) in a hyperbolic line with that hyperbolic line, all assertions follow
from Corollary 2.9.3. ��

Let � be a parapolar space of diameter 3, and call points at distance 3 oppposite.
A subspace 
, structured as a geometry where pairs of points are either collinear,
symplectic, special or opposite, enjoying Property (Isom) (with �1 replaced with �)
shall be referred to as an isometric subspace.

Definition 2.9.7 The generalised hexagon A2,{1,2}(K) is the point-line geometry with
point set the flags of PG(2, K) (that is, the point-line pairs (p, L) with p ∈ L), where
a typical line is the set of flags containing a fixed point or a fixed line. Two points of
A2,{1,2}(K) will be called special or opposite if their distance is 2 or 3, respectively.
When working with A2,{1,2}(K), we often denote the projective plane PG(2, K) by
A2,1(K) and the dual by A2,2(K), where we tacitly identify a point of A2,1(K) with
the line of A2,{1,2}(K) consisting of all flags containing that point, and similarly for
the lines of A2,1(K) and the points and lines of A2,2(K).

By now proving that A2,{1,2}(K) can be embedded in the geometry B4,2(K, A), we
can conclude that A2,{1,2}(K) can also be embedded in F4,1(K, A).

Lemma 2.9.8 Two opposite lines of B4,2(K, A) are contained in a unique isometric
subspace isomorphic to A2,{1,2}(K).

Proof Let the two given opposite lines be given as the planar line pencils of B4,1(K, A)

with vertices u, v and base planes π,ω, respectively. Then the planes α := 〈u, u⊥∩ω〉
and β := 〈v, v⊥ ∩ π〉 of B4,1(K, A) are opposite. Let P be the set of points of
B4,2(K, A), viewed as set of lines of B4,1(K, A), consisting of those lines that intersect
both α and β nontrivially (that is, in respective points). It is an elementary exercise in
polar spaces to show that P is a subspace of B4,2(K, A) isomorphic to A2,{1,2}(K).
Obviously, P contains each line through u or v in the plane π or ω, respectively.

Next we show thatP is isometric. Since collinearity is preserved, we only have to
show that being special and being opposite is preserved. So suppose that K1, K2 ∈ P
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are special in A2,{1,2}(K). Then, without loss of generality, there is a line K with
K ∩ α = K1 ∩ α and K ∩ β = K2 ∩ β. Clearly K1 and K2 are disjoint, and if they
were contained in a singular 3-space, then the line 〈K ∩α, K2 ∩α〉 would be collinear
to the line 〈K ∩ β, K1 ∩ β〉, contradicting opposition of α and β (indeed, a point of
α \K⊥

2 is collinear to some point of the line K⊥
1 ∩β, which would then be collinear to

all points of α). Hence K1 and K2 are also special in B4,2(K, A). Conversely, suppose
K1, K2 ∈ P are special in B4,2(K, A). Then there is a unique point xi ∈ Ki collinear
to all the points of K j with {i, j} = {1, 2}. If x1 ∈ β, then x1 ⊥ q2 with q2 := K2 ∩α.
Now q2 = x2 as it is collinear to the two different points x1 and q1 := K1 ∩ α of K1.
Then K1 and K2 are special in A2,{1,2}(K). So we may assume that x1 /∈ β. But then
two different points of K1 are collinear to K2 ∩ β and consequently the latter point
is collinear to K1. This leads similarly to special points in A2,{1,2}(K). Opposition is
now also preserved by elimination and the previous arguments.

Left to show is uniqueness. LetP ′ be a second isometric subspace containing the
two given opposite lines. Since the subspace is isometric, it is closed under taking the
centre of each special pair. This implies that the set P ∩ P ′ defines a subplane of
A2,1(K) containing a point and a line not through that point, and such that, if a point
x belongs to it, then also all lines of A2,1(K) through x , and similarly for the lines in
that intersection. It readily follows that P = P ∩ P ′ = P ′.

The lemma is proved. ��
Corollary 2.9.9 Two arbitrary opposite lines K1, K2 of F4,1(K, A) are contained in a
unique subspace isometric and isomorphic to A2,{1,2}(K).

Proof Since two planes in�4 contain a pair of opposite points, by duality two opposite
lines of �1 are contained in opposite symplecta. Now Proposition 2.9.6 and Lemma
2.9.8 yield the existence of a subspace isometric and isomorphic to A2,{1,2}(K) con-
taining the two given opposite lines. Uniqueness then follows similarly as in the last
part of the proof of Lemma 2.9.8. ��

2.10 Imaginary lines

The next lemmas are beautiful examples of how these embeddings can be used to
prove properties of metasymplectic spaces. First some terminology: two opposite lines
L, M of a nondegenerate quadric define a unique set of lines intersecting all lines that
intersect both L and M ; it is a so-called regulus of the hyperbolic quadric spanned by
L and M in the ambient projective space. We hence call this set the regulus (defined
by L and M). The set of lines intersecting each member of that regulus is called the
opposite regulus (defined by L and M) and is indeed a regulus itself.

Lemma 2.10.1 Let p, q be two opposite points in �1 and denote by L and M two
opposite lines having a point collinear to both p and q. Denote by IL,M the set of
points x such that |x⊥ ∩ (L ∪ M)| = 2. Then IL,M only depends on p and q.

Proof Let L∗
p, M

∗
p and L∗

q , M
∗
q be the unique lines through p and q, respectively,

intersecting the respective lines L, M . Let π be an arbitrary plane through M∗
p. Let

ξp be a symplecton containing π . Then we can find (as before by considering the
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standard duality) a symplecton ξq containing L∗
q opposite ξp. Proposition 2.9.6 yields

an isometric subspace 
 isomorphic to B4,2(K, A) containing (all points of) ξp and
ξq .

In the corresponding polar space B4,1(K, A), the points p and q are represented by
lines Ap and Aq . The lines L and M are represented by planar line pencils Px,α and
Py,β with (opposite) vertices x, y and (opposite) base planes α and β, respectively.
Each member K of Px,α is not opposite a unique member N ∈ Py,β and the unique
line intersecting both K and N obviously intersects both lines x⊥ ∩ β and y⊥ ∩ α.
Conversely, each line intersecting both latter lines also intersects amember of Px,α and
one of Py,β . We conclude thatIL,M corresponds to the regulusR defined by Ap and
Aq , and hence is independent of L and M . In particular, the set IL,M coincides with
IL,M ′ , for each line M ′ intersecting π , opposite L and containing a point collinear to
q. Since π was arbitrary, this is true for every line M ′ opposite L such that p⊥ ∩ M
and p⊥ ∩ M ′ are collinear, and q⊥ ∩ M ′ is nonempty.

The lines through p form the point set of C3,3(A, K), and locally opposite lines
correspond to opposite points therein. The geometry of points opposite a given point in
C3,3(A, K) is connected (as follows, using standard arguments, from the connectivity
of the so-called opposite-point geometries of generalised quadrangles, see Remark
1.7.14 of [34]). Hence IL,M is independent of M . Now let L0, M0 be two arbitrary
opposite lines with the property stated in the lemma. Let L∗

0 and M∗
0 be the lines

through p intersecting L0 and M0, respectively. Then there exists a line R∗ through
p locally opposite both L∗

0 and L∗, by Proposition 3.30 of [31] (alternatively, this
is an easy exercise in (dual) polar spaces). Let R be the unique line concurrent with
R∗ and containing a point collinear to q. Then IR,L = IR,L0 by the foregoing.
Similarly, IL0,R = IL0,M0 and IL,R = IL,M . It follows that IL0,M0 = IL,M ,
which completes the proof of the lemma. ��

We now can introduce a rather important definition.

Definition 2.10.2 For opposite points p, q of �1 we denote the set of points x such
that x⊥ intersects each line L with p⊥ ∩ L �= ∅ �= q⊥ ∩ L byI (p, q) and call it the
imaginary line (through p and q). We also say it is determined by p and q .

We record an immediate consequence of this definition and the second paragraph
of the proof of Lemma 2.10.1.

Corollary 2.10.3 Let p, q be twoopposite points of�1 and let ξ, ζ be the corresponding
symplecta in �4, using the standard duality. Let a ∈ ξ and b ∈ ζ be opposite points
of �4. Then the image under the standard duality of I (p, q) is the set of symplecta
corresponding to the regulus of E(a, b) defined by the hyperbolic lines ξ ∩ Ê(a, b)
and ζ ∩ Ê(a, b). ��
Lemma 2.10.4 Let p, q be two opposite points in �1. Then every member ofI (p, q)

is symplectic to every point of E(p, q). In other words, E(p∗, q∗) = E(p, q) for
every pair of distinct points p∗ and q∗ of I (p, q).

Proof Let a be an arbitrary point of E(p, q). Let M∗ be a line through p in ξ(p, a)

and let M be the unique line intersecting this line and containing a point collinear
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to q. Also, let M ′ be the line through q intersecting M . Then we can take a line L∗
through p locally opposite M∗ giving similarly rise to a line L opposite M having a
point collinear to q. Now a is collinear with M , as it must be collinear to a point of
M∗ in ξ(a, p) and this can only be M ∩ M∗ (since all the other points are opposite q)
and similarly it must be collinear to M ∩ M ′. Hence there is a plane α containing a
and M .

Now exactly as in the first paragraph of the proof of Lemma 2.10.1 we find an
isometric subspace 
 isomorphic to B4,2(K, A) containing α and L , and hence also
I (p, q) (by its very definition based on Lemma 2.10.1). Let p, q and a correspond to
the lines Kp, Kq and Ka , respectively, of B4,1(K, A). Then a being symplectic to both
p and q implies by Corollary 2.9.3 that either Ka and Kp is contained in a singular
3-space, and similarly for Ka and Kq , or Ka belongs to the opposite regulus defined by
Kp and Kq . In both cases Ka is obviously symplectic to each member of the regulus
defined by Kp and Kq , and, as we know, this regulus corresponds to I (p, q). This
completes the proof of the lemma. ��

We now come to a beautiful geometric characterisation of the imaginary lines.
Recall that, for two opposite points p and q of �1, the equator geometry E(p, q) is
isomorphic to the polar space C3,1(A, K) and as such admits nontrivial “hyperbolic
lines”, indeed between quotes as to avoid confusion with the hyperbolic lines of �4
which consist of points in a symplecton, whereas now the points of a “hyperbolic line”
are mutually opposite.

Proposition 2.10.5 Let p, q be two opposite points of �1 and let a, b ∈ E(p, q) also
be opposite, but for the rest arbitrary. ThenI (p, q) = E(p, q)⊥⊥ = {p, q}⊥⊥⊥⊥. Also,
I (p, q) coincides with the “hyperbolic line” of E(a, b) defined by p and q.

Proof For ease of notation, we set A = {p, q}⊥⊥⊥⊥, B = I (p, q) and C is the
“hyperbolic line” defined by p and q in E(a, b).

We first assume that we are in the inseparable case. Then the extented equator
geometry Ê(p, q) exists.

By the definition of a hyperbolic line (Definition 2.6.8) and the fact that E(p, q) ⊆
Ê(p, q), we already conclude A = C . Also, byLemma2.10.4we already have B ⊆ A.
We now prove A ⊆ B.

Let z ∈ E(p, q)⊥⊥ be a point. Then z ∈ Ê(p, q). Pick any line N∗ through p and
let N be the line intersecting N∗ (say, in the point p′) and containing a point collinear
q ′ collinear to q. Considering a symplecton through N∗, we find that p′ ∈ T̂ (p, q).
Similarly q ′ ∈ T̂ (p, q). hence N ⊆ T̂ (p, q). Let π be the “plane” of Ê(p, q) all
points of which are collinear to N . All points of π are clearly symplectic to both p
and q, hence, since z ∈ Ê(p, q) is symplectic to all points of E(p, q), it is symplectic
to all points of π and lies in a “solid” together with π . Now Proposition 2.7.6 implies
that all points of that “solid” are collinear to some point of N . Hence z is collinear to
some point of N . By the arbitrariness of N , we conclude that z ∈ B, which concludes
the proof in this case.

Secondly, assume we are in the separable case. Since we do not have an extended
equator geometry to our disposal now in �1, the proof is slightly more technical. We
again first show that A = B. By Lemma 2.10.4 we already have B ⊆ A. We now
prove A ⊆ B.
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So let x ∈ A be a point and let L be a line with p⊥ ∩ L �= ∅ �= q⊥ ∩ L . Let π

be an arbitrary plane containing p and p⊥ ∩ L . This plane corresponds to a “line”
h in E(p, q). If we denote by ξ the symplecton containing h, then h = K⊥ ∩ J⊥,
with K = ξ ∩ p⊥ ⊆ π and J = ξ ∩ q⊥. The lines K and J contain the respective
points p⊥ ∩ L and q⊥ ∩ L , as the lines K and J consist of the points in 〈p, K 〉 and
〈q, J 〉, respectively, which are collinear to a point of the other plane. Suppose now
first for a contradiction that x ∈ ξ . Then a point y ∈ E(p, q) \ h opposite some point
z ∈ h must be close to ξ as it is symplectic to two points of ξ (x and some point of h),
contradicting the opposition to z ∈ ξ . Hence, as x is symplectic to each point of h, the
set x⊥ ∩ξ is a line which is contained in h⊥. As ξ ∼= B3,1(K, A) separable, h⊥ is a grid
(a hyperbolic quadric in a 3-dimensional projective space), spanned by K and J . Now
there are two possibilities: x⊥ ∩ ξ is a line intersecting L (since L is contained in that
grid) or x⊥ ∩ ξ is a line intersecting K and J . We eliminate the latter, which proves
the assertion. Suppose x⊥ ∩ K is a point p′ ⊥ p and x⊥ ∩ J is a point q ′ ⊥ q. Select
some point p′′ ∈ K \ p′ and let q ′′ ∈ J be collinear to p′′ (which differs obviously
from q ′). Let now z /∈ h be a point in the “plane” through h corresponding to p′′q ′′
(so each point of that “plane” is the intersection of a symplecton through pp′ and one
through qq ′). Then z is a point in E(p, q)\h collinear to p′′q ′′, but by Corollary 2.5.4,
x is then opposite z contradicting the fact that x ⊥⊥ z by assumption. Hence A = B.

In E(a, b), the “hyperbolic line” through p and q is by definition the set of points
symplectic to all points symplectic to both p and q. The latter set belongs to E(p, q)

and hence A ⊆ C . We now show that C ⊆ A, which will prove the proposition.
Let x ∈ C be arbitrary. Then x is symplectic to each point of E(p, q)∩E(a, b), and

to a and b. We claim that, if x is symplectic to a point u ∈ E(p, q) and to all points of
two “lines” h1, h2, which are themselves symplectic to u, intersect in a unique point
w and are not contained in a common “plane”, then x is symplectic to all points of the
“line” uw. Let ξi be the symplecton containing hi , i = 1, 2. Let p⊥ ∩ ξ(u, w) = L
and q⊥ ∩ ξ(u, w) = M . Also, set Li = p⊥ ∩ ξi and Mi = q⊥ ∩ ξi , i = 1, 2. Then
the assumptions imply that L1 and L2 intersect L in distinct points a1, a2. Also, as
before, x⊥ ∩ ξi is contained in the grid defined by Li and Mi , and hence intersects
two distinct lines of the grid defined by L and M . This implies that x⊥ ∩ ξ is a line of
the grid defined by L and M and hence belongs to (uw)⊥. The claim follows.

Applying the previous paragraph to u = a and h1, h2 two intersecting “lines” in
E(p, q)∩E(a, b), we deduce that each point of E(p, q) symplectic to a (and similarly
to b) belongs to x⊥⊥. Now let v be an arbitrary point of E(p, q) not in a⊥⊥ ∪ b⊥⊥, and
not in the hyperbolic line defined by a and b. Then there is a “plane” α1 through v

intersecting E(a, b) ∩ E(p, q) in a unique point v′. Then α1 ∩ a⊥⊥ and α1 ∩ b⊥⊥ are
two distinct “lines” k1, k2 intersecting in v′. Pick a point u′ ∈ k2 \ {v′}, and choose a
plane α2 through vu′ distinct from α1. Then b⊥⊥ ∩α2 is a line through u′. By our claim
above, x is symplectic to v. Hence x is symplectic to all points of E(p, q), except
possibly the hyperbolic line through a and b. But that now also easily follows. ��
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2.11 Chambers and apartments; domesticity

Finally we need some results that come from Tits’ theory of spherical buildings, since
we prove existence of the domestic collineations using that theory.

Definition 2.11.1 A chamber of a metasymplectic space is a set {p, L, α, ξ}, with p a
point, L a line, α a plane and ξ a symplecton, satisfying p ∈ L ⊆ α ⊆ ξ . A flag (of a
metasymplectic space) is a subset of a chamber.

Definition 2.11.2 A panel of a metasymplectic space is the set of all the elements
which can be added to a flag, consisting of all the elements of a chamber except one,
to form a chamber.

Definition 2.11.3 An apartment of a metasymplectic space is an isometrically embed-
ded thin metasymplectic space, i.e. a metasymplectic space where every panel has
only two elements.

We assume that the reader is familiar with apartments of polar spaces of rank n. These
consist of the singular subspaces generated by the points of a skeleton, that is a set of
2n points such that each point of that set has a unique opposite in that set.

An important (defining) property of spherical buildings, and hence of metasym-
plectic spaces, is that every pair of chambers is contained in an apartment, which is
unique as soon as the chambers are opposite.

Next to these general properties of apartments in buildings, we will also use the
following two lemmas, the first of which is specific for apartments in metasymplectic
spaces.

Lemma 2.11.4 Let p, q be two opposite points of a metasymplectic space �i . If �′ is
an apartment of the equator geometry E(p, q), then p, q and �′ are contained in a
unique apartment � of �i .

Proof Let x1, x2, x3, y1, y2, y3, with xi opposite yi , i = 1, 2, 3, be the skeleton of
�′. Then these points span eight “planes” in E(p, q). Each such plane α corresponds
to a line Lα through p and a line Mα through q. Denote by pα the unique point
of Lα special to q, and similarly by qα the unique point of Mα special to p. Now
we determine a unique apartment by the set A := {p, x1, . . . , y3, q} as follows. Let
C = {p, L, π, ξ} be the chamber consisting of the point p, the line L := ppα , the
plane π := 〈p, pα, pβ〉 and the symplecton ξ := ξ(p, x1) (where α := 〈x1, x2, x3〉
and β := 〈x1, x2, y3〉) and let C ′ = {q, L ′, π ′, ξ ′} be the chamber consisting of
the point q, the line L ′ := qqα′ , the plane π ′ := 〈q, qα′ , pβ ′ 〉 and the symplecton
ξ ′ := ξ(p, y1) (where α := 〈y1, y2, y3〉 and β := 〈y1, y2, x3〉). These chambers
are clearly opposite and hence they determine a unique apartment (which must be
included in an apartment spanned by A.) So it suffices to prove that A is contained
in this apartment. By projecting the chambers to each other, one sees immediately
that p, q, x1, y1 are contained in the apartment. As also the “lines” x1x2 and y1y2
corresponding to π and π ′, respectively, must be contained in the apartment, also the
projection y2 of x1 onto y1y2 is contained in the apartment (and similarly also x2).
Projecting these “lines” on the “planes” α′ and α, respectively, gives that also x3, y3
are contained in the apartment, which concludes the proof. ��
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Table 2 Opposition diagrams of metasymplectic spaces over K, |K| > 2

Lemma 2.11.5 Given some point p and some apartment � of a metasymplectic space
�i . Then there exists a point p′ ∈ � opposite p.

Proof This follows from the fact that every chamber outside a given apartment has
at least two opposite chambers inside the apartment, see Proposition 3 in [32]. How-
ever, the interested reader can easily prove this statement only using the axioms of a
metasymplectic space. ��

We can now define domesticity. We start very general, but then restrict ourselves
to polar spaces and metasymplectic spaces.

Definition 2.11.6 (i) A domestic automorphism of a spherical building is an auto-
morphism that does not map any chamber to an opposite one.

(i i) A collineation of a polar or metasymplectic space that does not map an object
of type ∗ to an opposite is called a ∗-domestic collineation. This in particular
applies to ∗ ∈ {point, line, plane, solid, symplecton}.

(i i i) A collineation of a polar or metasymplectic space is capped if, whenever it
maps two objects of types �1 and �2, respectively, to an opposite, then it maps
an incident pair of objects of these respective types to an opposite.

It is shown in [16] that, whenever an irreducible spherical building of rank at least
3 has no residue isomorphic to the projective plane with 3 points per line (that is,
the so-called Fano plane), then any automorphism is capped. On the other hand, all
domestic automorphisms of metasymplectic spaces with Fano planes are classified
in [17]. Hence in the present paper we may assume that |K| > 2 and hence that the
considered collineations are capped. Then it is proved in [16] that there are three types
of nontrivial domestic collineations (and no dualities) in metasymplectic spaces, and
these correspond to the opposition diagrams given in Fig. 2. All possible opposition
diagrams are explained in Table 2. A point-symp flag is a symplecton containing the
point. We just additionally note that, for diagram F4;2, other symplecta might exist that
are also mapped to an opposite, but do not contain any point mapped to an opposite,
and likewise for points.
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Remark 2.11.7 It is a general fact that, if the opposition diagram is “empty”, that is, if
no element is mapped onto an opposite, then the collineation is the identity. This was
already proved by Leeb [11] and Abramenko & Brown [1].

We end this section with defining what we mean with central elation, long root ela-
tion, central short root elation and perpendicular central elations, so that the statement
of the Main Theorem is clear.

Definition 2.11.8 (i) A central elation of �i (with centre c) is a collineation that
fixes the point c and stabilises all the lines that have at least one point collinear
to c. The group of central elations with centre c is called the root group with
centre c.

(i i) Perpendicular central elations of a metasymplectic space are central elations
with symplectic corresponding centres.

(i i i) A long root elation is a central elation in �1; a central short root elation is a
central elation in �4 in Class (M).

We already note the following property of central elations (more properties are
proved in Section 6):

Lemma 2.11.9 A central elation of �i with centre c fixes all points symplectic to c.
Also, θ preserves each imaginary line containing c.

Proof Indeed, a point x symplectic to c is contained in at least two distinct lines that
have a point collinear to c (look in ξ(c, x)). The second assertion follows directly from
Proposition 2.10.5. ��

3 Some results in polar spaces

In this section, we prove some auxiliary results on polar spaces. As it will turn out that
domestic collineations of metasymplecic spaces induce under certain circumstances
domestic collineations of symplecta, equator and extended equator geometries, we
also include some specific results concerning domesticity in polar spaces (and which
can not be found in [19]). Also, in order to recognise or rule out certain collineations
in metasymplectic spaces, we need to know something about existence and unique-
ness of their counterparts in polar spaces. So this section is mainly about classes of
collineations of polar spaces. However, we begin with some purely geometric proper-
ties.

Note that in this section (and the rest of the paper), we will speak about separable
polar spaces. In the orthogonal case, these are the quadrics for which the associated
polarity ρ in the ambient projective space is nondegenerate. In the Hermitian case,
we will only need the polar spaces C3,1(A, K), see Definition 2.3.2, with A not an
inseparable field extension of K.

3.1 Two geometric lemmas

The first lemma proves a correspondence between subspaces of an embeddable polar
space and those of the underlying projective space. We only need it for rank 4, but the
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proof does not become simpler in this specific case, so we present the result in full
generality. First some definitions.

Definition 3.1.1 A subspace S of a polar space of rank n ≥ 2 is said to have corank
r , 0 ≤ r < n, if every singular subspace of dimension r intersects S nontrivially, and
some singular subspace of dimension r − 1 is disjoint from S. An ovoid is a subspace
of corank n− 1 without lines. Equivalently, and more traditionally, it is a set of points
intersecting every maximal singular subspace in a unique point.

Due to Tits’ classification of polar spaces of rank at least 3, these come in two
flavours: the embeddable ones and the nonembeddable ones. The latter are either
related to projective 3-spaces over noncommutative skew fields, or are isomorphic
to C3,1(O, K). The former are related to so-called pseudoquadratic forms (including
Hermitian and quadratic forms). For every such polar space, there exists a so-called
universal embedding, which can be thought of as the embedding from which each
other embedding is derived by projection. For instance, for orthogonal polar spaces,
the universal embedding is the one realised as a quadric; for C3,1(A, K), A �= O, the
universal embedding happens in PG(5, A) (see chapter 6 of [31], where this is called
a dominant embedding).

The next lemma will be used only in the rank 3 and 4 cases, but we state and prove
it for general rank.

Lemma 3.1.2 (i) Let � be a polar space of rank r with universal embedding in the
projective space 
. Let S be a subspace of � such that some line of S is disjoint
from somemaximal singular subspace of S. Let 〈S〉 be the subspace of
 generated
by S. Then we have that 〈S〉 ∩ � = S. Furthermore S has corank i < r if, and
only if, 〈S〉 has codimension i in 
.

(i i) Let � be a polar space of rank r embedded in a projective space 
. Let T be a
subspace of 
 of codimension i at most r − 1, and let S be the intersection of T
with the point set of �. Then the corank of S in � is equal to the codimension of
T in 
.

Proof In [3] the authors prove that inCase (i)under the stated assumption, 〈S〉∩� = S.
We prove the other statement and (i i) simultaneously by induction on i . Since in (i i)
the codimension of T is at least the corank of S, it suffices to show indeed that
codim(〈S〉) is equal to the corank of S (with generation in 
). Hence, we can use the
notation 〈S〉 throughout and ignore T .

If i = 0, a geometric subspace S of corank 0 spans by the definition of an embedding
the whole space, so 〈S〉 = PG(V ), and is consequently a subspace of codimension 0.
The converse statement is trivial in this case.

Suppose now that the statement is true for every j ≤ i and that S is a subspace of
� of corank i + 1. Then by the induction hypothesis, we may assume that 〈S〉 has
codimension at least i + 1. Suppose now that the codimension of 〈S〉 is strictly bigger
than i + 1. Let x be a point of � \ S. Then 〈S, x〉 is a subspace of codimension at least
i + 1, so by the induction hypothesis it is impossible that S′ := 〈S, x〉 ∩ � has corank
strictly smaller than i + 1. LetU be an arbitrary singular subspace of � of dimension
i and let V be a singular subspace of � of dimension i + 1 containingU . Then by the
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assumption that S is a geometric subspace of corank i +1, there is a point y contained
in the intersection S ∩ V .

If x ∈ U , then clearly U ∩ S′ is nonempty. However if x /∈ U and U ⊆ x⊥, then
〈U , x〉 has dimension i + 1 and intersects S in at least a point s. Now S′ intersects
〈U , x〉 in at least the line xs and again U ∩ S′ is nonempty. We now prove that this is
also the case if U � x⊥.

If x is not collinear to y, one can look at the projection of x onto V , spanning a
singular subspace of dimension i + 1 together with x , to get a point x ′ collinear to x
contained in S. Now the line xx ′ is contained in S′, intersecting V in y′. The line yy′
is similarly contained in S′, but also in V and contains consequently a point ofU ∩ S′.

If x is collinear to y, we look at the space W spanned by x and its projection onU .
This space has dimension i and y corresponds to an i + 1-space through it. So in the
residue of W we can take a point opposite to the point corresponding to y. This point
corresponds to an i + 1-space W ′ through W for which the set of points collinear to y
is exactly W . Now W ′ has a point ỹ in S by assumption on S. If ỹ is contained in W ,
then the line x ỹ is contained in W ∩ S′ and intersects the hyperplane U ∩ W of W in
a point. So U contains a point of S′. If ỹ is not contained in W , we can replace x by
x̃ ∈ x ỹ \ {x, ỹ} and apply the previous paragraph as now x̃ is not collinear to y.

In every case an arbitrary singular subspace of � of dimension i intersects S′, so
S′ has corank at most i , which is a contradiction.

Suppose now that 〈S〉 is a subspace of 
 of codimension i . Then of course every
subspace of dimension i + 1 intersects 〈S〉, and in particular every singular subspace
of � of dimension i + 1 intersects S. The corank of S is consequently at most i + 1
and by the induction hypothesis it is also at least i + 1, so the corank of S is exactly
i + 1. ��

There is also a counterpart of this lemma for the inseparable case.

Lemma 3.1.3 Let O be an ovoid of a polar space � of rank r ≥ 3. Then there is no
point x ∈ � collinear to all the points of O .

Proof Suppose every point of O is collinear to x ∈ �, then x is clearly not contained
in O . Let M be an arbitrary maximal singular subspace through x and denote by f
the point of O in M . Let U be a hyperplane in M not through x nor f and let M ′ be a
maximal singular subspace containingU but distinct fromM . Then by our hypothesis,
the point of O in M ′ must be contained in U . But then M would contain two points
of O , a contradiction. ��

3.2 Central and axial elations

The first type of collineations we will discuss here are the so called central (axial)
elations or collineations. The basic idea is that theyfix everything “close” to something.

Definition 3.2.1 A central elation of a polar space with centre c is a collineation
that fixes the point c and all points collinear to c. Two central elations are called
perpendicular if their respective centres are distinct but collinear.
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Lemma 3.2.2 Let θ be a central elation of a polar space � of rank r ≥ 3 with centre
c fixing a point q not collinear to c. Then θ is the identity.

Proof First we claim that the set of fixed points is a subspace. Indeed, let x and y
be two collinear fixed points; we may assume that the line xy is not collinear to c.
Then we may assume that x ⊥ c. A line L through c locally opposite cx is obviously
opposite xy and so each point of L is collinear to a unique point of xy, which is fixed.
The claim is proved. Now c⊥ is a maximal geometric hyperplane and so the unique
subspace containing c and q is the whole polar space. ��

This lemma has a quite strong consequence for general collineations, which we
will use regularly.

Corollary 3.2.3 Let ξ be a polar space of rank at least 3. Let p, q be two noncollinear
points. Let θ be a collineation of ξ that pointwise fixes (p⊥ ∩ q⊥) ∪ {p, q} and an
additional point x ∈ p⊥ \ q⊥. Then θ is the identity.

Proof Every plane through px is pointwise fixed as it contains a pointwise fixed line
and two points not contained in this line. By the connectivity of the residue of p, we
see similarly that p⊥ is pointwise fixed and so θ is a central elation of ξ with centre
p fixing the point q not collinear to p. Then, by Lemma 3.2.2, θ is the identity. ��
Lemma 3.2.4 Let � be a separable orthogonal polar space of rank r ≥ 2. Then there
are no nontrivial central elations in �.

Proof Suppose θ is a central elation in �. Denote by ρ the defining nondegenerate
polarity. Then c⊥ spans cρ and so cρ is pointwise fixed. Dually every hyperplane
through c is stabilised and so every line through c is stabilised. Now an arbitray point
p not collinear to c is also fixed as the line cp in the underlying projective space is
stabilised and intersects the quadric only in c and p. ��

Now we take a closer look at axial elations in these polar spaces.

Definition 3.2.5 An axial elation of a polar space with axis L is a collineation that
stabilises the line L and all lines intersecting L . Two axial elations are called perpen-
dicular if their axes either intersect but are not coplanar, or are collinear but do not
intersect.

This definition has immediately an equivalent formulation given in the next corol-
lary.

Corollary 3.2.6 A collineation of a polar space is an axial elation with axis L if, and
only if, it pointwise fixes L and all points collinear to L and maps any other point p
to a collinear point q such that the line pq intersects L nontrivially.

Lemma 3.2.7 Let � be a separable orthogonal polar space of rank r ≥ 3 and let θ

be a collineation that fixes pointwise some line L and all points collinear to L. Then
θ is an axial elation of � with axis L.
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Proof By Corollary 3.2.6, it suffices to prove that every line intersecting L , but not
coplanar with L , is stabilised under θ . Let M be such a line and denote by p the
intersection of L and M . In the residue of p, L corresponds to a point l and θ fixes
l⊥ pointwise. By Lemma 3.2.4 the residue is now pointwise fixed. Hence the line M
corresponding to any point m of the residue not collinear to l is stabilised. ��
Lemma 3.2.8 Let UL be the group of axial elations of an orthogonal polar space �

of rank r ≥ 2 with axis L. Let M be a line intersecting L in p, but not coplanar with
L. Then UL acts sharply transitively on M \ {p}. In particular the only element of UL

fixing a point not collinear to L is the identity.

Proof We may suppose by coordinatisation over the field K that there exist a fixed
n so that L is given by x1 = x3 = xi = 0 for all 5 ≤ i ≤ n, M is given by
x1 = x4 = xi = 0 for all 5 ≤ i ≤ n and � is given by x1x2 + x3x4 + . . . = 0. Then
every axial collineation acts trivially on the coordinates xi for 5 ≤ i ≤ n and it is an
elementary exercise to calculate that the action on the first coordinates is given by a
matrix of the form Ak :

Ak =

⎛

⎜⎜⎝

1 0 0 0
0 1 k 0
0 0 1 0

−k 0 0 1

⎞

⎟⎟⎠ ,

with k ∈ K arbitrary. It is clear that these matrices act sharply transitively on M \ L .
��
Lemma 3.2.9 Let � be a separable polar space isomorphic to C3,1(A, K). Then there
are no nontrivial axial elations in �.

Proof We prove this by contradiction, so assume that θ is a nontrivial axial elation of
�. This implies with Corollary 3.2.6 that there exists a grid spanned by the axis L and
some opposite line L ′. We will now proof that such a grid doesn’t exist in �.

First let � be a nonsplit polar space. As every quaternion and octoninion division
algebra contains a quadraticGalois extension as a subalgebra,wemay assume thatA =
Lwith the notation taken from Table 1. So� is given by x−3x3+x−2x2+x−1x1 ∈ K.
We order the coordinates of PG(5, L) according to increasing indices. Denote now:

L := 〈(0, 1, 0, 0, 0, 0), (0, 0, 1, 0, 0, 0)〉,
L ′ := 〈(0, 0, 0, 1, 0, 0), (0, 0, 0, 0, 1, 0)〉,
M := 〈(0, 1, 0, 0, 0, 0), (0, 0, 0, 1, 0, 0)〉,
M ′ := 〈(0, 0, 1, 0, 0, 0), (0, 0, 0, 0, 1, 0)〉.

It is clear that L ′ is a line opposite L , with the point (0, 1, a, 0, 0, 0) of L collinear to the
point (0, 0, 0, 1,−a, 0) of L ′ for every a ∈ L. It is also clear that the linesM andM ′ are
opposite, belong to the grid spanned by L and L ′ and the point (0, 1, 0, b, 0, 0) of M is
collinear to the point (0, 0, 1, 0,−b, 0) ofM ′ for every b ∈ L. Expressing now that the
lines 〈(0, 1, a, 0, 0, 0), (0, 0, 0, 1,−a, 0)〉 and 〈(0, 1, 0, b, 0, 0), (0, 0, 1, 0,−b, 0)〉
must intersect gives that ab = ab, contradicting the arbitrariness of a and b.
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Now if � is a split polar space, then, using a standard alternating form, collinearity
on� is given by x−3y3 − x3y−3 + x−2y2 − x2y−2 + x−3y3 − x3y−3 = 0. By using the
same definitions for L, L ′, M, M ′, we can apply the previous paragraph by remarking
that the point (0, 1, a, 0, 0, 0) of L is now collinear to the point (0, 0, 0, 1,−a, 0) of
L ′ and the point (0, 1, 0, b, 0, 0) of M is now collinear to (0, 0, 1, 0, b, 0). Expressing
now the intersection of the corresponding lines gives that ab = −ab, which contradicts
the arbitrariness of a and b combined with the fact that the characteristic is not 2 in
the split separable case. ��

3.3 (Generalised) Baer collineations

Some examples of domestic collineations in metasymplectic spaces are analogues of
the generalised Baer collineations in polar spaces introduced in Section 6 of [28]. We
repeat the definition and prove some (new) facts.

Definition 3.3.1 (i) ABaer subplaneπ ′ of a projective planeπ is a proper subplane
with the property that every line of π \ π ′ contains exactly one point of π ′ and
every point of π \ π ′ is contained in exactly one line of π ′.

(i i) ABaer collineation of a projective plane is a collineation that has as fix structure
a Baer subplane.

The following examples are perhaps less familiar, so we provide a short proof.

Example 3.3.2 Let (B, A) be one of (K, L), (L, H) or (H, O). Then PG(2, B), viewed
as a subplane of PG(2, A) by restricting coordinates, is a Baer subplane of PG(2, A).
Moreover, there exists a Baer collineation of PG(2, A) with fix structure PG(2, B).

Indeed, this is easy and well known for A = L. So let A ∈ {H, O}. It suffices to
show that every line of PG(2, A) has a point in PG(2, B); the dual then also holds. It
is also easy to see that, after introducing affine coordinates in the standard way, this is
equivalent to showing that for every q ∈ A and every m ∈ A \ B there exist x, y ∈ B

such that y = mx + q. Writing elements u ∈ A as pairs (u1, u2) ∈ B × B and using
the Cayley-Dickson process mentioned in Section 2.2, we see that this is equivalent
with showing that the following system of equations in the unknowns x1, y1 ∈ B, with
m2 �= 0, has a (unique) solution in B:

{
y1 = m1x1 + q1,

0 = x1m2 + q2.

This is of course obvious, as m2 �= 0, and B is associative.
As Baer collineation we can take for instance the automorphism θc : A → A :

(x, y) �→ (x, yc), for all x, y ∈ B and c ∈ B
× with cc = 1. Note that this is not

necessarily an involution.

Lemma 3.3.3 A Baer collineation θ of a projective plane π ∼= PG(2, L) over a field
L is an involution.
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Proof Let π ′ ∼= PG(2, K) be the pointwise fixed subplane of π ∼= PG(2, L) under θ .
Then we can see L as a field extension of K (extend a coordinatisation of π ′ to one of
π ). We now claim that L is quadratic over K. Indeed, suppose not and let 1, e1, e2 be
independent elements of L viewed as vector space over K. Expressing that every line
of π contains a point of π ′ means that for every q ∈ L and every m ∈ L \ K there
exist x, y ∈ K such that y = mx + q. But now we see that there does not exist such
x and y for m = e1 and q = e2, proving the claim.

Now choosing a suitable basis, we can assume that θ is given by the identity matrix
and a companion nontrivial field automorphism σ fixingK pointwise. Then σ belongs
to the Galois group of the extension L/K of degree 2 and hence has order 2. ��

These Baer collineations of projective planes can be generalised to collineations of
polar spaces of rank 3.

Definition 3.3.4 A generalised Baer collineation of a polar space of rank 3 is a
collineation satisfying the following properties:

(i) it induces a Baer collineation in every stabilised plane;
(i i) it stabilises all planes through any stabilised line;

(i i i) it stabilises at least one plane.

Lemma 3.3.5 A generalised Baer collineation θ of a polar space � of rank 3 with
planes over a field L is an involution.

Proof It is easy to see that there exist opposite fixed points p and q in �. Then every
fixed point c in p⊥ ∩ q⊥ corresponds to a stabilised line pc through p. Now by
Definition 3.3.4 every plane through pc is stabilised and θ induces a Baer collineation
in it, hence by Lemma 3.3.3 θ2 acts trivially on those planes. Consequently θ2 acts
trivially on all the lines through c in p⊥ ∩q⊥ and so the pointwise fixed subquadrangle
of p⊥ ∩ q⊥ is ideal and full in the terminology of Section 1.8 of [34] and θ2 fixes
p⊥ ∩ q⊥ pointwise (use Propositions 1.8.1 and 1.8.2 of [34]).

As the argument in the previous paragraph shows that θ2 also fixes the line pc
pointwise, we can now appeal to Corollary 3.2.3 to see that θ2 fixes indeed all points
of �. ��

With arguments quite similar to those in the proof of the previous lemma, we can
show that Baer collineations don’t always exist. We will do this for some polar spaces
in the next lemma. After that, we show existence in some cases.

Lemma 3.3.6 A symplectic polar space of rank 3, over a field of characteristic different
from 2, does not admit any generalised Baer collineation.

Proof Suppose for a contradiction that θ is a generalised Baer collineation of a sym-
plectic polar space � of rank 3, over a field of characteristic different from 2. Then
we claim that the fix structure of the quadrangle p⊥ ∩q⊥, with p and q opposite fixed
points, is an ideal subquadrangle. This is the case as every line in p⊥ ∩ q⊥ through a
fixed point c ∈ p⊥ ∩ q⊥ corresponds to a plane through the stabilised line pc in �.
So by Definition 3.3.4 it corresponds to a stabilised plane and these lines of p⊥ ∩ q⊥
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are consequently also stabilised, which proves the claim. But by Proposition 5.9.4 of
[34], symplectic quadrangles not over a field of characteristic 2 don’t have (proper and
thick) ideal subquadrangles. So p⊥ ∩ q⊥ is pointwise fixed and with Lemma 3.2.3 θ

must be the identity, a contradiction. ��
Lemma 3.3.7 If a collineation of a polar space C3,1(A, K), with A a separable
quadratic extension of K or a quaternion division algebra over K, fixes exactly a sub
polar space C3,1(B, K), with dimB(A) = 2; then it is a generalised Baer collineation.

Proof Property (i i i) of Definition 3.3.4 is trivially satisfied and Property (i) holds by
Example 3.3.2. So we must only prove the second property, i.e. that every plane from
C3,1(A, K) through a line L from C3,1(B, K) is in fact a plane of C3,1(B, K). Recall
that C3,1(A, K) is the hermitian polar space in PG(5, A) with point set

x−3x3 + x−2x2 + x−1x1 ∈ K.

So by choosing a coordinatisation so that L = 〈e−1, e−2〉, we see that every plane
corresponds to a unique point collinear with the opposite line L ′ = 〈e1, e2〉 and that are
exactly the points of the form 〈e−3+ke3〉, with k ∈ K. As these points are independent
from A, these planes through L are exactly the same in C3,1(A, K) as in C3,1(B, K),
which concludes the proof. ��
Letting the automorphism θc defined in Example 3.3.2 act on the (affine) coordinates
of C3,1(A, K) as given in [6] produces examples of generalised Baer collinations.

3.4 Two lemmas for inseparable polar spaces

Certain examples of domestic collineations of separable metasymplect spaces will
have no analogue in the inseparable case. The main reason is the next lemma. Also, in
the inseparable case the metasymplectic spaces �1 and �4 both play the same role, so
we will have to recognise certain examples through the dual setting. Proposition 3.4.2
will be used to recognise products of central elations in �1 through products of axial
elations of an extended equator geometry in �4. Note that it will follow independently
from Lemma 3.5.1 that a central elation does not map any point to a distinct collinear
one (because a central elation is clearly line domestic).

Lemma 3.4.1 If θ is a collineation of an inseparable polar space � ∼= C3,1(A, K)

pointwise fixing a hyperbolic line h and its perp, then θ is the identity.

Proof If A = K, let � be the symplectic polar space in PG(5, A) corresponding to the
alternating form

x−3y3 + x3y−3 + x−2y2 + x2y−2 + x−1y1 + x1y−1,

and if A �= K, let � be the polar space in PG(5, A) given by

x−3x3 + x−2x2 + x−1x1 ∈ K.
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Then we can assume that p−3 = (1, 0, 0, 0, 0, 0) and p3 = (0, 0, 0, 0, 0, 1) are
contained in h. So thematrix corresponding to θ is diagonal and the field automorphism
corresponding to θ is trivial (as this subspace contains a line). Now expressing that
also the point (1, 0, 0, 0, 0, 1) is fixed, gives that the matrix is of the form

⎛

⎜⎜⎜⎜⎜⎜⎝

k 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 k

⎞

⎟⎟⎟⎟⎟⎟⎠
.

Expressing finally that the points (0, 1, 0, 0, 0, 1) and (1, 0, 0, 0, 1, 0) must stay
collinear after applying θ , yields k2 + 1 = 0, which is equivalent to k = 1 in charac-
teristic 2. ��
Proposition 3.4.2 Let �′ be the rank 4 polar space with equation x−4x4 + x−3x3 +
x−2x2 + x−1x1 ∈ K in PG(7, K

′), where K
′ is a nontrivial inseparable quadratic field

extension of K (necessarily in characteristic 2), i.e. K
′2 ≤ K < K

′, and let � be the
associated ambient symplectic polar space whose point set coincides with the point
set of PG(7, K

′). Let θ1 and θ2 be two perpendicular central elations of � so that the
product θ1θ2 =: θ is a nontrivial collineation of �′ with the property that at least
one maximal singular subspace through each fixed submaximal singular subspace is
stabilised. Then exactly one of the following holds.

(i) θ fixes each point collinear with its image and the centres of both θ1 and θ2 are
points of �′. In this case both θ1 and θ2 act on �′ and θ is not the product of
two perpendicular axial elations with axes in �′.

(i i) θ fixes each point collinear with its image and the centres of both θ1 and θ2
do not belong to �′. Then the fix structure of θ is a generalised quadrangle
obtained by intersecting �′ with the perp of the line joining the centres of θ1
and θ2.

(i i i) θ maps some point to a distinct but collinear one and the centres of both θ1 and
θ2 belong to �′. In this case θ is always a product of two perpendicular axial
elations with both axes belonging to �′ and a product of two perpendicular
axial elations with both axes not belonging to �′.

(iv) θ maps some point to a distinct but collinear one and the centres of both θ1 and
θ2 do not belong to �′. In this case θ is the product of two perpendicular axial
elations with both axes belonging to �′.

Proof We order the coordinates of PG(7, K
′) according to increasing indices. Let L

be the line joining the centres e1 and e2 of θ1 and θ2, respectively. There are three
possibilities.

Remark first that θ is in every case an involution, which can be easily seen by
choosing the two centra as first and second base points of �. Then the product is a
matrix as in (1) below, which is an involution in characteristic 2. Furthermore we see
from this matrix that the fixed points of θ are exactly those of L⊥, where ⊥ is the
defining polarity of �.
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(1) The line L is a line of �′. Then we take e1 = p−4 and e2 = p−3. The matrix of
θ looks like ⎛

⎜⎜⎜⎜⎝

1 0 0 0 k
0 1 0 � 0
0 0 I4 0 0
0 0 0 1 0
0 0 0 0 1

⎞

⎟⎟⎟⎟⎠
, (1)

with k, � ∈ K \ {0} (as the images of the points p3 and p4 under θ have to belong
to�′). One calculates that the point (x−4, x−3, . . . , x4) is mapped onto a collinear
but distinct point if, and only if, (x3, x4) �= (0, 0) and kx24 = �x23 . If k� /∈ (K′)2,
then the assumptions of (i) are satisfied. We claim that also the conclusions are
satisfied. Indeed, θ1 (obtained from the above matrix by setting � equal to 0) and
θ2 (setting k equal to 0) clearly act on �′. Suppose now that θ would be a product
of two perpendicular axial elations. If θ was the product of two axial elations with
intersecting axes, then all points collinear with this intersection point would be
mapped to collinear points, hence are fixed, contradicting the fact that θ is not
a central elation (indeed, no point on the line p3 p4 is fixed as (k, �) �= (0, 0)).
The set of fixed points of the product of two axial elations with nonintersecting
collinear axes is precisely the solid spanned by the axes, and so this can never be
a geometric subhyperplane. This shows (i).
Next suppose that k� ∈ (K′)2. By rescaling, we may assume without loss of
generality that k = �. Hence clearly some point is mapped to a distinct collinear
point. We claim that we are in Case (i i i). Now the matrix of θ equals the product

⎛

⎜⎜⎜⎜⎝

0 1 0 d 0
1 0 0 0 d
0 0 I4 0 0
0 0 0 0 1
0 0 0 1 0

⎞

⎟⎟⎟⎟⎠
·

⎛

⎜⎜⎜⎜⎝

0 1 0 d ′ 0
1 0 0 0 d ′
0 0 I4 0 0
0 0 0 0 1
0 0 0 1 0

⎞

⎟⎟⎟⎟⎠
,

with d + d ′ = k, which induce axial elations with axes 〈(1, 1, 0, 0, 0, 0, 0, 0),
(0, d, 0, 0, 0, 0, 1, 1)〉 and 〈(1, 1, 0, 0, 0, 0, 0, 0), (0, d ′, 0, 0, 0, 0, 1, 1)〉, respec-
tively. Since k ∈ K, it is clear that either both d and d ′ belong to K or both do
not. This concludes Case (i i i).

(2) The line L does not belong to �′, but has a (unique) point p in common with
�′. First we prove that it is impossible that p is the centre of one of our central
elations. Suppose for a contradiction that p is the centre of θ1. Then projecting e2
onto a solid � of �′ through p gives a fixed plane π through p. However there
are no stabilised solids through this plane, as a central elation with centre e2 does
not map any point of � \ π to a collinear one (as we noted in the beginning of
this subsection), a contradiction to our assumptions.
So without loss of generality we may take e1 = (1, 0, . . . , 0, a), with a ∈ K \K

′,
p = (0, 1, 0, . . . , 0) and e2 = (1, 1, 0, . . . , 0, a). The matrix of a central elation
with centre e1 looks like
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⎛

⎜⎜⎜⎜⎝

1 + a� 0 0 0 �

0 1 0 0 0
0 0 I4 0 0
0 0 0 1 0
a2� 0 0 0 1 + a�

⎞

⎟⎟⎟⎟⎠
.

Indeed, all points collinear to e1 have coordinates of the form (x−4, x−3, . . . ,

x3, ax−4) and are obviously fixed, expressing that the elation must preserve
collinearity gives that the � on the first row is the same as on the last row and
expressing that �′ is preserved gives that a + �−1 ∈ K. Likewise, the following
matrix represents an arbitrary central elation with centre e2:

⎛

⎜⎜⎜⎜⎝

1 + a�′ 0 0 �′ �′
a�′ 1 0 �′ �′
0 0 I4 0 0
0 0 0 1 0

a2�′ 0 0 a�′ 1 + a�′

⎞

⎟⎟⎟⎟⎠
.

The product has then as matrix

⎛

⎜⎜⎜⎜⎝

1 + a(� + �′) 0 0 �′ � + �′
a�′ 1 0 �′ �′
0 0 I4 0 0
0 0 0 1 0

a2(� + �′) 0 0 a�′ 1 + a(� + �′)

⎞

⎟⎟⎟⎟⎠
.

Now θ pointwise fixes the plane 〈p−1, p−2, p−3〉 through p and so it has to
stabilise a solid through p. Let q belong to that solid S, and choose q so that
it is not collinear to e1. Then qθ belongs to the plane 〈q, L〉, as each projective
plane through L is stabilised, since all hyperplanes through L are stabilised as
their images under ⊥, i.e. the defining polarity of �, are contained in L⊥ and
consequently fixed. The plane 〈q, L〉 intersects S in the line pq, so q is mapped
to a point on that line and consequently that line is stabilised. A generic point
collinear to p has coordinates (x−4, x−3, ∗, 0, x4) and is mapped onto a collinear
point if, and only if,

(1+ a(� + �′))x−4x4 + (� + �′)x24 + a2(� + �′)x2−4 + (1+ a(� + �′))x4x−4 = 0,

which is equivalent to
(� + �′)(x4 + ax−4)

2 = 0.

As q is not fixed (since it is not collinear to e1 and we remarked at the begin
of the proof that all the fixed points are collinear to both centra), we have that
x4 + ax−4 �= 0, and so � = �′. This implies that all points collinear to p are
mapped onto collinear ones, once one non fixed point is. Now the matrix of θ

becomes
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⎛

⎜⎜⎜⎜⎝

1 0 0 � 0
a� 1 0 � �

0 0 I4 0 0
0 0 0 1 0
0 0 0 a� 1

⎞

⎟⎟⎟⎟⎠
=

⎛

⎜⎜⎜⎜⎝

1 0 0 �c 0
�d 1 0 0 �c
0 0 I4 0 0
0 0 0 1 0
0 0 0 �d 1

⎞

⎟⎟⎟⎟⎠
·

⎛

⎜⎜⎜⎜⎝

1 0 0 �c′ 0
�d ′ 1 0 0 �c′
0 0 I4 0 0
0 0 0 1 0
0 0 0 �d ′ 1

⎞

⎟⎟⎟⎟⎠
,

as soon as
⎧
⎪⎨

⎪⎩

c + c′ = 1,

d + d ′ = a,

cd ′ + c′d = �−1,

⇐⇒

⎧
⎪⎨

⎪⎩

c′ = 1 + c,

d = �−1 + ac,

d ′ = a + �−1 + ac.

Now the above matrix in c and d is an axial elation with axis spanned by p and
the point (c, 0, . . . , 0, d). Hence the axis belongs to �′ if and only if cd ∈ K.
So if we want θ to be the product of two axial elations of �′, then cd ∈ K and
c′d ′ ∈ K. Examples are given by

(c, d, c′, d ′)=(1, �−1+a, 0, �−1) and (c, d, c′, d ′)=(a−1�−1, 0, 1+a−1�−1, a).

This is Case (iv).
(3) The only remaining case is when L has no points of �′. In this case θ pointwise

fixes the geometric subhyperplane L⊥∩�′. This clearly contains (opposite) lines,
but no planes as the span of such a plane and L would be a 4-dimensional singular
subspace, a contradiction. If θ mapped a non fixed point p ∈ �′ to a collinear one,
then the line ppθ would be stabilised (since θ is an involution). No point of that
line belongs to L , hence there are fixed points collinear with a unique point of ppθ ,
implying that ppθ contains a fixed point x . Since x /∈ L , L⊥

� x⊥ and we find a
second fixed point on ppθ . So ppθ ⊆ L⊥, contradicting that p �= pθ . Hence the
fix structure is exactly L⊥ restricted to �′. Since this structure is a subspace of
a polar space, not containing planes, but containing two opposite lines, this must
be a (nondegenerate) generalised quadrangle. This is Case (i i)

This completes the proof of the proposition. ��

3.5 Domestic collineations in polar spaces

We will also have to deal with domestic collineations of some polar spaces. A lot of
properties are proved in [19] and [28], and we will refer to those when needed. We
also need a more detailed version of one of the results there, and a new, more specific
result for separable orthogonal polar spaces. We prove these two results here.

Note that we freely use the notation for opposition diagrams as established in
[16]. However, we will always shortly explain when we mention a specific opposition
diagram for the first time.

Lemma 3.5.1 The set of fixed points of any line-domestic collineation θ of any polar
space is a geometric hyperplane. Also, if a point is not fixed, it is mapped onto an
opposite one. Each line that is stabilised is pointwise fixed.
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Proof If θ is trivial, then so is the assertion. If θ is nontrivial, then Theorem 5.1 of
[28] asserts that the set of fixed points is a hyperplane H . Let L be a stabilised, but
not pointwise fixed line. Then L contains a unique fixed point x . Since no other point
of L is fixed, all fixed points are collinear to x . Take a line M intersecting L not in x
and such that M � x⊥. Then M does not contain a fixed point, a contradiction.

If now a point x were mapped onto a collinear one, then, since the line xxθ contains
a fixed point, that line would be preserved, but not pointwise fixed, contradicting the
previous paragraph. ��

The next proposition will be applied to extended equator geometries in �4. Never-
theless we phrase it for general rank as the proof remains the same.

First some definitions.

Definition 3.5.2 (i) A subhyperplane of a polar space is a subspace that intersects
each singular plane nontrivially, and such that some line is disjoint from it.

(i i) We say that a subspace (in particular, a hyperplane) of a polar space is non-
degenerate (of rank r) if it defines itself a polar space of rank r (hence is not
contained in p⊥ for some of its points p).

(i i i) A skeleton of a polar space of rank r is a set of 2r points with the property that
each of these points is opposite a unique other point of the set. Equivalently, it
is the set of points of an apartment.

(iv) A generalised homology in a polar space of rank r is a collineation that pointwise
fixes a skeleton and also (pointwise fixes) at least one line determined by two
collinear points of the skeleton.

Proposition 3.5.3 Let θ beaplane-domestic and solid-domestic nontrivial collineation
of a separable orthogonal polar space � = (Q,L ) of rank r ≥ 4. Then exactly one
of the following holds.

(1) θ is point-domestic and is an axial elation;
(2) θ is line-domestic and the set of fixed points is a nondegenerate geometric hyper-

plane, necessarily of rank r or r − 1;
(3) θ is neither point-domestic nor line-domestic and exactly one of the following

holds.

(i) θ is the product of two perpendicular axial elations;
(i i) θ is a generalised homology;

(i i i) θ fixes a nondegenerate subspace of rank r − 2 or r − 1 which is at the same
time a geometric subhyperplane.

Proof Since θ does not map planes and solids to opposites, the opposition diagram is
one of B1n;1 (there is a point mapped to an opposite one, no element of another type

is mapped to an opposite one), B2n;1 (there is a line mapped to an opposite one, no

element of another type is mapped to an opposite one) or B1n;2 (there is a point-line
flag mapped to an opposite one, no element of another type is mapped to an opposite
one), by Corollary 4 of [16].

• The opposition diagram is B1n;1.
Then θ is line-domestic and so, by Lemma 3.5.1, the fixed points form a geometric
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hyperplane H . Assume for a contradiction that H is not nondegenerate. Then θ is
a central elation, which must be the identity by Lemma 3.2.4, a contradiction. So
H is nondegenerate and this now leads to (2).

• The opposition diagram is B2n;1.
Then θ is point-domestic. It follows from Proposition 3.11 in [19] that θ is an axial
elation. This is (1).

• The opposition diagram is B1n;2.
By Theorem 6.1 of [28] θ pointwise fixes a subhyperplane S of �. The subspace
〈S〉 viewed in the ambient projective space 
 has codimension 2 (by Lemma
3.1.2(i)). By the assumption of the nondegeneracy of the underlying polarity ρ,
the subspace L := 〈S〉ρ is a line. There are now four possibilities.

– L ∈ L .
Then θ is an axial elation by Lemma 3.2.7 and hence point-domestic, contra-
dicting the opposition diagram.

– |L ∩ Q| = 2.
Set {p, q} = Q ∩ L . Hence S = p⊥ ∩ q⊥ is pointwise fixed. There are two
possibilities.

∗ The points p and q are interchanged by θ , that is, pθ = q and qθ = p.
We may assume that p = p1 and q = p2 for a basis (p1, p2, . . .) where
Q has equation X1X2 + X3X4 + . . . = 0. Since Q is preserved and
p⊥ ∩ q⊥ is fixed pointwise, one checks that θ acts on the coordinates as
follows: (x1, x2, x3, x4, . . .) �→ (ax2, a−1x1, x3, x4, . . .), with a ∈ K

×.
It follows that the points with coordinates (ax1, x1, x3, x4, . . .) are fixed.
Hence θ fixes a hyperplane pointwise and consequently θ is line-domestic,
contradicting the opposition diagram.
∗ The points p and q are fixed.
Choosing a skeleton in p⊥ ∩ q⊥, we can complete it to a skeleton in �

pointwise fixed by θ . By considering some pointwise fixed line in p⊥∩q⊥,
we see that θ is a generalised homology. This implies Case (3)(i i).

– L ∩ Q = {p}.
Select q ∈ L \ {p} and choose x ∈ (Q ∩ p⊥) \ qρ . Then the plane 〈x, L〉
intersects Q in a pair of lines, as it is a conic containing a line (M := px) and a
point not on that line (on qx different from x , since qx is not a tangent). Since x
andq are contained in pρ (note that L is a tangent since it intersects Q in exactly
one point), we deduce that the second line M ′ in the intersection of that plane
with Q contains p. Choose z ∈ Q\p⊥. Then the solid 〈z, x, L〉 intersects Q in a
hyperbolic quadric Q′ (as it contains two intersecting lines and a point opposite
to their intersection). Moreover, Q′⊥ ⊆ Lρ = 〈S〉, so that we can choose the
basis in such a way that Q has equation X1X2 + X3X4 + X5X6 + · · · = 0,
with {p1, p2, p3, p4} ⊆ 〈x, z, L〉, and the subspace 〈p5, p6, . . .〉 pointwise
fixed by θ . We can also assume p = p3 and q = (a, b, 0, 0, . . .), a, b ∈ K

×.
The action of θ on the coordinates xi , i ≥ 5, is trivial and consequently also
the corresponding field automorphism is trivial. So we may concentrate on the
(matrix-)action of θ on (x1, x2, x3, x4). After some elementary calculations,
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expressing that p and the pointswith coordinates (a,−b, 0, 0, ∗, ∗, . . .) belong
to Lρ , and that θ preserves the quadric Q, we see that there are two possibilities.

∗ Case 1: θ is of the form

⎛

⎜⎜⎝

x1
x2
x3
x4

⎞

⎟⎟⎠

θ

=

⎛

⎜⎜⎝

1 0 0 −a
0 1 0 −b
b a 1 −ab
0 0 0 1

⎞

⎟⎟⎠

⎛

⎜⎜⎝

x1
x2
x3
x4

⎞

⎟⎟⎠

=

⎛

⎜⎜⎝

1 0 0 −a
0 1 0 0
0 a 1 0
0 0 0 1

⎞

⎟⎟⎠ ·

⎛

⎜⎜⎝

1 0 0 0
0 1 0 −b
b 0 1 0
0 0 0 1

⎞

⎟⎟⎠

⎛

⎜⎜⎝

x1
x2
x3
x4

⎞

⎟⎟⎠ .

In this case θ is the product of two axial elations with respective axes x2 =
x4 = x5 = . . . = 0 and x1 = x4 = x5 = . . . = 0, by Lemma 3.2.7. It is
clear that these axes intersect in the point p, and that they are not coplanar.
Hence, according to Definition 3.2.5, the axial elations are perpendicular.
We are in Case (3)(i).
∗ Case 2: θ is of the form

⎛

⎜⎜⎝

x1
x2
x3
x4

⎞

⎟⎟⎠

θ

=

⎛

⎜⎜⎝

0 −ab−1 0 a
−ba−1 0 0 b

b a 1 −ab
0 0 0 1

⎞

⎟⎟⎠

⎛

⎜⎜⎝

x1
x2
x3
x4

⎞

⎟⎟⎠ .

Now θ is clearly an involution fixing all points of a hyperplanewhose coor-
dinates satisfy bx1+ax2 = abx4. Hence θ is line-domestic, contradicting
the opposition diagram.

– L ∩ Q = ∅.
Since Lρ = 〈S〉 has codimension 2 in 
, the singular subspaces contained in
S have maximal dimension at least r − 3. Suppose for a contradiction that S is
degenerate, say S ⊆ s⊥, for some s ∈ S. Since L ∩ Q = ∅, obviously s /∈ L
and so 〈L, s〉 is a plane. But S ⊆ 〈L, s〉⊥, and as the latter spans a subspace
of codimension 3, we obtain a contradiction. Hence S is nondegenerate.

∗ If S has rank r , then selecting the points of a skeleton in two pointwise
fixed opposite singular subspaces of dimension r − 1, we see that θ is a
homology, and we are in Case (3)(i i).
∗ If S has rank r − 1 or r − 2, then we deal with Case (3)(i i i).

The proposition is proved. ��

4 Domesticity of certain collineations

Here we show that the relevant collineations of the Main Result are actually domestic
with given opposition diagram.
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4.1 Central elations and products

Proposition 4.1.1 A nontrivial central elation θ in a metasymplectic space �i is a
domestic collineation with opposition diagram Fi4;1.

Proof Let θ be a central elation in �i with centre c. Then θ is symp-domestic as every
symplecton contains at least one point symplectic to c, which is fixed by the definition
of a central elation. So it follows from Table 2 that the opposition diagram is Fi4;1. ��

Proposition 4.1.2 The product of two perpendicular central elations in �1 is a domes-
tic collineation with opposition diagram F4;2.

Proof Let θ be the product of two perpendicular central elation θ1, θ2 in �1. Denote
by c j the centre of θ j , j = 1, 2 and set ξ := ξ(c1, c2). First we prove that θ maps a
point to an opposite one. Let ζ be a symplecton though c1 locally opposite ξ and let p
be a point in ζ opposite c2. Then p is mapped to an opposite point since it is preserved
by θ1 and mapped to an opposite by θ2 by Lemma 6.5.1.

Now we claim the dual, i.e. that θ maps a symplecton to an opposite one. Let ζ ′
be a symplecton opposite ξ . Denote the projection of c j on ζ ′ by x j , j = 1, 2. By
the previous paragraph, θ1 maps ζ ′ to a symplecton ζ ′′ locally opposite ζ ′ through x1,
that is, ζ ′ and ζ ′′ are symplectic. As x1 is not collinear to x2 (since c1 is not collinear
to c2), it is opposite c2. Consequently, ζ ′′ is far from c2. Then θ2 maps ζ ′′ again to a
symplecton ζ ′′′ locally opposite ζ ′′ through the projection of c2 onto ζ ′′. Now by the
dual of Axiom 2.4.5(2), the symplecton ζ ′ is opposite the symplecton ζ ′′′ = ζ ′θ .

Finally we claim that θ maps no plane to an opposite. Let π be a plane. Note
that every symplecton collinear to ξ is stabilised. Now every plane corresponds to a
line in the dual and consequently, by the dual of Corollary 2.5.2, either there exists a
symplecton through π collinear to ξ or there exist two (mutually) collinear symplecta
ζ1, ζ2 with π ⊆ ζ1 and ζ2 collinear to ξ . In the first case it is clear that π cannot be
mapped to an opposite plane, so suppose we are in the second case. Denote by π ′ the
intersection of ζ1 and ζ2. By the dual of Corollary 2.5.3, it suffices to prove that π ′ is
not mapped to an opposite plane in ζ2.

First note that θ j , j = 1, 2, induces in ζ2 an axial collineation, as immediately
follows from Definitions 2.11.8(i) and 3.2.5 (possibly trivial, in particular when
c j ∈ ζ2) with axis c⊥

j ∩ζ2. Hence θ induces in ζ2 the product of two axial collineations.
If their axes coincide, we see that θ acts point-domestically on ζ2 and by the possible
opposition diagrams of B3,1 in Corollary 4 of [16] it must also act plane-domestically.
So suppose now that these axes intersect in a point (they are of course contained in the
plane ξ ∩ ζ2). Then this point is collinear to a line L of π ′ and this line is consequently
mapped to an intersecting line. This proves that π ′ is not mapped to an opposite plane
in ζ2.

The above claims prove the statement, recalling the possible opposition diagrams
of Table 2. ��
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4.2 The fix structure is a generalised quadrangle

Proposition 4.2.1 Let θ be a collineation of a metasymplectic space �i such that its
fix structure consists of points and symplecta only, and these form a generalised quad-
rangle. Assume additionally that the set of fixed points in some symplecton forms an
ovoid and dually, the fixed symplecta through some point form an ovoid in the residue.
We also assume that these ovoids in the symplecta or point residuals isomorphic to
C3,1(A, K) are closed under taking the hyperbolic line through two distinct points.
Then θ is domestic with opposition diagram F4;2.

Proof We argue in �4.
Let ξ and ξ ′ be two fixed symplecta in �4 sharing no fixed points. Then ξ and ξ ′

are disjoint (otherwise the intersection is fixed, and the intersection is either a plane
or a point). If ξ and ξ ′ are not opposite, then the unique symplecton intersecting both
ξ and ξ ′ in respective planes is fixed, and so are these planes, a contradiction. Hence ξ

and ξ ′ are opposite. Using projections, we now see that the fixed points in each fixed
symplecton form an (isomorphic) ovoid. Also the dual holds.

Now let, for a contradiction, C be a chamber of �4 mapped onto an opposite
chamber Cθ . Let p ∈ C be a point. We first claim that there is a fixed point f opposite
p. Indeed, remark that p cannot be contained in a fixed symplecton, as it is mapped to
an opposite point by assumption. So now p is close or far from any fixed symplecton.
Suppose that p is close to some fixed symplecton ξ , then ξ contains a fixed point q
special to p, as an ovoid can never be collinear to a point (Lemma 3.1.3). Now another
fixed symplecton through q must be far from p, as the centre c(p, q) is not contained
in this symplecton. So p is far from at least one fixed symplecton ζ . Again by the fact
that an ovoid cannot be collinear to a point, we see that ζ contains a fixed point f
opposite p and the claim is proved.

We now claim that p is symplectic to two mutually opposite fixed points. By the
previous paragraph, wemay assume that some fixed point f is opposite p. Consider an
arbitrary fixed symplecton ξ through f , then pmust be far from ξ . So there is a unique
point x ∈ ξ symplectic to p. If x is fixed for at least two choices of ξ through f , then
the claim again follows (since a generalised quadrangle does not contain triangles). So
we may assume that x is not fixed. Then p is special to at least two fixed points x1, x2
of ξ . Let Li be the unique line containing xi , i = 1, 2, and containing p��xi . Then, by
assumption, there is at least one fixed symplecton ξi containing Li . Now p is close to
ξi for all i ∈ {1, 2} and it is clear that each ξi contains at least two fixed points ai , bi
symplectic to p (note that p⊥ ∩ ξi can not have fixed points and then we can look
at the fixed points in two locally opposite planes through this line). It is also obvious
that the symplecta ξ1 and ξ2 are opposite as a generalised quadrangle does not contain
triangles. Now a1 can’t be symplectic to both a2, b2 in the generalised quadrangle and
so we find two mutually opposite fixed points symplectic to p.

Hence let x1, x2 be two opposite fixed points symplectic to p. Then x1, x2 ∈
E(p, pθ ), and hence Ê := Ê(x1, x2) = Ê(p, pθ ) is fixed by θ . Let S be a “solid”
of Ê . We claim that S contains a fixed point. Indeed, we may assume that S does
neither contain x1, nor x2. Let S1 be the solid of Ê generated by x1 and the plane
π1 := x⊥⊥

1 ∩ S. Let π be the plane x⊥⊥
2 ∩ S1 of Ê , but also of E(x1, x2). Then, by
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definition of E(x1, x2), there exists a line L1 � x1 such that π is the set of points sym-
plectic to x2 and contained in a symplecton through L1. By assumption, there exists
a unique symplecton ξ1 ⊇ L1 fixed under θ . Since x2 is also fixed, the unique point
x ∈ ξ1 symplectic to x2 is also fixed and belongs to π . Again by assumption, each
point of the hyperbolic line h through x1 and x , is fixed. By definition of Ê(x1, x2),
it is a line of the polar space, contained in S1, and so it contains a point y ∈ π1 ⊆ S.
Our claim is proved.

Now let L be the line in the chamber C . As above, it defines a plane α in E(p, pθ ),
and hence a solid S of Ê generated by α and p. The previous paragraph yields a fixed
point x ∈ S. Hence the symplecton ξ(p, x) is mapped onto ξ(pθ , x), which implies
x ∈ α. Consequently, the symplecton ξ(p, x) contains L . This, in turn, implies that x
is collinear to a point y of L . So the point y ∈ L is close to ξ(x, pθ ) = ξ(x, p)θ and
therefore cannot be opposite any point of it; in particular it is not opposite any point
of Lθ . But then L and Lθ are not opposite, the final contradiction implying that θ is
domestic.

Now we claim that the opposition diagram is F4;2. Let ξ be a fixed symplecton. As
θ does not fix a geometric hyperplane in ξ , but only a geometric subhyperplane, the
contraposition of Lemma 3.5.1 implies that θ is not line-domestic in ξ . Then let L be
a line of ξ mapped to an opposite line of ξ . Then a point x of �4 collinear to L , but
not contained in ξ is mapped to an opposite one by Corollary 2.5.4. Dually there is
also a symplecton mapped to an opposite one, which concludes the proof. ��

4.3 When an apartment is pointwise fixed

Proposition 4.3.1 (i) If in Class (K), the collineation θ of F4,4(K, K) has fix
structure an extended equator geometry and its tropics geometry, then θ has
opposition diagram F44;1.

(i i) If in Class (L), the collineation θ of F4,1(K, L) has fix structure a metasym-
plectic (sub)space canonically isomorphic to F4,1(K, K), then θ has opposition
diagram F44;1.

(i i i) If in Class (L), the collineation θ of F4,4(K, L) has fix structure an extended
equator geometry and its tropics geometry, then θ has opposition diagram F4;2.

(iv) If in Class (H), the collineation θ of F4,1(K, H) has fix structure a metasym-
plectic (sub)space canonically isomorphic to F4,1(K, L), with L a separable
quadratic extension of K contained in H as a 2-dimensional subalgebra and
pointwise fixed under some automorphism of A, then θ has opposition diagram
F4;2.

Proof We first claim that in Cases (i) and (i i i) every fixed symplecton in �4 has as
fix structure a hyperbolic line and its perp. Let ξ be a fixed symplecton intersecting
the fixed extended equator geometry Ê , then θ clearly fixes the hyperbolic line, say
h(x, y), appearing as intersection ξ ∩ Ê (see Lemma 2.6.18) and the perp of this
hyperbolic line, i.e. x⊥ ∩ y⊥ =: S, as all these points are contained in T̂ . Suppose now
that there is some other point z also fixed. This point cannot be contained in Ê , again by
Lemma 2.6.18, so it must be contained in T̂ . If z ⊥ S, it would be contained in h(x, y),
so we may pick s ∈ S not collinear to z. Then ξ = ξ(z, s) and by Proposition 2.7.6
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(i i), the hyperbolic line β(z) ∩ β(s) must be contained in this symplecton, again a
contradiction. Now suppose that ξ is a fixed symplecton not containing a point of Ê .
Pick arbitrarily two opposite points p, q ∈ Ê and extend an apartment of E(p, q)

as in Lemma 2.11.4 to an apartment of �4 containing p and q. Note that all the 24
symplecta in this apartment contain a point of Ê and have consequently a fix structure
as described above. So by projection, it suffices to prove that ξ is opposite some
symplecton of �. But that is exactly the dual of Lemma 2.11.5.

We now claim that the fixed points in a fixed symplecton of�1 form a hyperplane in
Cases (i) and (i i) and they form a subhyperplane in Case (i i i) and (iv). In Cases (i i)
and (iv) this follows quite easily: Denote by ζ ′ the fix structure in a fixed symplecton
ζ . In Case (i i) we have that ζ ′ ∼= B3,1(K, K) is clearly a geometric hyperplane of
ζ ∼= B3,1(K, L) by Definition 2.3.1 and the fact that dimK(L) − dimK(K) = 1.
In Case (iv) we have that ζ ′ ∼= B3,1(K, L) is clearly a geometric subhyperplane of
ζ ∼= B3,1(K, H) by Definition 2.3.1 and the fact that dimK(H) − dimK(L) = 2.
In Cases (i) and (i i i), we look at the dual space �4. A fixed symplecton ζ of �1
corresponds to a fixed point z of �4, which must lie in the fixed extended equator
geometry or its corresponding tropics geometry. If z is contained in Ê , then every
symplecton through z is stabilised by Lemma 2.6.18 and consequently every point in
ζ is fixed. If z is contained in T̂ , the set of symplecta containing a hyperbolic line of
β(z) define a polar space isomorphic to a Klein quadric (that is, a hyperbolic quadric
in PG(5, K)), taking Lemma 2.7.1 into account. Remark that all these symplecta also
contain the point z, so they form a subspace of the residue of z, which is B3,1(K, A).
If A = K, this is a quadric in PG(6, K), and if A is a quadratic field extension over K,
this is a quadric in PG(7, K). So by dimensional arguments, the fixed Klein quadric is
a geometric hyperplane in the first case and a geometric subhyperplane in the second
case. We now claim that no other symplecton through z can be fixed. Indeed, every
such symplecton must contain a fixed point symplectic to z by the first paragraph. This
point cannot be contained in Ê by Lemma 2.7.4. So every fixed symplecton through
z is of the form ξ(z, z′), with z′ ∈ T̂ . Such a symplecton then contains β(z) ∩ β(z′)
and is consequently contained in the Klein quadric described before. This proves the
claims and hence every plane of a fixed symplecton contains a fixed point.

Dually we claim that in every fixed symplecton of �4 each plane contains a fixed
point. For Cases (i) and (i i i) this follows immediately from the first paragraph, notic-
ing that, with the notation of that paragraph, x⊥ ∩ y⊥ is a subhyperplane. For Cases
(i i) and (iv), the symplecta are isomorphic to C3,1(A, K) and the fix structure is a
(canonical) sub polar space C3,1(B, K) (with dimB(A) = 2). Then from Lemma 3.3.7
we infer that θ induces in this residue a generalised Baer collineation. Theorem 7.1 of
[28] implies that every plane of this residue contains a fixed point, which proves the
claim.

If the fix structure in some symplecton of �i is not a hyperplane, then as in the
previous proposition, we can use Corollary 2.5.4 and Lemma 3.5.1 to conclude that
some point of �i is mapped onto an opposite. Hence the previous paragraphs already
show that, if θ is domestic, then the opposition diagram is F4;2 in Cases (i i i) and (iv),
and either F4;2 or F44;1 in Cases (i) and (i i). So it suffices to show that, in Cases (i) and
(i i) no point of �1 is mapped onto an opposite, and in the other cases, no point-line
flag of �1 is mapped onto an opposite.
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To that purpose, let p be any point of �1. If p is contained in a fixed symplecton,
then it cannot be mapped onto an opposite, nor can any line through it be mapped onto
an opposite.

We now assume that p is not contained in any fixed symplecton. We claim that p
is close to some fixed symplecton ξ of �1. By assumption we know that there is some
pointwise fixed line and so we find a fixed point x special, symplectic or collinear to
p. Suppose first that p and x are collinear. Then p is close to any fixed symplecton
through x (which exists in abundance by the first part of the proof). Suppose now that
p and x are at distance 2 and let L be a line through x containing a point collinear to
p. By the third claim above, there is a fixed symplecton ξ containing L . Since p is
collinear to some point of L , it is close to ξ and the claim is proved.

Now set K := ξ ∩ p⊥. In Cases (i) and (i i), the line K has a fixed point by the
second claim. Hence pθ is at distance at most 2 from p for every point p and this
shows (i) and (i i) by the possible opposition diagrams in Table 2.

Now assume we are in Case (i i i) or (iv). Let P be any line through p and assume
that {p, P} is mapped onto an opposite flag. Since every plane in ξ through K contains
a fixed point, by the second paragraph, we can select a fixed point y in ξ collinear to
K . Set ζ := ξ(p, y). Suppose first that P is contained in ζ . Then the projection of Pθ

from pθ onto p is not locally opposite P , as both are contained in ζ (as the projection
is an isomorphism and ξ(pθ , y) is projected onto ζ ). Hence by Lemma 2.8.7 the lines
P and Pθ are not opposite. Now suppose that P is not contained in ζ . Then there is a
unique line P ′ in ζ coplanar with P and by the first part of the proof we find a fixed
symplecton ξ ′ containing y and some point u′ of P ′. Note that P is collinear to u′, and
consequently we find a symplecton ζ ′ containing P and intersecting ξ ′ in a plane α′
(indeed, set ζ ′ = ξ(p, b), with a ∈ P \ {p} and b ∈ (ξ ′ ∩ a⊥) \ {u′}). Let y′ be a fixed
point in α′ and let w ∈ P be collinear to y′ (w exists since y′ and P are contained
in the same polar space ζ ′). Again, there exists a fixed symplecton through wy′, and
this implies that w and wθ are contained in the same symplecton, contradicting the
assumption that Pθ is opposite P .

Hence no point-line flag is mapped onto an opposite and so θ is domestic. As argued
above, this proves all assertions. ��

5 Proof of theMain Result

In this section we classify all domestic collineations of �i . There are two levels of
preparations: First we prove some general properties of collineations (Section 5.1),
mainly to be able to recognise some specific (domestic) collineations in a geometric
way. Secondly, we prove some general properties of domestic collineations (Section
5.2), mainly to restrict the displacement of points and symplecta, to derive other
geometric properties of domestic collineations and to allow us to use the results on
polar spaces by reducing to equator and extended equator geometries.
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5.1 Some general properties of collineations of metasymplectic spaces

Lemma 5.1.1 Let θ be a collineation of the metasymplectic space �i that fixes some
point c and all the points collinear or symplectic to c. Then θ is a central elation of
�i with centre c. Also, θ induces an axial elation in every symplecton close to c.

Proof Using Corollary 2.5.2 and Definition 2.11.8, it suffices to prove that every line
with exactly one point collinear to c and all the other points special to c is stabilised. Let
M be such a line, withm the unique point collinear to c and denote by ξ a symplecton
through M . Then c is close to ξ and by taking two locally ξ -opposite planes through
c⊥ ∩ ξ in ξ , we get two symplectic fixed points in ξ and hence ξ is stabilised. By the
arbitrariness of ξ , we see that M is stabilised.

The argument in the previous paragraph shows that every symplecton ξ close to
c is stabilised. By the definition of central elation, all lines of ξ meeting c⊥ ∩ ξ are
stabilised and so the last assertion follows. ��
Lemma 5.1.2 Let θ be a central elation of a metasymplectic space �i with centre c. If
θ fixes one more point q (special to or opposite c), then θ is the identity.

Proof If q is special to c, then it lies on a line L containing a point collinear to c.
Let L ′ be opposite L and also containing a point collinear to c. Then also the point
q ′ ∈ L ′ special to q is fixed, and so is the point c(q, q ′), which is opposite c. So we
may assume that q is opposite c.

Using Lemma 2.11.4 with respect to c, q and E(c, q), we find a pointwise fixed
apartment containing c. Since also all points symplectic to c are fixed, we deduce from
Theorem 4.1.1 of [31], see also Theorem 6.3.1, that θ is the identity. ��
Lemma 5.1.3 Let�4 bea separablemetasymplectic space. Then there are nonontrivial
central elations in �4.

Proof Let θ be a central elation of �4 with centre c. The last assertion of Lemma 5.1.1
combined with Lemma 3.2.9 yields the trivial action of θ on each symplecton close
to c. Consequently also all points special to c are fixed. Either using Lemma 5.1.2,
or directly showing that also all points of �4 opposite c are fixed (which is easy), we
conclude that θ is the identity. ��
Lemma 5.1.4 Let p, q be opposite points of �1. Let {x, y} be a pair of opposite
points in E(p, q) and let ξ be a symplecton through p intersecting E(p, q) in a point
z ∈ x⊥⊥ ∩ y⊥⊥.

(i) Each collineation pointwise fixing E(p, q) ∪ (E(x, y) ∩ ξ) is a central elation
with centre p.

(i i) Each collineation pointwise fixing E(p, q) ∪ ξ is a central elation with centre
p.

(i i i) Each collineation pointwise fixing {q}∪ E(p, q)∪ (E(x, y)∩ ξ) is the identity.
(iv) Each collineation pointwise fixing the union of the two “perpendicular” equator

geometries E(p, q) and E(x, y) is the identity.
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Proof Under the hypotheses of (i), we have to show that the said collineation θ point-
wise fixes {p} ∪ p⊥ ∪ p⊥⊥. We first claim that θ pointwise fixes ξ , thus reducing (i)
to (i i). Indeed, since θ pointwise fixes E(p, q), it stabilises each symplecton through
p, and so it stabilises every line through p. Hence, by projecting, it stabilises every
line through z, and so it fixes p⊥ ∩ z⊥ pointwise. Since {p, z} ⊆ {x, y}⊥⊥, the points
x and y are close to ξ and so, if we denote L = x⊥ ∩ ξ and M = y⊥ ∩ ξ , we see that
E(x, y) ∩ ξ = L⊥ ∩ M⊥.

By definition the symplecta of�1 are polar spacesB3,1(K, A) andwe can look at this
situation in the ambient projective space PG(�, K) of ξ corresponding to the universal
embedding. This is a projective space of dimension � ≥ 6. The subspaceU1 generated
by p⊥ ∩ z⊥ has dimension � − 2 and is pointwise fixed; the set L⊥ ∩ M⊥ spans a
subspaceU2 of dimension �−4 and is also fixed pointwise. By theGrassmann identity,
and since U1 ∪ U2 spans PG(�, K) (because this span contains z, p and z⊥ ∩ p⊥),
these spaces intersect in a subspace of dimension � − 6. Hence they share a point and
so θ fixes ξ pointwise. The claim is proved.

Now, if ξ ′ is a symplecton through p intersecting ξ in a plane, denote z′ := ξ ′ ∩
E(p, q); then similarly p⊥∩z′⊥ is fixedpointwise and since theplane ξ∩ξ ′ is pointwise
fixed, Corollary 3.2.3 implies that also ξ ′ is pointwise fixed. By connectivity of the
residue at p, we conclude that every symplecton through p is pointwise fixed, which
concludes the proof of the first assertion by Lemma 5.1.1. The other assertions (i i i)
and (iv) now follow from Corollary 5.1.2. ��
Lemma 5.1.5 Let p, q be opposite points of �4.

(i) Each collineation pointwise fixing E(p, q) and a symplecton ξ that contains p
is a central elation with centre p (and hence trivial in the separable case).

(i i) Each collineation pointwise fixing Ê(p, q) and a symplecton that intersects
Ê(p, q) nontrivially is the identity.

(i i i) Each collineation pointwise fixing Ê(p, q) is the identity as soon as we are in
the inseparable case.

Proof First assume that θ is a collineation pointwise fixing E(p, q) and a symplecton
ξ that contains p. Copying the proof of Lemma 5.1.4(i i)we find that θ pointwise fixes
each symplecton through p; hence Lemma 5.1.1 implies (i).

Now assume θ pointwise fixes Ê(p, q) and some symplecton ξ that intersects
Ê(p, q) nontrivially. We may assume p ∈ ξ . Then (i) imlies that θ is a central
eleation with centre p, and since also q opposite p is fixed, Lemma 5.1.2 shows that
θ is the identity.

Suppose now that we are in the inseparable case and that θ pointwise fixes Ê(p, q).
To prove (i i i), it suffices to show that θ pointwise fixes some symplecton with
nontrivial intersection with Ê(p, q). Let ξ be a symplecton containing p. Then by
Lemma 2.6.18, the intersection ξ ∩ Ê(p, q) =: h is a hyperbolic line. Now each point
of h⊥ belongs to T̂ (p, q) and is hence fixed. Now Lemma 3.4.1 concludes the proof.

��
The next lemma does not hold in the separable case as the constructions in Propo-

sition 6.5.2 are counterexamples, with an induced trivial axial elation.
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Lemma 5.1.6 A collineation of an inseparable metasymplectic space �1, which
induces an axial elation θ in an extended equator geometry of �4, is a central elation.

Proof Let θ have axis A, contained in the unique symplecton ξ of �4. Since all hyper-
bolic lines of the extended equator geometry, and hence all symplecta of �4, sharing
a point with A are stabilised, all planes of ξ through any point of A are stabilised.
This implies that A⊥ is pointwise fixed. Since also A is pointwise fixed, Lemma 3.4.1
implies that ξ is pointwise fixed. Let a be the point of �1 corresponding to ξ . Then
we just argued that all symplecta through a are stabilised.

Now let B be an arbitrary “line” opposite A in the extended equator geometry,
and let b be the point of �1 corresponding to B. Then Bθ is clearly contained in
the regulus defined by A and B. Corollary 2.10.3 implies that bθ ∈ I (a, b) and so
E(a, b) = E(a, bθ ). Together with what we proved in the first paragraph this implies
that E(a, b) is pointwise fixed.

By the definition of axial elation, all symplecta in �4 through an arbitrary point
of A are stabilised; hence the corresponding symplecton in �1, which contains a, is
pointwise fixed. Lemma 5.1.5(i) completes the proof. ��

5.2 Some general properties of domestic collineations of metasymplectic spaces

We now finally come to the core of tis paper: proving properties of domestic
collineations that will allow us to classify these objects.

Lemma 5.2.1 A domestic collineation θ of any metasymplectic space �i does not map
any point to a special one. In particular, it (dually) induces in each fixed symplecton
a plane-domestic collineation.

Proof Suppose for a contradiction that θ maps a point x to a special point xθ and set
p = c(x, xθ ). Let L be a line through x locally opposite both xp and xpθ−1

. This line
corresponds to a plane in the polar space Res�i (x) opposite the planes corresponding

to xp and xpθ−1
. Such a plane exists in a thick polar space of rank 3 (this is an easy

exercise on the theory of polar spaces, or use Proposition 3.30 in [31]). Now every
point of L \ {x} is special to p. By Lemma 2.5.3, every such point is opposite xθ and
similarly x is opposite every point of Lθ \{xθ }. We conclude, with Definition 2.8.1(2),
that L is opposite Lθ , which contradicts the possible opposition diagrams for domestic
collineations in Table 2.

Suppose some plane π of a fixed symplecton ξ is mapped onto a ξ -opposite one.
Then each symplecton ζ distinct from ξ throughπ ismapped onto a special symplecton
contradicting the dual of the first statement. Remark that ζ and ζ θ are indeed disjoint
as a point in their intersection would also be contained in ξ , since it would be collinear
to a symplectic pair of points from π and πθ . ��
Corollary 5.2.2

(i) If a symplecton ξ is mapped onto an adjacent symplecton ξθ by a domestic
collineation θ of a metasymplectic space �i , then

(a) the intersection ξ ∩ ξθ of the two symplecta is fixed pointwise;
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(b) at least one symplecton containing ξ ∩ ξθ is fixed.

(i i) If a point p is mapped onto a collinear point pθ by a domestic collineation θ of
a metasymplectic space, then

(a) all planes and symplecta containing the line ppθ are stabilised by θ (in par-
ticular the line ppθ is stabilised);

(b) at least one point on the line ppθ is fixed.

(i i i) If a symplecton ξ is mapped onto a symplectic symplecton ξθ by a domestic
collineation θ of a metasymplectic space, then the intersection point ξ ∩ ξθ of
the two symplecta is fixed.

(iv) If a point p is mapped onto a symplectic point pθ by a domestic collineation θ

of a metasymplectic space, then the symplecton ξ(p, pθ ) containing these two
points is stabilised.

Proof We will start by proving the statements in (i)(a) and (i i i). The statements in
(i i)(a) and (iv) then follow by standard duality. Afterwards we will prove (i i)(b) and
again, by dualising, (i)(b) follows immediately.

Suppose the symplecton ξ is mapped onto the adjacent symplecton ξθ and set
π = ξ ∩ ξθ . Assume for a contradiction that some line L ⊆ π is not fixed. Then,
since each line of a symplecton is contained in at least three planes of the symplecton,
we can find a plane α �= π in ξ containing L such that αθ ∩ π = Lθ ∩ π . Now we
pick a point qθ ∈ αθ \ Lθ not collinear to L . Then L = q⊥ ∩ π �= (qθ )⊥ ∩ π and, by
the possible point-symp relations, q and qθ are special, contradicting Lemma 5.2.1.
Hence each line of π is stabilised and so each point of π is fixed.

Now suppose a symplecton ξ is mapped onto a symplectic symplecton ξθ and set
p = ξ ∩ ξθ . Assume for a contradiction that p �= pθ . Then in the polar space ξθ we
can pick a point qθ collinear to pθ , but not to p. Then q ⊥ p is close to ξθ , but qθ is
special to q as qθ is not collinear to p, again contradicting Lemma 5.2.1.

Suppose finally that a point p is mapped onto a collinear point pθ . Consider an
arbitrary plane π through L := ppθ , which is stabilised by (i i)(a). If every point in
π \ L is fixed, it is clear that also L must be pointwise fixed, contradicting the fact that
p �= pθ . So we may assume that some q ∈ π \ L is not fixed and as π is stabilised q
must be collinear to its image. Applying (i i)(a) again yields the stabilised line qqθ .
So the intersection qqθ ∩ ppθ is a fixed point on the line ppθ . ��
Corollary 5.2.3 Let p, q be two opposite points of �4. A domestic collineation θ of �4
that stabilises Ê(p, q) stabilises a hyperbolic solid through every stabilised hyperbolic
plane of Ê(p, q).

Proof Let π be a stabilised hyperbolic plane of Ê(p, q) and let L be the stabilised
line of T̂ (p, q) corresponding to π by Proposition 2.7.6. Then L must contain a fixed
point by Corollary 5.2.2. This means that the hyperbolic solid corresponding to this
point must be stabilised. ��
Corollary 5.2.4 Let 
 be a subspace of �1 isometric and isomorphic to A2,{1,2}(K)

and suppose that a domestic collineation stabilises 
. Then θ acts type-preserving on
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the underlying projective plane PG(2, K), and is either a Baer involution, an elation
or a homology.

Proof As 
 is not isomorphic to the smallest projective plane, it does not admit
domestic dualities by Theorem 3.5 of [16]; this implies that, if θ induced a duality in
PG(2, K), then it would map some point to an opposite line. This would mean that θ
would map a line to an opposite, contradicting domesticity. Now let z be a point of
PG(2, K) and suppose it corresponds to the line Z of
. We claim that zzθ is stabilised.
Indeed, z, zzθ and zθ correspond to three lines Z ,W , Z θ of 
 such that Z ,W and
W , Z θ are locally opposite. The intersection point Z ∩ W is mapped to a point of
Z θ which must coincide with W ∩ Z θ by Lemma 5.2.1. By Lemma 5.2.2(i i)(a) this
means that the line W in �1 is stabilised. Consequently also the line zzθ in PG(2, K)

is stabilised. So we can apply Proposition 3.3 of [19] and the result follows. ��
Now we prove the analogue to Lemma 5.3 in [18]. We provide a detailed proof as the
special case of a building of F4 imposes some simplifications, whereas the assumption
of not being necessarily split causes some complications. It is exactly this proposition
that allows us to use the earlier derived results of domestic collineations of polar spaces
applied to the equator and extended equator geometries. It provides the basis of our
classification.

Proposition 5.2.5 Let θ be a domestic collineation of �i = F4,i(K, A), i = 1, 4.
Suppose θ maps some point p to an opposite.

(i) If i = 1 and A is separable, then θ stabilises E(p, pθ ).
(i i) If i = 1, the opposition diagram of θ is F14;1 and A is separable, then θ pointwise

fixes E(p, pθ ).
(i i i) If i = 4 and the opposition diagram of θ is F44;1, then θ stabilises Ê(p, pθ ).

Proof Wewill denote the residue of�i in p as�. Recall that θp, fromDefinition 2.8.6,
is a collineation of the polar space �. From the classification in Table 2, neither lines
nor planes are mapped to opposite ones by θ in �i . Together with Lemma 2.8.7, it
follows that θp is line-domestic and by Lemma 3.5.1 θp is the identity or pointwise
fixes a hyperplane H of �.

We argue in � (which is easier since we can then think of points, lines, planes
instead of symplecta, planes and lines). By Corollary 3.5.1, we get that if some plane
π or some line L of � is stabilised by θp, then it is pointwise fixed.

We claim that, under the assumptions of (i), (i i) and (i i i), if two planes through a
pointwise fixed line L in � are (necessarily pointwise) fixed, then all planes through
L are (necessarily pointwise) fixed. If the opposition diagram is Fi4;1 (Cases (i i) and
(i i i)), we see again by Lemma 2.8.7 that no element is mapped to an opposite and
by Remark 2.11.7, θp is then the identity. So the claim is trivially true in these cases.
Consequently we may assume that the opposition diagram is F4;2 and i = 1. In this
case, � ∼= C3,1(A, K) and we now have hyperbolic lines defined by the common perp
of two opposite lines (Lemma 2.6.9). Let π1 and π2 be the fixed planes through L , let
π ′ be another plane through L and let L ′ be a line opposite L . Then the projections
p1, p2 and p′ of L ′ onto π1, π2 and π ′, respectively, are points not on L . It is clear
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that p′ lies on the stabilised hyperbolic line h(p1, p2) = L⊥ ∩ L ′⊥. By considering
now another line L ′′ not through p in the plane 〈p′, L ′〉, we similarly find a stabilised
hyperbolic line h(q1, q2) = L⊥ ∩ L ′′⊥. The point p′ is now fixed as the unique point
in the intersection of these hyperbolic lines and so the plane π ′ is also fixed.

Translated to �i , we have shown that each line through p is contained in a plane
through p fixed under θp (as every plane in � contains a fixed line of the geometric
hyperplane H ), and that each line through p in such a plane is fixed under θp as
soon as at least two such lines are fixed. We now forget the notation of the previous
paragraphs, in particular L and so on.

So, if we want to show that for each line L through p, the unique point of L at
distance 2 from pθ is mapped onto the unique point of Lθ at distance 2 from p, it
suffices to prove that for each plane π through p fixed under θp, the line π ∩ (pθ )��

is mapped onto πθ ∩ p��.
Let π be a plane through p fixed under θp. First assume that every line L through

p in π is fixed under θp. Let Mp be the line in π such that Mθ
p = πθ ∩ p��. If

Mp = π ∩ (pθ )��, then there is nothing to prove, so suppose Mp and π ∩ (pθ )��

intersect in a unique point z. Then, since (pz)θp = pz, we see that zθ ⊥ z. Now let
L be a line in π through p, but not through z. Since |K| > 2, we can select a point
q ∈ L \ ({p} ∪ Mp ∪ (pθ )��). Let K be a line in π through q, and set K ∩ Mp =: {u},
pu ∩ (pθ )�� =: {v} and K ∩ (pθ )�� =: {w}. Since (pv)θp = pv, we have v ⊥ uθ .
Hence (qw)θq = (qu)θq = qv. This now yields the equivalence

(qw)θq = qw ⇔ v = w ⇔ u = z or u ∈ pq.

Consequently the collineation θq fixes π and exactly two lines through q in π , which
contradicts our earlier observation, replacing p with q, that all lines through q in π are
fixed as soon as at least two of them are fixed under θq . Hence Mp = π ∩ (pθ )��. In
particular the images of the points onMp are given by projection inside the symplecton
determined by Mp and Mθ

p and hence θ preserved the cross-ratio of collinear points.
We say that θ is a linear collineation.

Next assume that exactly one line L through p in π is fixed under θp. Since every
such fixed line is contained in a fixed plane all of whose lines through p are fixed, we
knowby the previous paragraph that z := L∩(pθ )�� ismapped onto zθ = Lθ ∩p��, and
these two points are collinear. LetMp again be the line ofπ defined byMθ

p = πθ ∩ p��.
Let, for each x ∈ Mp, x ′ be the unique point of π collinear to xθ . Then, as a product
of a linear collineation and a projection, which both preserve the cross-ratio, the
correspondence x �→ x ′ is a projectivity from Mp to M ′

p := π ∩ (pθ )��. Since
z = Mp ∩ M ′

p is fixed under this correspondence, it is a perspectivity. Let c be the
centre of this perspectivity, then c /∈ Mp ∪ M ′

p is opposite cθ , and clearly θc is the
identity restricted to π . By the first case, this implies that M ′

c = Mc. Now we note
that Mp = Mc as the line Mθ

p is indeed special to c and similarly M ′
p = M ′

c.
Finally, assume that no line through p in π is fixed under θp. Let Mp be as before

and assume Mp �= π ∩ (pθ )��. Set u = Mp ∩ (pθ )��. We can select a point x on Mp

such that (xθ )⊥ does not contain u. Set x ′ = (xθ )⊥ ∩ π and select q on the line xx ′
different from x, x ′. Then q is opposite qθ , π is fixed under θq , xx ′ is fixed under θq
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and pq is not fixed under θq . By the previous case, Mq = M ′
q := π ∩ (qθ )��. Similar

to the previous paragraph we get that Mq = Mp and M ′
q = M ′

p := π ∩ (pθ )��.
Now let ξ be an arbitrary symplecton through p. Every point of ξ at distance 2

from pθ is collinear to the unique point eξ of ξ symplectic to pθ , which is also the
unique point of ξ belonging to E(p, pθ ). Hence the above yields that θ maps p⊥ ∩ e⊥

ξ

to (pθ )⊥ ∩ e⊥
ξθp .

Now if i = 1, then ξθ is isomorphic to B3,1(K, A). If the latter is separable, then
pθ and eξθp are the only two points of ξθ collinear to all points of (pθ )⊥ ∩ e⊥

ξθp , by

Lemma 2.6.10. It follows that eθ
ξ = eξθp ∈ E(p, pθ ). Hence E(p, pθ ) is preserved by

θ . This yields (i). Moreover, if the opposition diagram is F14;1, then θp is the identity

(as above) and we have eθ
ξ = eξ and so E(p, pθ ) is fixed pointwise. This yields (i i).

Now suppose i = 4. Then it follows that the hyperbolic line determined by p and
eξ is mapped onto the hyperbolic line defined by pθ and eξθp which is contained in

Ê(p, pθ ) by Lemma 2.6.14. So eθ
ξ is contained in Ê(p, pθ ) for every symplecton

ξ through p. Let now eξ1 and eξ2 be two opposite points in E(p, pθ ). Then they
determine Ê(p, pθ ) by Lemma 2.6.17. As their images eθ

ξ1
and eθ

ξ2
are still opposite

points in Ê(p, pθ ), they also determine Ê(p, pθ ) and so Ê(p, pθ ) is stabilised. This
yields (i i i) and the proposition is completely proved. ��

Now we are finally prepared to classify the possible domestic collineations. We
will do so by making a distinction between the inseparable and separable case.

5.3 Domestic collineations in inseparable metasymplectic spaces

Here, A = K
′ is an inseparable field extension of K in characteristic 2. This means

that the following inclusions of fields hold: (K′)2 ≤ K ≤ K
′. An important property

of these metasymplectic spaces is that F4,1(K, K
′) ∼= F4,4(K′2, K). This can be easily

proven, when we look at the definitions for B3,1(K, A) and C3,1(A, K) (i.e. Definitions
2.3.1 and 2.3.2, respectively) and use the isomorphisms:

φ : B3,1(K, K
′) → C3,1(K, K

′2) :
(x−3, x−2, x−1, x0, x1, x2, x3) �→ (x−3, x−2, x−1, x1, x2, x3)

and

ψ : B3,1(K′2, K) → C3,1(K′, K) :
(x2−3, x

2−2, x
2−1, x0, x

2
1 , x

2
2 , x

2
3 ) �→ (x−3, x−2, x−1, x1, x2, x3).

This isomorphism between metasymplectic spaces allows us for example to speak
about the extended equator geometry and tropics geometry in a metasymplectic space
�1, as these are the geometries isomorphic to the extended equator geometry and
tropics geometry in the isomorphic metasymplectic space �4. Therefor in this section,
we will speak about � instead of �1 or �4; this � is at the same time a �1 and a �4,
but for different pairs of fields. A good example of the power of this isomorphism is
the following lemma.
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Lemma 5.3.1 Let p, q be two opposite points of the inseparable metasymplectic space
�. ThenI (p, q) = E(p, q)⊥⊥ equals the “hyperbolic line” in the polar space Ê(p, q)

through the opposite points p and q.

Proof This follows straight from Proposition 2.10.5 noting that the “hyperbolic line”
through p and q in Ê(p, q) coincides with the “hyperbolic line” through these points
in E(a, b), for each pair of opposite points {a, b} ⊆ E(p, q). ��
Theorem 5.3.2 Let θ be a domestic collineation of an inseparable metasymplectic
space F4,1(K, K

′). Then one of the following holds.

(i) θ is a central elation and the opposition diagram is F14;1 or F
4
4;1;

(i i) θ is the product of two perpendicular central elations, and then the opposition
diagram is F4;2. There are three types of such products: those that are only
products of perpendicular central elations in F4,1(K, K

′), those that are only
products of perpendicular central elations in F4,4(K, K

′) and those that are
products of perpendicular central elations in both;

(i i i) θ is an involution with fix structure consisting of points and symplecta forming
a Moufang quadrangle of mixed type and the opposition diagram is F4;2. Here
the fixed points in a fixed symplecton ξ form an ovoid, which consists of the set
of points of the perp of a line L of the unique symplectic polar space in which ξ

is fully embedded, but L does not contain points of ξ ; however, L is a singular
line with respect to the symplectic form. Also the dual holds. This third case
does not occur when K

′ equals K (i.e. in the split case).

Proof Let θ be a domestic collineation of �. Without loss of generality (possibly by
going to the dual), we may assume that θ is not point-domestic. Let p be a point
mapped onto an opposite. By Proposition 5.2.5, Ê(p, pθ ) is preserved by θ . Remark
that by similar isomorphisms as above Ê(p, pθ ) ∼= B4,1(K, K

′) ∼= C4,1(K, K
′2), and

the latter polar space is embedded in a symplectic polar space� ∼= C4,1(K, K) defined
by the standard alternating form in PG(7, K):

x−4y4 + x4y−4 + x−3y3 + x3y−3 + x−2y2 + x2y−2 + x−1y1 + x1y−1,

and we denote ρ for the associated polarity.
We claim now that θ induces a plane-domestic collineation in Ê(p, pθ ). Suppose

for a contradiction that π is a hyperbolic plane in Ê(p, pθ ) mapped to an opposite
plane πθ . As there are no symplectic polarities in a plane (cf. [27]), there must be
a point q ∈ π mapped to an opposite point qθ (otherwise x �→ (xθ )⊥⊥ ∩ π would
be a symplectic polarity of π ). Now the “line” π ∩ (qθ )⊥⊥ corresponds to a plane α

through q by Proposition 2.6.11 and must be mapped to an opposite “line” in πθ ,
corresponding to a plane β through qθ . Now again by Proposition 2.6.11, α must be
opposite β as the corresponding lines in E(q, qθ ) are opposite (as they are contained in
π and πθ respectively). Consequently α is mapped to an opposite plane, contradicting
domesticity of θ (cf. Table 2). So the claim is proved. Since at least one point is
mapped onto an opposite, Corollary 4 of [16] implies that no “solid” is mapped onto
an opposite. Then by Theorem 6.1 of [28], θ pointwise fixes a (sub)hyperplane H of
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Ê(p, pθ ), and hence it pointwise fixes a (sub)hyperplane H = 〈H〉 (generation in
PG(7, K)) of �. By Lemma 3.1.2(i i), H = xρ (x a point of �) or H = Lρ (L a
projective line).

Suppose first that H = xρ , for some point x of �. We claim that the opposition
diagram of θ must be F4;1. Indeed, we already assumed that a point is mapped to
an opposite one, so the only other possibility is that the opposition diagram would
be F4;2. If that is the case, we can assume that the p we chose at the beginning
is part of a point-symp flag {p, ξ} mapped to an opposite one and so the “line” in
Ê(p, pθ ) corresponding to ξ would be mapped to an opposite one (Corollary 2.9.3),
contradicting the fact that there is a pointwise fixed hyperplane in Ê(p, pθ ). So the
claim is proved.

We now claim that x ∈ Ê(p, pθ ). Suppose for a contradiction that x /∈ Ê(p, pθ ).
As a geometric hyperplane of a polar space of rank 4 contains “planes”, we get by
Lemma 5.2.3 that θ must have a stabilised “solid” S in Ê(p, pθ ). By Lemma 3.5.1
this “solid” S is contained in H , contradicting x /∈ H .

This means that θ induces a central elation with centre x in Ê(p, pθ ). Lemma 5.3.1
and Lemma 6.5.1 imply that there is a central elation θ ′ with centre x mapping p to
pθ . Clearly, θ ′ induces a central elation in Ê(p, pθ ) mapping p to pθ . Lemma 3.2.2
implies that θ and θ ′ coincide over Ê(p, pθ ) and Lemma 5.1.5 then implies θ = θ ′.
The opposition diagram follows from Proposition 4.1.1 and hence we are in Case (i)
of the theorem.

Suppose now that H = Lρ . As this is the last possible case, we may assume that
this is the case for every extended equator geometry determined by an opposite pair
{q, qθ } and that there is no pointwise fixed geometric hyperplane in the corresponding
�. There are now two possible cases for the line L: L can be singular or nonsingular
with regard to the underlying polarity ρ of �. We prove that also the singularity of L
is the same for every extended equator geometry related to an opposite pair {q, qθ },
by proving that θ is an involution if, and only if, L is singular.

Suppose first that L is nonsingular, i.e. L � H . Suppose for a contradiction that
θ were an involution. Then θ would also induce an involution on the plane α of the
underlying projective space of � spanned by L and a point h ∈ H . If now every point
in α \ L is fixed, then L is clearly also pointwise fixed and if a point a ∈ α \ L is
not fixed then the intersection of the stabilised lines aaθ and L is fixed, so in every
case L contains a fixed point b. Now θ induces on every line bh, with h ∈ H , a
linear involution fixing two points. Hence θ pointwise fixes bh and hence also 〈b, H 〉,
implying that θ induces in � a central elation with centre b. So by renaming H as this
span, we would be in the case H = xρ , contradicting our assumptions.

Suppose now that L is singular, i.e. L ⊆ H . Then dually all hyperplanes through L
in the underlying projective space of � are stabilised and consequently also all planes
through L are stabilised. Suppose now that y /∈ L is not fixed and set α := 〈y, L〉. As
θ pointwise fixes the line L of this plane, it induces a perspectivity in α. Suppose first
that this is a homology and also the point q ∈ α \ {L} is fixed. Let β be a symplectic
plane through L , then β is pointwise fixed. Projecting q onto β yields a (pointwise
fixed) line M containing a fixed point q ′ ∈ β \ {L} collinear to q. Then the line
qq ′ is stabilised. Now every point q ′′ on this line is fixed, as it is the intersection
of a stabilised line with a stabilised plane 〈q ′′, L〉. Consequently the plane 〈q, M〉
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contains at least two pointwise fixed lines and is pointwise fixed. Hence also the plane
α contains two pointwise fixed lines, a contradiction. So θ induces an elation in α and
by the arbitrariness of y we now have that θ is an involution.

We now choose an appropriate skeleton as basis, i.e. two points on L (corresponding
to x−2, x−1), four in H (corresponding to x±3, x±4) and the two others on neither H
nor L . Then we see this choice can bemade so that collinearity is given by the standard
alternating bilinear form x−4y4+x−3x3+x−2y2+x−1y1+x1y−1+x2y−2+x3y−3+
x4y−4. By the choice of the coordinates, θ acts trivially on the coordinates xi with
i = ±3,±4 and the associated field automorphism is trivial. Now one can easily
calculate that the action of θ on the subspace 〈e−2, e−1, e1, e2〉 of the projective space
underlying � is given by the following matrix:

A =

⎛

⎜⎜⎝

1 0 a b
0 1 c a
0 0 1 0
0 0 0 1

⎞

⎟⎟⎠ ,

with a, b, c ∈ K
′2. Suppose first that b = c = 0. Then we see that θ acts on �,

and hence also on Ê(p, pθ ), as an axial elation with axis L . This contradicts the fact
that the point p is mapped to an opposite point. So we may suppose without loss of
generality that c �= 0. Then we get that

A =

⎛

⎜⎜⎝

1 0 a a2
c

0 1 c a
0 0 1 0
0 0 0 1

⎞

⎟⎟⎠ ·

⎛

⎜⎜⎝

1 0 0 b + a2
c

0 1 0 0
0 0 1 0
0 0 0 1

⎞

⎟⎟⎠ .

Nowwe see that θ is clearly the product of two central elations with respective centres
e := 〈ae−2 + ce−1〉 and e′ := 〈e−2〉. Note that these centres are collinear in �, in
particular they are contained in L . Now we can apply Proposition 3.4.2 on Ê(p, pθ ).

The Cases (i), (i i i) and (iv) of that proposition yield immediately Case (i i) of this
theorem, taking Proposition 4.1.2 and Lemma 5.1.6 into account.

Sowemay assume that the fix structure of θ in Ê(p, pθ ) is a generalised quadrangle
obtained by intersecting Lρ with Ê(p, pθ ) and there is no point of Ê(p, pθ ) mapped
to a “collinear” one.

We claim that θ does not fix any line. Indeed, suppose for a contradiction that the
line R of � is fixed by θ . Suppose first that some point r of R is not fixed by θ . Then
select some point q ⊥ r such that r θ ∈ q��. Then qθ ∈ r�� (as R is fixed and q is
special to all points of R except r ) and {q, qθ } is an opposite pair, by Lemma 2.5.3.
Clearly the line qr is fixed by θq , implying that the corresponding plane in E(q, qθ )

is fixed, a contradiction with the described fix structure of Ê(p, pθ ) in the previous
paragraph and the fact that we may make the same assumptions on Ê(q, qθ ) as on
Ê(p, pθ ) as remarked above. Hence R is pointwise fixed.

Select two “collinear” (in Ê(p, pθ )) fixed points u, v and denote ξ := ξ(u, v).
Suppose first that R is contained in ξ . Since at least one point of R is collinear to
u, we may even assume that u ∈ R. Select u′ ∈ Ê(p, pθ ) opposite u and also fixed
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by θ . Then the plane of E(u, u′) ⊆ Ê(p, pθ ) corresponding to R is stabilised, a
contradiction. Hence R does not belong to ξ . If some point r ∈ R is collinear to a
unique line R′ of ξ , which is also fixed we get a contradiction by replacing R with R′.
If, lastly no point of R is close to ξ , then by the possible point-line relations, we have
that every point of ξ symplectic to a point of R is symplectic to a unique point of R.
Now the projections of two points of R onto ξ yield a line R′ in ξ which is stabilised
by θ , again a contradiction to the previous cases. The claim is proved.

So no line is fixed by θ . Suppose now that a plane π is stabilised by θ . Then as
no line is fixed, there is a point mapped to a distinct, necessarily collinear point, but
then the line determined by these points is stabilised by Corollary 5.2.2 (i i)(a), a
contradiction. It now easily follows that the fixed points and fixed symplecta form the
point set and line set of a generalised quadrangle.We now claim that the fixed points in
a fixed symplecton form an ovoidO of that symplecton. Indeed, by Lemma 7.4 of [28],
it suffices to show that θ restricted to ξ is domestic, which follows from Lemma 5.2.1.
The claim is proved and clearly also the dual holds.

We claim that we are now in Case (i i i) of the theorem. Let a, b be two “collinear”
points of the fixed quadrangle in Ê(p, pθ ) described above, then clearly the sym-
plecton ξ(a, b) is fixed and we claim that the fixed points in this symplecton are as
described in the statement. Indeed, the dual holds by considering two opposite fixed
points and noting that the fixed structure in the residue at one of them is isomorphic
to the fix structure in the equator geometry defined by them. Since this is the last
possibility for an involution, we may assume that also the dual holds. This case does
clearly not occur when K = K

′, as the unique symplectic polar space wherein ξ is
fully embedded is then ξ itself and does not contain singular lines disjoint from ξ .
The opposition diagram follows from Proposition 4.2.1. The quadrangle is Moufang
of mixed type by the main result in [14].

Suppose finally again that L is nonsingular. It suffices now to prove that this leads

to a contradiction. We first claim that no point of Ê(p, pθ ) is mapped to a “collinear”
point. Suppose for a contradiction that some non-fixed point t is mapped onto a
collinear point tθ �= t . Denote xL := tρ ∩ L and xH := t xL ∩ H . The projective
plane π = 〈L, xH 〉 is preserved by θ , and so 〈t, tθ 〉 is contained in π . As all lines
through xH in π are singular w.r.t. the polarity ρ and there are no other singular lines
in π , since π contains the nonsingular line L , we see that 〈t, tθ 〉 = 〈xL , xH 〉. Hence
θ stabilises 〈t, tθ 〉 and so fixes the point xL . So the matrix of θ restricted to Ê(p, pθ ),
and with respect to an appropriate basis, i.e. a skeleton consisting of the point xL (first
base point), another point on L (second base point) and the rest in H (the other base
points), is a block matrix of the following form:

⎛

⎜⎜⎜⎜⎜⎝

a b
0 c

1
. . .

1

⎞

⎟⎟⎟⎟⎟⎠
. (2)
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The companion field automorphism is trivial since H is fixed pointwise and contains
full lines. We may assume that the polar space Ê(p, pθ ) is described by the standard
equation (as given above, namely x−4x4+x−3x3+x−2x2+x−1x1 ∈ K

′2) in this basis.
So expressing that the matrix represents a collineation of that polar space Ê(p, pθ ),
gives that c = a−1 and ab ∈ K

′2. Note that a �= 1 as otherwise we are in the case that
a geometric hyperplane is pointwise fixed. Hence we see that θ fixes the additional
point yL = (1, ab−1 + a−1b−1, 0, · · · , 0) in Ê(p, pθ ) on L .

Consequently θ pointwise fixes {xM , yM } ∪ E(xM , yM ) ⊆ Ê(p, pθ ). This implies
that θ fixes each line through xL and each line through yL . Pick two locally oppo-
site lines M, N through xL and denote xM := y��

L ∩ M, xN := y��

L ∩ N , yM :=
c(yL , xM ), yN := c(yL , xN ). Corollary 2.9.9 implies that these six points are con-
tained in a subspace 
 isometric and isomorphic to A2,{1,2}(K). Since θ stabilises
the ordinary hexagon given by the six points xL , xM , yM , yL , yN , xN , Corollary 5.2.4
implies that θ induces either the identity, a Baer involution, or a homology in the
corresponding projective plane π . The second option is impossible since θ pointwise
fixes hyperbolic lines in Ê(p, pθ ), implying it cannot act as a semilinear collineation
on the “hyperbolic line” defined by xL and yL .

If the lines xM yM and xN yN are pointwise fixed, thenI (xL , yL) is pointwise fixed
and by Lemma 5.3.1 this means that the line L is pointwise fixed in the underlying
projective space of �. Then by Lemma 3.4.1 Ê(p, pθ ) is pointwise fixed, which
contradicts the fact that p �= pθ . So we may assume that xM yM is not pointwise fixed
and consequently θ induces a nontrivial homology in π . Then we see that exactly one
of the lines M and N is pointwise fixed. Now we get a contradiction as follows. Take
a line K through xL locally opposite both M and N (this is possible by Proposition
3.30 of [31]). Applying now the previous arguments to the sets {M, K } and {N , K },
we see that this line must be at the same time pointwise fixed and not pointwise fixed,
which is of course impossible. So in all cases we get a contradiction, hence θ does not
map any non-fixed point of Ê(p, pθ ) to a collinear point.

We now claim that θ does not stabilise any “plane” of Ê(p, pθ ). Suppose for a con-
tradiction that Ê(p, pθ ) contains a stabilised hyperbolic plane π . By Corollary 5.2.3,
there exists a stabilised hyperbolic solid S through π and as no point is mapped to a
collinear one in Ê(p, pθ ), we deduce that S is pointwise fixed. The geometric sub-
hyperplane H cannot contain S, as this would span a 4-space in � with a point of L .
So 〈S, H〉 spans at least a hyperplane H

′
in �. But then � is fixed or we have a point

x ∈ H
′ ∩ L , for which xρ ⊇ 〈x, H 〉 = H

′
, which contradicts our assumptions on the

current case.
Now we can apply the last four paragraphs of the case that L is singular (except the

last sentence about the quadrangle being Moufang of mixed type). This leads however
to a contradiction as by Theorem 6.3 of [23], θ must be an involution in this case. ��

5.4 Domestic collineations in separable metasymplectic spaces

Now we will classify the domestic collineations in the separable metasymplectic
spaces. As noted before, we will make here a distinction between the different non-
trivial opposition diagrams.
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Theorem 5.4.1 If a domestic collineation θ of a separable building F4(K, A) has
opposition diagram F14;1, then θ is a central elation in �1 ∼= F4,1(K, A).

Proof Considering the corresponding metasymplectic space �1 ∼= F4,1(K, A), and a
point p mapped onto an opposite, Proposition 5.2.5 implies that θ pointwise fixes
E(p, pθ ). This implies by Proposition 2.10.5 that the imaginary line I (p, pθ ) is
stabilised. Now for every path p ⊥ x ⊥ y ⊥ pθ , the line L := xy is stabilised
and hence contains a fixed point f by Corollary 5.2.2(i i)(b). The unique point c
of I (p, pθ ) collinear to f is consequently also fixed. Now select two such paths
p ⊥ xi ⊥ yi ⊥ pθ with corresponding lines Li = xi yi , i = 1, 2, such that L1 is
opposite L2 (it suffices to choose px1 locally opposite px2 to achieve that).

Corollary 2.9.9 implies that L1 and L2 are contained in a unique common sub-
space
 isometric and isomorphic to A2,{1,2}(K)which, by Definition 2.10.2, contains
I (p, pθ ). Let Mi be the unique line of 
 containing c and intersecting Li in a point,
say zi , i = 1, 2. Since Li is the intersection of the symplecta defined by the “lines”
in the “plane” of E(p, pθ ) consisting of the points corresponding to the symplecta
containing pxi , i = 1, 2, the line Li is stabilised by θ . Hence θ induces a collineation
in 
 fixing the points c, z1, z2. Using Corollary 5.2.4 we see that, if θ fixes no more
points on the lines M1 and M2, then it induces a homology in the underlying projec-
tive plane and has to pointwise fix the lines L1 and L2. This, however, contradicts the
fact that p �= pθ . Hence at least one point on (M1 ∪ M2) \ {c, z1, z2}, say of M1,
is fixed. But now Corollary 3.2.3 yields a pointwise fixed symplecton ξ through M1.
Subsequently Lemma 5.1.4(i i) implies that θ is a central elation with centre c. ��
Theorem 5.4.2 If a domestic collineation θ of a separable metasymplectic space
F4,4(K, A) has opposition diagram F44;1, then one of the following holds:

(i) A is a quadratic extension of K and θ is an involution pointwise fixing a meta-
symplectic space canonically isomorphic to F4,4(K, K);

(i i) the building is split, i.e.A = K, and θ is an involutionwith fix structure an extended
equator geometry and its tropics geometry in F4,4(K, K).

Proof Considering the corresponding metasymplectic space F4,4(K, A), and a point p
mapped onto an opposite, Proposition 5.2.5 implies that θ stabilises Ê(p, pθ ). Corol-
lary 2.9.3 (iv) now implies that θ induces a line-domestic collineation in Ê(p, pθ ).
Hence by Lemma 3.5.1, θ pointwise fixes a geometric hyperplane H of Ê(p, pθ ). If H
was singular, i.e. H = u⊥ with u ∈ Ê(p, pθ ), θ would be a central elation with centre
u, which is impossible by Lemma 3.2.4 as Ê(p, pθ ) is a separable orthogonal polar
space. So H is nonsingular, in particular a polar subspace of rank at least 3 containing
two (pointwise fixed) opposite hyperbolic lines. Lemma 2.9.2 (iv) implies that the
corresponding stabilised symplecta ζ, ξ of �4 are also opposite. Let a, b be the points
of F4,1(K, A) corresponding to ζ, ξ respectively. Now θ induces in ζ a point-domestic
collineation as ζ ∼= E(a, b) and opposition in E(a, b) corresponds to opposition in
�1. With Corollary 4 of [16], we can now apply some propositions of [19].

In the nonsplit case, we apply Proposition 3.11 of [19] and see that θ induces
either an axial elation, or a generalised Baer collineation in ζ . Since the polar space
ζ is isomorphic to C3,1(A, K), it does not admit axial elations by Lemma 3.2.9. It
follows that θ induces a generalised Baer collineation in ζ .
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We now claim that each fixed point a∗ in �1 (corresponding to a stabilised sym-
plecton ζ ∗ in �4) admits an opposite fixed point b∗, so we can apply the previous
paragraph to these points and the corresponding symplecta. We first show the claim
for fixed points collinear to a. Let x be such a point and set L := ax . In E(a, b),
the line L corresponds to a stabilised “plane” α. Select, using the previous para-
graph, a “stabilised” plane β in E(a, b) opposite α. Then β corresponds to a fixed
line M � b. Since α and β are opposite, also the lines L and M are opposite (this
follows from Lemma 2.8.7). The unique point b′ of M special to a is then opposite
x (see Lemma 2.5.3) and is fixed. Hence the claim follows for x ⊥ a. Now let z be
an arbitrary fixed point. If z is opposite a, there is nothing to prove. If z is special to
a, then the point a��z is also fixed, and the foregoing implies first that c(a, z) admits
an opposite fixed point, and then also z ⊥ c(a, z) admits an opposite fixed point. If
z ⊥⊥ a, then the symplecton ξ(a, z) is fixed, and hence corresponds to a fixed point
f ∈ E(a, b). Selecting a fixed plane of E(a, b) through f (which is possible by the
previous paragraph), we obtain a fixed line R through a in ξ(a, z). Now R contains
a fixed point collinear to z, and the claim follows again from the previous paragraph.
Finally, if z ⊥ a, then we already showed the claim.

Let L now be any stabilised line in �1 (such a line exists as in the residue of
a fixed point a∗ we find a stabilised plane corresponding in �1 to a stabilised line
through a∗). We claim that L is then pointwise fixed. By Corollary 5.2.2 (i i)(b), L
contains at least one fixed point c. By the previous paragraph c has an opposite fixed
point c′ and θ induces on E(c, c′) a generalised Baer collineation. So there exists a
symplecton through L that is not fixed and then by Corollary 5.2.2 (i)(a)we have that
L is pointwise fixed and the claim is proved.

Since thefixed points and lines inα, the “plane” corresponding to L in E(c, c′), form
a Baer subplane, the fixed planes and fixed symplecta through L also form a Baer sub-
plane of the residue of L . So there exist a stabilised planeπ and a stabilised symplecton
ζ through L and consequently one finds a stabilised chamber C := (x, L, π, ζ ), with
x ∈ L arbitrary. We also have a fixed point x ′ opposite x and as the residue of x ′
contains a fixed Baer polar space, we can find a fixed line L ′ through x ′ opposite L .
Similarly we find a fixed plane π ′ and a fixed symplecton ζ ′ so that the fixed chamber
C ′ = (x ′, L ′, π ′, ζ ′) is opposite C . Now these two chambers span a fixed apartment
in �1.

Now we apply some arguments of [13]. Let G denote the group generated by the
automorphism θ . The fact that an apartment is stabilised elementwise means that the
group is type preserving and fixes two opposite chambers. Thus, in the terminology of
[13], all fixed chambers are G-chambers. Since there are two opposite G-chambers,
every G-panel contains at least two G-chambers by 22.34(i i) in [13]. Now, since
all points on all lines of the fixed apartment are fixed, one can apply 22.14(i i i) in
[13] to conclude that the set of fixed chambers forms a subgeometry of type F4,1
over K. Hence the fix structure is a metasymplectic space F4,1(K, B), where B is a
quaternion subalgebra of A if A is octonion (since Baer subplanes of octonion planes
are quaternion planes), B is a quadratic extension of K if A is quaternion (since Baer
subplanes of quaternion planes are planes over a quadratic extension), and B = K

if A is a separable quadratic extension of K (since Baer subplanes of a plane over a
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quadratic extension L of K are isomorphic to PG(2, K) (note that the fixed subfield of
L must be an algebra over K and hence must coincide with K)).

Nowwe show thatA is a quadratic extension ofK. Let ξ be a stabilised symplecton
of F4,1(K, A). Then the fix structure of θ in ξ is a subquadric ζ ⊆ ξ of Witt-index
3 the anisotropic kernel of which corresponds to the norm of B. If A is octonion or
quaternion, then the codimension of 〈ζ 〉 in the ambient projective space of ξ is 4 or
2, respectively. Hence ζ is not a geometric hyperplane (see Lemma 3.1.2) and so, by
Lemma 3.5.1, θ does not act line-domestically in ξ , . Let L be a line of ξ mapped to
a ξ -opposite line Lθ . Then Corollary 2.5.4 yields points mapped to opposites in �1, a
contradiction.

So now we may assume that we are in the split case and we can apply Theorem
3.13 of [19]. So ζ is the symplectic polar space corresponding to the alternating form
x−3y3 − x3y−3 + x−2y2 − x2y−2 + x−1y1 − x1y−1, and θ acts on ζ ∼= E(a, b) by the
following matrix: ⎛

⎜⎜⎜⎜⎜⎜⎝

−1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 −1

⎞

⎟⎟⎟⎟⎟⎟⎠
.

It is nowclear thatwe have a fixed apartment in this symplecton ζ given by the points
p−3 = (1, 0, . . . , 0), p−2 = (0, 1, 0, . . . , 0), . . . , p3 = (0, . . . , 0, 1). As above we
can use the isomorphism between ζ in �4 and E(a, b) in �1 to get a similar fixed
apartment �′ in E(a, b). By Lemma 2.11.4 this apartment together with the fixed
points a and b gives rise to an elementwise fixed apartment � of �1. We now claim
that every line in this apartment � is pointwise fixed (and consequently also every
plane is pointwise fixed as an apartment of a projective plane exists of three lines).
Let L for instance be the line in ξ(a, p1) collinear to both a and p1 corresponding
to the “line” p1 p2 in E(a, b). This line is pointwise fixed as every point on the line
corresponds to a “plane” through p1 p2 and these planes are stabilised as θ acts point-
domestic on E(a, b), as noticed in the first paragraph. Similarly as in the last paragraph
of the proof of Theorem 5.4.3, one now shows that θ fixes exactly an extended equator
geometry and its tropics geometry of �4.

We finally show that θ is in both cases an involution. As the hyperplane H from the
first paragraph is nonsingular, H = vρ ∩ Ê(p, pθ ), with v a point in the underlying
projective space of Ê(p, pθ ) and ρ the polarity in that space defining the polar space
Ê(p, pθ ). As Ê(p, pθ ) is a quadric, every line through v intersects Ê(p, pθ ) in atmost
two points which can be fixed or swapped. In every case θ2 acts trivial on Ê(p, pθ ).
In both cases θ2 also fixes the symplecton ζ of F4,4(K, A) (remark that in the nonsplit
case, θ acts involutive on ζ by Lemma 3.3.5). It follows then by Lemma 5.1.5 that θ2

is the identity. ��
Theorem 5.4.3 Let θ be a domestic collineation of a separable metasymplectic space
F4,1(K, A) with opposition diagram F4;2. Then one of the following holds:

(i) θ is the product of two perpendicular central elations in F4,1(K, A);
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(i i) the fix structure of θ consists of points and symplecta forming a generalised
quadrangle. Here the fixed points in a fixed symplecton form an ovoid, which
arises as the intersection with a subspace, in the unique projective embedding.
Dually the fixed symplecta through a fixed point form an ovoid in the residue
of that point and in the corresponding F4,4(K, A) these ovoids in symplecta
are closed under taking hyperbolic lines. This second case does neither occur
when A is an octonion division algebra, nor in the split case;

(i i i) A is a separable quadratic extension of K and θ is a generalised homology
with fix structure an extended equator geometry and its tropics geometry in
F4,4(K, A);

(iv) A is a quaternion division algebra over K and θ is a generalised homology
pointwise fixing a metasymplectic space canonically isomorphic to F4,1(K, L),
where L is a subalgebra of A of dimension 2 fixed under some automorphism
of A (hence L is a field).

Proof Consider the corresponding metasymplectic space �1 := F4,1(K, A), and a
point-symp pair (p, ν) mapped onto an opposite. Proposition 5.2.5 implies that θ

stabilises E(p, pθ ) and the opposition diagram implies that θp (see Definition 2.8.6)
is line-domestic by Lemma 2.8.7, so θ induces a nontrivial line-domestic collineation
in E(p, pθ ). It follows from Lemma 3.5.1 that the fix structure of θ in E(p, pθ ) is a
geometric hyperplane H . There are two possibilities.

Suppose first that H is singular, that is, H is the perp of a point x ∈ E(p, pθ ),
so H = x⊥⊥ ∩ E(p, pθ ). Let ξ be any symplecton through x intersecting E(p, pθ )

in a line O of E(p, pθ ). As in the proof of Lemma 2.6.7, O = L⊥ ∩ (Lθ )⊥, with
L = p⊥ ∩ ξ . Since every line M in the plane 〈p, L〉 through p corresponds to a
plane α of E(p, pθ ) through x , and each such plane is (even pointwise) fixed by θ ,
we conclude that Mθ = projp

pθ (M). From there we deduce that z ⊥ zθ , for each point

z ∈ L . By Corollary 5.2.2(i i), at least one point u ∈ zzθ is fixed, giving rise to a fixed
point q in the imaginary line I (p, pθ ).

Now select a point y ∈ E(p, pθ ) opposite x (for instance y = ν ∩ E(p, pθ )).
Since y /∈ H , yθ is opposite y by Lemma 3.5.1 and we can consider E(y, yθ ). Since
p ∈ E(y, yθ ), the induced collineation of E(y, yθ ) is nontrivial, but line-domestic
(as in the first paragraph). The corresponding fixed geometric hyperplane H ′ contains
y⊥⊥ ∩ (yθ )⊥⊥ ∩ E(p, pθ ) = y⊥⊥ ∩ x⊥⊥ ∩ E(p, pθ ) and q ⊥⊥ E(p, pθ ). Hence, since
H ′ is a subspace, H ′ is again singular and collinear to q as every line L through q
in E(y, yθ ) contains two fixed points, namely q and the projection of p onto it (i.e.
L ∩ E(p, pθ )); use also Lemma 7.5.1 of [24] that says that the complement of a
hyperplane of a polar space of rank at least two is always connected and consequently
there are no hyperplanes properly contained in proper hyperplanes.

Now θ composed with the product of the inverse of two suitable central elations
of �i with centres x and q pointwise fixes E(p, pθ ) ∪ E(y, yθ ), the union of two
perpendicular equator geometries. Hence this composition is the identity by Lemma
5.1.4 and θ is the product of two perpendicular central elations of �1. This is (i).

We now claim that we are in the previous case, as soon as we find an imaginary
line C stabilised by θ but not pointwise fixed, and a point c ∈ C fixed by θ . We
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may then assume p ∈ C , but we cannot longer assume that some symplecton through
p is mapped onto an opposite, so θp may as well be trivial.

Suppose for a contradiction that H (as defined above) is nonsingular and proper
and let O be a pointwise fixed “line” in E(p, pθ ). That line corresponds to a plane
π of �1 through c, containing a unique line L all points of which are collinear to
all points of O (so L is the intersection of the symplecton containing O and c⊥).
Clearly Lθ = L . Corollary 5.2.2(i i) implies that L contains some fixed point f . Then
the line c f is stabilised, and so is the corresponding “plane” of E(p, pθ ) through O .
But this now contradicts Lemma 3.5.1 and the fact that H is nonsingular and as such
does not contain planes (since H is obtained from the intersection of a hyperplane of
PG(5, A) with the embedded hermitian polar space by Lemma 3.1.2(i), it does not
contain two opposite planes; note A is not octonion since by [5], see also [21], a thick
non-embeddable polar space does not contain nonsingular hyperplanes).

Sowemay assume that H coincideswith E(p, pθ ). Select two locally opposite lines
L1, L2 through c (remark that these are stabilised as every symplecton through c is
stabilised) and complete them to a unique isometric subspace isomorphic toA2,{1,2}(K)

containing p and pθ . Using Corollary 5.2.4, we conclude similarly as in the proof of
Theorem 5.4.1 that there exists at least one fixed point f on L1 or L2 different from
c and opposite p.

Hence there is a symplecton ξ through c stabilised by θ , and containing a fixed point
f collinear to c, but not to e := ξ ∩ p⊥⊥. As each symplecton through c is stabilised,
each line through c is stabilised and consequently e⊥ ∩ c⊥ is fixed pointwise. So we
can apply Corollary 3.2.3 to conclude that ξ is pointwise fixed. Lemma 5.1.4(i i) then
implies that θ is a central elation. However, θ then has opposition diagram F14;1 by
Proposition 4.1.1, a contradiction.

So we may from now on assume that H is (always) nonsingular and that each
stabilised imaginary line is either pointwise fixed, or contains no fixed points. In
particularA �= O fromnowon. Select two pointwise fixed “lines” A and B of E(p, pθ )

which are opposite; their symplecta ξ and ζ are also opposite by Lemma 2.9.2(iv)

and they represent opposite points a and b, respectively, of the dual �4 := F4,4(K, A).
The corresponding extended equator geometry Ê(a, b) is stabilised by θ and we claim
that the latter induces a plane-domestic collineation in Ê(a, b). Indeed, suppose for
a contradiction that π is a plane mapped onto an opposite plane πθ . By Proposition
2.7.6(1) these planes correspond to lines L and Lθ in T̂ (a, b). Again Proposition 2.7.6
implies easily that L and Lθ are opposite, a contradiction.

Now we claim that θ maps some point of Ê(a, b) to an opposite. Indeed, recall that
A and B are two opposite pointwise fixed “lines” of E(p, pθ ). Let r ∈ A⊥⊥ ∩ B⊥⊥
be a point. Then, since the “plane” spanned by r and A is not pointwise fixed (as H
is nonsingular and consequently does not contain planes), Lemma 3.5.1 says that r
is opposite r θ . Then ξ(p, r) and ξ(p, r θ ) are locally opposite in p. Since ξ(p, r θ )

is the projection of ξ(pθ , r θ ) onto Res�1(p), Lemma 2.8.7 implies that ξ(pθ , r θ ) is
(globally) opposite ξ(p, r) in �1. Hence we may redefine ν as ξ(p, r). Recall that ξ

is the symplecton corresponding to A. Suppose for a contradiction that ν and ξ are
disjoint. Pick a ∈ A. Then a ⊥ L ⊆ ν and r ⊥ M ⊆ ξ . Since r ⊥⊥ a, we also have
r ⊥ L and a ⊥ M . Then the planes 〈r , L〉 and 〈a, M〉 are contained in the symplecton
ξ(a, r). It follows that ν and ξ are special. But interchanging the roles of r and p,



    8 Page 72 of 102 L. Lambrecht. H. Van Maldeghem

we obtain a different plane in ν (namely, one through p) which lies together with a
plane of ξ in a common symplecton, a contradiction. Remark that ν and ξ also don’t
intersect in a plane, as then p, r and every point of Amust be collinear to the same line
of this plane, which implies that r ∈ A. Hence ν and ξ intersect in a point d. Similarly
ζ and ν intersect in some point e. Hence there is a point n of Ê(a, b) corresponding
to ν, and since νθ is opposite ν, the point n is mapped onto an opposite. The claim is
proved.

So the opposition diagram of θ on Ê(a, b) has the first node encircled, and not the
third. It follows from the list of feasible opposition diagrams in [16] that the fourth
node is not encircled, that is, θ acts both plane- and solid-domestically on Ê(a, b).
So we can apply Proposition 3.5.3. We refer to “Case X of Corollary 3.5.3” briefly
by “Case X”. We claim that θ either induces in Ê(a, b) a generalised homology or
pointwise fixes a nondegenerate polar subspace of rank 2. We rule out the other cases.

Case (1). We already showed above that there is a point of Ê(a, b) mapped onto
an opposite, hence θ is not point-domestic on Ê(a, b).
Case (3)(i). Here θ induces the product of two axial elations with respective
axes A and A′. Then A and A′ intersect in a point, while not contained in a
hyperbolic solid, or they are contained in a hyperbolic solid and don’t intersect,
by Lemma 2.9.2.
First suppose A and A′ intersect in a point, but are not contained in a hyperbolic
solid. Let B be a hyperbolic line intersecting A and opposite A′. Then B is
stabilised by the first elation with axis A, by Definition 3.2.5. But B is mapped
to a “line” B ′ still intersecting A by the second elation with axis A′. Obviously,
A, B and B ′ are contained in a regulus and byCorollary 2.10.3 the corresponding
points in �1 are contained in a common imaginary line, which is stabilised, not
pointwise fixed, but contains a fixed point, a contradiction to our assumptions.
Now suppose A and A′ are contained in a common hyperbolic solid, but don’t
intersect. Let B be a hyperbolic line in a common solid with A, but opposite A′.
Then B is stabilised by the first elation with axis A, by Definition 3.2.5. But B
is mapped to a “line” B ′ opposite B, and again A′, B and B ′ are contained in a
regulus. This leads to the same contradiction as in the previous paragraph.

Cases (2) and (3)(i i i)with rank 3. Suppose that θ pointwise fixes a nondegenerate
polar subspace S of Ê(a, b) of rank 3. Let π and π ′ be opposite pointwise
fixed “planes” of Ê(a, b). By Corollary 5.2.3 there is a “solid” � containing π

stabilised by θ . Let f be the projection of π ′ onto �. Then f is a fixed point not
contained in S. Note that θ induces a homology in � with axis π and centre f .
This homology is nontrivial as otherwise the set of fixed points of θ in Ê(a, b)
would either be a degenerate polar subspace, or have rank 4, contradicting our
assumption. Let x ∈ S \ � be a point. As the rank of S is 3, the point x is not
collinear to π . So the projection of x onto� must contain f , as this projection is
stabilised, and only “planes” through f in � are stabilised by θ (except for π ).
So x is collinear to f . Since θ maps all points of � \ (π ∪{ f }) to collinear ones,
Corollary 3.5.1 implies that θ is not line-domestic on Ê(a, b) . Since f ∈ S⊥,
the proof of Proposition 3.5.3 reveals that we are either in Case (3)(i) or (3)(i i)
of that proposition (indeed, the line L of that proof contains the point f of the
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current proof). But we already ruled out Case (3)(i) above, so θ again induces
a generalised homology in Ê(a, b). The claim is proved.

Case (2) with rank 4. Then we have a generalised homology as θ clearly fixes an
apartment and a line in the nonsingular fixed hyperplane of rank 4.

First suppose that θ pointwise fixes a nondegenerate polar subspace S of rank 2

in Ê(a, b).
Then the proof of Proposition 3.5.3 reveals that S⊥ (considered in the ambient

projective space of Ê(a, b)) is a line disjoint from Ê(a, b), so that θ does not fix any
point of Ê(a, b) \ S. Indeed, every other fixed point s would give rise to a stabilised
hyperplane in the ambient projective space, which must intersect the line S⊥ in a fixed
point. So we would have two fixed points and a pointwise fixed subhyperplane in
our hyperplane, but then the hyperplane must be pointwise fixed, contradicting our
assumption.

We claim now that θ does not fix any line of �4. Indeed, assume for a contradiction
that θ fixes the line L . By Corollary 5.2.2(i i)(b), θ fixes a point x on L . Consider any
fixed point y in Ê(a, b). If x = y, then some line through y is fixed (namely, L). If
x ⊥ y, then again some line through y is fixed (namely, xy). If x��y, then again some
line through y is fixed (namely, the line joining c(x, y) with y). If x is opposite y,
then θ fixes the projection of L onto y and so again some line through y is fixed. If
x is symplectic to two opposite points of S, then it belongs to Ê(a, b) and so θ again
fixes some line through some point of S. So we may assume that L contains some
point s ∈ S. Let s′ ∈ S be opposite s. Let t be in E(s, s′) fixed, en let ξ = ξ(s, t)
be the corresponding symplecton. By possibly projecting L into ξ , we may assume
that L ⊆ ξ . But L corresponds to a “plane” α in E(s, s′), which is stabilised by θ .
Since every “plane” in E(s, s′) contains a unique point of S, we see that every “line”
M �� t of α is stabilised (consider any “plane” of E(s, s′) through M ; it contains some
point of S and hence M is stabilised). Hence α is pointwise fixed, contradicting our
assumptions on S. Our claim is proved.

We can now repeat the argument that we also used in the proof of Theorem 5.3.2:
Suppose that a plane π is stabilised by θ . Then as no line is fixed, there is a point of π

mapped to a distinct, necessarily collinear point, but then the line determined by these
points is stabilised by Corollary 5.2.2 (i i)(a), a contradiction.

This shows that θ only fixes points and symplecta. Hence the fix structure is a
generalised quadrangle as every fixed point not incident to a fixed symplecton is far
from that symplecton (otherwise, there would be a fixed line) and so there is a unique
symplecton through that point intersecting that symplecton. So the basic property of
generalised quadrangles is satisfied. Since the fix structure in Ê(a, b) is a generalised
quadrangle, the complete fix structure will also contain opposite points and opposite
lines, hence it is a generalised quadrangle.

Now we claim that θ fixes an ovoid in each fixed symplecton and dually. Indeed,
θ can’t fix two collinear points (giving rise to a fixed line), but there must be a fixed
point in every plane (by Lemma 5.2.1 combined with Theorem 7.2 of [28] using that
there are no fixed planes). The claim follows. So it remains to show that in �1 these
ovoids arise as intersections of subspaces in their natural embeddings in projective
space, and in �4 these ovoids are closed under taking hyperbolic lines. It suffices to
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show this in one symplecton of each duality type, and then by projection, this is true
in every fixed symplecton.

Note that S (defined earlier) is the intersection of Ê(a, b) with a subspace (in its
natural embedding) by Lemma 3.1.2(i). It follows that the same is true for E(s, s′),
as this is a part of Ê(a, b). Since E(s, s′) is canonically isomorphic to the symplecton
of �1 corresponding to the point s of �4, we obtain the assertion for symplecta of �1.

Now we show that in �4 the said ovoids are closed under taking hyperbolic lines.
Hence consider two fixed points x, x ′ in some symplecton ξ of �4. It is easy to find a
fixed point y symplectic to x ′ and opposite x . Then Ê(x, y) is stabilised and θ induces
a plane-domestic and solid-domestic collineation in it. Then the set of fixed points of
θ in Ê(x, y) is a subspace, except if θ induces a generalised homology (but we treat
that case below), see earlier. Hence the hyperbolic line h(x, x ′) is pointwise fixed and
we obtain (i i). Remark that A �= K in this case, i.e. we are in the nonsplit case as
otherwise the hyperbolic line h(x, x ′) corresponds to a line of the projective space
underlying the symplectic polar space ξ . Then a plane disjoint to this line gives rise to
a fixed point not contained in this line, but collinear to a point of this line, contradicting
that the set of fixed points form an ovoid.

Hence from now on we may assume that θ induces a (possibly trivial)
generalised homology in

Ê(a, b). Suppose θ is as such; in particular it fixes thepoints p1, p2, p3, p4, q1, q2, q3, q4
of a skeleton, with pi opposite qi , i = 1, 2, 3, 4. Consider the symplecton ξ(p1, p2)
and E(p1, q1). Then the fixed hyperbolic plane 〈p2, p3, p4〉 in E(p1, q1) corresponds
to some line L in ξ(p1, p2) through p1, which is also fixed by θ . So is the point L∩q��

1 .
Doing this for each plane 〈p2, p3, q4〉, 〈p2, q3, p4〉 and 〈p2, q3, q4〉, we obtain a fixed
skeleton (and consequently also apartment) in ξ(p1, p2). In particular we find a fixed
chamber C in ξ(p1, p2). We find a fixed chamber D opposite C by taking a locally
opposite flag to the {point,line,plane}-flag of C in the fixed apartment of ξ(p1, p2)
and projecting this on ξ(q1, q2). It is clear that this chamber must be fixed and the
opposition follows by the analogue of Lemma 2.8.7 for symplecta. Hence we find a
fixed apartment of �4.

We now consider this situation in�1. Let x1 and y1 be two opposite points of a fixed
apartment � of �1. Then θ fixes an apartment �′ = � ∩ E(x1, y1) of E(x1, y1). Let
�′ consist of the points x2, x3, x4, y2, y3, y4 with xi opposite yi , i = 2, 3, 4. Consider
the symplecton ξ(x1, x2). There is a line L in ξ(x1, x2) contained in x⊥

1 ∩ x⊥
2 such

that the plane 〈x1, L〉 corresponds to the “line” x2x3 of E(x1, y1). Each line through
x1 intersecting L in some point x corresponds to a “plane” of E(x1, y1) through x2x3.
Note that already at least two such planes are fixed, namely x2x3x4 and x2x3y4. If any
such plane α were not fixed, then the point z := α∩(y2y3)⊥⊥ would bemapped onto an
opposite point z′, as if z ⊥⊥ z′ the line zz′ would span a “solid” with x2x3 in E(x1, y1).
But the imaginary line I (z, z′) corresponds to the hyperbolic line through z and z′
in E(x1, y1) by Lemma 2.10.5, and the latter contains x2x3x4 ∩ (y2y3)⊥⊥ = {x4},
which is fixed, and x2x3y4 ∩ (y2y3)⊥⊥ = {y4}, which is also fixed. Hence I (z, z′) is
stabilised. This contradicts our assumption that a stabilised imaginary line is either
pointwise fixed, or no point of it at all is fixed. This shows that L is pointwise fixed.
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Likewise, every line of � is pointwise fixed, and hence every plane of � is pointwise
fixed.

Now let α be the “plane” spanned by x2, x3, x4 and let Lα be the line of �1 through
x1 corresponding to α. Consider an arbitrary point u ∈ α and assume that u is not
fixed. Let ξu be the symplecton ξ(x1, u). Since u ∈ α and α is fixed, the image ξθ

u
intersects ξu in a plane by Lemma 2.9.2. Then Corollary 5.2.2(i) implies that the
“line” uuθ is stabilised and that it contains at least one fixed point f (since at least one
symplecton through ξu ∩ ξθ

u is fixed). According to Proposition 3.3 of [19] (recalling
that α contains three noncollinear fixed points), either θ induces in α a homology, or
its fix structure in α is a Baer subplane. Of course, if no such u exists in α, then θ

induces the identity in α. Hence there are three possibilities to consider.

(a) Suppose θ induces the identity in α. Then the set of fixed points of θ in E(x1, y1)
is a polar subspace of rank 3. This follows from the fact that in �′ there is a
(stabilised) plane opposite α and this is consequently also pointwise fixed. So the
set of fixed points contains two disjoint planes. The other axioms of a polar space
are inherited from the polar space E(x1, y1) (keeping in mind that a stabilised line
is pointwise fixed by its projection on a pointwise fixed plane). This fixed polar
space necessarily has to coincidewith E(x1, y1) since geometric subspaces of that
polar space conform with subspaces of the ambient projective space of dimension
5 (which is generated by two opposite planes of the polar space). Now every line
of ξ(x1, x2) through x1 is fixed and at least one plane through it belongs to � and
is hence pointwise fixed. Since also x2 is fixed, and hence x⊥

1 ∩ x⊥
2 is pointwise

fixed, Corollary 3.2.3 asserts that θ acts trivially on ξ(x1, x2). Lemma 5.1.4(i i)
implies that θ is a central elation. Since θ fixes y1, which is opposite x1, this
elation is trivial by Lemma 5.1.2. Hence this case leads to the identity, which
contradicts clearly the opposition diagram.

(b) Secondly we may assume that θ induces a Baer collineation in α. As the residue
of x1 as a symplecton of�4 is isomorphic to E(x1, y1) in�1, we see that θ induces
a Baer collineation in a plane of the symplecton x1. Now we see that θ induces
a generalised Baer collineation in this symplecton as this is the only non-linear
domestic collineation of a hermitian rank 3 polar space by Theorem 7.2 of [28].
Remark that this is impossible in the split case by Lemma 3.3.6.
Then we claim that θ induces a generalised Baer collineation in every stabilised
symplecton of �4. This follows from the following connectivity argument. If two
adjacent fixed symplecta intersect in a fixed plane and θ induces a generalisedBaer
collineation in one of them, then θ induces also a generalised Baer collineation
in the other. Similarly, if two fixed symplecta share a unique point x , and θ

induces a generalised Baer collineation in one of them, then there is a fixed line
through x in that symplecton, and hence some fixed plane sharing a line through
x with each of the symplecta. Since the plane is not pointwise fixed (the lines
are not), the contraposition of Corollary 5.2.2(i)(b) implies that all symplecta
through that plane are fixed and so the previous argument implies that θ induces a
generalised Baer collineation in both symplecta. If the two symplecta are special,
then we apply the first argument with these symplecta and the unique symplecton
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adjacent to both. Finally, if the two symplecta are opposite, then the fix structures
are isomorphic by projection. The claim follows.
Now we can apply the arguments in the third and fourth paragraph of the nonsplit
case of the proof of Theorem 5.4.2 and conclude that θ pointwise fixes a subspace
isomorphic to F4,1(K, B), for B a subalgebra half the dimension over K of A. If A

is a separable quadratic extension of K, then we are dealing with the opposition
diagram F44;1 by Proposition 4.3.1. Since A is not octonion either, it is quaternion
and we find (iv).

(c) Finally we may assume that θ induces a central collineation in α. Since the point
x4 is also fixed, it must be a homology, and the centre is one of x2, x3, x4. Without
loss of generality, we may assume that x2 is the centre. Then no point of the “line”
x2x3 other than x2 and x3 themselves, is fixed by θ . In the symplecton ξ(x2, x3) this
means that θ fixes x2 and x3, it also pointwise fixes the lines Lx := ξ(x2, x3)∩ x⊥

1
and Ly := ξ(x2, x3) ∩ y⊥

1 , and pointwise the planes 〈Lx , x2〉, 〈Lx , x3〉, 〈Ly, x2〉
and 〈Ly, x3〉 (since these belong to the apartment�). Hence θ induces a nontrivial
linear collineation in ξ(x2, x3) and its ambient projective space PG(n, K), with
n ∈ {6, 7, 9, 13}. By Lemma 5.2.1, θ induces a plane-domestic collineation in
ξ(x2, x3) and, as θ induces a linear collineation in α and has a stabilised plane
in �′, Theorem 7.2 of [28] implies that ξ contains a pointwise fixed hyperplane
or subhyperplane (consisting of all fixed points contained in a pointwise fixed
line). This is the intersection of the quadric with a hyperplane or subhyperplane
H of PG(n, K), respectively, by Lemma 3.1.2(i). Then H contains the span of the
four planesmentioned above, which has dimension 5, andmust intersect the space
L⊥
x ∩L⊥

y , which has dimension n−4, in a subspaceW of dimension at least n−6.
We now show that the dimension of W is 1, by looking at the intersection with
the quadric Q. First we prove that the intersection W ∩ Q spans W . Let p ∈ W
be an arbitrary point. If p is contained in Q, then p is obviously contained in the
span of Q. If p is now neither contained in Q nor in the tangent space to Q at x2,
then the line px2 intersects Q in two points and so p is contained in 〈W ∩ Q〉. If
p is finally not contained in Q, but contained in the tangent space at x2 to Q, then
every point of the line px3 distinct from p is contained in the span by the previous
arguments and so also p ∈ 〈W ∩ Q〉. By assumption W ∩ Q only contains the
points x2 and x3, as every other point would be contained in ξ ∩ E(x2, x3), which
is exactly the “line” x2x3 by Lemma 2.6.7. Hence the dimension ofW is 1, which
implies that n ∈ {6, 7}.
As it is clear that θ can’t imply one of the previous two collineations (considered
in (a) and (b)) in the planes spanned by the triangles

{x2, x3, y4}, {x2, y3, x4}, {x2, y3, y4}, {y2, x3, x4}, {y2, x3, y4}, {y2, y3, x4},
{y2, y3, y4},

we may assume that it induces a homology and consequently fixes exactly one
line pointwise in these triangles. It is now an elementary exercise to conclude
that we may assume that the lines x3x4, x3y4, y3x4 and y3y4 are pointwise fixed
(use also the fact that, if a line is pointwise fixed, then so is every opposite line
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that is stabilised). Now we consider the symplecton ξx = ξ(x3, x4) and denote
Lx := ξ(x3, x4) ∩ x⊥

1 and Ly := ξ(x3, x4) ∩ y⊥
1 . Again θ pointwise fixes the

planes 〈Lx , x3〉, 〈Lx , x4〉, 〈Ly, x3〉 and 〈Ly, x4〉, and these generate a (pointwise
fixed) 5-space U in the ambient projective space PG(n, K). Furthermore, θ now
also pointwise fixes W := 〈L⊥

x ∩ L⊥
y 〉 and this has dimension n − 4. Clearly

U ∩ W = x3x4 and so U and W generate PG(n, K). Since both U and W are
pointwise fixed and they are not disjoint, θ pointwise fixes ξ(x3, x4). Likewise
θ pointwise fixes the symplecta ξ(y3, y4), ξ(x3, y4) and ξ(y3, x4). This implies
that in the extended equator geometry Ê(s, t) defined by the points of F4,4(K, A)

corresponding to these symplecta, θ pointwise fixes two perpendicular equator
geometries. Hence in the corresponding quadric Ê(s, t), one pointwise fixes (s⊥∩
t⊥) ∪ (u⊥ ∩ v⊥), for points s, t, u, v with s not collinear to t , u not collinear to
v, and both s, t collinear to both u, v. This implies that θ acts trivially on Ê(s, t)
using Corollary 3.2.3 taking a pointwise fixed line through s in (u⊥ ∩ v⊥), and
hence θ also acts trivial on the corresponding tropics geometry. Remark that this
means that θ does not fix any other point in �4 \ (Ê(s, t) ∪ T̂ (s, t)). This follows
from the fact that Ê(s, t)∪ T̂ (s, t) is a geometric hyperplane, by Proposition 3.10
of [8] and the fact that a geometric hyperplane does not properly contain another
geometric hyperplane in this case by Proposition 2.5 of [9]. This leads to (i i i),
taking Proposition 4.3.1 into account.

The theorem is proved. ��

Remark 5.4.4 Ovoids of C3,1(K, L) closed under hyperbolic lines have the property
that they arise as the intersection with a subspace in their unique projective embedding
inPG(5, L). This can be shownwith some elementary calculations. However, ovoids of
C3,1(K, H) closed under hyperbolic lines do no longer necessarily have that property.
In fact, our examples in Section 6.2.4 are examples of this phenomenon.

6 Constructions

6.1 Outline of themethodology

In this section we prove that each type of domestic collineation mentioned in the
Main Result really exists. Despite the fact that it might look obvious for most cases, a
rigorous proof is required as, for instance, Lemma 5.1.5(i i i)witnesses. Indeed, it is not
entirely clear that for certain fields or in certain characteristics, nontrivial collineations
exist that have the prescribed fix structure.

However, the most intriguing cases are of course those of (Dom14)(i i i) of the
Main Result. Concerning Class (M), the job has already been done in [23], where it
is proved in Proposition 5.1 and Theorem 6.3, that the fix structure of a collineation θ

of an inseparable building F4(K, K
′) consists of vertices of types 1 and 4 only, such

that, for {k, �} = {1, 4}, the fixed vertices of type k incident with a fixed vertex of type
� form an ovoid in the corresponding residual polar space of rank 3, if, and only if, θ
is conjugate to a certain explicitly defined involution denoted θ0 in Section 5 of [23].
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The corresponding fixed quadrangle is Moufang of mixed type. The full fix group is
also determined and is surprisingly large.

So, for the Case (Dom14)(i i i) we are left with Classes (L) and (H). Concern-
ing the other cases, the ones definitely requiring a proof are (Dom4), Class (L), and
(Dom14)(i i) (Classes (L) and (H)). Class (K) in Case (Dom4) has been treated in [18],
and the existence of central elations in�1, so-called long root elations can be attributed
to folklore, see also Chapter 2 and 3 of Timmesfeld’s book [29]. For completeness’s
sake we include a construction here.

All our existence proofs rely on Tits’ extension theorem 4.16 of [31].We translate it
to our setting in Theorem 6.3.1. Themethod is then described in detail in Section 6.3.1.
In short, it suffices to find two collineations g, g′ acting respectively on the residues of
a point p and a symplecton ξ � p, agreeing on the intersection of these two residues
and two apartments� and�′ containing this point and symplecton such that the union
of g and g′ is compatible with an isomorphisms � → �′. Then we can conclude by
Tits’ extension theorem that the union of these three maps (g, g′,� �→ �′) extends
uniquely to a collineation of the metasymplectic space. The only thing to check then
is that this collineation is indeed of the wanted form.

We carry out this scheme in detail for the most involved and most interesting cases,
namely (Dom14)(i i i), Classes (L) and (H). It will then be clear how this works and
we can treat the other cases more quickly, only concentrating on the essentials.

Case (Dom14)(i i i)will occupy the first three subsections of this section. In the first
subsection we will construct a collineation in the residue of a point and a collineation
in the residue of a symplecton, which act well together, i.e. the point is contained
in the symplecton and the actions of the collineations coincide on the intersection of
these residues. In the second section we will then prove that such collineation extends
to a domestic collineation fixing a generalised quadrangle as in Proposition 4.2.1 and
(i i) of Theorem 5.4.3. In the third subsection we will then identify the type of these
fixed quadrangles. Note that we not only get a collineation that fixes exactly the said
Moufang quadrangle, but a whole group of collineations. Nevertheless we do not
determine the full fix group, as this seems to require more detailed calculations which
we did not perform (yet).

In the next three subsections, we assume A ∈ {L, H}, with L a separable quadratic
extension of K and H a quaternion division algebra over K. We denote e = dimK A ∈
{2, 4}. We will work in some fixed metasymplectic space �1 = F4,1(K, A), where A

will be obvious from the context, and C := {p, L, π, ξ} will be a fixed chamber with
p a point, L a line, π a plane and ξ a symplecton in �1.

6.2 Residual collineations

Aswritten above, wewill construct some collineations in some residues in this section.
As in the statement of Proposition 4.2.1 these collineations will fix an ovoid. Also, as
required by Theorem 5.4.3, the ovoid in the symplecton arises as the intersection with
a subspace in the ambient projective space, considering the symplecton as a quadric
in some projective space. First we will determine a nontrivial group of collineations
of the symplecton pointwise fixing this ovoid. Afterwards, we will link the different
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residues in such a way that there exist nontrivial collineations acting in the same way
on the intersection of both residues.

6.2.1 Ovoids and collineations of (the residue of) � in F4,1(K,A)

By definition, (the residue of) ξ is the polar space B3,1(K, A), i.e. a quadric in PG(5+
e, K) with equation

x−3x3 + x−2x2 + x−1x1 = z0z0 − bz′oz′0, (3)

where we view the underlying vector space as isomorphic to K
3⊕L

e
2 ⊕K

3 and b = 0
if e = 2 (this makes it possible to threat the cases e = 2 and e = 4 at the same
time here). Also, z �→ z is the Galois involution of the separable quadratic extension
L/K. That extension is given by the irreducible quadratic polynomial x2 − x + d. We
denote one root of this polynomial in L as i , and then the other one is ı = 1 − i . The
corresponding norm is the map N : L → K : x �→ N(x) = xx and b /∈ N(L).

From Theorem 5.4.3(i i), we know that the fixed ovoid in θ must arise as the inter-
section with a subspace in PG(5 + e, K). Let now D be the subspace of codimension
2 of PG(5 + e, K) with equations

{
x−3 = a(x3 + x2),
x−2 = adx2,

where N(z1) − aN(z2) − bN(z3) = 0 if, and only if, z1 = z2 = z3 = 0, for all
z1, z2, z3 ∈ L. The intersection of D with ξ is the ovoid Oξ with equation

⎧
⎨

⎩

x−1x1 = z0z0 − bz′oz′0 − a(x23 + x3x2 + dx22 ),
x−3 = a(x3 + x2),
x−2 = adx2.

(4)

This is clearly an ovoid because it is a geometric subhyperplane as it is the intersection
with a subhyperplane of the underlying projective space, and it does not contain lines,
since it can be seen as a polar space of rank 1 due to the first equality in Eq. (4) and
the choice of a.

Wewrite z0 =: x6+i x7 and z′0 =: x4+i x5.We denote the point with all coordinates
zero except x j = 1with p j , j ∈ {−3,−2,−1, 1, 2, 3, 4, 5, 6, 7}. We order the coordi-
nates according to the following ordering of the indices:−2, 2,−3, 3,−1, 1, 4, 5, 6, 7.

Let ϕ be a collineation of ξ pointwise fixing Oξ with matrix M (with respect to the
basis in which we write the equations of course) and field automorphism τ .

The intersection of Oξ with the subspace 〈p−1, p1, p4, p5, p6, p7〉 has equations
x−3 = x−2 = x2 = x3 = 0 together with x−1x1 = z0z0 − bz′0z0, which is a
quadric spanning this subspace. Since it has to be pointwise fixed by ϕ, we see that
the corresponding submatrix is the identity (and the companion field automorphism
τ is trivial). Also, since 〈p−1, p1, p4, p5, p6, p7〉⊥ = 〈p−3, p−2, p2, p3〉, the matrix
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M is of the form (
M ′ 0
0 I2+e

)
,

where I2+e is the (2 + e) × (2 + e) identity matrix and M ′ is a 4 × 4 matrix.
Now we consider the subspace U spanned by p−1, p1, p−2, p2, p−3, p3, and it

is convenient to rewrite the coordinates in this order. The points with coordinates
(1,−a, 0, 0, a, 1) and (1 − ad, ad, 1, a, 0) are fixed under ϕ, which results in M ′
being of the form

⎛

⎜⎜⎝

1 + H −adH − aD D −aD
G 1 − adG − aC C −aC
F −adF − aB 1 + B −aB
E −adE − aA A 1 − aA

⎞

⎟⎟⎠ ,

with A, B,C, D, E, F,G, H ∈ K. Since this fixes the generic point (adx2, x2, a(x3+
x2), x3) of 〈p−2, p2, p−3, p3〉, the matrix M as given above pointwise fixes Oξ , and
it is a generic matrix doing so. Now we express that the matrix M preserves ξ . This
results in the identity

x−2x2 + x−3x3 =
((1 + H)x−2 − (adH + aD)x2 + Dx−3 − aDx3)(Gx−2

+ (1 − adG − aC)x2 + Cx−3 − aCx3)

+ (Fx−2 − (adF + aB)x2 + (1 + B)x−3 − aBx3)(Ex−2

− (adE + aA)x2 + Ax−3 + (1 − aA)x3),

which is equivalent with the following system of conditions on the parameters:

0 = G(1 + H) + EF, (5)

0 = (adH + aD)(1 − adG − aC) − (adF + aB)(adE + aA), (6)

0 = CD + A(1 + B), (7)

0 = a2CD − (1 − aA)aB, (8)

0 = C(1 + H) + DG + AF + E(1 + B), (9)

0 = aC(1 + H) + aDG − F(1 − aA) + aBE, (10)

0 = D(1 − adG − aC) − C(adH + aD) − A(adF + aB) − (1 + B)(adE + aA),

(11)

0 = aC(adH + aD) − aD(1 − adG − aC) − (adF + aB)(1 − aA)

+ aB(adE + aA), (12)

1 = (1 + H)(1 − adG − aC) − G(adH + aD) − F(adE + aA) − E(adF + aB),

(13)

1 = −aCD − aCD − aAB + (1 − aA)(1 + B). (14)
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Combining (7) and (14), we obtain B = −aA. Then (7), (8) and (14) reduce to
CD + A − aA2 = 0. Combining (9) and (10), we obtain F = −aE . Further, if we
divide (6) by a and add ad2 times (5), a times (7) and ad times (9) to it, then we obtain

d(H + adG + aE) + (D + aA + adC) = 0.

Also, if we add (11) to 2a times (7) and ad times (9), then D+aA+adC = 0. Hence
we can set

D = −aA − adC,

H = −aE − adG.

Then (5) becomes G = a(E2 + EG + dG2), (7) becomes A = a(A2 + AC + dC2)

and (9) becomes
C + E = a(CE + AG + 2(AE + dCG)).

One can check that no other conditions can be derived from the above identities. Hence
the above system of conditions is equivalent to

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

B = −aA,

F = −aE,

D = −aA − adC,

H = −aE − adG,

A = a(A2 + AC + dC2),

G = a(E2 + EG + dG2),

C + E = a(CE + AG + 2(AE + dCG)).

(15)

So we get the matrix

⎛

⎜⎜⎝

1 − aE − adG a2dE + a2d2G + a2A + a2dC −aA − adC a2A + a2dC
G 1 − adG − aC C −aC

−aE a2dE + a2A 1 − aA a2A
E −adE − aA A 1 − aA

⎞

⎟⎟⎠ ,

(16)
which we only have to complete with an e×e identity part on the z0 and z′0 coordinates
to have the full action on the residual quadrangle Qξ in PG(3 + e, K). Note that Qξ

is the common perp of the points p−1 and p1.

6.2.2 Ovoids and collineations of the residue of p in F4,1(K,L)

Now we consider Res�1(p). As this is isomorphic to a symplecton ξp in �4, we will
denote this residue by ξp. This is a Hermitian polar space of rank 3, C3,1(A, K).
Although it should in principle be possible to treat both cases (e = 2, 4) at the same
time, this would only make things less transparent and the computations needlessly
complicated. Sowe first consider the case e = 2, which will be done in this subsection.
In this case by the closedness under hyperbolic lines (see Theorem 5.4.3(i i)), the ovoid
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also arises as the intersection with a subspace in the unique projective embedding (see
Remark 5.4.4).

The equation of ξp, which is a Hermitian polar space of rank 3 in PG(5, L), where
L is as in the previous subsection, is now

y−3y3 + y−2y2 + y−1y1 = y3y−3 + y2y−2 + y1y−1.

Set t = 1−2i , then t = −t and t t = −t2 = 4d−1.We intersect ξp with the subspace
with equations {

y−2 = (1 − i)y2,
y−3 = −(1 − i)ay3,

with a ∈ L exactly as in the previous subsection. Then Op has equations

⎧
⎨

⎩

y−1y1 − y1y−1 = t y2y2 − at y3y3,
y−2 = (1 − i)y2,
y−3 = −(1 − i)ay3.

Consider the order (y−1, y1, y−2, y2, y−3, y3) of the coordinates and let ϕ be
a collineation of ξp pointwise fixing Op. Then the points (1, 0, 0, 0, 0, 0) and
(0, 1, 0, 0, 0, 0) are fixed, and so are their perps, resulting in a 2 × 2 identity sub-
matrix and trivial borders. Note that also the field automorphism is trivial since the
points (1, x, 0, 0, 0, 0)with x ∈ K and (1, i, 1−i, 1, 0, 0) are fixed. Sowe concentrate
on the part of the matrix involving the last four coordinates. Expressing that a generic
point with coordinates ((1− i)y2, y2,−(1− i)ay3, y3) is fixed, we obtain the matrix

⎛

⎜⎜⎝

1 + B −(1 − i)B F (1 − i)aF
C 1 − (1 − i)C G (1 − i)aG
A −(1 − i)A 1 + E (1 − i)aE
D −(1 − i)D H 1 + (1 − i)aH

⎞

⎟⎟⎠ ,

where A, B,C, D, E, F,G, H ∈ L. Setting

⎧
⎪⎪⎨

⎪⎪⎩

Y−2 = (1 + B)y−2 − (1 − i)By2 + Fy−3 + (1 − i)aFy3,
Y2 = Cy−2 + (1 − (1 − i)C)y2 + Gy−3 + (1 − i)aGy3,

Y−3 = Ay−2 − (1 − i)Ay2 + (1 + E)y−3 + (1 − i)aEy3,
Y3 = Dy−2 − (1 − i)Dy2 + Hy−3 + (1 + (1 − i)aH)y3,

we have the identity

y−2y2 − y2y−2 + y−3y3 − y3y−3 = Y−2Y2 − Y 2Y−2 + Y−3Y3 − Y 3Y−3, (17)

by expressing that ξp is preserved. Equating the coefficients of y−2y−2, y2y2 and
y−2y2, we obtain the relations

{
B = iC,

C − C = tCC + AD − AD.
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Equating the coefficients of y−3y−3, y3y3 and y−3y3, we obtain the relations

{
E = −iaH ,

H − H = −taHH + FG − FG.

Finally, equating the coefficients of y±2y±3, we obtain the relations

⎧
⎨

⎩

A = −iaD,

F = iG,

D − G = AH + BG − CF − DE .

It can now be checked that Identity (17) is equivalent to the following system of
conditions: ⎧

⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

A = −iaD,

B = iC,

E = −iaH ,

F = iG,

C − C = t(CC − aDD),

H − H = t(GG − aHH),

D − G = t(CG − aDH).

(18)

This yields the matrix:

⎛

⎜⎜⎝

1 + iC −dC iG adG
C 1 − ıC G ıaG

−iaD adD 1 − iaH −a2dH
D −ı D H 1 + ıaH

⎞

⎟⎟⎠ . (19)

This matrix acts on the residual quadrangle Qp with equation y−2y2 − y2y−2 +
y−3y3 − y3y−3 = 0, that we get again as the common perp of p−1 and p1.

6.2.3 Identification of the residual collineations in F4,1(K,L)

We now need to find a duality between the quadrangles Qξ and Qp of the previous
two subsections, in such a way that there is at least one nontrivial collineation ϕ of
ξ fixing the corresponding ovoid pointwise, and one collineation ϕp of ξp fixing the
corresponding ovoid pointwise, and such that the action of ϕ on Qξ agrees with the
action of ϕp on Qp through the duality.

We start from the quadrangle Qp, given by the equation y−2y2 − y2y−2 + y−3y3 −
y3y−3 = 0 in PG(3, L) and use the Plücker transformation. One can calculate that the
corresponding Plücker coordinates satisfy the equation

p−2,2 p−2,2 = p−2,−3 p3,2 + p−2,3 p2,−3. (20)

We check this for a generic line, the exceptional cases can be done similarly. For the
first point we assume that y−2 �= 0, then it is of the form (1, y3y−3 + r , y−3, y3), with
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y−3, y3 ∈ L and r ∈ K. For a generic point collinear with it, we may assume that
y−2 = 0, andwe also assume that y−3 �= 0, then it has coordinates (0, y3−sy−3, 1, s),
with s ∈ K. The Plücker coordinates of the corresponding line are now

(p−2,2, p−3,3, p−2,−3, p3,2, p−2,3, p2,−3) =
(y3 − sy−3, sy−3 − y3, 1, y3y3 − s(y3y−3 + sy3y−3) − sr , s, r + sy−3y−3),

which satisfy indeed Eq. (20). Furthermore, note that p−2,−3, p3,2, p−2,3, p2,−3 ∈ K,
while p−2,2 = −p−3,3 ∈ L. So Eq. (20) corresponds indeed with the equation of Qξ

as the common perp of p−1 and p1 in (3), with b = 0 (as e = 2).
Now we calculate the corresponding matrix, applying the Plücker transformation

to the matrix in (19).

⎛

⎜⎜⎜⎜⎜⎜⎝

1 − tC 0 G adG
0 1 + taH −D −adD

adD −adG 1 + iC − iaH + i2a(DG − CH) a2d2(DG − CH)

D −G DG − CH 1 − ıC + ıaH + ı2a(DG − CH)

−ı D iG H + i(CH − DG) dC + ıad(CH − DG)

iaD −ıaG C + ia(DG − CH) a2dH + ıa2d(DG − CH)

ıaG −iG
−iaD ı D

−a2dH + ia2d(DG − CH) −dC + iad(CH − DG)

−C + ıa(DG − CH) −H + ı(CH − DG)

1 + iC + ıaH + ad(CH − DG) d(DG − CH)

a2d(DG − CH) 1 − ıC − iaH + ad(CH − DG)

⎞

⎟⎟⎟⎟⎟⎟⎠

Since z0 in (3) corresponds to p−2,2 in (20), and in the matrix extending the one
in (16), the corresponding base vector was fixed, we set G = D = 0 and C = −aH .
We then obtain

⎛

⎜⎜⎜⎜⎜⎜⎝

1 + taH 0 0 0
0 1 + taH 0 0
0 0 1 − 2iaH + i2a2H2 a3d2H2

0 0 aH2 1 + 2ıaH + ı2a2H2

0 0 H − iaH2 −adH − ıa2dH2

0 0 −aH + ia2H2 a2dH + ıa3dH2

0 0
0 0

−a2dH + ia3dH2 adH − ia2dH2

aH + ıa2H2 −H − aı H2

1 − iaH + ıaH − a2dH2 adH2

a3dH2 1 + ıaH − iaH − a2dH2

⎞

⎟⎟⎟⎟⎟⎟⎠
,

with (18) reducing to only one extra restriction H − H = −atHH , which we can
also write as H(1 + atH) = H . This implies H2(1 + atH)−1 = HH and (H −
iaH2)(1 + taH)−1 = H − iaHH . Since the extra condition yields H − iaHH =
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H−a(t+i)HH = H−ıaHH , the quantity ζ1 := H−iaHH belongs toK. Likewise
ζ2 := H + ıaHH belongs to K. We then see that the above matrix is proportional to
the blockmatrix

⎛

⎜⎜⎜⎜⎜⎜⎝

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 − aζ1 − a2dHH a3d2HH −a2dζ1 adζ1
0 0 aHH 1 + aζ2 − a2dHH aζ2 −ζ2
0 0 ζ1 −adζ2 1 − a2dHH adHH
0 0 −aζ1 a2dζ2 a3dHH 1 − a2dHH

⎞

⎟⎟⎟⎟⎟⎟⎠
,

which is a real matrix (meaning, all entries belong to K). Now we have to match the
nontrivial 4×4 block with the earlier obtained matrix in (19). However, we apply first
an isomorphism by switching the coordinates p−2,3 and p2,−3. This way we obtain

⎛

⎜⎜⎝

1 − aζ1 − a2dHH a3d2HH adζ1 −a2dζ1
aHH 1 + aζ2 − a2dHH −ζ2 aζ2
−aζ1 a2dζ2 1 − a2dHH a3dHH
ζ1 −adζ2 adHH 1 − a2dHH

⎞

⎟⎟⎠ =: M∗.

This matrix corresponds to (19), if you set there:

⎧
⎪⎪⎨

⎪⎪⎩

A = adHH ,

C = −ζ2,

E = ζ1,

G = aHH .

Indeed, this is obvious or easy for most entries; we do the explicit calculation for the
a priori least obvious one, namely

a2dE + a2d2G + a2A + a2dC = a2d((ζ1 − ζ2) + (adHH + aHH)) =
a2d((−i − ı)aHH + a(d + 1)HH) = a3d2HH .

One also checks similarly the additional conditions in (15). To conclude that we now
have indeed obtained our goal, we need to verify that there really exists an H �= 0,
so that 1 + atH �= 0 and H − H = −atHH . This is for example satisfied by
H = −(ad)−1i .

Remark 6.2.1 By the above collineations, no point ismapped to a collinear one (includ-
ing itself) in the quadrangle Qξ . This can be seen as follows. A general point x of Qξ

is given by the coordinates (x−2, x2, x−3, x3, z0)with xi ∈ K and z0 ∈ L and satisfies
x−3x3 + x−2x2 = z0z0. Now this point is mapped to the point (y−2, y2, y−3, y3, z0)
with

(y−2, y2, y−3, y3)
′ = M∗(x−2, x2, x−3, x3),
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which is a point collinear to x if, and only if (after some elementary calculations),

x−2y2 − x2y−2 + x−3y3 − x3y−3 = 0

⇔ N((x−2 − adx2) + (x−3 − ax3 − ax2)i) = 0

⇔ x−2 − adx2 = 0 ∧ x−3 − ax3 − ax2 = 0,

withN the norm inL. So, recalling Eq. (4), the point must be fixed. But then this yields

x−3x3 + x−2x2 = z0z0 ⇔ aN(x3 + x2i) = N(z0),

which contradicts the choice of a. We say that the collineation is anisotropic.

6.2.4 Ovoids and collineations of the residue of p in F4,1(K,H)

Now the closedness under hyperbolic lines does no longer imply that the fixed ovoid
in the residue of p in F4,1(K, H) arises as the intersection with a subspace of the
underlying projective space. We know that ξp is a Hermitian polar space of rank 3 in
PG(5, H), where H is a quaternion division algebra over K containing the subfield L

of the previous sections. Let Op be the Hermitian surface in PG(5, L) with equation

y−1y1 − y1y−1 = y0y0 − ay′
0y

′
0 − by′′

0 y
′′
0 + aby′′′

0 y′′′
0 . (21)

We now have to prove that this is indeed an ovoid in a polar space ξp ∼= C3,1(H, K).
It is immediately clear that this does not contain lines. So it suffices to prove that it is
a subhyperplane in a polar space C3,1(H, K).

First we prove thatOp is contained in such a polar space, by looking at the equation
over H := CD(L, b) instead of L. The choice for b to be the primitive element
of the Cayley-Dickson process is not coincidental. It is motivated by the fact that
the quadrangle over H, which is the point residual in ξp, is dual to the orthogonal
quadrangle appearing as point residual in ξ , which is a necessary condition. Recall
the definition of the multiplication and standard involution in H:

(x, y) · (u, v) = (xu + byv, xv + yu),

(x, y) = (x,−y),

taking into account that L is commutative. To prove that Eq. (21) is indeed a hermitian
polar space over H, we rewrite the equation as a pseudo-quadratic form, since this is
needed and unavoidable in characteristic 2. This becomes

y−1y1 − y0iy0 + ay′
0iy

′
0 + by′′

0iy
′′
0 − aby′′′

0 iy
′′′
0 ∈ K. (22)

This pseudo-quadratic form is indeed equivalent to (21) over L by expressing that
the elements of K are exactly those of L that are equal to their conjugate (under the
standard involution).
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We now prove that the residue of p1 (or the common perp of p1 and p−1) is
a generalised quadrangle by coordinatising it as in Chapter 3 of [34]. This residue,
whichwe denote (quite suggestively) as Qp , is given by the following pseudoquadratic
form

f (z−2, z2, z−3, z3) := z−2i z−2 − bz2i z2 − az−3i z−3 + abz3i z3 ∈ K,

and the collinearity is given by the Hermitian form:

x−2iy−2−bx2iy2−ax−3iy−3+abx3iy3−x−2ı y−2+bx2ı y2+ax−3ı y−3−abx3ı y3.

We order the coordinates as (z−2, z2, z−3, z3). We make the following assignments of
coordinates, with the convention that γ := (0, i), u, u′, v ∈ H and �, �′, λ ∈ L:

Coordinates in PG(4, H) Coordinates in Qp

(b, γ, 0, 0) (∞)

(bu, γ u, b, γ ) (u)

(bu′, γ u′, bi, γ ı) (0, u′)

Now we define the points in the common perp of (0, 0) and (0). It is easy to see
that the point (0, 0, 0) with coordinates as in the following table is part of Qp and
collinear to both. Remark also that this point is not collinear to (∞) in this polar
space. However in the underlying projective space, these points are collinear and as
the images of (0, 0) and (0) under the defining polarity are two distinct planes, all
points collinear to both must be contained in the line of this projective space through
(0, 0, 0) and (∞). Expressing that these points must also be contained in Qp gives
us that these points can be labeled by (0, �, 0) with � ∈ K, corresponding to the
coordinates below. The reason for the factor a−1 is to obtain later the same incidence
relation as for the quadrangle Qξ .

Coordinates in PG(4, H) Coordinates in Qp

(bi, γ ı ,0,0) (0, 0, 0)

(bi + a−1�b, γ ı + a−1�γ, 0, 0) (0, �, 0)

We can now calculate the coordinates of the points (u, �, 0) as the unique point on
the line 〈(0), (0, �, 0)〉 collinear to (u), and also of (u, �, u′) as the unique point on
the line 〈(u, �, 0), (u)〉 collinear to (0, u′), in the standard way and we obtain:

Coordinates in PG(4, H) Coordinates in Qp

(bi + a−1�b, γ ı + a−1�γ, a−1biu, a−1γ ı u) (u, �, 0)

(abi + �b − buu′, aγ ı + �γ − γ uu′, biu − bu′, γ ı u − γ u′) (u, �, u′)

Wenow calculate the coordinates of the point (�′, 0)with �′ ∈ K as a point collinear
to (∞) and (0, 0, 0), similar to those of (0, �, 0). With the standard way to calculate
the coordinates of (�′, u′) as the unique point on 〈(∞), (�′, 0)〉 collinear to (0, 0, u′)
we then get:



    8 Page 88 of 102 L. Lambrecht. H. Van Maldeghem

Coordinates in PG(4, H) Coordinates in Qp

(0, 0, bi − b�′, γ ı − �′γ ) (�′, 0)
(bu′, γ u′, bi − �′b, γ ı − �′γ ) (�′, u′)

Now we define the lines, one can check that these are indeed lines of Qp:

[∞] := 〈(∞), (0)〉,
[�] := 〈(∞), (�′, 0)〉,

[�, v] := 〈(v), (v, �, 0)〉,
[�, v, �′] := 〈(�, v), (0, �′, v)〉.

This coordinatisation proves that Qp is indeed a generalised quadrangle and con-
sequently the space defined by the pseudoquadratic form (22) over H is a polar space
of rank 3. Since it lives in 5-dimensional space PG(5, H), Eq. (22) implies that it is
isomorphic to the polar space C3,1(H, K) as in Definition 2.3.2, so we can denote it
by ξp.

Now we prove that Op is a subhyperplane. Let π be an arbitrary plane in ξp. If all
points of π are collinear to p1, then π must contain p1 ∈ Op. So we may suppose that
x ∈ π is not collinear to p1, then the coordinates of x are of the form:

x = (1, k + f (z−2, z2, z−3, z3), z−2, z2, z−3, z3),

with z±2, z±3 ∈ H and k ∈ K. Denote by M the projection of p−1 on π and by L the
projection of p1 on 〈p−1, M〉. Then L is a line of the quadrangle Qp. We suppose that
L is of the general form [�, v, �′] (the other cases are similar). Then L is spanned by
the points with coordinates (�, v) and (0, �′, v) in Qp. Projecting these points onto M
yields two points y and z with the following coordinates in PG(5, H):

y = (0, α, bv, γ v, bi − �b, γ ı − �γ ),

z = (0, β, abi + �′b, aγ ı + �′γ,−bv,−γ v),

where α and β are completely determined by expressing the collinearity to x . By the
definition of Op it suffices now to prove that there exists a point with coordinates in
L in this plane. We prove this by taking a linear combination of the coordinates of
x, y, z with the property that the first coordinate is 1 and the last four coordinates are
contained in L. Then the second one will also be contained in L since the plane is
contained in ξp. So with the map Im : H → L : (v1, v2) �→ v2 we have to show that
the system of equations corresponding to

Im((bv, γ v, bi − b�, γ ı − �γ ) · u + (abi + �′b, aγ ı + �′γ,−bv,−γ v) · w)

= Im((z−2, z2, z−3, z3))

has a solution in u, w ∈ H for every v, z−2, z2, z−3, z3 ∈ H and every �, �′ ∈ K.
Writing w as (w1, w2) and u as (u1, u2), this is a linear system of four equations
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in four variables, so it has a solution if, and only if, the corresponding determinant
is not zero. One now calculates that this corresponding determinant, when writing
v = (v1, v2), is equal to

∣∣∣∣∣∣∣∣

bv2 bv1 0 b(aı + �′)
v1 bv2 aı + �′ 0
0 b(ı − �) bv2 −bv1

ı − � 0 −v1 bv2

∣∣∣∣∣∣∣∣
= b2(vv + (ı − �)(aı + �′))2.

One gets then easily that the above expression is zero if, and only if,N(v) = aN(�− i),
which implies that a = N(h) for some h ∈ H. If we write h = (h1, h2), we see that
a = h1h1 −bh2h2, which is impossible by the choice of a in the first subsection. This
concludes the proof of the fact that Op is a subhyperplane, and hence an ovoid, of ξp.

Now we determine the collineations of ξp fixingOp pointwise. As p−1 and p1 and
their perp are fixed, the corresponding matrix must be of the form

(
hI2 0
0 M

)
,

where I2 is the 2×2 identity matrix and h ∈ H. By possibly conjugating the associated
automorphism τ of H with h, we may assume that h = 1. Also every point of the form
(1, x, 0, 0, 0, 0) with x ∈ L must be fixed, and consequently τ fixes L. Since also the
points (1, i, 1, 0, 0, 0), (1,−ai, 0, 1, 0, 0), (1,−bi, 0, 0, 1, 0) and (1, abi, 0, 0, 0, 1)
are fixed, we now see that also M must be the identity matrix. Now τ is completely
determined by the image (A, B) of (0, 1) and expressing that τ is a morphism yields
A = kt with k ∈ K (and still t = 1 − 2i) and A2 + bBB = b. These collineations
clearly fix all points of the ovoid and preserve the polar space.

However since one nontrivial collineation will suffice in the following, we will only
consider a special type of such collineations, i.e. those with A = 0 and B = u−1u
with u ∈ L. It is easy to see that these correspond to collineations with associated
matrix uI6 and trivial associated automorphism τ . Since we only need the nontrivial
collineations and they are determined up to a factor of K, we can write u as i +λ with
λ ∈ K. In the following subsection, we will denote this collineation by θλ.

6.2.5 Identification of the residual collineations in F4,1(K,H)

In F4,1(K, L), we could use the Plücker transformation to define the duality between
Qp and Qξ , however this is impossible in the present case. So we will use coordinati-
sations of these quadrangles as in Chapter 3 of [34].

For Qp this coordinatisation was done in the previous paragraph and by the theory
of coordinatisation as in Chapter 3 of [34], all incidences follow immediately from
the coordinates, except for a point (u, λ, u′) and a line [�, v, �′]. One calculates that
these are incident if, and only if,

{
u′ = v + �u,

�′ = λ − uv − vu − �uu.
(23)
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Now we coordinatise the quadrangle Qξ given by the equation

x−3x3 + x−2x2 = z0z0 − bz′oz′0,

where we previously set z0 = x6+i x7 and z′0 = x4+i x5. Hence the equation becomes

x−3x3 + x−2x2 = x26 + x6x7 + dx27 − b(x24 + x4x5 + dx25 ).

Weorder the coordinates as (x4, x6, x−3, x−2, x2, x3, x7, x5).Wemake the subsequent
assignments, after elementary calculations similar to those of the previous section. Set
u := (x4, x5, x6, x7), u′ := (x ′

4, x
′
5, x

′
6, x

′
7),N(u) := x24 +x4x5+dx25 −b(x26 +x6y7+

dx27 ) and N(u, u′) := N(u + u′) − N(u) − N(u′).

Coordinates in PG(7, K) Coordinates in Qξ

(0, 0, 1, 0, 0, 0, 0, 0) (∞)

(0, 0, �, 1, 0, 0, 0, 0) (�)

(0, 0, �′, 0, 1, 0, 0, 0) (0, �′)
(0, 0, 0, 0, 0, 1, 0, 0) (0, 0, 0)

(x4, x6,N(u), 0, 0, 1, x7, x5) (0, u, 0)

(x4, x6,N(u), 0,−�, 1, x7, x5) (�, u, 0)

(x4, x6,N(u) − ��′,−�′,−�, 1, x7, x5) (�, u, �′)
(x ′

4, x
′
6, 0,N(u′), 1, 0, x ′

7, x
′
5) (u′, 0)

(x ′
4, x

′
6, �

′,N(u), 1, 0, x ′
7, x

′
5) (u′, �′)

The lines here are similarly defined as in the previous coordinatisation and also
now we only have to verify the incidence of a point (�, v, �′) and a line [u, λ, u′] :=
〈(u, λ), (0, u′, λ − N(u, u′))〉 (note that this is really again the line through (u, λ)

intersecting the line 〈(0), (0, u′, 0)〉). This incidence is indeed again equivalent with

{
u′ = v + �u,

�′ = λ − N(u, v) − �N(u).

This is exactly (23) and so the coordinatisation of both quadrangles is indeed dual.
We now want to verify whether there is a nontrivial collineation of Qξ from the

previous subsection that induces through this duality a collineation of Qp from the first
subsection. By the above coordinatisation it suffices to know the images from (�, 0, �′)
and (u, 0) in Qξ . Sowe determine the action of the collineations θλ in Subsection 6.2.4,
i.e. scalar matrices Mλ with elements of the form i + λ on the diagonal, on the lines
[�, 0, �′] and [u, 0] of Qp.

We start with the line [�, 0, �′]. This line is spanned by the points (�, 0) and (0, �′, 0)
in Qp. We denote the transpose of a matrix by a prime. Now we calculate the image
under θλ:

θλ((�, 0)) = Mλ · (0, 0, bi − b�, γ ı − �γ )′
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= (0, 0, (1 − � + λ)bi − (d − �λ)b, (1 − � + λ)γ ı − (d + �λ)γ )′

=
(

d + �λ

1 − � + λ
, 0

)
;

θλ((0, �
′, 0)) = Mλ · (abi + �′b, aγ ı + �′γ, 0, 0)′

= ((1 + a−1�′ + λ)abi + (λ�′ − ad)b, (1 + a−1�′ + λ)aγ ı

+ (λ�′ − ad)γ )′

=
(
0,

(λ�′ − ad)a

a + �′ + aλ
, 0

)
;

θλ([�, 0, �′]) =
[

d + �λ

1 − � + λ
, 0,

(λ�′ − ad)a

a + �′ + aλ

]
.

So under the duality this θλ, which we denote by θ∗
λ , acts on a point (�, 0, �′) of Qξ

as follows:

θ∗
λ ((�, 0, �′)) = M∗

λ · (0, 0, −��′, −�′, −�, 1, 0, 0)′ =
(

d + �λ

1 − � + λ
, 0,

(λ�′ − ad)a

a + �′ + aλ

)

=
(
0, 0, − d + �λ

1 − � + λ
· (λ�′ − ad)a

a + �′ + aλ
,− (λ�′ − ad)a

a + �′ + aλ
,− d + �λ

1 − � + λ
, 1, 0, 0

)′
.

Now one sees that the (4 × 4)-submatrix of M∗
λ determined by the coordinates

x±2, x±3 is of the form

⎛

⎜⎜⎝

aλ2 adλ −a2dλ a2d2

−aλ aλ(1 + λ) a2d a2d(1 + λ)

λ d aλ(1 + λ) −ad(1 + λ)

1 −(1 + λ) a(1 + λ) a(1 + λ)2

⎞

⎟⎟⎠ . (24)

Now we look at the action of θλ on the line [u, 0]. This line is spanned by the points
(u) and (u, 0, 0) in Qp. Remark that the equalities between vectors are equalities in
homogeneous coordinates, so must be interpreted afterwards as up to a scalar.

θλ((u)) = Mλ · (bu, γ u, b, γ )′

= (b(i + λ)u, γ (ı + λ)u, b(i + λ), γ (ı + λ))′

=
(
abi + aλ(1 − au−1u−1)b − b(au−1)(−aλu−1),

aγ ı + aλ(1 − au−1u−1)γ − γ (au−1)(−aλu−1),

bi(au−1) − b(−aλu−1), γ ı(au−1) − γ (−aλu−1)

)′

=
(
au−1, aλ(1 − au−1u−1),−aλu−1

)
;

θλ((u, 0, 0)) = Mλ · (abi, aγ ı , biu, γ ı u)′

= (ab(i + λ)i, aγ (ı + λ)ı, b(i + λ)iu, γ ı(ı + λ)u)′
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=
(
abi + d(uu − a)

1 + λ
b − bu

du

1 + λ
, aγ ı + d(uu − a)

1 + λ
γ − γ u

du

1 + λ

biu − b
du

1 + λ
, γ ı u − γ

du

1 + λ

)′

=
(
u,

d(uu − a)

1 + λ
,

du

1 + λ

)
.

We now determine on which line [k, v, k′] these two images lie. Using Eq. (23), one
obtains

k = (λ2 + λ + d)uu

(1 + λ)(uu − a)
− λ,

v = −a(λ2 + λ + d)u

(1 + λ)(uu − a)
,

k′ = a(ad + λ(1 + λ)uu)

(1 + λ)(uu − a)
.

So we can look at the dual action of θ∗
λ in Qξ on the point (u, 0)

θ∗
λ ((u, 0)) = M∗

λ · (x4, x6, 0,N(u), 1, 0, x7, x5)
′

=
(

(λ2 + λ + d)uu

(1 + λ)(uu − a)
− λ,

−a(λ2 + λ + d)u

(1 + λ)(uu − a)
,
a(ad + λ(1 + λ)uu)

(1 + λ)(uu − a)

)

=
(
x4, x6,

adλuu − a2dλ

a(λ2 + λ + d)
,
aλ(1 + λ)uu + ad

a(λ2 + λ + d)
,

duu + aλ(1 + λ)

a(λ2 + λ + d)
,
−(1 + λ)uu + a(1 + λ)

a(λ2 + λ + d)
, x7, x5

)
.

This shows that we can extend the submatrix from (24) to the matrix M∗
λ by setting the

other diagonal elements equal to a(λ2 + λ + d) and filling the empty places then with
zeros. We now show that this is indeed a matrix as at the end of the first subsection, i.e.
as in Eq. (16). This is done by first applying an isomorphism to ξ , corresponding to
cyclically permuting the coordinates (x2, x−3, x3). Then one sees that Eq. (24) divided
by a(λ2 + λ + d) corresponds to Eq. (16) by setting

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

A = d
a(λ2+λ+d)

,

C = −(1+λ)

a(λ2+λ+d)
,

E = λ
a(λ2+λ+d)

,

G = 1
a(λ2+λ+d)

.

Also the extra conditions in Eq. (15) are satisfied by these choices.

Remark 6.2.2 Completely similar to Remark 6.2.1, one verifies that also these
collineations are anisotropic, that is, they do not map any point of Qξ to a collinear
one (nor itself).
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6.3 Extension to domestic collineations

Now we prove that the collineations and duality defined in the previous section, give
indeed rise to a domestic collineation of type (i i) in Theorem 5.4.3. We will use Tits’
extension theorem in the first paragraph to extend the collineations in that way. In
the second paragraph we will then prove that the obtained collineation is indeed a
domestic collineation fixing a quadrangle. In the next subsection we will then finally
identify these quadrangles.

6.3.1 Tits’ extension theorem

First we translate Theorem 4.16 of [31] to our situation. Therefor, letC = {p, L, π, ξ}
be a chamber of F4,1(K, A) (the chamber chosen at the beginning of this chapter)
and let � be an apartment containing C . Let ξp be the symplecton of F4,4(K, A)

corresponding to p, let pξ be the point of F4,4(K, A) corresponding to ξ and let αL

be the plane of F4,4(K, A) corresponding to L . Let Q be the generalised quadrangle
with point set the lines in ξ through p and line set the planes in ξ through p and let
Q̃ be its dual. Let C ′ be a second chamber, contained in a second apartment �′ and
denote everything for C ′ the same as for C , but furnished with a prime.

(i) Denote by E1(C) the union of the set of all points of L , the set of all lines of
π through p, the set of all planes through L in ξ and the set of all symplecta
containing π .

(i i) Denote by E2(C) the union of the set of points of π , the set of lines of π , the
set of points of Q, the set of lines of Q, the set of points of αL and the set of
lines of αL (all viewed as elements of F4,1(K, A)).

(i i i) Denote by E3(C) the union of the set of points, lines and planes of ξ and the
set of points, lines and planes of ξp (all viewed as elements of F4,1(K, A)).

Notice that, with the above conventions, we have E1(C) ⊆ E2(C) ⊆ E3(C).

Theorem 6.3.1 (Tits [31, 4.16] applied toF4).Let θ bea type-preservingand incidence-
preserving bijection from E2(C) and the set of points, lines, planes and symplecta of
� onto the union of E2(C ′) and the set of points, lines, planes and symplecta of �′.
Then θ uniquely extends to a collineation of F4,1(K, A).

The uniqueness part of the previous theorem follows from Theorem 4.1.1 of [31]. We
also need the specification of that theorem to polar spaces of rank 3.

Theorem 6.3.2 (Tits [31, 4.1.1] applied to B3 or C3). Let � be a polar space of rank 3
and let A = {p1, p2, p3, p−1, p−2, p−3} be a skeleton of �, with pi not collinear to
p j if, and only if, i = − j . Let θ1 and θ2 be collineations of � which agree on A, on
the set of points of the line p1 p2, on the set of lines of the plane p1 p2 p3 through the
point p1 and on the set of planes through the line p1 p2. Then θ1 = θ2.

Now we will use these theorems to extend our collineations from the previous
section. The idea is that we have, by the previous section, specific collineations acting
on the residues of p and of ξ . By the identifications in the previous section andTheorem
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6.3.1, it suffices now to find some type-preserving and incidence-preserving bijection
from the apartment� to another apartment compatible with the two collineations from
the residues of p and ξ , respectively, which coincide under the identification, to extend
these collineations to a collineation of the metasymplectic space. In the rest of this
subsection, we construct such a bijection.

LetG be the group of collineations g of ξp ∼= C3,1(A, K) pointwise fixing the ovoid
Op � pξ and such that there is a collineation h of ξ ∼= B3,1(K, A) pointwise fixing the
ovoid Oξ � p and an identification of Resξ (p) and the dual of Resξp (pξ ) on which h
and g coincide. For each such g ∈ G, we may extend the domain of definition of g
with that of the corresponding h and denote by g the common extension. Then G is a
group of type preserving and incidence-preserving permutations of E3(C).

Now let qξ ∈ Oξ \ {p} and qp ∈ Op \ {pξ } be arbitrary. We restrict each element
g of G to E2(C) and denote this restricted bijection by g∗. Since E1(C) ⊆ E2(C) ⊆
E3(C), it follows from Theorem 6.3.2 that g is determined by g∗ and the assumptions
g(qξ ) = qξ and g(qp) = qp. This is becausewe can choose the skeleton A of Theorem
6.3.2, say with respect to ξ , containing p and qξ and the point p1 of that skeleton equal
to p.

We select a skeleton S = {p, qξ , r1, r2, r−1, r−2} in ξ such that r1 ∈ L and r2 ∈ π

(and we use the convention that r1 is not collinear to r−1 and r2 not collinear to r−2).
Then {qξ , qξr−1, qξr−1r−2} is a chamber of ξ opposite {p, L, π} in ξ .

Since qp ∈ Op and Op is a set of points of ξp, which is isomorphic to the residue
at p, we can associate qξ to a symplecton ζ of F4,1(K, A). Denote by M the line of ζ

all points of which are collinear to r1, and by α the plane of ζ spanned by M and the
points of ζ collinear to r2. Then {qξ , qξr−1, qξr−1r−2, ξ} and {p, M, α, ζ } are two
chambers of F4,1(K, A), and so we can consider an apartment � (without confusion
with the previously used �) containing both chambers, since there exists always an
apartment through two chambers (by the very definition of a building in [31]). Since
� contains ξ and M, α, it also contains L and π as the “projections” of M and α on ξ .
Hence it contains S, after somemore projections. Let ξ ′ be the unique symplecton of�
opposite ξ and let D = {p′, L ′, π ′, ξ ′} and D∗ = {p′, L∗, π∗, ξ ′} be the projection of
{qξ , qξr−1, qξr−1r−2, ξ} and {qξ , qξr

g
−1, qξr

g
−1r

g
−2, ξ}, respectively, onto ξ ′. By the

dual of Lemma 2.8.7, the chambers C and D are opposite in F4,1(K, A), and so are
the chambers Cg and D∗, as g induces a collineation of ξ . Hence Cg and D∗ define
a unique apartment �′ of F4,1(K, A). There is a unique isomorphism g′ : � → �′
mapping C to Cg and hence D to D∗, as this morphism is completely determined by
the image of these two opposite chambers.

We now claim that g and g′ agree on the intersection of their domains. Note that
the intersection ξ ∩ � is the apartment in ξ spanned by the opposite chambers C and
{qξ , qξr−1, qξr−1r−2, ξ}, since an apartment can never intersect a residue inmore than
an apartment of the residue itself. Then it is clear that g and g′ agree on the intersection
of their domains in ξ , as the projection of D∗ onto ξ is {qξ , qξr

g
−1, qξr

g
−1r

g
−2, ξ}, which

equals {qξ , qξr−1, qξr−1r−2, ξ}g and Cg = Cg′
. Now we consider Res�1(p). First

we note that ζ belongs to �′ as it is the projection of ξ ′ onto p, since it is the only
symplecton through p of � locally opposite ξ . Since D is mapped to D∗ under g′ and
also p is fixed by g′, we now see that also ξ ′ and consequently ζ are fixed under g′.
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Since the intersection Res�1(p) ∩ � is a “dual” apartment determined by ζ and pri ,
i = −2,−1, 1, 2, and g coincides with g′ on these elements, we find that g and g′
coincide on Res�1(p) ∩ �.

Hence we can extend g∗ to � using g′. Now we claim that this extension preserves
incidence. Let A ⊆ B be two incident elements of �∪ ξ ∪Res�1(p). If both elements
are contained in � or in ξ ∪ Res�1(p), then the claim is true, as g and g′ preserve
incidence. So we may suppose without loss of generality that A ∈ (ξ ∪Res�1(p)) \�

and B ∈ �\ (ξ ∪Res�1(p)). This means (again without loss of generality) that A ⊆ ξ

and B � ξ . Denote now C := B ∩ ξ , then C is contained in (ξ ∪ Res�1(p)) ∩ � and
as now the incidence between A and C is preserved under g and the incidence of C
and B is preserved under g′, the incidence of A and B is preserved under g∗.

Now g∗ satisfies the conditions of Theorem 6.3.2 and extends consequently to a
unique collineation θ of F4,1(K, A). Sowe only have to check that θ equals g on E3(C).
This follows by the second paragraph of this reasoning and the fact that g∗(qξ ) = qξ

and g∗(qp) = qp.

6.3.2 Domestic collineation fixing a quadrangle

Now we will verify that the obtained collineation θ is indeed a domestic collineation
with opposition diagram F4;2 with fix structure points and symplecta forming a gen-
eralised quadrangle.

Proposition 6.3.3 The collineation θ does not fix any line of F4,1(K, A). Dually, it
does not fix any plane either.

Proof We first prove that g does not fix any line of ξ . Suppose for a contradiction
that L ∈ ξ is stabilised. If L is not coplanar with p, then the unique line through p
intersecting L gives rise to a fixed point in Qξ , contradicting Remarks 6.2.1 and 6.2.2.
So L must be collinear to p, but then the plane spanned by L and p gives rise to a
stabilised line in Qξ again contradicting Remarks 6.2.1 and 6.2.2.

Furthermore we claim that all the lines through p in ζ are mapped to noncoplanar
lines by g. Suppose again for a contradiction that some line is not mapped to a coplanar
one. By projecting onto ξ we may suppose that the line is contained in ξ , but then it
gives again rise to a point of Qξ mapped to a collinear one, contradictingRemarks 6.2.1
and 6.2.2.

As we have a self-dual setting, it suffices to show that no line is fixed. Let, for a
contradiction, K be a fixed line. Then K is not contained in ξ (since g does not fix any
line in ξ ). Also, K does not have a unique point in commonwith ξ as otherwise the line
K ′ of ξ all points of which are collinear to K is also fixed by g, again a contradiction.
If every point of K is far from ξ , then the set of points of ξ symplectic to a point of K
is a line K ′ of ξ fixed by θ and hence by g, a contradiction. If a unique point u of K
is close to ξ , then u is fixed and so is the line u⊥ ∩ ξ , again a contradiction.

Hence the only remaining possibility is that each point of K is close to ξ . Let
u1, u2 ∈ K be distinct. Then at least one point v1 ∈ u⊥

1 ∩ ξ is collinear to and
distinct from some point v2 ∈ u⊥

2 ∩ ξ . Then there is a symplecton ξ12 containing
u1 ⊥ v1 ⊥ v2 ⊥ u2 ⊥ u1, and ξ12 is clearly adjacent to ξ , hence shares a plane
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β with it. It follows that there is a unique point v of ξ (in β) collinear to all points
of K . Naturally, v is fixed and hence belongs to Oξ . However, v �= p as this would
contradict the action of g on Res�1(p) and clearly v is not collinear to p, as this would
give rise to a fixed line in ξ .

Recall now the above defined symplecton ζ . This is a fixed symplecton through p
locally opposite ξ . Since all the lines through p in ζ are mapped to locally opposite
lines by g, no line of ζ is fixed by θ . Consequently we can repeat the arguments of the
previous paragraph with ζ in place of ξ and find that K is collinear to a unique point
w ∈ ζ , with w �= p necessarily symplectic to p. It follows that v is symplectic to w

and so, by the point-symp relations (Axiom 2.4.5), v is close to ζ , again leading to a
fixed line v⊥ ∩ ζ in ζ , a contradiction. This proves the proposition. ��

Now let P be the set of fixed points of θ and let L be the set of fixed symplecta
of θ .

Theorem 6.3.4 The point-line geometry� = (P,L ) is aMoufang generalised quad-
rangle.

Proof We start by showing that distinct fixed points are either symplectic or opposite.
Indeed, if two fixed points were collinear, then the corresponding line would be fixed,
contradicting Proposition 6.3.3. If they were special, then their centre would be fixed
and we obtain two fixed lines, again the same contradiction. Hence distinct fixed
points can only be symplectic or opposite. Dually, two distinct fixed symplecta either
intersect in a unique (fixed) point, or are opposite.

Furthermore, we claim that for each fixed point x there exists an opposite fixed
point y. This is trivial for x = p as we can take y = p′, and for any fixed point x
opposite p (as then we can take y = p). So we may assume x ⊥⊥ p. If x ∈ ξ , then
we can take y = ζ ∩ ξ ′ (these symplecta indeed intersect in a unique point inside the
apartment �). If x /∈ ξ , then the symplecton ξ(p, x) intersects ξ exactly in p and so
x is opposite qξ ∈ Oξ .

We now prove the main axiom for generalised quadrangles. Let x be a fixed point
and ν a fixed symplecton not containing x . If x were close to ν, then x⊥ ∩ ν would
be a fixed line, contradicting Proposition 6.3.3. Hence x is far from ν and the unique
point of x⊥⊥ ∩ ν is fixed, as is the corresponding symplecton through it and x .

We conclude that (P,L ) is a generalised quadrangle (a polar space of rank 2).
Since ξ contains at least three fixed points (the points of Oξ ), and through p there
exist at least three fixed symplecta (the members ofOp), we obtain a thick generalised
quadrangle. Since no pair of distinct fixed points is collinear, Main Result 1 of [26]
asserts that (P,L ) is a Moufang quadrangle. ��

6.4 Identification of the fixed quadrangles

In this subsection we finally identify the quadrangles Q fixed by the collineations
constructed in the previous two. In the following theorem, we will determine their
so-called Tits index, see [30].
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Theorem 6.4.1 The fix structure of θ in F4,1(K, A), withA either a separable quadratic
extensionL of K or a quaternion division algebraH overK, is aMoufang quadrangle
of type D5 or E6, respectively. More exactly, it are Moufang quadrangles with Tits
indices 2D(2)

5,2 and
2E16

′
6,2, respectively in F4(K, L) and F4(K, H), respectively.

Proof First of all, if we restrict in the above construction F4,1(K, A) to B4,2(K, A) (by
taking the intersection with a suitable extended equator geometry in the corresponding
dual metasymplectic space), and consequently also Op to the hyperbolic line of ξp
through pξ and qξ , then we obtain a (Moufang) subquadrangle Q′ fully embedded in
B4,1(K, A).

An equation of B4,1(K, A) is given by

x−4x4 + x−3x3 + x−2x2 + x−1x1 = z0z0 − bz′0z′0,

where we view the underlying vector space as isomorphic to K
4⊕L

e
2 ⊕K

4 and b = 0
if e = 2. Also, recall that z �→ z is the Galois involution of the separable quadratic
extension L/K and recall also that this extension is given by the irreducible quadratic
polynomial x2 − x + d.

Given the fact that Oξ is a point residual in this quadrangle Q′, we see that the
quadrangle Q′ is obtained from B4,1(K, A) by intersecting with the subspace of codi-
mension 2 of PG(7 + e, K) with equations

{
x−3 = a(x3 + x2),
x−2 = adx2,

where a and b are as before, that is, N(z1) − aN(z2) − bN(z3) = 0 if, and only if,
z1 = z2 = z3 = 0, for all z1, z2, z3 ∈ L. This intersection has equations

⎧
⎨

⎩

x−1x1 = z0z0 − bz′oz′0 − a(x23 + x3x2 + dx22 ),
x−3 = a(x3 + x2),
x−2 = adx2.

Splitting these equations, that are defined overK, overL, we see that Q′ is obtained
by Galois descent (more exactly, a Galois involution) from a hyperbolic quadric in
PG(5 + e, L), that is, a building of type D3+e/2. The Tits index of Q′ as a Moufang
quadrangle is hence ⎧

⎨

⎩

1D(1)
4,2 if e = 2,

2D(1)
5,2 if e = 4.

Pictorially, these are

and
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respectively.
Now Q is an extension of Q′ and as such a wide Moufang quadrangle. Given the

rules explained in Appendix C of [34], the Moufang quadrangle Q must be of type
1Dn or 2Dn , for certain n ≥ 5 if e = 2, and in case e = 4, there is no other possibility
than type 2E6. Given the fact that Oξ is a Hermitian variety in a projective space of
dimension 1 + e and hence has Tits index

2A(1)
3,1

×
(e = 2) and 2A(1)

5,1

×
(e = 4),

respectively, we can compare and glue the “anisotropic kernels” of the previous dia-
grams (that is, the uncircled nodes). It follows that the only possibilities for Q are the
Tits indices

2D(2)
5,2

×

(e = 2) and 2E16
′

6,2

×

(e = 4).

This concludes the proof of this theorem. ��
Remark 6.4.2 In the previous section, we made certain choices that may have seem
to be artificial, or at least, predestinated. For instance the use of twice the parameter
a might seem to generate only a special case. However, the subquadrangle Q′ is
completely generic. Then, the arguments leading to the Tits indices only depend on
Q′ and the isomorphism class of the symplecta of �4. Hence we know that at the end
we must obtain the Moufang quadrangles of given type. Our choices now show that
this is possible, and that we can obtain all of them this way. What is not proved by our
method is that isomorphic fixed quadrangles are also isomorphic via an isomorphism
of the metasymplectic space.

6.5 Other domestic collineations

6.5.1 Central elations

Lemma 6.5.1 Let Uc be the root group with centre c of a metasymplectic space �1.
Let K be a line with exactly one point z collinear to c and all the other points special
to c. Then Uc acts sharply transitively on K \ {z}. Consequently, Uc acts sharply
transitively on I (c, x) \ {c}, for each point x opposite c.

Proof Let k, k′ be two points of K \ {z}. We apply the method outlined in Section 6.1
to prove that there exists a unique central collineation with centre c that maps k to k′.
In particular, we need a chamber {p, L, π, ξ} and two apartments � and �′. Let � be
an apartment containing c, k and K . Such an apartment exists as we can extend the
flags {c} and {k, K } to two chambers. Take now p = c and let g be the identity on the
residue of this point. Let L be the unique line through c intersecting K and note that
L belongs to �. Let ξ be an arbitrary symplecton of � through L and let g′ also be
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the identity on ξ . Denote by C a chamber of � extending the flag {c, L, ξ} and let C∗
be the locally opposite chamber through c in �. Denote by K ∗ the line opposite K in
� (note that this line intersects the line of C∗) and denote by k∗, k′′ the unique point
collinear to k, k′, respectively, and to a point of K ∗ (then k∗ and k′′ are opposite c).
Now let C ′ be the projection of C∗ on k′′. Then C ′ is opposite C by Lemma 2.8.7 and
we define �′ to be the unique apartment through the chambers C and C ′.

Now by Theorem 6.3.1, we get a unique collineation θ extending g and g′ and
mapping � to �′. As L is fixed under this collineation, and K is contained in �′ as
the unique line intersecting L and having a point collinear to k′′, also K must be fixed
under this collineation as the unique line locally opposite L through L ∩ K . Hence k
is mapped to k′ and similarly also k∗ is mapped to k′′.

So there is only left to verify that θ is a central collineation with centre c. By
Lemma 2.10.4 and the fact that k∗ is mapped to k′′, we see that E(c, k∗) is stabilised
under θ . As θ extends g, we see that it is in fact pointwise fixed. As θ also extends
g′, we see that it pointwise fixes ξ . Then Lemma 5.1.4(i i) ensures that θ is a central
elation with centre c. ��

This theorem takes care of the Cases (Dom1), (Dom4)(M), (Dom14)(i) and
(Dom14)(i ′) of the Main Result.

6.5.2 (Weak) subbuildings

Finally we prove existence for the Cases (Dom4)(K), (Dom4)(L) and (Dom14)(i i).
All the corresponding collineations pointwise fix an apartment, which implies that
we can always take � = �′, which simplifies the verification that the various local
collineations have compatible actions.

Proposition 6.5.2 Suppose we are in the separable case and dimK A ≤ 2. Then there
exists a collineation of F4,4(K, A) with as set of fixed points exactly the union of an
extended equator geometry and its tropics geometry.

Proof Let � = �′ be an apartment of �4, let p and q be two opposite points of � and
let ξ be a symplecton of � through p. Let g be the identity on the residue of p. Let p′
be the point of ξ ∩ � opposite p. Then we can choose a basis for ξ such that ξ is the
symplectic polar space corresponding to the alternating form

x−3y3 + x3y−3 + x−2y2 + x2y−2 + x−1y1 + x1y−1

if A = K, and the polar space given by

x−3x3 + x−2x2 + x−1x1 ∈ K

if A �= K, but in both cases p = 〈e−1〉 and p′ = 〈e1〉. Let then g′ be a collineation
acting on this polar space, with respect to the ordering x−1, x1, x−2, x2, x−3, x3 of the
coordinates, by the matrix (

aI2 0
0 I4

)
,
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with a = −1 if K = A and a ∈ A \ {1} with aa = 1 otherwise. These collineations
are clearly compatible, as they act both trivial on their common domain. It is also
clear that their union is compatible with the identity in �. Hence there exists a unique
collineation θ extending g and g′ and fixing �.

We only have to check that θ pointwise fixes an extended equator geometry. Indeed
{p, q} ∪ E(p, q) is pointwise fixed as θ extends g and � = �′. Also, as θ extends
g′, the hyperbolic line h(p, p′) is pointwise fixed. Now Corollary 3.2.3 implies that
Ê(p, q) is pointwise fixed. Consequently also its tropics geometry is fixed. Since g′
is nontrivial, and Ê(p, q)∪ T̂ (p, q) is a hyperplane, the proposition follows (see also
the last paragraph in Case (c) of the proof of Theorem 5.4.3). ��

The next proposition also uses the identification between quadrangles from Sub-
section 6.2.5. Note that not all the details are worked out here, as these are similar and
even easier than the ones in the previous subsections.

Proposition 6.5.3 Suppose thatA is a separable quadratic extension of K or a quater-
nion division algebra overK. Then there exists a collineation of F4,1(K, A)with as fix
structure ametasymplectic space canonically isomorphic to F4,1(K, K) or F4,1(K, L)

(where L is a subalgebra of A of dimension 2 over K fixed under some automorphism
of A), respectively.

Proof Let � = �′ be an apartment of �1, let p a point of � and let ξ be a symplecton
of � through p.

We first assume that A is a separable quadratic extension of K. Then let g be the
collineation acting on the residue of p (∼= C3,1(A, K)) by the identity matrix and
the standard involution as field automorphism. Let now g′ be the collineation given
by the trivial field automorphism and the matrix (with respect to the ordering of the
coordinates x−1, x1, x−2, x2, x−3, x3, x0, x ′

0 of the defining equation x−1x1+x−2x2+
x−3x3 = x20 + x0x ′

0 + dx ′
0
2) ⎛

⎝
I6 0 0
0 1 1
0 0 −1

⎞

⎠ ,

where I6 denotes the 6 × 6 identity matrix. By identifying p with p−1 in this last
polar space, one verifies easily that the restriction of g′ to the residue Qp of p (in
ξ ) is the only nontrivial collineation of the quadrangle Qp fixing the subquadrangle
Q′

p over K. As also g′ acts nontrivial on the dual of this quadrangle and fixes this
subquadrangle, they must have the same action on this Qp.

Assume now that A = H is a quaternion division algebra over K. Denote by Qξ

a copy of a point residue in a symplecton in F4,1(K, H) and by Q′
ξ a copy of a point

residue in a symplecton in F4,1(K, L), with L in H canonically as usual. Similarly for
Qp and Q′

p in F4,4(K, H) and F4,4(K, L), respectively.
We use the notation of Subsection 6.2.5. In the ambient projective space of Qξ

we consider the collineation induced by u �→ uσ , with σ : (z0, z′0) �→ (z0, cz′0),
with 1 �= c ∈ L and cc = 1. It is clear that this defines a linear collineation (with
4 × 4 identity matrix in the middle) and that it preserves Qξ (as N (u) = N (uσ ));
(x4, x5, x6, x7) transforms to (x4, x5, c1x6 − dc2x7, c2x6 + (c1 + c2)x7), with c =
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c1 + ic2. Hence, more precisely, it maps the point (�, u, �′) to the point (�, uσ , �′),
and hence the line [u, �, u′] to the line [uσ , �, u′σ ]. The fix structure in Qξ is hence
precisely the quadrangle Q′

ξ .
It suffices now to exhibit a collineation in Qp that maps the point (u, �, u′) to

(uσ , �, u′σ ). This is obtained by the following collineation of PG(3, H):

⎛

⎜⎜⎝

z−2
z2
z−3
z3

⎞

⎟⎟⎠ �→

⎛

⎜⎜⎝

1 0 0 0
0 γ γ −σ 0 0
0 0 1 0
0 0 0 γ γ −σ

⎞

⎟⎟⎠ ·

⎛

⎜⎜⎝

z−2
z2
z−3
z3

⎞

⎟⎟⎠

σ

,

which can easily be shown to stabilise Qp and act as desired.
Extending these collineations to the whole residue of p and ξ , we get also some g

and g′, respectively, in this case.
In both cases the union of g and g′ is clearly compatible with the identity on �. So

we obtain a collineation extending g and g′ and fixing �. This must be a nontrivial
collineation of the desired form, by similar arguments as in the second last paragraph
of Case (b) in the proof of Theorem 5.4.2. ��
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