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THE JOURNAL OF SymBoLIC LoGic
Volume 68, Number 1, March 2003

AN APPLICATION OF GRAPHICAL ENUMERATION TO PA*
ANDREAS WEIERMANN'

Abstract. For « less than g let Na be the number of occurrences of w in the Cantor normal form
of a. Further let |n| denote the binary length of a natural number n. let |n|, denote the A-times iterated
binary length of n and let inv(n) be the least 4 such that |n|, < 2. We show that for any natural number h
first order Peano arithmetic. PA. does not prove the following sentence: For all K there exists an M which
bounds the lengths n of all strictly descending sequences (ay. . .. . a,) of ordinals less than ey which satisfy
the condition that the Norm Na; of the i-th term «, is bounded by K + [i] - |i]s.

As a supplement to this (refined Friedman style) independence result we further show that e.g.. primitive
recursive arithmetic, PRA. proves that for all K there is an M which bounds the length n of any strictly
descending sequence (ay. . .. . a,) of ordinals less than e which satisfies the condition that the Norm Ne,
of the i-th term ¢ is bounded by K + |i| - inv(i). The proofs are based on results from proof theory and
techniques from asymptotic analysis of Polya-style enumerations.

Using results from Otter and from Matousek and Loebl we obtain similar characterizations for finite
bad sequences of finite trees in terms of Otter’s tree constant 2.9557652856. .. .

§1. Introduction and motivation. A fascinating result of ordinal analysis is the
classification of the provably recursive functions of first order Peano arithmetic PA
in terms of the Hardy-Wainer hierarchy (H,)a<e,- 1If PA proves Vx3yT (e. x. y) for
some natural number e. then there exists some « < £¢ such that {e} is elementary
recursive in H,. Moreover, if {e9} = H., then PA does not prove Vx3yT (ep. x, y).
These classical results can be reformulated neatly in terms of purely combinatorial
independence results as follows. For a binary number-theoretic function f let A(f)
be the assertion VK3IMVnVay. ... .a, < golag > ... > a, & Vi < n[Na; <
f(K.i)] = n < M| where Na denotes the number of occurrences of w in the
Cantor normal form of . Then, by the preceding, PA ¥ A(f) where f (k. i) := k-il.
From the mathematical point of view it seems quite natural to investigate whether
this result can be sharpened by using functions f which grow slower thank, i — k-i!.
According to Simpson [13] (or Smith [14]) Friedman already showed PA ¥ A(f)
where f(k,i):=k-(i+1) (oreven f(k.i):= k +1i). In this paper we characterize
the class of functions f/ with PA ¥ A(f) in a nearly optimal way. The proof
combines methods from proof theory with methods from pure mathematics'. To
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*Research supported by a Heisenberg-Fellowship of the Deutsche Forschungsgemeinschaft.

TThe main results of this paper were obtained during the author’s visit of T. Arai in Hiroshima. The
author would like to thank T. Arai for his generous support.

IFor carrying out the calculations we have profited from the asymptotic analysis of integer partitions
and the hints on asymptotic properties of trees of height less than or equal to 3 given in [7].
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6 ANDREAS WEIERMANN

the author it has been a surprise that analytical methods from infinitesimal calculus
can be applied to metamathematical issues like unprovability assertions.

Our investigation is inspired by [6] where a related problem in the context of finite
trees has been solved. The main result of [6] is strengthened in Section 4.

§2. A proof of the unprovability result. Conventions. Throughout this paper small
Greek letters range over ordinals less than g9 and small Latin letters range over non
negative integers. By log (In, log;) we denote the logarithm with respect to base 2
(e.3). where e denotes the Euler number 2.71828 ... = "2/ L. The least natural
number greater than or equal to a given non negative real number x is denoted by
[x]. The greatest natural number smaller than or equal to a given non negative
real number x is denoted by [x|. The binary length |n| of a natural number # is
defined by |n| := [log(n + 1)]. The h-times iterated length function ||, is defined
recursively as follows |x|, := x and |x|,,, := ||x]4|. Further let inv(n) be the least
natural number 4 such that |n], < 2. Asusual we assume that the ordinals less than
€o are available in PA via a standard coding.

In this section we prove the following result.

THeOREM 2.1. For all natural numbers h, PA ¥ YK3IMVnVay, ... o, < € [ao >
o> 0, & Vi <n[Noy <K +i|-|ils] = n < M].

For this purpose it is convenient for us to recall an independence result from [15].

DEerFINITION 1. For x < w and a < ¢ let
Ao(x) = max{dg(x)+1: < a & Nf < Na + x}.

As usual put wo(a) := o and w,.1(a) = 0”@, Further let w,, == w,,(1).

LeMMa 2.2 1. Au(x) = max{n : Gag.... .an < ep)la =ap > ... > a, &
[(Vi < n)Najy1 < N + x]11}.

2. PA ¥ VK3nA,,(1) = n. Moreover K — A, (1) eventually dominates every
provably recursive function of PA.

Proor. See, for example, [15]. -
DeriniTION 2. For natural numbers k and 4 define
St i={a<w,: Na =k}
and let 5 be the number of elements in S}'. Moreover let
Sgk ={a<w,: Na <k}
and let sg  be the number of elements in S g o

Then s, =3, s} and we have s} < s} for k < /and h > 0 since if Noo = k then
N(a+ 1 —k) =1for! > k. The following lemma (which is provable in RCA,)
yields a partial asymptotic analysis of s

Lemma 2.3 (RCAy). For any h > 3 there exist a constant C, > 0 and a natural
ok
number K, such that s} > 2T fork > K.
Using Lemma 2.2 and Lemma 2.3 we can show Theorem 2.1 as follows.
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AN APPLICATION OF GRAPHICAL ENUMERATION TO PA 7

ProOF OF THEOREM 2.1. The idea of the proof'is to construct a slowed down long
sequence (a;) from a given long sequence (o) which witnesses the definedness of
A, (1) for an appropriate m. The details are as follows.

Let & be given. Let &' := h + 3. Since &’ > 3 we may pick K}, and C,» according
to Lemma 2.3. Let D be a constant such that

1
(la) liln—2 > v ] il —2lh -2
(1b) [i] - |iln—2 > Kp
and
(lc) [ilp 2+ 1 < |ilw-3

hold fori > D.

Let an arbitrary number K be given. Without loss of generality we may assume
that m :=m(K) := | 552 -1 > n".

Assume that w,, = o) > ... > o, isasequence with M = A4, (1). Naj) = m+1
and Naj, | < Naj + 1 for 0 <i < M. Consider

Mi = 811,

fori > D. Assume that enum; is the enumeration function for M, . i.e.. enum; (/) is
the /-th (with respect to <) member of M;. Let o; := wm(al'i[) + enum; (2/1l = §)
for M >i> D and o := Wpim + D — i fori < D. Then (o;)i<p is well-defined.
Indeed. by (1a). (1b) and Lemma 2.3 there are at least

[0l _s

("/”"""/,uzf/.’-z > 2l > i

2
elements in Slhill'lilw-’ hence in M; fori > D. Moreover, we have Nai/il < Naj+|i| =
m+ 1+ il for1 <i < M. Now (lc) and the definition of m yield Na; <
K+i|-(Jilp—2+1) < K+]i|-]i|lp—3 = K+]i|-|i]s for D < i < M. The definition
of m further yields No; < K + |i|-]i], for 1 <i < D. Thus Na; < K + [i|-]i| for
1 <i < M. Further we have o; < o fori > j. Forif |i| > |j| then this holds due
to of;) > aj; and if |i| = | j| then M; = M and 20 —j < 2l — j_ Finally, since
K+ A, (1) eventually dominates every provably recursive function of PA. the
lengths M of the sequences (e );< as a function of K cannot be proved to exist in
PA either. 4

We are left with proving Lemma 2.3. This will be done in a sequel of sublemmas.
LemMA 2.4 (RCA). There is a natural number K, such that s} > VX fork > K.

Proor. Let p; be the number of integer partitions of &, i.e., the number of

ordered tuples (ij.... .i,) such thati; > ... > i, > land > i, = k. Then
P = si. Indeed. each integer partition (i1, ... ,i,) of k corresponds to an element
o'+ ..+ w1 € $ and vice versa. Now use the partion theorem
. -4v/3k
lim p—kf\/- =1.
k—o00 en\/gc_
(See. for example, [4] or Section 2 of [8] for a proof). .
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8 ANDREAS WEIERMANN

For & > 3 and natural numbers p. q let R*(p.q) be the set of ordinals a < wy,
which have a Cantor normal form o = w*' + - - - + @0 of length p where Na; = ¢
for 1 <i < p. Further let r*(p. q) be the number of elements in R"(p.q). Then

r(p.q) < SZ.(4+1)'

LEMMA 2.5 (RCA). There exists a natural number K3 such that s} > 20T for all
k > Kj.

PrOOF. 2 For any choice of p and ¢ with p - (g + 1) < k we have r*(p.q) < si.
Thus it suffices to find a lower bound for r3(p. q) for appropriate p and q.

Letp .= p(k) := LI—:ITJ andq := q(k) := |k|* — 1. Then. of course. p-(g+1) < k
and s} > s;.(qﬂ) > r3(p. q). There exists a natural number K3 such that for k > K3
the following holds

1 k
(3a) Va-p > foge TA|
since limy_, o % =1,
(3b) (loge) = 1) - Vg - p > | p|
since limy_, o, p(k) = +o0
(3¢) Vq-pzp-ipl
and
(3d) sj > e?V4
by Lemma 2.4.

LA
We have r*(p.q) > (—%—,)— since for fixed p there are at least (sj)” sequences of
length p with entries in S7. Since we have to consider only ordered sequences we
have to divide this number by p!.
: P : 3 (2VA)r e VA .er—!
Since p! < (£)7 - p - e we obtain by (3) that r*(p.q) > > e — 2
22v/4-p-log(e)—(p+1)-log(p) > ologe/g-p > 2|‘fT' 4

Proo¥ oF LEmmA 2.3. By induction on 2 > 3. The case # = 3 is done in
Lemma 2.5. Assume now that the assertion holds for # — 1 > 3. For any choice
of p and ¢ with p - (¢ + 1) < k we have r*(p,q) < s. Thus it suffices to find a
lower bound for r”(p.q) for appropriate p and ¢q. Let p := p(k) = [ﬁ;] and
q := q(k) := |k|* = 1. Then. of course. p- (g + 1) < k. Let r := r"(p.q). There
exists a natural number K, such that for k > K, the following holds

q 3 k
4a . > = ,
(4a) P gl = 4Tk

1 q
4b Ch i =~ —1—  p>1pl
(4b) h—1 8 1qns p>|p|

2In this proof we follow a hint to exercise 10.7.6 (¢) on p.397 in [7] where a bound on the number of
trees of height less than or equal to three which have k leaves is obtained.
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AN APPLICATION OF GRAPHICAL ENUMERATION TO PA 9

1

(4c) Chor g > |p|
8 |‘1|h-3

since limy_, o IIkl"fllHl = +o0 and

(4d) shl > 20

due to the induction hypothesis since limy_, ., ¢ = +00.
The proof has now a similar structure as the proof of the previous lemma. First we

h—1\p

haver > (qu! ) by a similar reasoning as in the previous proof. Since p! < (£)7-p-e

=TT 23 Cp - —1 Cy_ L4~ —(p+1)lo
we obtain by (4) that r > Q—T—) > 2R e > 2T S T Nogr
2 pe S A ok :
29T S > IS > 0TS where € = Ciot, .

The proof shows that we may put Cj, := (3)"~3.

§3. Proof of the provability assertion. In this section we show the following the-
orem. (Recall that inv(7) is the least 4 such that |i|, < 2.)

THEOREM 3.1. PRA + VK3IMVnVoy.... .an < eofan > ... > o, & Vi < n
[Noy < K +|i|-inv(i)] = n < M].

COROLLARY 3.2. PRA + VKIMVnVoy.... .0 < gglag > ... > o, & Vi < n
[Na; < K +i|-K] = n< M].

Theorem 3.1 follows from the following Lemma. (Recall that s%, is the number of
elements in S, . Moreover let log; "' (k) = log,(logj (k)) where leg;(k) = log,(k))
and similarly let In"*' (k) = In(In" (k)) where In' (k) = In(k)).

LemMma 3.3, Let h > 3. There exists a constant C, > 0 such that for all k with

Cr—2—
logh=2(k) > 1 we have s, <2 &%,

PrOOF OF THEOREM 3.1. We argue informally in PRA while assuming that the
proof of Lemma 3.3 can be formalized in RCAj so that the assertion of Lemma 3.3
holds in PRA. Let 3¢(k) := k and 3,,.1(k) := 3*(*)_ Assume that K is given.
Choose Cg according to Lemma 3.3. Let N := 3x(K + Ck). Assume that we
have given a sequence oy > ... > a, with Na; < K + [i| - inv(i) for i < n. We
claim that n < N. Otherwise wg | > a) > ... > ay4 would be a sequence with
Noa; < K+ |N+1|-inv(N+1)forl <i < N+ 1. By Lemma 33 N + 1 is
bounded by

Oy — KN vV K+Qg_ (K4 Cx)+D2-(K+Cx)
K=2 vV Ck-
2 1053 (K+|N+1]-inv(N +1)) < 2 KTk < N

Contradiction. -

PrOOF OF LEMMA 3.3. Let t,’(' (" «) be the number of finite rooted trees which have
height bounded by / and which have k (at most k) nodes. It is easily seen that the
number of elements in S%, is bounded by /%, + 1. Indeed. to any « in this set
we define inductively a tree as follows. If & = 0 then T'(«) consist of a singleton
tree. Assume that o has the Cantor normal form ™ + --- + w®. Assume that
we assigned inductively trees T (). ..., T (a,) to oy, ... ., a,. Then we assign to «
the rooted tree with immediate subtrees T (a).... . T(a,). For different ordinals
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10 ANDREAS WEIERMANN

we obtain different non isomorphic trees. If @ < wg then the height of T(«) is
bounded by K and if Na < k then T'(«) has at most & + 1 nodes.

Now we want to obtain non trivial bounds on ¢, . For this we first compute
bounds on .} Let Th be the generating function for the sequence (¢])°,. Thus

=St xk =372 il xK since ¢ = 0. Let p; denote the number of

1nteger partltlons of j, i.e.. the number of sequences (ii..... i) with iy > ... >
ix > land iy +--- + iy = j. Then, T%(x) = x - 372, p; - (
height 2 correspond to integer partitions in a unique fashion and trees of height 1
correspond uniquely to natural numbers.

According to [11] we have

oo
(5) '+ (x Zthﬂ = x el ”‘ —x. H

.1=l

(1—xi)

for all x €]0, 1[.
Let eo(k) := k and e, (k) := e=*). We prove by induction on A that for any
h > 2 there is a constant Dy, such that for every x €]0, 1]

Tulx)y g y( 20
X 1 —-x

(6) In(

and extract bounds on t,f,’ from this afterwards. The assertion holds for 2 = 2 since
as shown in [7] we have ln(zjoi, p;j-x’) < Z .- Hence ln(T%ix—)) < 13- and we
may put D, := 3.

By mductlon hypothesis assume that ln(m‘ ) < ep_a(Dy - ) Then T"(x) <
x - e;_1(Dy - 7). hence by taking logarithms and expcmdmg ln(l — x/) into its
power series we obtam by (5) for x €]0. 1]
Th+1 X >
ln(——(——)) = Z t»f»’(— In(1 — x/))

j=1 n=1
oo 1 o
hn

S WAL

n=1 j=1

S 1 h(_n
S dri

n=1 n

&S]

1 D

SZ;’C eh—l(l_hxn)

3In what follows we utilize formulas from [11] and some hints provided on p.328 and p.396 in [7].
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AN APPLICATION OF GRAPHICAL ENUMERATION TO PA 11

1 D
< en—i( b )
1 —x 1 —x
D, +1
<eni( lh ).
—-x

By positivity of the summands involved all calculations are legitimate a posteriori.
We then may put D, := Dj + 1 and the induction is finished. (Note that the
radius of convergence of 7" (x) is not less than 1.)

Now let C, > Dy, .. Let
_ G
In*2(n)

for large enough # such that x €]0, 1[. Since the coefficients of 7/*!(x) are all non
negative, we obtain by (6)

x:=xn)=1-

1 1 D
< —THx) < ——eni( L),
X x" 1 —x
Hence
h D,
In(z;) < (=n+1)-In(x) +eh—2(T__x)-
Since lim, o —l—” = 1 we obtain
Cy
-n+1) In(x)=(-n+1) In(l - ———
( ) - In(x) = ( ) - In( ln,,_z(n))
:n—l_ln(l_lan'im) nCy
n R TR A ()
nC;,
7 ~
) In"~%(n)
Moreover
D D
(8) eh_z(l h ) < n
— X

(Clr ) i =2(n 7

for large n. Hence ¢ < e » for large n by (7) and (8) since 2 < 1.

Let E be a natural number such that In" =2k > 1 fork > E. From the calculation
above we know that for a suitable constant C which does not depend on k "<

< P70 forall k > E. Thent<k < t”E+Z, e I < t<E+k S <ef T
for a suitable constant C' which does not depend on k. Since In(x) > log;(x) we
finally obtain the assertion. -

By refining the the previous calculations one obtains refined Friedman style
independence results for the fragments IX,, of Peano arithmetic. Using multiplicative
number theory it is also possible to obtain related results for PA and 1%, in the style
of Friedman and Sheard [3] where the ordinals are represented via a Schiitte style
prime number coding [12]. For familiar theories like ATRy, ID; H{ — (CA)g one
can obtain corresponding theorems. These results will be reported elsewhere.
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12 ANDREAS WEIERMANN

Notes added in proof. 1. Using deep methods from complex analysis the asymp-
totic behaviour of ¢/ has been determined in more detail by Yamashita in [16].
2. After having seen this manuscript T. Arai proved in [1] the following refinement
of Theorem 2.1 and 4.8. Let aq(K.i) := K + |i| - |i], ;-1 where H,(i)~! =
min{k : H,(k) > i}. Then, for @ < ep. PA + VKIMVnVay.....a, < &
[ag>...>a, & Vi < n[No; < aq(K.i)] = n < M] if and only if o = &.

84. A related unprovability result concerning finite trees. In this section we show
that the methods used in the proof of Theorem 2.1 together with results of Otter [9]
and Loebl and Matousek [6] can easily be adapted to prove a related unprovability
result concerning the embeddability relation on the set of finite trees. Recall that a
finite rooted tree T (with outdegree bounded by a natural number /) is a nonvoid
set of nodes such that there is one distinguished node, root(7), called the root of
T and the remaining nodes are partitioned into m > 0 (I > m > 0) disjoint sets
Ti.....T,. andeach of these sets is a finite rooted tree (with outdegree bounded by
). The trees T}.... , T,, are called the immediate subtrees of 7". The cardinality of
T is denoted by | T'|. We say that a finite rooted tree 7! is embeddable into a finite
rooted tree T2, T' < T2, if either T' is embeddable into an immediate subtree of
T? or if there exist listings (T}')i<m. (T?) ;< of the (multiset of ) immediate subtrees
of T' and 72 and natural numbers j; < ... < j, < n such that 7} is embeddable
into T} for 1 <k < m. Then < is transitive and S < T yields |S| < |T|.

Kruskal’s famous tree theorem is as follows.

THEOREM 4.1 (cf. [5]). For any w-sequence (T');<., of finite rooted trees there exist
natural numbers i and j such thati < j and T' < T/,

Using Ko6nig’s Lemma one easily proves the following Lemma.

LEMMA 4.2. Let f be a binary number-theoretic function. For any K there is an
N such that for all sequences (T")i<y of finite rooted trees with |T'| < f(K.i) for
1 < i < N there exist natural numbers i and j suchthatl <i< j < NandT' < T/.

Assume that the set of finite rooted trees is coded as usual primitive recursively
into the set of natural numbers. For a binary function f let B(f') be the following
statement (formula) about finite rooted trees:

VKIANVT', ... .TY((Vi < N)|T'| < f(K.i) = i jli<j&T aT)).

Then Friedman’s celebrated miniaturization result is as follows.

THEOREM 4.3 (cf. [13, 14]). Let f(K.i) := K +i. Then PA ¥ B(f). (In fact we
even have ATRy ¥ B(f).)

This result has later been sharpended considerably by Loebl and Matousek as
follows.

THEOREM 4.4 (cf. [6]). Let f(K.i):= K +4-log(i). Then PA¥ B(f).

This result is rather sharp since Loebl and Matousek obtained the following lower
bound.

THEOREM 4.5 (cf. [6]). Let f(K.i):= K + 1 -log(i). Then PRA - B(f).

For a real number r let f,(K,i) := K + r - log(i). Then the rational numbers
r for which PA ¥ B(f,) form a Dedekind cut and one might be interested in
the real number ¢ which is represented by this cut. In this section we are going
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AN APPLICATION OF GRAPHICAL ENUMERATION TO PA 13

to show that ¢ = Eglﬁ‘) where o = 2.9557652856. .. is Otter’s tree constant (cf.

[91). The real number « is defined as follows. Let £(0) := 0, ¢(1) := 1 and
ti+1)=1. Z_’i:,(zdud -t(d) - t(i — j+1). Then ¢(i) is the number of finite
trees with i nodes. Let p be the convergence radius of "7 7(i) - z'. Then o := /l)

Similarly let #(i) be the number of finite trees with i/ nodes and with outdegree

bounded by / and let p; be the convergence radius of 375, (i) - z' and oy := L.

Pt
Moreover let ¢ (< n) (#,(< n)) be the number of finite trees (with outdegree bounded
by /) with at most »n nodes.
THEOREM 4.6 (cf. [9]). 1. Thereisa 8> 0 such that lim,_, o, ’<"j = B.
2. Foranyl > 2 there is a i > 0 such that lim,_, », —+"+ ") = .
a[ Vl

In addition to Otter’s result we need the following techmcal result.

[

THEOREM 4.7. limy 00 pv = p.

Proor. Obviously we have py > py for M < N. Thus p = limy_00 pn
exists and po, > p. Assume for a contradiction that p., > p. Then we obtain
Sotli) - pio = +o0. hence

N
(9) D) pho >
i=0
for some N.
Otter’s paper [9]. more precisely equation (11) on page 592 in that paper. yields

(10) S ni) pley < 1

i=0
Thus
(11) im(z‘)'péosl.

i=0

This yields by (9) 1 <SSV (i) - pis = SN oan (i) - ply < S5t (i) - ply < 1.
Contradiction. 4
THEOREM 4.8 (cf. [2]). Let U(z) = Y. Cyuiz' and V (z) = 3 72 viz' be two power
series such that for some p > 0lim “=L = p and the radius of convergence of U(z) is
greater than p. Let U(z) - V(z) = Z, owiz'. Thenlim;_, w=U(p).
THEOREM 4.9 (RCAy). Let ¢ ‘og(

primitive recursive real number and let f, be defined by f,(K.i):= K +r -log(i).

1. If r > ¢ then PA¥ B(f,).
2. Ifr <cthenPRAF B(f,).

Adapting ideas from the previous section we give a proof of Theorem 4.9 which
is based on Otter’s result, Theorem 4.6 and the result of Loebl and Matousek,
Theorem 4.4.

For a real number r let F,(K) be the least N such that for all sequences (T)<;<n
of finite rooted trees with |T7| < K + r -log(i) for 1 < i < N there exist natural
numbers i and j such that 1 <i< j < Nand T' < T/ and let Fy := Fy. Then

where o is Otter’s tree constant. Let r be a
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14 ANDREAS WEIERMANN

the proof of Theorem 4.4 provided in [6] shows that F1 u eventually dominates every
function which is provably recursive in PA.
We now prove Theorem 4.9.

PrOOF OF THEOREM 4.9. Ad 2: By Cauchy’s formula for the product of two power

series we have 0% 1(< n)z" = - 3% 1(i)z'. By employing Theorem 4.6 and
Theorem 4.8 we find a natural number D so large that
1 n
(12) (< n) < 2Bl
l -« -1 n2

forn > D. Let K be given. Put
o 28K0D

Assume that (77)M, is a sequence of finite trees such that [T/| < K + ¢ - log(i) for
1 < i < M and that the T" are pairwise distinct. Then |T/| < K + ¢ - log(M) =
K + ¢ - 85+D Thus by (12) we arrive at the contradiction

1 oK+ 88?

M -p- 1 g
(13) <1—or'(K+c.8K+D)% p <M

Ad 1: Since r > ¢ and lim,,, ;o @, = a we may pick an m such that r >

log(a )"
Then we may choose a rational number ' such that r > r' >

According to assertion 2 of Theorem 4.6 we find a natural mllc;%((l;er E solarge that
(14) tw(n) > aly - fm-n"1-09
forall n > E. Let D be so large that for i > D the following inequalities hold:
(15) F - Jil] > E.
(15b) plrlildodtean) g 0.9 - (| - Ji]]) 3 > 20
and
(15¢) 4 -log(|il) +r' - |i| <r-log(i).

Now assume that K is given. We may assume that k& := L%J >Dandk +m+
4+ D < K. Let S',... .SV~! be a finite sequence of finite rooted trees where
N = Fim(k) and |S'| < k + 4 -log(i) for 1 < i < N — 1 such that there are
no indices i, j with 1 < i < j < N —1and S’ < S/. Let < be a primitive
recursive extension of the partial ordering < on the set of finite rooted trees to
a linear ordering. (E.g.. one may employ the ordering which is induced by the
correspondence between finite rooted trees and ordinals less than €9.) Let M be
the set of finite trees 7" such that T has at most d nodes and the outdegree of T
does not exceed m. Let enuml’f(l ) be the /-th member of M}" with respect to the
linear order < . Define a sequence of finite trees as follows. Let 77 be the finite
rooted tree consisting of a root and two immediate subtrees U’ and V. The tree
V' is defined as follows. If i < D let V' be the uniquely defined (linear) tree with
D — i nodes sucht that the outdegree does not exceed 1. If i > D let V' be the tree
enum'L"r il (211 — ). The tree U’ consists by definition of a root and two immediate

subtrees Uf and Uj. U/ is S' for i < D and Sl for i > D. The tree Uj consists
of a root and m + 1 immediate subtrees consisting exactly of one root. Then T is
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well-defined. Indeed. by (14) and (15a) the number of elements in M i) is for
i > D atleast

a1 (i) B 0.9 > 20
Moreover (15¢) yields
IT'| < K +r-log(i)

for1 <i < N — 1. Indeed for i > D (15¢) yields |T'| = 1 + [V/| + |U'| <
L+ i) + 1+ k +4-log,(li]) + m+2 < K +r-log,(i). For i < D we obtain
[T =1+ [V |+|U|<14+D+k+1+m+2<K. Weclaim that

T T/

does not hold for 1 < i < j < N — 1. Assume for a contradiction that 7% < T/
for some i, j with 1 < i < j < N — 1. First we exclude the possibility that T
is embeddable into an immediate subtree of 7/. Indeed T' < V/ is impossible
since the outdegree of ¥/ does not exceed m but the outdegree of T’ does. Now
assume that 7 < U’/. Here we have to distinguish again some cases. The case
T' < UJ is impossible since |T7] > |UJ|. If T" < U then U] < U' 4 T Q U/.
Hence U] = U/ by the choice of the sequence (S)¥ ', But then |T7| > |U/|
contradicting 7% < U/. Therefore ' < U/ yields that U’ is embedabble into an
immediate subtree of U/. U’ < Uj is excluded for cardinality reasons. U’ < U{
yields Uj < U" <9 U/ hence U] = U/ but then |U’| > |U/| in contradiction to
Ui < U{. Thus the case T < U/ does not occur and T' is not embeddable into
an immediate subtree of T/.

Therefore T/ < T/ yields that U’ is embeddable into an immediate subtree of
T/. U" < V7 is impossible since the outdegree of ¥/ does not exceed m but the
outdegree of U’ does. Therefore U’ < U/ and hence necessarily V' < V/ also.
U< Uji is impossible since |U'| > |U2’| If U' <9 U/ then Ui <4 U’ < U]j
hence Uj = U/ and |U’| > |U/| in contradiction to U’ < U/. Hence U/ is
embeddable into an immediate subtree of U/. We claim that U] < Ui’ . Otherwise
Ul 9 UJ = Uj QU/. Thus U] < U/ hence U] = U/ by the choice of (S")¥7".
If Ul = S' then U/ = S' and necessarily i < j < D. By construction in this
case |V'| > |V/| in contradiction to V' < V/. If Ul # S' then necessarily
D <i<j<N~—1 Wehave Ul = Sl and U/ = SI/! hence |i| = ||. Therefore
20l —j>2Ul— jand VI = enumt,./,(,»H(ZM —i) > enumt,u‘,-u(2|” —j)=V/in
contradictionto V' < /.,

The argument shows that F, (K ) majorizes Fym( [§_|) for large K. Thus F, is not
provably recursive in PA since F ;s eventually dominates every provably recursive
function of PA. Thus PA ¥ B(f,). -

In view of [10] we conjecture that the proof above can be adapted to show that for
r > ¢ even ACAy + (I1} — BI) ¥ B(f,) where f,(K.i) = K +r - log(i).

Related independence results can be obtained for binary trees and Friedman’s
extension of Kruskal’s theorem which is based on the gap condition Moreover we
obtained related refined versions of the Paris Harrington theorem, the hydra battle
and the Goodstein process. These results will be reported elsewhere.

This content downloaded from 157.193.53.9 on Thu, 08 Oct 2015 16:05:57 UTC
All use subject to JSTOR Terms and Conditions



http://www.jstor.org/page/info/about/policies/terms.jsp

16 ANDREAS WEIERMANN

Questions: 1. s it possible to use the methods of this paper in the context of
bounded arithmetic?
2. Is it possible to give a purely proof-theoretic treatment of the unprovability
results obtained in this paper?
3. [Isit possible to characterize the slow growing hierarchy via a similar bounding
function result?
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