G. HANSSENS AND H. VAN MALDEGHEM

A NOTE ON NEAR-BARBILIAN PLANES

Near-Barbilian Planes (NBPs) and Strong Near-Barbilian Planes (SNBPs)
were introduced in [2] as a variation of Barbilian Planes (BPs). In this short
note we show that any NBP is an SNBP; we classify all NBPs up to the
classification of linear spaces (many examples follow as a result of a universal
construction) and we show that the only NBPs that are also BPs are those
mentioned in [2], namely the projective planes.

DEFINITIONS. A neighbour-incidence structure is a quadruple (2, Z,|, =),
where 2 is a set of points, & is a set of lines, | is a symmetric binary relation
between 2 and ¥ called incidence and = is a symmetric binary re-
lation between 2 and % called neighbour. We shall denote arbitrary points by
x,y,z and arbitrary lines by I,m,n, k.

Given a neighbour-incidence structure, we define a binary relation in £ and
& (also called neighbour) as follows.

(B.1) xZye=Viy:x =l
(B.2) I Zme=Vxim: = x.

Consider the following conditions.

(1) If x|l then x =L

(2) Forall x and y such that x ¥ y, there exists a unique I with [|x and I|y.
Notation: | = x v y.

(2') Forallland msuch that! % m, there exists a unique x with x|/and x|m.
Notation: x = [ Am.

(2*) If 1 & m, then there exists a unique x such that x =[] and x =m.
Notation: x = N(I,m).

(3) Ifl*m, x|l and IAm ¥ x, then x % m.

(4) There exists at least one line; for each I, there exists an x|[; for any
x and y, there exists an [ with [ & x and [ ¥ y.

(5) If I % m, then there exists a z|I such that N(,m) % z.

(6) Ifx=1Iand = m, then x = m.

A neighbour-incidence structure is called a (projective) Barbilian plane (BP)
if it satisfies (1), (2), (2), (3) and (4). It is called a near-Barbilian plane (NBP) if
it satisfies (1), (2), (2*), (4) and (5). An NBP is called a strong NBP if it also

Geometriae Dedicata 29 (1989), 233-235.
© 1989 by Kluwer Academic Publishers.



234 G. HANSSENS AND H. VAN MALDEGHEM

satisfies (6) (for all this, see [2]). Now R. Spanicciati [2] proves the following
properties of NBPs.

PROPERTIES

(P.1) Any NBP gives rise to a linear space ([1]) (?, Z,]).
(P.2) xEyesx=).
(P.3) T he neighbour relation is an equivalence relation when restricted to

the set of lines.
(P.4) If xZy,x=Eland y =1, then xvy =1

We now show that any NBP is also an SNBP.

THEOREM. Every near-Barbilian plane is a strong near-Barbilian plane.
Proof. We prove condition (6). Let x = [ and [ = m. If x|m, then by (1),
x = m. So suppose x}m. Choose y|m (cf. (4)). Since x # y, by (2) and (P.2),
n = x vy is uniquely defined. Since [ = m, we have by (B.2) y = . Hence by
(P4), n =1 By (P.3), n = m. Since x|n, we have again by (B.2) x = mQ.E.D.

CONSTRUCTION. Choose any projective plane I1 = (2, Z, €) (viewed as
a shadow space, i.e. every line is a subset of the set 2 of points (see [1]). Choose
for any [ € & an arbitrary linear space I1, = (I, &, ) (always existing since we
can take for %, the set of 2-subsets of / and | = € U 3). This linear space may be
trivial (ie. |%,| = 1). Now define IT* = (2, u|¥;: e £},|, =), where x = m
(me &£,) < xel. Then it is easy to check that IT* is an NBP. We verify, for
example, the main axioms (2) and (2*). The other axioms are non-degeneracy
axioms and follow directly from the construction, the non-degeneracy con-
ditions of a projective plane and the properties of a linear space. Note also that
mEnemmned, for some le ¥, and x Eye=x = y.

(2) If x,ye 2, then there is a unique !/ in % containing both x and y.
Moreover, there exists a unique m in %, incident with both x and y.

(2*) Let m ¥ n and let me ¥, and ne ¥,. Then [ # k and so, there exists
unique x in [ N k. By definition, x is the unique point neighbour to both
m and n.

Conversely, it follows from [2, Prop. (3.9) and Th. (4.5)] that every SNBP, and
hence every NBP, must be constructed in this manner. So the above
construction is universal. Note that, with the above notation, IT, is a maximal
linear subspace of IT* for every le &.

Now, if (2') holds in I1*, then clearly every line of I1, must be incident with
all points of /; hence I1, is trivial and I1* is a projective plane. So this answers
two open questions in [2] and shows that the class of NBPs is a well-defined
subclass of the class of linear spaces.
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