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Abstract

A maximal full rank subgroup of a simple group G of Lie type is a maximal
subgroup H of Lie type that arises from a root subsystem of the same rank as the
underlying root system. We investigate how the spherical building related to H sits
in that related to G, where we concentrate on G being of exceptional type over an
arbitrary field. We consider the long root subgeometries and other parapolar spaces
related to G. We provide a general treatment of the simply laced case and give a
detailed geometric study in all exceptional cases.
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6 Application to non-thick spherical buildings 37

1 Introduction

This paper grew out of a question asked by Sasha Ivanov to the second author whether the
maximal subgroup (PSL3(2) x PSL3(2)) : 2 has a geometric interpretation in the ambient
group F4(2). In other words, can one see the two projective planes of order 2 on which
the said maximal subgroup acts in a natural way? This question puzzled us for a moment
and, the answer not being clear at once, we started to investigate similar phenomena in
the exceptional groups of Lie type, hoping they could teach us something about Sasha’s
question. The “similarity” was defined as “subgroups also arising from a maximal root
subsystem”. Eventually we obtained a rather general and complete answer, also yielding
an answer to the original question. The present paper reports about this.

Interpreting (simple) groups of Lie type geometrically lies at the heart of Tits’ theory of
(spherical) buildings. The interaction between the group and the associated geometry has
proved to be very fruitful both for geometric and group theoretic investigations. In this
paper, we take this interaction one step further by interpreting certain subgroups of groups
of Lie type geometrically inside the building of the ambient group. Some subgroups, like
parabolic ones, have a standard and natural interpretation (namely, as the stabiliser of
a residue). Some other famous examples also have a well known interpretation, think of
classical groups inside each other, Dickson’s group of type G, inside the classical group
PSOg(K), and the split groups of type F4 as maximal subgroups of groups of type Eg. In
this paper, we consider maximal subgroups of groups of Lie type which are also groups of
Lie type themselves and on top have the same rank as the ambient group. We call these
maximal full rank subgroups. The Borel-de Siebenthal theory says that such subgroups can
be constructed in a uniform way using the underlying root system—basically the Dynkin
type of the subgroup is given by adding the longest root to a fundamental system of roots
and deleting an arbitrary fundamental root. What does not seem to be known is how these
subgroups act on the ambient building; in particular if and how the building belonging
to the subgroup sits in the ambient building. This is exactly the subject of the present
paper. Since for the classical groups, this answer can be deduced from Aschbacher’s list
of classes of maximal subgroups of classical groups, see also the monograph of Kleidmann
and Liebeck [11], we concentrate on the exceptional groups of Lie type.

The way we tackle this, is natural: we consider the long root subgroup geometry I'(G) of
the exceptional group G of Lie type in question. Then I'(H), with H a maximal full rank
subgroup, is naturally (and fully) embedded in I'(G). However, there is always, what we
call, a companion geometry I'*(H), also embedded in I'(G) as a kind of complement to
['(H). In the simply laced case, we provide a uniform way to determine the type of the
geometry I'*(H). It will turn out that it is always of Jordan type (basically meaning that
it is a strong parapolar space).

Main Result. The companion geometries of the mazimal full rank subgroups of the
Chevalley groups with associated simply laced Dynkin diagram are given in Table 2.

In particular, with the (standard) notation of Section 2, this implies the following rather
unexpected inclusions of irreducible Lie incidence geometries of the same rank.
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Corollary to the Main Result.

(i) The Grassmannian A72(K) is a subgeometry of the minuscule geometry E7 7(K);
) the Grasmannian A7 4(K) is a subgeometry of the long root geometry E;1(K);

) the half spin geometry Dgg(K) is a subgeometry of the long root geometry Egg(K);
v) the Grasmannian Ag3(K) is a subgeometry of the long root geometry Egg(K);

) the long root geometry Az (12)(K, A) is a subgeomery of Fa4(K, A);

(vi) the half spin geometry By a(K, A) is a subgeometry of F44(K, A).

Note that I'(H) and I'*(H) are coupled geometries, that is, each point of one geometry is
uniquely (geometrically) defined by a corresponding object in the other geometry. This
gives rise to some beautiful geometry showcasing the exceptionality of the exceptional ge-
ometries. We emphasize this by independent (from the Main Result above) constructions
of the said subgeometries. Moreover, we also interpret the most interesting maximal full
rank subgroups in the minuscule geometries of types Eg and E; by constructing appropri-
ate subgeometries of the latter. A key concept in both the long root subgroup geometries
and the minuscule geometries is that of an equator geometry.

Since there is only one type of non-simply laced spherical buildings of exceptional type
and rank at least 3, namely type F4, and the complication of non-split buildings arises
here, we did not feel the need to develop a general theory leading to a similar conclusion as
in our Main Result above. Rather we directly construct the subgeometries corresponding
to the maximal full rank subgroups in a combinatorial way. This, for instance, gives rise
to a rather surprising inclusion of the long root subgroup geometry of the Cayley plane
inside the short root metasymplectic space associated to the Cayley numbers (over an
arbitrary field). We also treat type Gy, the Moufang hexagons.

All the constructions of the various coupled subgeometries in (exceptional) spherical build-
ings of type X, yield non-thick buildings of type X,, the thick frame of which has the
Dynkin type of the given maximal full rank subgroup. This is explained in some more
detail in Section 6.

Outline of the paper—In Section 2 we introduce notation and the objects we will
study. We assume the reader to be familiar with the basics of Tits buildings and (crys-
tallographic) root systems. In Section 3 we prove our Main Result. Since we do this in a
uniform way, this includes the classical types A,, and D,,. In Section 4 we provide geomet-
ric constructions of the subgeometries related to the maximal full rank subgroups in the
exceptional simply laced cases. For each Dynkin type, we include a short introduction
into the corresponding parapolar spaces with explicit concrete definitions of the various
equator geometries that play a role (a general and rather abstract definition can be found
in [22]). The non-simply laced case is treated in Section 5. Here we only provide geomet-
ric and combinatorial constructions. We discuss the application to non-thick buildings in
Section 6.
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2 Preliminaries

2.1 Lie incidence geometries

Definition 2.1. A point-line geometry I' = (X, %) is a bipartite graph with classes X
and .Z. In this paper, no two members of . are adjacent to exactly the same set of
vertices in X and so we can identify each member of £ with its set of neighbours in
X. The set X is the set of points and £ is the set of lines. Two points x,y are called
collinear, in symbols x L y, if they are contained in a common line. The set of points
collinear to a given point z is denoted by z*. The (geometric) distance between two
points is half of the graph distance in I'.

A partial linear space is a point-line geometry for which there is at most one line through
two points. Let I' = (X, %) be a partial linear space. Then a subset M C X is called a
subspace when every line of X that intersects M in at least two points, is contained in M.
The subspace M is said to be conver when for any two points in M, any shortest path
in I', as a graph, connecting these two points, is also contained in M. A hyperplane is a
proper subspace that intersects each line nontrivially. A singular subspace is a subspace
in which every pair of points is collinear.

Definition 2.2. (PS) A polar space is a partial linear space for which 2t is a hyperplane
for each point x.

(PPS) A parapolar space is a connected partial linear space such that each pair of either
collinar points, or noncollinear points x,y with |z N y*| > 2, is contained in a
convex subspace isomorphic to a polar space.

With this definition, each polar space is a parapolar space. Sometimes it is required that
a parapolar space is not a polar space, but for us this makes no difference as we only use
the language and will always work with specific parapolar spaces. We note that parapolar
spaces are gamma spaces, that is, given a point p and a line L, either all, exactly one, or
no points on L are collinear to p.

Notation 2.3. Some notation that is used in the language of parapolar spaces is the
following. Let x,y be two points. If |zt Nyt| = 1, then we say that x and y are special,
or that they are a special pair. We denote the unique member of x+ Nyt by [z,y]. If
|zt Nyt| > 2, then we say that x and y are symplectic, or that they are a symplectic pair
(some authors call such a pair polar). Finally, if x and y represent opposite simplices in
the corresponding building, then we call them opposite.

If some maximal singular subspace of a polar space has finite dimension, then all maximal
singular subspaces have the same dimension » — 1, and we say that the polar space has
rank r > 1.

A convex subspace isomorphic to a polar space will be called a symplecton, or briefly, a
symp. If the rank of all symplecta of a parapolar space are equal, say to r > 2, then r is
called the uniform symplectic rank of the parapolar space.

Before we recall the standard procedure how spherical buildings give rise to point-line
geometries, let us agree on some notation for some specific buildings. For an excellent
introduction to buildings, we refer to [1].
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Notation 2.4. (A) A Moufang building of type A,, n > 2, is uniquely determined by
an alternative division ring D and denoted A, (D) (with the understanding that, in
the associative case, points are parametrized by triples up to a right scalar factor).

(B) The norm of a quadratic alternative division algebra A over some field K is an
anisotropic quadratic form (). It can be used to define a quadric with equation

anXn + anJranfl +---+ Xlel = Q(XO)7

with (X_,, X i1, .., X1, X0.X1,..., X)) € K" x A x K". The corresponding
building is denoted by B, (K, A).

(C) For an associative alternative division algebra A over some field K, A # K, with
standard involution = — %, the pseudo-quadratic form X _, X, +---+X_;X; € Kin
2n variables defines a building which we denote by C, (A, K). If A is non-associative,
then C3(A,K) is the building corresponding to the nonembeddable polar space of
rank 3 with non-Desarguesian planes. If A = K, we set C,(K,K) equal to the
building arising from the polar space corresponding to a non-degenerate alternating
bilinear form in n variables over K.

(D) A building of type D,,, n > 4, is determined by a (commutative) field K and denoted
by D, (K). For n = 3 we denote D3(D) = A3(DD), for any associative division ring D.

(E) A buildings of type E,, n € {6,7,8} is uniquely determined by a (commutative
field) K and denoted by E, (K).

(F) A building of type F4 is determined by a quadratic alternative division algebra A
over some field K and denoted by F4(K, A), where we assume that the residues of
type {1,2} correspond to Ay(K) and the ones of type {3,4} to Ax(A).

(G) A Moufang hexagon is determined by a quadratic Jordan division algebra J over
some field K and denoted Gy(K,J). We assume that the panels of type 1 are coor-
dinatized by K, and those of type 2 by J, see [20].

The thin building (or Coxeter complex) of type X,, is always denoted by X, (1).

Definition 2.5. Let A be a (simplicial) spherical building of type X,, with corresponding
Coxeter system (W, S5), |S| =n > 2. Let J a nonempty subset of S. We define a point-
line geometry I' = (X,.Z) as follows. The set X of points consists of all simplices of
A of type J. A typical line consists of the set of simplices of type J whose union with
a given simplex of cotype j, j € J, is a chamber. If A is denoted by X, (x), with (%)
representing one of the algebraic structures in Notation 2.4, then I" is denoted by X,, ; ().
If J ={j}, then we also write X,, ;(*). In any case, we say that I" is of type X,, ; and call
it a J-Grassmannian geometry.

We number the elements of S = {sy, s, ..., s,} using Bourbaki [4] labelling of the spher-
ical Dynkin diagrams. For J as above, we usually only write the indices, that is, we view
J as a set of natural numbers.

Lemma 2.6 (Proposition 11.4.10 of [5]). Let Y be a simplezx of type K of a spherical
building A = X,,(x) (as above). The points of X, j(x) that are incident with Y form a
convex subspace of X, y(*) of type Yk, where Yy, corresponds to the Dynkin diagram
that is obtained by first deleting the nodes corresponding to K from the Dynkin diagram
Xn, and then taking the connected components that contain at least one element of J.
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We will call such a subspace Y as in the previous lemma a K-grammatical subspace,
inspired by [13]. Note that, if Y,, is disconnected, then the corresponding grammatical
subspace is a direct product space (and not a disjoint union).

2.2 Long root subgroup geometries

Many things that follow are valid over an arbitrary Dynkin diagram. However, we will
only apply things in the simply laced case. Hence we will not be concerned to much
about the details in the general split case. We content ourselves with mentioning that
in the simply laced case, all buildings are split, except for type A,, in which case split
corresponds to be defined over a commutative field. In the other cases, the buildings
B.(K,K), C,(K,K) and F4(K,K) are split.

Definition 2.7. Let A be a (split) spherical building with corresponding Coxeter system
(W, S) and Dynkin diagram X,,. Let J be the set of nodes of X,, that are adjacent to the
node extending X,, to an affine diagram (equivalently, in terms of the corresponding root
system, the types corresponding to the roots of a fundamental system not perpendicular
to the highest root). We say that the corresponding point-line geometry of type X, ; is
the long root subgroup geometry of A. (We usually omit the word “subgroup”.)

Example 2.8 ([5]). Let ¥ be a thin spherical building with Coxeter system (W, S) and
corresponding irreducible root system v, not of type C,. By fixing a fundamental chamber
% of X, we fix a fundamental system of ¢ and hence a highest root ag: the unique long
root that is contained in the closure of €. The stabilizer of o in W equals (S'\ J) with
J as in Definition 2.7. At the same time, the points of X, ;(1) are the J-simplices of X,
and hence the cosets of (S'\ J) in W. We can hence find a bijection:

Points of X, ;(1) — Long roots of ¢ : . = w(S \ J) — a, = way.

This bijection has the following nice property:

(g, ay) =2 <= z and y are equal,

(ag,ay) =1 <= =z and y are collinear,

(g, ) =0 <= =z and y are symplectic,
(g, ay) = —1 <= =z and y are special,
(g, o) = —2 <= x and y are opposite.

Type C, has some special features, which are not important for us in the present paper,
so we exclude it.

Lemma 2.9. In any long root geometry of (spherical) type X, ;, two points p,q are either
equal, collinear (notation: p L q), symplectic (notation p LL q), special (notation pxq)
or opposite (notation: p = q).
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Definition 2.10. Let = be a point of a long root geometry I'. Let X be any apartment
containing x. Then x corresponds to a root «, of 3 with corresponding root group Z,,.
Define Z, := Z,,. This definition is independent of the choice of X since, in the split
case, every member of Z, fixes each point collinear or symplectic to x, and so it fixes
every chamber having a panel in the inside of any half apartment centred at x (see also
Timmesfeld’s theory [19]).

Define G := (Z, |z € X). Then Z9 = Z,, for all g € G.

Note that, in the above definition, the restriction to the split case is essential in the sense
that we otherwise have to consider the center of the group Z,, for Z,.

The next lemma follows from Timmesfeld’s theory [19].

Lemma 2.11. For any two points x,y of I, we have (for some commutative field K),

[Z:, Zy) =1 <= =z and y are equal, collinear or symplectic,
(Zy, Zy| = Zjzy) <= « and y are special,
(Zy, Z,) = PSLy(K) <= z and y are opposite.

Geometrically, this means that

y% = {y} <= x and y are equal, collinear or symplectic,
y% U{[z,y]} is a line <= x and y are special,
y? U{x} = 2% U{y} <= = andy are opposite.

In the last case, the set y% U {z} = z% U {y} is sometimes called the imaginary line
joining x and y, see [9]. A geometric definition is given at the end of Section 4.1.2.

2.3 Root subsystems

In this section, let ¢ be an irreducible crystallographic root system with corresponding
reflection group W. Moreover, let {ay,---a,} be a fundamental system of v, and let «y
be the highest root of ¢ with respect to {aq, -y}

Definition 2.12. A subset ¢ of 9 is called a root subsystem of 1 when for every o € ¢,
we have —a € ¢, and moreover for every «, 3 € ¢ with a + 3 € 1, we have a + [ € ¢
The subsystem ¢ is called maximal when there exists no subsystem ¢’ with ¢ C ¢’ C .

Example 2.13. Let i € {12,...,n} and let \; be the ith coefficient of a. Consider the
map

pri:¢—>Z:a:ZBjaJ~»—>ﬁi.
j=1
Since ayg is the highest root, we have pr;(¢)) C [=\;, A;]. Define

¢; = {a € |pr;(a) =0 mod \;}.
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This is a root subsystem of ¢ with fundamental system {—aqg, a1, -+, &;, -+, }. Denote
its reflection group with W;. For 0 < 7 < \;, define

¢l = {a €9 |pr;(e) = j mod \;}.

The reflection group W; stabilizes these subsets ¢§f and even acts transitively on the roots
contained in it (see for example [14], Lemma 4.3).

In the simply laced case, the coefficients \; are all equal to 1 for type A,; they are all
equal to 2, except for the extremal nodes of the diagram, for type D,, n > 4, and for
types Eg, E7, Eg, we display them on the diagram, with obvious notation:

The following lemma is contained in the so-called Borel-de Siebenthal theory [3].

Lemma 2.14 (Borel-de Siebenthal). The root subsystem ¢; of 1 of Example 2.13 is a
maximal root subsystem if and only if \; is prime. All mazimal root subsystems of ¥ of
rank n can, up to W-equivalence, be constructed like this.

Let G be a group of Lie type with root system ¢. A maximal root subsystem as above
gives rise to a subgroup H of Lie type of the same rank as G. A subgeometry of any
Grassmannian corresponding to G on which H naturally acts as group of Lie type will be
called a full rank Lie subgeometry.

3 Full rank Lie subgeometries of long root geometries

3.1 Finding the long root subgeometries

Convention 3.1. Let A be a building of type A, (for n > 2), D,, (for n > 4) or E, (for
n =6,7,8), and denote with € the long root geometry associated to A. The points of )
are hence given by all simplices of A of type J, for some well defined J. Fix an apartment
Y of A, and denote with 1 the simplices of A of type J contained in . Identifying 1
with a root system, as in Example 2.8, we can fix a fundamental system IT = {ay, ..., a,}
of 1. Denote with g the highest root of i) with respect to II. We continue with the
notation introduced in Example 2.13.

Definition 3.2. For a subset ¢ of ¢, we define (¢) to be the smallest subspace of €
which contains ¢. We define ({¢)) to be the smallest subspace of Q2 which contains ¢
while being invariant under Gy = (Z,|a € ¢). Geometrically, ((¢)) is the smallest
subspace containing ¢ which is closed under taking shortest paths between special points
and imaginary lines through opposite points.



299

300

301

302

303

304

305

306

307

308

309

310

311

312

313

314

315

316

317

318

319

320

321

322

323

324

325

326

327

328

329

330

331

332

333

334

The following lemma is an immediate consequence of Timmesfeld’s theory [19]. It estab-
lishes the “obvious” containments of long root geometries.

Lemma 3.3. Leti € {1,...,n}. Denote the irreducible components of the root system ¢;
with qui,l, ey ¢i,7"

The subspace ({¢;)) is the disjoint union of the subspaces ((¢i1)), ..., {{¢ir)), we will call
these the irreducible components of ({(¢;)). Moreover, forl #m € {1,...,r}, the following
hold:

(i) The subspace ({¢;;)) is a long root geometry of the same type as type of the root
system ¢; .
(i) The group G, acts transitively on the points of ((¢i)).
(i19) Two points are collinear (symplectic, special or opposite) in ((¢:;)) if they are
collinear (symplectic, special or opposite, respectively) in €.
(1v) Every symp in ((¢;1)) is the intersection of a symp of Q with the subspace ((¢;,)).
) Every point x; of ((¢i1)) is symplectic in Q to every point x,, of ((¢pim)). The
symplecton of Q0 determined by x; and x,, contains no other points of ((¢;)) then x;
and T,,.

Now in the rest of this section, we will determine the companion geometries. These will
be the subspaces generated by the ¢.

3.2 Finding the companion geometries
3.2.1 Nailing down the types

Definition 3.4. Fori € {1,...,n}, denote §2; := ({¢;)). Moreover, for 0 < j < \;, denote
= (¢))-
Lemma 3.5. Leti € {1,...,n}. The group Gy, stabilizes the subspaces Q) for0 < j < ;.

Proof. As Gy, is generated by the groups Z, with o € ¢, it suffices to prove that the
latter stabilize ©}. To that end, take « € ¢; and z € Z,,.

We first prove that (gzﬁi)z C Qf Let 5 € qbf and z € Z,. The only point of ¢ opposite «
is —a, which is contained in ¢;, so we know that o and 3 are not opposite. If a and 3
are collinear or symplectic, then z fixes 3, by Lemma 2.11, in which case we can conclude
that g% € Qg . If a and (8 are special, then a + 8 € ¢, this hence also corresponds to
a point of the geometry, which is the unique point of €2 collinear to both o and 3. As
proj;(a + ) = proj;(a) + proj;(3), we obtain that a 4+ 3 € ¢! C Q. Using Lemma 2.11,
we find that 5% is a point on the line through g and o+ 8. As both 8 and a + [ are
contained in the subspace Q/, we know that 7 is, too. We conclude that (¢!)* C €.

Now note that (/)% = (¢! )? is the smallest subspace that contains (¢])7. As Q) is a
subspace, this proves that (Q2/)* C Q. By repeating these arguments with 2~ instead of
z, we conclude that (27)* = Q7. O

Lemma 3.6. Leti € {1,...,n}. No point of Q; is opposite a point of Q{, for0 < j < \.

10
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Proof. Take a € ¢;. The points of (2 that are not opposite a form a subspace of €. As
this subspace contains ¢ j, it also contains Q!, implying that « is not opposite any point
of Q.

Let y be any point of €2;. By Lemma 3.3, there is an element g € G, for which y? € ¢;. Tt
follows from the previous paragraph that y? is not opposite any point of €2]. We hence find
that v is not opposite any point of (Qg)g”, which by Lemma 3.5 coincides with Q7. [

In order to determine the type of Qz, we try to interpret a generic point of it in §2; by
looking at what it is collinear with in €2;. This is carried out in the next lemma. For the
definition of a Jordan node, we refer to Section 4.1.1.

Lemma 3.7. Leti € {1,...,n}, suppose that \; is prime and let 0 < j < \;. Let a € ¢!
and let U, be an irreducible component of Q;, say of rank m. The set S, of points of 2.
that are collinear to o forms a nonempty {k}-grammatical subspace of S, for some k, as
in Table 1. The possibilities for k correspond exactly to the Jordan nodes of the diagram.

Type of €] possibilities for &k
Appmy form>1)| ke{l,...,m}
Do (form>4) | ke{l,m—1,m}
Jo ke {1,6}
Er74 k=17

Table 1: S, is a {k}-grammatical subspace of €2/

Proof. Suppose for a contradiction that S, is empty. Let ¢, be the set of roots of ¢;
contained in €2;. We claim that « is symplectic to all roots 3 of ¢,. It follows from
Lemma 3.6 that « is not opposite [, and, by assumption, « is not collinear to 8. If «
were special to 3, then —(3 € ¢; would be collinear to «, contradicting our assumption
that S, is empty. We conclude that « is symplectic to 5. The set of roots

¢ U{y e (y,¢;) =0}

is a root subsystem of 1), which contains « (because we just showed that it is perpendicular
to ¢}) and ¢; (because the roots in €2; not contained in ¢, are all perpendicular to ¢} as
they belong to different components). It however follows from Lemma 2.14 that ¢; is
a maximal root subsystem of ¢, implying that v = ¢, U ¢, U {y € ¥ | {(y,¢) = 0}, a
contradiction to the irreducibility of ). We conclude that S, is not empty.

Let  and y be two points of S,. As « is collinear to both z and y, we find that x and
y are not opposite. Suppose for a contradiction that x and y would be special, then « is
the unique point collinear to both z and y. As x,y € €;, it follows from the definition of
Q; that y%= C ;. By Lemma 2.11, the set y% consists of the points on the line through
y and « different from «a. As §2; is moreover a subspace, this implies that a € §2;, a
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contradiction. From this, we may conclude that any two points of S, are either collinear
or symplectic.

Next, we argue that S, is a convex subspace of 2;. As ) is a parapolar space, it is
clear that S, is a subspace of €2.. Let x and y be two noncollinear points of S,. By the
previous argument, we find that z and y are symplectic. Denote with & the symplecton
of ) determined by x and y, and by £ the symplecton of 2 determined by x and y. We
aim to prove that & C S,. Suppose for a contradiction that there is some element z € &
not contained in S,. As (2 is a long root geometry, there is a point w € 2, which is
symplectic to z but opposite to some point of &/. Using the fact that £ = . N ¢ and
that  is a long root geometry, we find that w is opposite every point of £ which is not
collinear to z, in particular to «. But this implies that a € gbf is opposite to w € €);, a
contradiction to Lemma 3.6.

It follows from [13] that every convex subspace of {2, that contains no pair of special
points, is automatically grammatical.

Recall from the first paragraph of this proof that S, N ¢! is not empty. We claim that for
every root € S, N ¢, and every root v € ¢, collinear to 3, either v € S, or f —v € S,.
As (a, B) = 1, we find that (o, 5 — ) =1 — («, 7). Taking into account that « is neither
equal to, nor opposite either v or § — «, we find that either (o,7) =1 or (o, 8 — ) =1,
which indeed proves that « is either collinear to v or to § — 7.

Now we observe that no K-grammatical subspace with |K| > 1 satisfies the property
of the previous paragraph (which intuitively expresses that S, is rather large). Hence
K={k},1<k<m.

If k£ is not as in Table 1, then we are in the cases D,,, Eg, E7 or Eg and it is easily checked
that in a suitable residue the vertex corresponding to k defines the long root subgroup
geometry of that residue, hence the geometry S, contains special pairs, a contradiction.

m

The previous lemma already provides enough information about the companion geometry
in some cases. For instance, the companion geometry of A;;(K) U E71(K) in Egg(K)
arising for i = 8 is A1 1(K) x E7 7(K), since there is only one type of grammatical subspace
in both A;(K) and E7;(K). But in most cases, we do not know yet enough since there
are too many choices for k£ in Table 1. So we have to further pin it down and limit the
possibilities for k. That is exactly what we do in Lemma 3.9 below, using the global root
system. First we note that heuristics and numbers already suffice to make right guesses.

Remark 3.8. Since we know the number of points of an apartment of a long root geometry
(which is the number of roots), and we know the number of points of an apartment in
each of the Jordan geometries (the latter are defined in Section 4.1.1), and each point
belongs to either the long root subgeometry or a companion geometry, simple arithmetics
can already lead to the right guesses, especially in the irreducible case. Let us give an
example. Let ¢ = 2 in case of Eg. There are 240 roots, 72 of which are taken by the long
root geometry of Ag(K). There remain 168 roots. Apartments of type Ag1,As2, A3 and
Ag4 have 9, (g) =72, (g) = 84 and (Z) = 126 points, respectively. The only way 168 can
be written as a sum of these is as 84484, leading to a coupled Ags and Ags, using the
heuristic that no duality class of Ag(K) plays a favourite role. Similar, but not completely
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identical, story for ¢ = 1, in which case long root Dg already accounts for 112 points/roots.
The remaining 128 either give rise to eight copies of Dg1(K) or one copy of Dgg(K). The
heuristic that large subgroups produce few orbits leads to Dgg(K).

Lemma 3.9. Leti € {1,...,n}, suppose that \; is prime and denote with ¢;1, ..., ¢i,
the connected components of ¢;. Let 0 < j < \; and let o € ¢f The set T, of points of ¢;
collinear to « 1is the union of k;-grammatical subspaces of €);; for k; as in Table 2, after
possibly renumbering the components ¢;1, ..., ¢;,, and/or renumbering the nodes of the
diagram of an individual component ¢;; by applying a diagram automorphism.

Type of 9 i Type of ¢; = Gi1y .oy Gin | (k1. k)
D, 9 AL UA UA UA; (1,1,1,1)
D, (m >5) 2orm—2 A, UA, UD,,_» (1,1,1)
2<i<m—2 D, UD,,_; (1,1)
Es 2,30rb AL UA; (1,3)
4 Ay UA; UA, (1,1,1)
E; lor6 A, UDg (1,6)
2 A; (4)
Jorb Ay U A (1,2)
Es 8 Ay UE; (1,7)
7 As UEg (1,1)
5 ArUA, (1,2)
1 Ds (8)
2 As (3)
Table 2: « is collinear to the union of k-components of €;; (I =1,...,7)

Proof. We start by making two observations regarding v, ¢; and €2;.

1. Let B, B2 be two symplectic roots of ¢;, both contained in T,,. Then, by calculating
their dot product, we see that the roots a— 31 and a— 35 are also symplectic. Denote
with & the symplecton in €2; determined by (; and (5, and with ¢ the symplecton
in ) determined by o — 1 and o — 5. Then a straight forward calculation using
the dot product yields

{afu{a—-3|Be&netU{y|y e g:NT, with (81,7) = (B2,7) =0} C (.

2. Let My, My C T,N¢; be two sets of mutually collinear roots for which (M, Ms) = 0,
that is, each root in M; is symplectic to each root in M,. Then, again an easy
calculation with dot products, implies that

{a} UM U{a— |8 € My}

forms a set of mutually collinear roots.
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In all cases, these two observations suffice to prove the lemma. We work out three explicit
examples when 1 has type Eg, all other cases are completely similar.

o Let i = 5. Note that ¢; = ¢51 U ¢52 has type Ay UA,. By Lemma 3.7, we know
that T, is the union of a {k; }-grammatical subspace of ¢5; and a {k,}-grammatical
subspace of ¢54. After possibly applying diagram morphisms on the diagrams of
¢i1 and @, 2, we find that ki, ke € {1,2}. Let { = 1,2. Denote with S,; the points
of Qs collinear to a. If k; =1 (or 2), then S, is a point-line geometry of type As
(or Ayq x Agq, respectively). First suppose that k; = ko = 1. Then both S, ; and
Sa,2 consist of 4 mutually collinear roots. By applying Argument 2 above to these
two sets, we find 9 mutually collinear roots in 1, a contradiction. Without loss of
generality, we can hence assume that k; = 2. We find roots 3; and B2 of ¢52 that
are symplectic. By Argument 1 above, we find that o — 5; and a— (3, are roots of ¢
that are symplectic, and that all roots of ¢5; must be contained in the symplecton
of ) determined by these two points. This implies that all points of ¢5; must be
contained in one common symplecton, from which we obtain that k; = 1.

o Leti = 1. Then ¢ has type Dg. It follows from Lemma 3.7 that T, is a {k}-
grammatical subspace of ; for k € {1,8} (after possibly renumbering the diagram
by applying a diagram morphism). Suppose that k¥ = 1. Then T, is a point-line
geometry of type D7;. Choose two symplectic roots of T,, N ¢;. It follows from
Argument 2 above that there is a symplecton of 2 that contains both « and T,,
implying that {2 contains a symplecton of rank at least 8, a contradiction. We hence
conclude that k£ = 8.

e Let i = 2. Then ¢y has type Ag. Again by Lemma 3.7, we find that T, is a
{k}-grammatical subspace of s, for some k € {1,2,3,4}. If k = 1, then T, is a
point-line geometry of type A7, implying that 7, N ¢ contains 8 mutually collinear
roots, a contradiction (as ¢ does not contain 9 mutually collinear roots). If k = 2,
then by applying Observation 2 above to T, N ¢3, we obtain that the collinearity
graph of ¢ should admit two 8-cliques with just 6 points in common, while two
distinct 8-cliques of ¢ have at most 5 points in common. Suppose that £ = 4, then
T, is a point line geometry of type As; X As;. Let 31 and 32 be two symplectic
roots of T,,. By Observation 1 above, the set

{y € TaNga| (B1,7) = (B2,7) = 0}

would have to be contained in a symplecton of ¢’. One, however, again easily verifies
that this is not the case. We conclude that £ = 3. O

Remark 3.10. The sets T, we obtain in Lemma 3.9 are maximal in the following sense.
Take g € G, then either TY = T, or there exists some point in 7Y which is opposite
some point of T,.

Lemma 3.9 determines the types of the various companion geometries. It remains to prove
that the companion geometries are well defined and really embedded geometries, that is,

the line set determined by the given type coincides with the line set as a subspace of €.
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3.2.2 Well-definedness of the companion geometries

Lemma 3.11. Let i € {1,...,n} and suppose that \; is prime. Let 0 < j < X\; and let
«a € ¢. There is a root € ¢! such that the points of Q; collinear to both o and  are
not contained in a common symplecton of §;.

Proof. Denote with T, the points of €2; collinear to a.

Let v € T, N ¢;. As proj,(a — ) = proj,;(a) — proj;(7), we find o — v € qbi This root
B = «a — 7 is collinear to all roots of ¢; that are collinear to a and symplectic to 7.
By Lemma 3.9, we know what T, N ¢; looks like, and in all cases, we can pick a root
~v € T, N ¢; such that the roots of T, N ¢; that are symplectic to v are not contained in a
common symplecton of €2;. O]

Lemma 3.12. Leti € {1,...,n} and 0 < j < X\;. The group Gy, acts transitively on the
points of Q1. Moreover, no two points of ¥l are collinear to the same subset of ;.

Proof. Denote G := Gy,, and let o a root in (b{ . We first prove that GG acts transitively on
Q{, that is, a% = Qf Note that it follows from Lemma 3.5 that o C Qf We prove the
other inclusion. The group W; from Example 2.13 acts transitively on gbf . For g,y € gbf
and v € gbz, one finds elements u in (Zg, Z_g) < G such that v*# = ~*. From this, we can
already conclude that qﬁg C a%. In order to prove that Q{ is contained in o, it hence
suffices to prove that a® is a subspace.

Let 2 and y be any two collinear points in . We aim to prove that the line L through
x and vy is fully contained in a®. Without loss of generality, we may assume that x = a.
Let g be an element of G which maps « to y, and let T, be the set of points in €2; collinear
to a. We distinguish two different cases.

1. T9 # T,,. In this case, it follows from Remark 3.10 that there exist points p € T,
and ¢ € T such that p and g are opposite. The point p is then special to y, with
a = [p,y]. The group Z, < G acts transitively on the points of L \ y, implying that
L is contained in a“.

2. T9 =T,. We try to obtain a contradiction. Let 3 € gbf be a root as in Lemma 3.11
(it is collinear to «, collinear to at least two points of T, and there is no symplecton
of ; that contains all roots collinear to both a and 8.) As both y and /3 are collinear
to all roots collinear to o and 3, we find that y and 3 are collinear or symplectic. If
they were symplectic, the symplecton of 2 determined by y and  would contain all
points of €2; collinear to both y and /3, which are precisely the points of €2; collinear
to o and 5. We have however chosen ( in such a way that no such symplecton
exists. We conclude that y and § are collinear. Now consider the root o — 3, which
exists because a and 3 are collinear. It is contained in ¢; (by just considering proj,),
is collinear to « (and hence also to y) and special to 5. But then both o and y are
collinear to # and a — 3, a contradiction to the fact that g and o — 3 are special.

We conclude that G acts transitively on QZ . The argument above then automatically also
implies that no two points of ] are collinear to the same set of points of Q7. ]
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Now we still have to verify that the sets of points of Qf that correspond to the lines of
the K-Grassmannian as given by Lemma 3.9, and with K corresponding to the array
(k1,...,k,) as in Table 2, are precisely the lines of 2 completely contained in it.

A pencil of f-grammatical subspaces is a set of grammatical subspaces defining a line in
the corresponding ¢-Grassmannian geometry.

Proposition 3.13. The lines of Qf correspond to pencils of grammatical subspaces of §2;.

Proof. Let x and y in Qf and let T} and T} be the grammatical subspaces of €); collinear
to x and y, respectively. By Remark 3.10, there is a point p € T, opposite to some
point ¢ € T,. First suppose x L y. The group Z, fixes all points of T}, collinear or
symplectic to p and acts transitively on points of zy \ {z}, Now using the fact that € is
a gamma space, we find that points of T}, collinear or symplectic to p are collinear to zy,
and hence contained in 7},. This shows that every symplecton contained in T}, contains at
least one point of T),. This is enough to conclude that the intersection is large enough so
that the grammatical subspaces T, and T} belong to the same pencil, as can be verified
case-by-case.

Now assume z and y are not collinear, but T,, N T}, is large, in particular contains at least
a point, so that p and y are special. Then similarly as above, the action of Z,, which
stabilizes the pencil P of grammatical subspaces defined by T, and T, shows that each
member of P is defined by a unique point of the line containing y and [p,y|. Hence x
belongs to that line, and since x L p, we see that x = [p,y|, implying that x is collinear
to . L]

Taking Lemma 3.9 and Proposition 3.13 together, we obtain the Main Result mentioned
in the introduction.

4 Some geometric constructions

In the previous sections, we saw which types of full rank Lie geometries embed in the
long root geometries of exceptional type in the simply laced case. This also provided a
recipe of how to construct them. In this section, we will phrase these constructions purely
geometrically, mostly in terms of so-called equator geometries. These are subgeometries
of Lie incidence geometries arising from two opposite flags by considering the points “in
the middle”, or “on the equator”, where the two flags play the role of the poles.

Moreover, we will also construct most of the full rank Lie subgeometries inside more pop-
ular Lie incidence geometries than the long root ones, in casu, the minuscule geometries
Ee1(K) and E;7(K) of types E¢ and E7, whose natural representation lives in projective
space of dimension 26 and 55, which we call the Schldfli and the Gosset varieties, respec-
tively, since they can be constructed using the corresponding graphs. For type Eg, the
smallest dimension corresponds to the long root geometry (adjoint representation).

In the next section, we will then treat the non-simply laced cases. Also there, more
popular geometries exist. For type G,, the dual hexagon is more popular since in the
spit case is it simply the split Cayley hexagon, which lives on a parabolic quadric in
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6-dimensional projective space; for type F4, the dual of the long root geometry in the
split case arises from intersecting the Schlafli variety with a hyperplane; it lives in 25-
dimensional projective space.

4.1 Inside the long root subgroup geometries
4.1.1 Some conventions

We first introduce some terminology for nodes of the exceptional Dynkin diagrams. The
node corresponding to the fundamental root not perpendicular to the longest root will be
called the polar node. The unique node adjacent to it is the subpolar node. Every node in
the orbit of the node corresponding to the longest root in the extended Dynkin diagram
under the symmetry group of the extended diagram is called a Jordan node. The latter
can be defined in the same way for classical Dynkin diagrams, too. For Coxeter diagrams,
the Jordan nodes are those that are Jordan nodes in some Dynkin diagram underlying
the Coxeter diagram. Here is a table with the Jordan nodes thus defined:

Coxeter type | Jordan nodes
A, 1,2,...,n
B./C, 1,n

D, I,n—1,n

Ee 1,6

E; 7

Es/F4/Gs none

Not coincidently, the diagrams having no Jordan nodes are precisely those that do not ex-
tend to another spherical diagram. Jordan nodes can also be defined as those correspond-
ing to the fundamental roots where the coefficient of the highest root in its expression as a
linear combination of fundamental roots, is equal to 1. Also, by [13], the Jordan nodes of
X, are precisely those nodes ¢ for which the Lie incidence geometry of type X, ; is strong,
that is, has no special pairs and this is equivalent to all convex subspaces to correspond
to residues of the underlying building, and, in the simply laced case, to apartments to
generate the geometry. The Lie incidence geometry corresponding to a Jordan node will
be called a Jordan (Lie incidence) geometry. It follows from the previous sections (cf.
Lemma 3.9 combined with Proposition 3.13) that the maximal full rank Lie subgeometries
embed in the ambient long root geometry as a coupled union of a long root geometry with
one or more Jordan Lie incidence geometries. Also, the Lie incidence geometries of type
E¢ and E; that we called “more popular” in the introduction to the current section are
the Jordan ones for these types (and they are also known as the minuscule geometries).

A maximal full rank Lie subgeometry is of Dynkin cotype @ if its Coxeter type is the
residue of vertex ¢ (in Bourbaki labellng) in the extended Dynkin diagram.

If the Coxeter type of a maximal full rank Lie incidence subgeometry is reducible, then the
irreducible components might appear either as factors of a Cartesian product geometry,
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or as a perpendicular union of independent geometries. This perpendicularity is given
by the perpendicularity of the corresponding roots. Hence, if the underlying long root
geometry is a parapolar space, subgeometries are perpendicular precisely when all points
of one subgeometry are symplectic to all points of the other(s). In case of type Gy, a
generalized hexagon, a point x and a line L are perpendicular precisely when they are not
incident and not at maximal distance, and we also write x LL L. A similar thing happens
for type F4, where the short roots can be thought of as corresponding to the symps. Then
a point z and a symp £ are perpendicular, denoted as x L &, precisely when x is close to
¢ (cf. Fact 5.1). Note that not all points of  are symplectic to x, hence there is danger
of confusion with the usual meaning of the notation _LL; we shall therefore only use that
symbol for a perpendicular point-symp pair when it is absolutely clear from the context
that it concerns a relation between points and symps, and not between mutual point sets.

4.1.2 Some basic properties of long root subgroup geometries

We state as facts some basic properties shared by all long root subgroup geometries.

Fact 4.1. Ifa L b 1L ¢ L d is a path in A, then axc and bxd if and only if a is opposite
d.

Fact 4.2. For each point p and each symp &, there is at least one point q € & symplectic
to p; that point q is unique if and only if & contains some point opposite p. In this case,
all points of ¢- N E\ {q} are special to p and all points of £\ ¢ are opposite p.

For two opposite points p, ¢, we denote with R(p, q) the set of lines containing collinear
points to p and to ¢q. Likewise, for two opposite lines L, M, we let R(L, M) be the set of
points having collinear points in both L and M.

Fact 4.3. Let A be a long root geometry of exceptional type E over the field K, or a
Lie incidence geometry isomorphic to Fa1(K,A), for some quadratic alternative division
algebra A over K, or a Moufang hexagon defined over the field K. Then, for each pair of
opposite points p, q, the set of points R(L, M), with L, M € R(p,q) opposite, is indepen-
dent of the choice of L, M € R(p,q). The stabilizer of R(L, M) inside the little projective
group of A contains PSLy(K).

Also, R(L, M) = {p,q}*, the set of points symplectic to all points that are symplectic
to both p and q.

The set R(L, M) is called an imaginary line and denoted I(p, q). It is uniquely determined
by each pair of its points.

4.1.3 The Dynkin cotype corresponds to the polar node

This type of maximal full rank Lie subgeometries has a canonical geometric description,
valid for all long root geometries of exceptional type E over the field K, or a Lie incidence
geometry isomorphic to Fs 1 (K, A), for some quadratic alternative division algebra A over
K, or a Moufang hexagon defined over the field K. Let A be such a geometry. Let p,q
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be two opposite points of A. The set p~ N g' is called an equator set. It is empty
for Moufang hexagons, and it does not contain lines for type Fs;. In the other cases
we endow it with the induces lines and call this the equator geometry (with poles p,q),
denoted by E(p, q). For type F41, we endow it with the intersections with symplecta that
share at least two points with it, and also call it the equator geometry (with poles p,q),
denoted by E(p,q). In the nonempty case, E(p,q) is the long root subgroup geometry
Q) corresponding to the residue of a vertex of type the polar node. Any pair of points of
I(p,q) can serve as poles. Hence the corresponding maximal full rank Lie subgeometry
is A1 1(K) x Q. Its companion geometry is defined as follows. For each point x € I(p, q),
let R(z) be the set of points collinear to  and at distance 2 (in the collinearity graph;
otherwise said, special to) from every member of I(p,q) \ {}. Note that R(z), endowed
with all lines completely contained in it, is a Lie incidence geometry ' corresponding
to the point residual building at x and related to the subpolar node. The union of all
R(z) for x ranging over I(p, q) is a product geometry L x €, where L is any member of
R(p,q); in fact the point set L x €' is also the union of all members of R(p,q). We call
this product geometry the subequator geometry.

4.1.4 The Dynkin cotype corresponds to the subpolar node

The long root subgeometries—In this case, the maximal full rank Lie subgeometry is
the direct product of Q; := A (1 5)(K) with another (long root) Lie incidence geometry,
say (25. The component {2; is obtained by taking the special closure of two opposite
lines, that is, the smallest subspace containing the two opposite lines and closed under
taking the centre of a pair of special points contained in the subspace. Let p, ¢ be two
opposite points in this geometry €2y, and let L, M be the lines in this geometry belonging
to (p,q), and let p L x € L, ¢ L y € M. Then Q, is the intersection E(p,q) N E(z,y).
Inside E(p,q), it can easily be checked that this coincides with the equator geometry,
appropriately defined (see below for each of the separate cases), of a pair of opposite
objects of E(p,q) corresponding to the lines through p. Let us briefly work this out for
the E-cases.

In Ee>(K), points have type 2 and lines have type 4. Here, E(p,q) is As 15 (K), and
type 4 elements of the building correspond to Segre subgeometries of type (2,2), that is,
product spaces of two planes. Considering a pair I', IV of these, the equator geometry
E(I,T") is the geometry induced by the set of points collinear to a plane of I" and to one
of I'V. In the underlying projective space PG(5, K) we obtain the set of point-hyperplane
pairs having their point inside a fixed plane 7 and having their hyperplane through a
disjoint plane #’, or vice versa. This is the union of two long root geometries isomorphic
to A27{172} (K)

In E7 1 (K), points have type 1 and lines type 3. Here, E(p, ¢) is Dg2(K) and type 3 elements
correspond to convex subgeometries of type As,. Considering a pair I',I" of these, the
equator geometry F(I',I”) is the geometry induced by the set of points collinear to a(n
automatically non-maximal) singular subspace of dimension 3 of I" and to one of I". In
the underling polar space, it is the set of lines intersecting each of two opposite maximal
singular subspaces in a point.
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2 In Egg(K) finally, points have type 8 and lines type 7. Here, E(p, q) is E71(K) and type
653 7 elements of Egg(KK) have type 7 in E71(K) and correspond to convex subgeometries of
e+ type Eg1. Considering a pair I', I of these, the equator geometry E(I',I") is the geometry
ess induced by the set of points collinear to a(n automatically maximal) singular subspace of
ess  dimension 5 of I' and to one of T".

7 The companion geometries—We now describe the general construction of the com-
ess panion geometries from the long root subgeometry 2, x €5 (see the previous paragraph).
o The following also holds in a sort of degenerate form for type F4, and it is worked out in
se0 detail in §5.2.4. For type E, proofs are similar (and simpler, in fact) and so we just give
1 the construction.

sz Consider two opposite points p,q of 2y andlet p L p1 L ¢ L g L g L ps L p be the
63 unique hexagon in 2; thus defined. For each plane m; through p, p;, there exist unique
ss Pplanes my and 73 containing q,q; and ps, g2, respectively, such that m, mo, 73 intersect a
65 common plane 7 in three respective points. Explicitly, the intersection point a; := 7 N7
e6 1S given by the unique point of 7, not opposite both ¢ and ¢3. The point 75 N7 is defined
667 as the unique point as collinear to both a; and ¢, and, likewise, w3 N7 is the unique point
s6s a3 collinear to both as and po, or a; and ¢o. Note that ag € F(p,q). The points as and a3
o thus defined also determine m and 73, respectively. By varying 71, the plane 7 describes
s0  the maximal planes of the geometry 7 x 23, where €13 is the residual geometry of the line
s pp1. We call m x Q3 the half subequator intersection geometry for further reference in our
o2 tables.

s3 One can do the same with the line pps to obtain the second companion geometry, iso-
ez« morphic to m x €23. One checks that a direct way to obtain this final companion is to
s collect the centres of all special pairs contained in 7© x 23. However, this is not a very
o6 geometrically transparent construction. For the sake of easy reference, we call this the
stz centre geometry, but we do not insist on it further.

ss - Now we take a look at the individual exceptional simply laced cases and relate the general
7o constructions so far to some specific constructions.

w0 4.2 Case of type Eg
1 4.2.1 Table of maximal full rank Lie subgeometries

682

Type [somorphism class Comments
2| A X As A11(K) LLAs 115 (K)U Imaginary line & its equator in Eg
A1 1(K) x As 5(K) Subequator in Eg
A1 1(K)xAs 1 (K)U (1,5)-Segre geometry in Eg 1
i As »(K) Equator of previous in Eg 4
4 A2XA2XA2 Az’{1,2} (K) J—LA27{172} (K) J_LA27{1.2} (K)U Equator intersection in E672
Az 1(K) x Az 1 (K) x Ag 1 (K)U Half subequator intersection in Eg
Az »(K) x Az a(K) x Az 2 (K) Centre geometry of previous
(A21(K) x Ap1(K)) U (Az1(K) x Az1(K))U | Coupled Segre geometries in Eg 4
Az 1(K) x Az 1 (K) Equator of previous in Eg 4
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4.2.2 Trivia about the minuscule geometry Eg;(K)

The minuscule geometry of type Eg over the field K is the Lie incidence geometry Eg 1 (K).
It is a parapolar space of constant symplectic rank 5 with the characterizing property that
each point residual is isomorphic to the half spin geometry Ds 5(K). The maximal singular
subspaces have projective dimensions 4 and 5; the non-maximal singular subspaces of
dimension 4 are usually called 4’-spaces. The singular 5-spaces correspond to vertices of
type 2 of the corresponding building and two such 5-spaces are opposite (as vertices of
the spherical building) if and only if the collinearity relation defines a bijection, and hence
an isomorphism, between the two 5-spaces.

For a point  and a 5-space U, we say that = and U are close if 2 NU is a 3-space. There
are only two other possibilities, namely, z € U and |zt NU| = 1.

4.2.3 Case A; x As

Proposition 4.4 of [8] implies the following construction of the full rank subgeometry of
Dynkin cotype 2.

Construction 4.4 (Dynkin cotype 2 for Eg). Let W, W’ be opposite 5-spaces of Eg 1 (K).
Let £, be the set of lines intersecting W U W’ in precisely two points (hence each of
W and W’ in exactly one point). Then for each point x on each member of %, there
exists a unique 5-space W, intersecting all members of .Z], and the collection of all such
intersection points is precisely W; if x ¢ W U W', then W, is opposite both W and W’.
Hence the union of all members of .7} induces in Eg;(K) a Segre geometry . (W, W’) of
type (5, 1), the product geometry A; 1(K) x As 1(K) of a projective line with a projective
5-space.

The set of points x such that both z-NW and z-NW’ are 3-spaces, together with all lines
entirely contained in it, forms a Lie incidence geometry E(W, W') isomorphic to As »(K),
called the equator geometry (with poles W, W’). Each point of E(W,W’) is collinear to a
3-space of each 5-space of (W, W’) and hence every pair of 5-spaces of .7 (W, W’) can
serve as pair of poles of E(W,W’).

We note that, performing the above construction to a skeleton of W (inducing a skeleton
in W', we obtain all the points of an apartment. By [2, 6], this generates Eq1(K). Hence
L (W, WUE(W, W') generates Eg 1(K). In the universal embedding of Eg 1(K), the Segre
geometry . (W, W’) spans an 11-dimensional space, whereas E(W,W’) is (universally)
embedded in a complementary subspace of dimension 14.

4.2.4 Case A2 X A2 X A2

Also this case is realized by a construction already in the literature. Indeed, the following
can be extracted from §1.5.6 of [8], in particular Remark 5.27 therein. Set A := Eg1(K).

Construction 4.5 (Dynkin cotype 4 for Eg). Let 7 and ©’ be two opposite planes in
A. This means that the collinearity relation between them is empty. Let U; and U, be
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two distinct singular 5-spaces of A containing 7. Then there exist unique 5-spaces U,
and Uj containing 7’ such that some planes m; C U; and 7} C U] span a singular 5-space
U/, i = 1,2. Then the set E(m,7’) of points of A collinear to some line in each of the
planes m, 7', m;, 7, i = 1,2, is the point set of a fully embedded geometry isomorphic to
Az 1(K) x Ap1(K) (the line set is just the induced one). Moreover, the set II(m, 7") of 5-
spaces close to each point of E(m, '), is the point set of a non-thick generalized hexagon,

which in Eg»(K) corresponds to a standard (and uniquely) embedded A, 121 (K).

Again, the set E(m,7’), together with the union of all 5-spaces belonging to II(m, '),
generates A. In the universal embedding of A in PG(26,K), the set E(m, ') spans an 8-
space and the union of all 5-spaces in II(7, ) spans a 17-dimensional subspace. Now, the
set of planes in II(7, 7') contained in at least two 5-space of I1(m, 7’) form a bipartite graph
under the collinearity relation. The planes of each class form again a Segre geometry;
hence we obtain two coupled Segre geometries isomorphic to Az ;(K) x Az 1(K).

The set II(m, 7') also corresponds to the set ¥ of symps of Fg4(K, K) obtained in Con-
struction 5.9, viewing F4 4(K, K) as a full subgeometry of A (and then indeed the 5-spaces
of A fully contained in F44(K, K) correspond to the symplecta of the latter, see e.g. [7]).
This provides yet another way to define II(w,n") and consequently E(7w,n’), using the
tight connection between Eg1(K) and Fq4(K, K).

4.3 Case of type E;

4.3.1 Table of maximal full rank Lie subgeometries

Type Isomorphism class Comments
1| AxDg A1 1(K) LL Dgo(K)U Imaginary line & its equator in E7;
A1 1(K) x D¢ 6(K) Subequator in E7;
A1 1(K)xDg U Product space line times symp in E7 7(K)
De6(K Equator of previous in E7 7
2| As A7 >(K)UA76(K) Merged poles & equators from Ag in E7 7
Az 4(K)U Symps of previous are points in Ez7
7.11,71(K) Centre geometry of previous; Az (17) < Ez
3| AxxAg A (1.23(K) LLAs (15 (K)U | Equator intersection in Ez 4
Az »(K) x As »(K)U Half subequator intersection in E7
Az 1(K) x As 4(K) Centre geometry of previous
A2 1(K)XA571(K>U Product space in E7’7
Az 5 (K)xAs 5(K)U Coupled to previous in E; 7
As 3(K) Equator intersection in E7 7
4 | AjxAsxAs < A;xDg (not maximal)
4.3.2 Trivia about the minuscule geometry of type E;

74 The minuscule geometry of type E7 over the field K is the Lie incidence geometry E7 7(K).
s It is a parapolar space of constant symplectic rank 6 with the characterizing property that
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each point residual is isomorphic to the minuscule geometry Eg1(K). The maximal sin-
gular subspaces have projective dimensions 5 and 6; the non-maximal singular subspaces
of dimension 5 are usually called 5'-spaces. The singular 6-spaces correspond to vertices
of type 2 of the corresponding building. The vertices of type 1 correspond to the symps.
Two such symps are opposite if and only if the collinearity relation defines a bijection,
and hence an isomorphism, between the two symplecta. Symps are called adjacent if they
intersect in a 5-space.

For a point x and a symp &, we say that z and £ are close if - N U is a 5-space. There
are only two other possibilities, namely, € € and |zt N¢| = 1.

Fact 4.6. Two 6-spaces are opposite if and only if being symplectic induces a duality
between them.

Fact 4.7. For a point p and a 6-space W, the only possibilities for p* N W are 0, a line,
a 4-space and W itself (the latter if and only if p € W ).

Fact 4.8. A 4-space is contained in a unique 6-space and a unique maximal 5-space.

Fact 4.9. For opposite points p,q, the map p- Ng*- — pNg* : 2 — 2t Ngt induces a
duality between geometries isomorphic to Eg1(K).

4.3.3 Case A; x Dg

Construction inside the minuscule geometry—This case is very similar to the case
of Dynkin cotype 2 for Eg. Sections 3.3 and 4.3 of [8] yield the following construction.

Construction 4.10 (Dynkin cotype 1 for E7). Consider two opposite symps &, & in
E;7(K). Let £ be the set of lines intersecting £ U ¢’ in precisely two points (hence each
of £ and ¢’ in exactly one point), and for a point = € £, let f(x) be the unique collinear
point in &’. Then for each point x on each member of % there exists a unique symp
&, intersecting all members of %}, and the collection of all such intersection points is
precisely &.; if x ¢ €U, then &, is opposite both £ and &’. Hence the union of all
members of %} induces in E7 7(K) a product geometry L x £, with L € .2}, of a projective
line with a polar space, isomorphic to Ay 1(K) x Dg1(K) .

The set of points z of E7 7(K) such that both - N¢ and z+NE are 5'-spaces, together with
all lines entirely contained in it, forms a Lie incidence geometry E(¢,&’) isomorphic to
De6(K), called the equator geometry (with poles £,¢"). Each point of E(E,¢') is collinear
to a H’-space of each symp of L x £ of rank 6, and hence every pair of rank 6 symps of
L x & can serve as pair of poles of E(&,¢').

We again note that, performing the above construction to a skeleton of ¢ (inducing a
skeleton in £’), we obtain the point set of an apartment of the corresponding building. By
2, 6], this generates E7 7(K). Hence L x £ U E(,£') generates E77(K). In the universal
embedding of E77(K) in PG(55, K), the product geometry L x & spans an 23-dimensional
space, whereas E(&, ') is (universally) embedded in a complementary subspace of dimen-
sion 31.
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It is shown in [8] that the only way in which Dgg(K) is fully embedded in E77(K) is as
an equator geometry like above. In the point residual of F(,&’), one sees the residue of
D6 6(K), which is As,(K), and a bunch of mutually opposite 5-spaces (coming from the
5'-spaces in L x & to which the point is collinear) forming a Segre geometry of type (5, 1).
This is exactly Construction 4.4.

Derived constructions in the long root geometry—We can now also go to E71(K)
as follows. The points of E7 1 (K) are the symps of E7 7(K). Taking the symps of rank 6 of
L x &, we obtain an imaginary line of E7;(K). The corresponding equator geometry can
be obtained in two different ways:

(i) It corresponds to the collection of symps of E77(K) generated by the symps of
E(£,€);

(77) it also corresponds to the collection of symps generated by the lines K and S(K),
with K running through the set of lines of .

The corresponding subequator geometry is constructed as the set of symps generated by
a point of E(&,¢’) and any non-collinear point of L x &.

4.3.4 Case Ay x As

Construction inside the minuscule geometry—It is shown in Proposition 5.31 of
[8] that the geometry As3(K) has a unique full embedding I' in E77(K), and it arises
from six symps &1, ..., &, with § N &1 = W1 a 5-space (subscripts modulo 6), and &;
opposite &3 (again subscripts modulo 6), as the intersection of the equator geometries
E(&,&43), 1 = 1,2,3. Now, the fact that opposite symps define a product space isomor-
phic to Ay 1(K) x Dg 1(K), implies that the 5-spaces W; ;11 and Wi 4,3 are contained in a
unique Segre geometry (fully embedded geometry isomorphic to Ay 1(K) x As 1(K)), call it
S (Wiis1, Witaits). Let @ € Wiy be arbitrary. Let 2’ € W34 and 2” € Ws 4 be collinear
with x. If 2’ were not collinear to z”, then the symp defined by = and the unique point xg
of W3 4 collinear to 2” would contain z, 2’, 2" and hence at least a line M of W ;, implying
that 2’ € & would be collinear to at least two points of &, namely x and a point of M,
contradicting the fact that & and &, are opposite.

Hence each point x € Wiy is contained in a unique plane 7, intersecting . (Wi 2, W3 4)
in a line, and the same for .%(W3 4, W5 6) and (Wi 2, Ws6). A routine argument shows
that every singular 5-space Wy 4 of (W12, W34) is contained in a symp &3 together with
W3 5. There is also a unique symp &) in the product space defined by & and &, containing
W3 4. Then & contains a unique 5-space W) 5 that also belongs to .(Wy 5, Ws 1) and is
contained in a symp & together with Wys. Now suppose Wy, # Wi 5. Then clearly the
symps &1, &9, &5, &), €L, &6 define the same intersection I' of equator geometries, that is,

E(&,&)NE(&, &) NE(&, &) = E(&,%) N E(&, &) NE(E, &)

Consequently, the Segre geometry (W3 ,, Ws¢) is contained in the union @ of planes
Ty, With o ranging over W, 5. Varying WéA, we find that ® is a product space 7, x Wi 5,
for arbitrary x € Wi . Similarly, we find a product space @ using Wy 3, Wy 5 and W ;.
Then I' is defined by each “hexagon” of symps generated by respective 5-spaces of ® and
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®’. In fact, the incidence graph on these symps and 5-spaces is the incidence graph of a
non-thick generalized hexagon, which in E7;(K) defines a fully embedded A, (1,2} (K).

Now, a point of ® is collinear to a subgeometry of @’ isomorphic to A; 1(K) x Ay 1(K).
Hence points of ® correspond to lines of the maximal planes of &', and to hyperplanes of
the maximal 5-spaces ®'. This explains why @’ is written as Ay »(K) x As 5(K).

Derived constructions in the long root geometry—We already derived the standard
Az, 1121(K). The symps of I' define a set of symps of E7;(K), which gives rise to an
embedded As (15 (K). Finally, let x € W, again. Select a line L C W, containing =,
and a line L’ C m, containing z. We see that L and L’ define a unique symp &(L, L),
which in fact depends on a line of a 5-space and a line of a plane. The set of all such
symps, using @, will form a geometry Az »(K) x As»(K). In @’ symps relate to the dual of
the components, as explained above, whence the geometry Az 1(K) x As4(K) as coupled
geometry in E7(K).

4.3.5 Case A,

This is an interesting, because irreducible, case.

Construction inside the minuscule geometry—We start off with a pair of opposite
6-spaces, say W, W'. Let E(W,W’) be the set of points = of E;7(K) such that z+ N W is
a line and 2 N W’ is a subspace of dimension 4. Similarly, E(W’ W) is the set of points
y of E77(K) such that y* N TV is a subspace of dimension 4 and y* N E’ is a line. Our
goal is to show that W and E(W,W’) (and symmetrically W’ and E(W', W)) generate a
subgeometry of E7 7(K) isomorphic to A7, (K).

Lemma 4.11. The set E(W,W’), endowed with all the lines of E7 7(K) entirely contained
in it, is a Lie incidence geometry isomorphic to Ag2(K).

Proof. Consider an arbitrary 4-space V' in W’ and let U’ be the unique maximal 5-space
containing V’. We claim that there is a unique point u € U’ with ut N W # (), and that
for such v holds that u* N W is a line. First assume for a contradiction that there are
two points uy,uy € U with ui "W # 0, i = 1,2. If ui Nuy NW # 0, then a point in
W collinear to u; and uy is also collinear to (uj,us) N'V' C W’ contradicting the fact
that W and W’ are opposite. Hence every y € ui N W is symplectic to us and &(uz, y)
contains uy, us and (ui Uuy) N W. Since the latter is at least a line, by assumption, the
point (uy, us) N'V” is collinear to at least one point of W, a contradiction again. Hence at
most one point v in U’ has the property that u* N W is nonempty.

Since being symplectic induces a duality between W and W', there is a unique line L C W
all points of which are symplectic to all points of V'. Select x € L arbitrary. Select ' € W’
opposite z. By Fact 4.9, there is a point u, L z collinear to V’. Uniqueness of U’ yields
u, € U'. By the previous paragraph, u, = u, =: u for distinct x,y € L. Since every point
of U’ is symplectic with every point of u~ N W, it follows that u* NW = L. The claim is
proved.

Now from our proof follows that for each line L in W, there is a point u with ut "W = L
and ut N W' a 4-space; just take for the latter L*- N W’ and apply the proof. Uniquess
also follows from that proof.
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Hence E(W,W’) is in natural bijective correspondence to the set of lines of W, hence
to Ag2(K). It is now routine to check that this bijection is an isomorphism, i.e., maps
lines to lines. Indeed, let first K be a line entirely contained in E(W, W’). Pick distinct
r,y € K. Considering any point in (zt N W)\ yt, we obtain a symp £ containing K
and the span S of L, := 2t N W and L, := y* N W. If S has dimension 3, then x is
collinear to a plane of S C W, a contradiction. Hence L, and L, intersect in some point
Pk, and pxg L K. Now in £ we see that K corresponds to a full line pencil in (L,, L,).
Conversely, let L1, Ly be two intersecting lines in W. If the points uy,us € E(W,W')
with u- "W = L;, i = 1,2, are not collinear, then they are symplectic and the symp
they determine contains a plane of W and a plane of W’ contradicting the fact that W
does not contains any point collinear to any point of W’. Hence u; L us and the first
part shows that the planar line pencil determined by L; and Ly corresponds to the line
<U1, U2> . ]

We call E(W, W) a directed equator geometry for further reference.

Proposition 4.12. The 6-space W and E(W,W') (and symmetrically W' and E(W',W))
generate a subgeometry of E7 7(K) isomorphic to A7, (K).

Proof. We use the technique of Section 5.1 of [22]. In the Lie incidence geometry A7 »(K)
absolutely embedded in PG(27, K) we select a singular subspace W of dimension 6 and an
opposite geometry I' isomorphic to Ag2(K) (these correspond to a point and a hyperplane
not containing that point, respectively, of the underlying geometry Az;(K) = PG(7,K)).
It is easy to see that every point of A75(K) not in W and not in I lies on a unique line of
A7 »(K) joining a point of W with one of I'. Hence the union of the planes intersecting I' in
a point z and W in a line L, is A75(K). The map = — L induces an isomorphism from the
geometry I' to the line Grassmannian of W, preserving cross-ratio, i.e., the isomorphism
is linear. It is now clear, by composing with a linear collineation of W, which is possible
since W and (I') are complementary subspaces in PG(27, K)—of dimensions 6 and 20,
respectively—that every such linear isomorphism comes from an ambient A7, (K).

Hence, in order to derive the assertion from Lemma 4.11, we only still have to check
whether, in the absolutely universal embedding of E;7(K) in PG(55,K), the subspaces
generated by W and E(W,W’) are disjoint. To that aim, we choose a basis in W, take
the corresponding basis of W’ (and note that every base point of W is opposite a unique
base point of W’; moreover, these bases generate opposite flags of type {1,2,3,4,5}. The
points of E (W, W’) collinear with lines generated by base points define an apartment in
EW,W"), and likewise in E(W’ , W). It follows that we can extend the opposite flags
to opposite chambers and that we obtain the points of an apartment of the underlying
building of type E7. Now, by [2, 6], this apartment generates E;7(K). Hence W, W’,
EW,W’) and E(W', W) generate E;7(K), and so they generate PG(55,K). But the
universal embeddings of W, W', E(W,W') and E(W’, W) happen in projective subspaces
of dimensions 6, 6, 21 and 21, respectively. Hence these subspaces are disjoint, as otherwise
they do not generate a space of dimension 55. [

Hence the subspaces A and A’ generated by W and E(W, W), and by W’ and E(W', W),
respectively, define subgeometries isomorphic to A7 »(K). Clearly, a point of one is collinear
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to a symp of the other (indeed, we may now take for W any 6-space in A and perform the
construction. Then we consider a point of W and see that it is collinear to a subgeometry
of E(W’, W) isomorphic to As,(K), and to nothing in W’). Hence we may view one as
A72(K) and the other as A7 ¢(K).

Considering the point residual at some point of W, we also see that, in the residue, we get
inside A a residue isomorphic to A; 1(K) x As 1 (K), and from A we get As»(K), as noticed
in the previous paragraph. Hence in the point residual we again recover Construction 4.4.

Derived constructions in the long root geometry—If we consider A and A’ as
the 2- and 6-Grassmannian, respectively, of the same 7-dimensional projective space,
then one checks that collinearity between A and A’ induces a duality of that projective
space. Hence symps correspond to symps under that duality, because they are objects of
symmetric type 4 in both A7»(K) and A76(K). Each such corresponding pair of symps
spans a symp of E77(K), and the set of these symps forms the points set in E71(K) of
an embedded geometry 2 isomorphic to A74(K). To get to the long root geometry, one
notices that a pair (z,y) of points of 2 at distance 3 in 2 corresponds to a pair of 3-
space of PG(7,K) intersecting in a point u and generating a hyperplane H, with u € H.
However, one also checks that in E7 ;(K), the pair {z,y} is special, and so defines a unique
point p,, of E71(K). It now so happens—but we shall not prove this—that the point p,,
only depends on v and H. Hence we obtain a set of points bijective with the point set
of A7 (1,7}(K), and actually, one can show that, endowed with the lines contained in it, it
actually is isomorphic to A7 1171 (K). This way, we constructed the full rank subgeometries
of Dynkin cotype 2 in the long root geometry of type E7 only using the minuscule geometry
E7 7(K), which is much more accessible.

4.4 Case of type Eg

4.4.1 Table of maximal full rank Lie subgeometries
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Type [somorphism class Comments
1 | Dg Ds s(K)U Merged trace geometries in Egg
Ds »(K) Centre geometry of previous; Dg, < Egg
2 | Ag As 3(K)UAg 6(K)U Merged trace geometries in Egg
As (1,8} (K) Centre geometry of previous; Ag 18, < Egg
Aix A, < A; X E7 (not maximal)
4 | AjxAyx As < A; X E7 (not maximal)
A4>< A4 A4 {1,4} (K) AL A 4,{1,4} (K)U Orthogonal A47{174} pair
Ay 1(K) xAg(K) UAL4(K) x Ay 3(K)U | Directed half equators
A472( ) xAs4(K) U As3(K)xAs1(K) | Directed half equators
6 | AsxDs < Dg (not maximal)
A, Eg As (1.2 (K) LLEg »(K)U Equator intersection in Egg
Az 1(K) x Eg 1( u Half subequator intersection in Egg
Az 2(K) x Eg6(K) Centre geometry of previous
8 | AixE7 A1 1(K) LLE7 1 (K)U Imaginary line & its equator in Egg
A1 1(K) x E; 7(K) Subequator in Egg

There is no minuscule or Jordan geometry in this case. We content ourselves with men-
tioning some geometric connection between the mutual companion geometries, sometimes
describing them from scratch using the diagrams in [22, §7]. Note that the cases A; x E;
and A, x Eg are explained above as equator geometry and subequator geometry, and
intersection of two equator geometries and intersection of half subequator geometries,
respectively.

4.4.2 Case Ag

The following discussion is suggested by the second last diagram in §7.3 of [22]. Detailed
proofs would be rather technical, though also straightforward.

Embeddings of the Jordan geometries—Consider two opposite singular subspaces
of dimension 7, say U,U" in A := Egg(K). Each point of U is special to all points of a
hyperplane of U’ and opposite the others. Hence the centre geometry €2, 7 (with point set
all centres of the special pairs from U U U’ and line set induced from A) is isomorphic
to A7 (1,73(K). Now note that a point outside U is collinear either to the empty subset,
a point, a plane, or a 5-space of U. Also, a singular 5-space is contained in a unique
maximal 7-space and in a unique maximal 6-space. For each 5-space W C U, the unique
maximal 6-space V' containing W contains a unique point py that is symplectic to at
least one point of U’, and then it is symplectic to all points of a line L’ € U’ (and L’ is the
unique line in U’ all points of which are special to all points of W); moreover pf, N L' Lisa
5-space Zy . The collection of points py when W ranges over all 5-spaces of U describes
a so-called trace geometry (g isomorphic to A7 ¢(K) when endowed with the lines of A it
contains; the union of all Zy, for W ranging over all 5-spaces of U defines a trace geometry
(25 isomorphic to A7 5(K). Now, just like in the first part of the proof of Proposition 4.12,
the union Q5 U €2 together with all lines joining a point of 25 with a point of (g defines
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a geometry €256 isomorphic to Agg(K). Reversing the roles of U and U’, we also find
trace geometries €2y and {23 isomorphic to A72(K) and A7 3(K), respectively, which merge
into a geometry €53 isomorphic to Ag3(K). One then checks (and the notation for the
subscripts was chosen as such) that a point of €5, which corresponds to a 5-space Y of
PG(8,K), is collinear to all points of {25 3 that correspond to a plane of PG(8, K) contained
in Y. This describes the coupling between 25 5 and 5.

Embeddings of the long root geometry—Now, the singular subspaces U, U’ together
with the centre geometry (2; 7 do not generate a geometry isomorphic to the long root
Asg (18 (K); the dimension is one to short. However, there is another geometric way in
which we can recover that long root geometry: A point p of (253 corresponds to a plane
7 of PG(8,K); a point g of €256 corresponds to a 5-space II of PG(8,K). If 7 and II
intersect in a unique point of PG(8,K), then p and ¢ are special; moreover the centre ¢
only depends on the point-hyperplane pair (7 N1II, (7, IT)). The set of all centres endowed
with all induced lines is exactly the long root Ag (1) (K). In fact, the set of points of €25 3
corresponding to planes of PG(8, K) that contain 7 NII and are contained in (7, II), is the
point set of a directed equator geometry of E7 7(K), realized precisely in the point residual
at c.

4.4.3 Case Dg

This paragraph is suggested by the third last diagram in §7.3 of [22]. As in the previous
subsection, we omit the proofs, but the interested reader can fill them in.

Embedding of the Jordan geometry—Let A again be the geometry Eg g(K). Consider
two opposite symplecta £ and &’. Each point x of one of these is symplectic to exactly
one point f(z) of the other (and so B(5(z)) = z). Curiously, the image under g of a
6-subspace that is a maximal subspace in A is a 6-space that is not a maximal subspace
in A, and vice versa. Let U be a 6-space of ¢ that is contained in a unique 7-space Wy
of A. Then Wy contains a unique point x;; that is collinear to a 6-space WY, contained
in a symp &y intersecting &’ in a 6-space, which turns out to be S(U). The collection of
all zy, for U ranging over all 6-spaces of £ that are not maximal in A, endowed with the
lines induced from A, is a geometry 27 isomorphic to D77(K). The union of all W/, for
U again ranging over all 6-spaces of ¢ that are not maximal in A, endowed with the lines
induced from A, is a geometry g isomorphic to D7(K). The 6 in the index emphasizes
the fact that collinearity between 27 and (g defines an isomorphism that maps points
of Q7 to singular 6-spaces of €2, and so, in the common underlying polar space D71 (K),
maximal 6-spaces of one system correspond to maximal subspaces of the other. Hence
it now follows from Proposition 5.3 of [22] that g U Q7, together with all joining lines,
constitutes a geometry (g7 isomorphic to Dgg(K).

Embedding of the long root geometry—Now any pair of points of {247 that corre-
sponds to a pair of maximal singular subspaces of the underlying quadric Dg;(K) inter-
secting in a line L, is special. The collection of such centres p;, (and indeed one can show
that p, only depends on L) is exactly the point set of the long root geometry Dg,(K).
In fact, fixing the line L of the underlying quadric Dg1(K), the set of points of g7 that
correspond to maximal singular subspaces of Dg1(K) that contain L, is clearly the point
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set of a para Qf; of Qg7 isomorphic to Dgg(K). Such a geometry embeds in A as the
intersection of a(n equator) subgeometry Ez1(K) with the point residual at py.

4.4.4 Case A; x Ay

We do not know a direct way to construct the Jordan component here, but instead, we
describe how to get from the long root component to its Jordan companion.

So let Q1 Uy = Ay 1141 (K) U A4 11,41 (K) be a long root subgroup subgeometry of Agg(K),
with Q1 1L Qy. We define four subsets of points that we will call directed half equators.
First we must fix a common underlying projective space PG(4, K) for ©; and Q,. We do
this as follows.

Choose an arbitrary underlying PG(4, K) for ;. Select an arbitrary pair p, ¢ of opposite
points of €;. Let ¥ and ¥’ be the two singular 3-spaces of €2; through p, and without loss
of generality we may assume that 3 corresponds to hyperplane of PG(4,K), that is, the
points of 3 correspond to the point-hyperplane pairs of PG(4,K) with fixed hyperplane.
Then , is contained in E(p, q) = p-Ngtt as follows. The subspaces ¥ and X’ correspond
in E(p, q) to opposite maximal singular 4-spaces U and U’. Then 25 consists of the centres
of all special pairs {z, 2}, with x € U and 2’ € U’. The maximal singular 3-spaces of {2,
are given by the centres of the pairs {x, 2} for fixed = and varying 2/, and for fixed 2" and
varying x. Now, we arrange the connection with PG(4,K) so that the maximal singular
3-spaces corresponding to fixed 2’ € U’ correspond to hyperplanes of PG(4, K).

Now that we fixed the underlying projective space for both €2; and 25, we can speak about
subspaces of type £ of them, meaning, the set of points corresponding to a residue of a
vertex of type ¢ in the building naturally associated to PG(4, K) (and points have type 1,
lines type 2, planes type 3 and 3-spaces type 4). Let {i,5} = {1,2},let k € {1,4} and ¢ €
{2,3}. Then define E;(€;, ;) as the set of points of A collinear to a subspace of type k of
2, and at the same time collinear to a subspace of type ¢ of {2;, with induced line set. This
way we obtain eight geometries, but, with the aid of the representations of the apartments
displayed in Section 7 of [22], one can check that these geometries are empty for (i, j, k, ) €
{(1,2,1,3),(1,2,4,2),(2,1,1,2),(2,1,4,3)}. The other geometries are all isomorphic to
the Cartesian product of PG(4,K) with its line Grassmannian. Taking into account the
types inherited from our fixed underlying PG(4, K), we set Ef(Q1, Q) = Ayx(K) x Ay o(K),
and likewise Ef(Q2, Q1) = Ay (K) x Ay (K). This provides the geometries mentioned in
the above table. Remark that the indices now reflect the fact that the quotient of the full
automorphism group of Q; U2y by the type-preserving one is cyclic of order 4. Indeed, if
we interchange (2; with €25, then in order to get the indices of the companion geometries
right, we have to apply a duality to exactly one of ; or 5. Applying the same map
twice, we obtain dualities in both 2; and €2,.

5 Buildings of exceptional types F; and G,

In this section we construct, in a geometric and individual way, the maximal full rank
Lie subgeometries of exceptional type corresponding to an irreducible non-simply laced
Dynkin diagram; these correspond to the types F4 and G,.
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5.1 Case of type G,

In this low rank case, there are exactly two maximal root subsystems: one of type A, and
one of type A; x A;.

5.1.1 Table of maximal full rank Lie subgeometries

Here is a table of maximal full rank Lie subgeometries of Gy 1(K,J) and Gy (K, J), with
J a quadratic Jordan division algebra over K.

Type [somorphism Description
class
1 A1 XAl A171(K) AL Imaginary line in G2’1
A1 (J Imaginary line in Gy
2| A, Az1(K) U Az2(K) | Ideal non-thick subhexagon in G
As 1123 (K) Az 10y < Goy

5.1.2 Trivia about the Moufang hexagons G,;(K,J) and G,,(K,J)

The Moufang hexagons Gy 1(K, J) and G,,(K,J) are dual to each other. Both hexagons
[ are distance-3 regular, that is, denoting the set of elements of I" at distance i (in the
incidence graph) from a certain element z, be it point or line, by I';(x), for each pair {x, y}
of opposite points, and each pair {L, M} of opposite lines with L, M € I's(z) N T'3(y),
each point of I's(L) N T'3(M) is at distance 3 from each line of I's(L) N T'5(M). It follows
that (I's(L) N T's(M)) U (U(Ts(z) N T3(y)) is the point set of a non-thick subhexagon
with set of ideal/thick points precisely I's(L) NI'5(M), and set of full/thick lines precisely
Fs(z) NT5(y).

Also, according to [17], the hexagons Gy (K, J) have ideal lines, that is, with the termi-
nology of [21], they are distance-2 regular. This is equivalent to the following condition:
for each point x of the hexagon I', and each pair of points y,z opposite x, the sets
[o(z)NTy(y) and T'y(x) NTy(z) are either equal or intersect in al most one point, see [21].
It follows that every pair of opposite points is contained in a unique ideal subhexagon with
two points per line (an ideal non-thick subhexagon). Interpreting the lines as edges of a
graph, this subhexagon is the incidence graph of a projective plane II. The corresponding
ideal subhexagon is denoted 2IT and the dual by (2IT)*.

5.1.3 Case A,
Here the maximal full rank Lie subgeometry of G, » (K, J) is an ideal non-thick subhexagon,

isomorphic to 2PG(2,K). In G,;(K,J), it is just the dual, hence a non-thick full sub-
hexagon isomorphic to (2PG(2,K))*.
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5.1.4 Case A; x A;

Here, the maximal full rank Lie subgeometry in both G,1(K,J) and Gy»(K,J) is the
non-thick subhexagon related to the distance-3 property described above. The set of
thick points admits PSLy(K) or PSLy(A) and the set of thick lines admits independently
PSL;(A) or PSLy(K), respectively, since central elations in Gy (K, J) with centre one of
the thick points of the subhexagon stabilizes each thick line of it.

5.2 Case of type F,

Type F,4 is again special in that there exist non-split buildings of relative type F4, whereas
this is not the case for types Eg, E7, Eg.

5.2.1 Table of maximal full rank Lie subgeometries

Here is a table of maximal full rank Lie subgeometries of F4;(K, A) and F44(K, A), with
A a quadratic alternative divison algebra over K.

Type | Isomorphism class Comments
1| AixCs | Ap1(K) LLC31 (A, K)U | Imaginary line & its equator in Fy 4
A1 1(K)xC33(A,K) | Subequator in Fy;
A1 1(K)xCs 1 (A, K)U Symp times a line in Fq4
Cs2(A,K) Symp equator in Fy 4
2| ApxAs | A1y (K) LL Non-thick hexagon in F4 1
As 123 (A) Non-thick hexagon in F4 4
Aix Az < B4 (not maximal)
4| Bs Bs1(K, A)U Extended equator in F4 4
Bia(K, A) Tropics geometry in Fg4
Bs2(K, A) Ba2(K,A) <Fq:(K, A)

5.2.2 Trivia about the metasymplectic spaces F,;(K,A) and F;4(K,A)

Set briefly I'; := Fq;(K, A), fori € {1,4}. Note that I'; is the long root subgroup geometry,
and I'y is often called te short root subgroup geometry.

Fact 5.1. Let x be a point and & a symplecton of T;. Then precisely one of the following
situations occurs.

(0) z e

(1) the set of points of & collinear with x is a line L. Every point y of & \ L which is
collinear with each point of L is symplectic to x and &(x,y) contains L. Every other
point z of £ (i.e., every point z of & collinear with a unique point z' of L) is special
tox and ¢(x,z) =z € L. We say that x and £ are close;
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(2) there is a unique point u of & symplectic to x and £ N&(x,u) = {u}. All points v of
¢ collinear with u are special to x and ¢(x,v) ¢ £. All points of & not collinear with
u are opposite x. We say that x and § are far.

Fact 5.2. The intersection of two symplecta & and ( is either empty, or a point, or a
plane and each of these occurs.

(1) If €N ¢ is a point x, then every point in &\ x+ is far from C.
(2) If €N is a plane 7, then points x € £ and y € ( are special to each other if and
only if x* Nm # yPerpN .

Fact 5.3. Let x be a point and L a line. Then exactly one of the following occurs.

(1) x € L;

(2) x L L;

(3) x L p € L for exactly one point p, and x 1L q for all ¢ € L\ {p};

(4) xxp € L for exactly one point p, and x is opposite q for all ¢ € L\ {q};

(5) x L p € L for exactly one point p, and xxq for all ¢ € L\ {p}, with evidently
¢(z,q) =p;

(6) x LL p € L for exactly one point p, and xXq for all ¢ € L\{p}, with ¢(z,q) =a L L,
for a unique point a (independent of q);

(7) axXp, for everyp € L. In this case there exists a unique line M such that p — ¢(z,p)
1s a bigection from L to M.

5.2.3 Case B,

We now define the equator and extended equator geometries, see also [10], Proposition
6.26, and [7], Section 4.2.

Definition 5.4 (Equator Geometry). Let p, ¢ be two opposite points of I';. Let ., denote
the family of symplecta containing p. Then, by Fact 5.1, each member of ., contains
a unique point which is symplectic to g. The set of all such points is called the equator
geometry of the pair {p,q}. It is usually denoted by E(p,q). Using Fact 5.1(2), it is easy
to see that E(p, q) = p N ¢!t and hence this definition is symmetric in p, q.

The following was proved in Proposition 6.26 of [10] for I'y = F;4(K,K), but the proof
remains valid for I'y = F44(K, A), with A any quadratic alternative division algebra. The
reason is the following. In a polar space C31(A,K) (and we now use the symbol L for
collinearity in this polar space), taking two opposite lines L, M yields a set L+ N M+
which coincides with {z,y}*+, for each pair {z,y} in L+ N M*. We call such a set a
hyperbolic line and denote it by h(zx,y).

Proposition 5.5. Let p,q be two opposite points of I'y. Then, for any symplectic pair
{u,v} of points of E(p, q), the hyperbolic line h(u,v) is contained in E(p,q). The geometry
of points and hyperbolic lines of E(p,q) is the point-line geometry of a polar space, which
we also denote by E(p,q), isomorphic to any point residual of I". A natural isomorphism
from E(p,q) to Resr,(p) is induced by the map ¢, , that sends a point x € E(p,q) to the
symplecton &(x, p). ]
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Note that, by Lemma 4.2.4 of [7], if p, ¢ are opposite points of I';, and =,y € E(p, q), then
either z =y, or {x,y} is a symplectic pair, or x is opposite y.

We now define the extended equator geometry for opposite points p,q in I'y. It provides
a construction of a full rank subgeometry of Dynkin cotype 4.

Construction 5.6 (Dynkin cotype 4 for F4). Let p, ¢ be two opposite points of T'y. Then
define the point set

E(p.q) = | J{E(z,) : 7,y € E(p.q), = opposite y}.

The set E(p, q), endowed with all the hyperbolic lines in it, is called the extended equator
geometry for p,q. Note that p,q and E(p, q) are contained in E(p, q).

The following proposition, proved in [15], establishes a maximal full rank Lie subgeometry
of Dynkin cotype 4 and of type B, inside F44(K, A).

Proposition 5.7. The extended equator geometry E(p, q), endowed with the hyperbolic
lines contained in it, is a polar space isomorphic to Ba1(K, A).

The proof of the following proposition is more or less similar to the one for F44(K, K) in
[7]. A complete proof is contained in [12].

Proposition 5.8. (1) If a point is collinear to at least two points of E, then it is

collinear to precisely all points of a hyperbolic solid.

(2) For every hyperbolic solid ¥ in E, there exists a unique point 5(X) collinear to all
points of 3. N B

(3) For every hyperbolic plane 7 in E, the set {B(X) | m C X is a hyperbolic solid in E'}
1s a line of T'y. _

(4) Two hyperbolic solids ¥y and Xy of E share a unique point x if and only if 5(¥;)
and (%) form a special pair of points of 'y, and in this case ¢(B(31), B(22)) = x.

(5) Two hyperbolic solids Xy and Ly of E are disjoint if and only if S(31) and B(3s)
are opposite points of I'y. R

(6) The set T(p,q) of points B(X), with X ranging through all hyperbolic solids of F,
with all induced lines, is isomorphic to the dual polar space By 4(K, A) corresponding
to the polar space By 1(K, A).

The geometry induced on T (p,q) is called the tropics geometry. Hence, for Dynkin type
4, we have a pair of coupled Lie incidence geometries By (K, A) and Bs4(K, A) fully
embedded in Fy4(K, A).

5.2.4 Case Ay x A,

The long root geometry Fq1(K, K) is fully embedded in the geometry F4 (K, A). Hence
the latter contains a fully embedded A {121 (K). Callit I'. In this subsection we construct
a full subgeometry I of F44(K, A) isomorphic to Ay (12)(A), pointwise fixed under the
little projective group of I'.
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Construction 5.9 (Dynkin cotype 2 for F4). The hexagon I' has a natural partition
LA U % of its line set such that two distinct lines belong to the same partition class
if and only if they contain collinear points. Each of £ and %, is the point set of a
projective plane PG(2, K) the incidence graph is given by the graph with vertices the lines
of £ U.%, adjacent when intersecting in a unique point.

We construct I in Fy 1 (K, A) as a geometry with point set a set of planes and line set a
set of symplecta. To that aim, we let pg L p; L --- L ps L po be an ordinary hexagon in
['. Also, let my; be an arbitrary plane containing the line (pg,p;). We may also assume,
with loss of generality, that (pg,p1) € £ and that .4 is the point set of PG(2,K).

Since no point collinear to p; is symplectic to p4, which is opposite p;, there is a unique
line Ly 2 po in mo; all points of which are special to ps. Likewise, there is a unique line
Ly > p; in mp; all points of which are special to ps. Set qo; = Lo N Ly. Since ps is special
to p1, the centre g5 of the special pair {p4, g1} differs from ps. By Fact 5.3, the points
P4, s and qu5 span a plane my5. Since py L qu5 L qo1 L p1, we have p;Xqys, and so every
point of the line Ls := (ps, qu5) is special to p;.

Let go3 be the centre of the special pair {qo1, ps}. If go3 were equal to ¢o3, then py L go1 L
Q23 = Qa5 L ps, With poXge3 and go1Xps, implies by Fact 4.1 that py would be opposite py,
a contradiction. Hence Fact 5.3 yields a plane « containing qg1, g23 and q45. Also, Since
{ps,qo1} is a special pair with centre go3 # p2, and {ps, p1} is special with centre po, the
points po, p3 and ¢o3 span a plane mos.

Since the centres of the special pairs {ps, x}, with 2 € Ly, all on the line Ly := (ps, qa3),
and the lines Ly and Ly are obviously opposite in the symp £(p1, ¢23), it follows that mog
is the unique plane through (ps,ps) containing a point collinear to some point of ;.
Likewise, my5 is the unique plane through (p4,ps) containing a point collinear to some
point of mg;. We now also see that mg is the unique plane through (ps, p3) containing a
point collinear to some point of 745 and vice versa.

Now let p, € (po, ps) \{po, 5} be arbitrary. There is a unique path p, L p} L p) € (p2, ps).
Considering the hexagon py L p} L py L ps L ps L ps L pf, the foregoing paragraph
implies that there exists a unique plane 7, through (p, p}) containing a point g, collinear
to both 45 and gos3. Considering the hexagon pj L po L p1 L po L py L p) L pf, we
likewise conclude that there exists a unique plane 7, through (p, p|) containing a point
¢4, collinear to both go; and ¢o3. By the foregoing and the fact that ¢o3 appears twice
in our conclusions, we see that ¢, = ¢(; and 7, = 7. Moreover, since the maximal
singular subspaces of F41(K, A) are planes, we deduce ¢}, € a.

Obviously, the point ¢}, is the unique point of « collinear to pj (if p; were collinear to a
line of «, then that line would intersect {qo1, ¢23) in a point y distinct from gg;—because
go1 is not collinear to ps—and then pj, would be at distance 2 from the unique point
of (p1,p2) \ {p1} collinear to y, a contradiction to the fact that p; is the unique point
of (p1,p2) at distance < 2 from pj). Hence q); € (qo1,qs5) (this happens inside the
symplecton &(qo1, ps), which also contains py and qys).

Similarly, every line L of I" intersecting (p/, p5) is contained in a unique plane 7 containing
a point g of o, and that point is contained in (g3, g);). Since this exhausts all lines L € %,
it follows that the mapping L + ¢ is an isomorphism from PG(2,K) to . Varying mg;, we
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obtain a set II; of planes «a containing, for each L € ], a point collinear to L. Similarly,
there exists a set Il of planes containing, for each L € %, a point collinear to L, and
for each plane 7w through any member of %, there exists 5 € Il, intersecting 7. For any
plane 7 though a member of .Z;, we denote by A;(7) the unique member of II; intersecting
7 in a point.

Now let my; be as above, and let w5 be a plane containing (py, p2). Let 2 be the unique
point of 75 special to both py and ps. Then ¢ € A(m12). Suppose that 7y, and 72 are
not locally opposite. Then there is some plane a; through p; intersecting both my; and
T2 in respective lines M; and L}. We claim that gy € L} = L; and g2 € M;. Indeed,
set z = Ly N L}. Then z is collinear to some point on (ps, qi2), and hence z is close to
&(q12,p3). It follows from Fact 4.1 that z is not opposite ps, but the only point of Ly not
opposite p3 is qo1. Hence z = ¢qo; and Ly = L}. Similarly, ¢1o € M;. The claim is proved.
Hence qo1 L ¢1o.

Next we claim, still assuming that my; and 5 are not locally opposite, that w5 and o3
are not locally opposite. Indeed, we observe that q12xqys implies that g2 is opposite py
(since pyXqo1 and ps L qu5 L go1 L q12 and use Fact 4.1), a contradiction as py is collinear
to some point of Ay(m2). Similarly ¢p2 is not special to go3. Now Fact 5.3 implies that
G2 L u € {(qo3,qu5). If u # ¢og3, then we may assume without loss of generality that
go1 L Qu5, leading to po L qo3 L qus L g2 L po, contradicting poxqys. Hence q1o L ¢o3
and the claim is proved. Going on like this, it is clear that no plane m; through some
member K of £ with A(m) = A(mp1) is locally opposite the plane 7y through some
member Kj of % with A(my) = A(m) and |K; N Ky = 1. Tt then also follows from our
arguments that every point of A(mg;) is collinear to a unique line of A(72), implying that
these two planes are contained in a unique symp &(mo1, m2), in which they are opposite,
since they are clearly disjoint.

We now claim that the map 9 — &(mo1, m12) is a bijection from the set of planes through
(p1, p2) not locally opposite my; to the set of symps containing « := A(7p1). This mapping
is clearly injective, as otherwise the symp which is the image of at least two planes would
contain every member of %5, a contradiction. We now show that it is surjective. So let
¢ be any symp through a. Then & N &(p2, qo1) is a plane 5, by Fact 5.2 as go; and g3
already belong to that intersection. Set ¢}, = p1 L Npy N 3. Then 7}, = (p1, P, @}5) is a
plane which is not locally opposite 71, as 75 3 ¢jy L go1 € mo1. Hence o/ := A(7},) is
contained in a symp (¢ together with «. It is easy to see that ¢}, € A(m12), using the fact
that it is collinear to both go1 and ga3. So ¢ = £(q}s, qu5) must coincide with A(7},) and
the claim is proved.

Finally we claim that the graph with vertices the planes that contain either (pg,p;) or
(p1,p2), adjacent when locally not opposite, is the incidence graph of a projective plane
isomorphic to PG(2, A). Indeed, that projective plane can be thought of as having point
set the set of planes of Fy1(K,A) containing (po,p1), and lines are given by sets of such
planes contained in a common symp through (pg, p1). It is now easy to see that the planes
through (pg, p1) of a symp & are all locally not opposite the unique plane 7 containing po
and intersecting £ in a line (existing by Fact 5.1). In the residue of p;, one also sees that
no plane through (po, p1) outside € is locally not opposite . This proves out last claim.

Now the set ¥ of symps containing a member of II; and a member of 11, clearly corresponds
to a full embedding I'" of the double 2PG(2, A) in F44(K, A) where points of 2PG(2, A) at
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mutual distance 2 are special in F44(K, A) (since the plane of II; in a symp belonging to
Y. is disjoint from the plane of Il in that symp).

Clearly, the central elation of F4 (K, A) with centre p, stabilizes all members of II; UIl,.
Also, clearly the little projective group of I'” acts on I in the standard way, while fixing
I' pointwise.

6 Application to non-thick spherical buildings

It is well-known that every weak spherical building, say of type X,, gives rise to a unique
thick spherical building of a different type Y,,. Scharlau [18] shows that the types Y,,
given X,, are determined by the types of the Coxeter groups generated by reflections in
the Coxeter group of type X,. In particular all types of maximal full rank Lie incidence
subgeometries qualify. Our constructions in the previous section provide very concrete
examples of weak buildings of exceptional type, given as geometries rather than simplicial
complexes or chamber systems, and also more concrete than in Rees’ paper [16]. The
recipe to do this is very simple: one considers the components of the geometries and
replaces each line between components by the thin line consisting of the two points that
were joined by the line. If types allow, one can take any geometry of the given type,
and not only the one inside the thick building (for instance for type A, one can take any
projective plane).

The examples related to G, are just multiples of generalized polygons, as in [21, §1.6]. We
now explicitly consider the four irreducible types for the other exceptional cases. These
will be given by a diagram showing their decomposition. The rules to read such a diagram
are essentially the same as [22, §7], but updated to the thick case. There is an arbitrary
underlying building A of type X,. Each balloon represents a Lie incidence geometry
related to A, and for balloons joined by an edge, a point of one balloon forms a thin
line with a point of the other balloon if the corresponding objects of A are incident, or,
equivalently, their union forms a simplex or flag.

For type E7, we have the irreducible type A;. It can be given as E; 7 geometry, or as E7;
geometry.

As E7 7 geometry:

And as E7; geometry:

For type Eg, we have the irreducible types Dg and Ag. First type Dg:
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And now type Ag:

Asg (18}

For type F4, we have the irreducible type B4, and we can consider any polar space of rank
4. We represent its point set by Bj ; and the corresponding dual polar space by Bss. We
have the following diagram:

Baa

)

All other, reducible, cases can be derived from the previous tables. One particular case
might be more involved, and that is the case of A, x A, in F4, because in this case the
subgeometry lies simultaneously in Fs; and Fs4. We now describe in an explicit way
a weak building of type F; with underling thick building the cartesian product of two
arbitrary projective planes m and 7/, and we give it in terms of a non-thick long root
geometry A = (X,.Z) of type Fa;.

Let Q = (Z, .#) be the thick-lined generalized hexagon of which the point set Z is the set
of point-line pairs of 7, and .# can be identified with the union of the point set () of
7 and its line set .Z (7). For each point x of ', let 7, be a copy of m with isomorphism
By ™ — m,, and likewise, for each line L of 7/, let 7, be a copy of the dual 7* of 7
with corresponding isomorphism (3, : 7* — 7. Then the point set X of A is the disjoint
union of Z and all 7, and 7y, for x and L ranging through the point and line set of 7/,
respectively.

The lines are all members of ., all lines of each plane 7, and 77, x and L as above, and
all the lines {z, y} of size 2, where

(1) z € Z and y = B,(M), for arbitrary point z of 7', with z € M € Z(rw), or an
arbitrary line z of 7/, with € M € Z((n); or

(ii) x € m, for some point z of " and y € B.(8'(x)), for some line L of 7’ containing
z.

Interchanging the roles of 7 and 7’ in the above construction results in going to the
corresponding geometry of type Fga.
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