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Inleiding

These notes are based on a latesfile produced by Robbert Gurdeep Singh and Jonathan Peck during a
course proof theory in the first semester of the academic year 2016-2017, taught by Andreas Weiermann.

In this course we are going to study the limits of proof formalisms, in particular formalisms bases on the
sequent calculus. During this excursion we study ordinals, subrecursive hierarchies and formal systems.
It is important to note that the results are based on a well thought combination of systems which allow
for a straight forward verification of many simple steps. It will be a good exercise for the student to do
some proofs by himself or herself to get a feeling for the automatism. Some proofs are thus left out. To
start with let us consider the Russell set 12

R={z|x & x}
Is R a member of this set or not? This leads to a classical paradoxon which is at the heart of proof theory.
How can we safeguard that proof formalism are free of contradictions? Another question (going back
to Kreisel) is: what extra information besides truth do we got from the verification of a fact in a formal
system.

YOU WANT PROOF?
I'LL 6IVE YOU PROOF!

iii






CHAPTER 1

Gentzen’s Hauptsatz

We recall some basic concepts from predicate logic and will cover Gentzen’s classical cut elimination
theorem. At the end we give some applications to first order predicate logic.

To set the stage properly we have to recall some basic notions from logic. Our exposition follows worked
out lecture notes by Justus Diller by whom the lecturer started learning about logic.

1. First order languages

Definition 1.1. A first order language L is determined by:
e a countably infinite set of free variables FV(L) = {a1, a2, a3, ...},
a countably infinite set of bound variables BV (L) = {x1,x2,x3,...},
a set of constants L¢,
a set of function symbols L together with an assignment of arities #f > 0 forall f € Lp,
a set of relation symbols Ly, together with an assignment of arities #R > 0 for all R € Lp,
among which in all cases the symbol = for identity with arity 2,
e logical symbols: |, — en V.

Note that we distinguish between free and bound variables. This is basically a matter of taste but this
choice helps avoiding certain pitfalls which could show up later otherwise.

Definition 1.2. The set of L-terms T (L) is inductively generated by the following clauses
(1) ifa € FV(L) then a € T(L),
(2) ifc € L¢ thenc € T(L),
QB)iffe Lpwith#f =nandifty,...,t, € T(L) then f(t1,...,tn) € T(L). Note that this
case includes the case when R is the symbol for equality.

Definition 1.3. The set of prime formulas P(L) of L is given by:
(1) L e P(L),
(2) ifRe Lrwith#R=nandty,...,t, € T(L) then R(t1,...,t,) € P(L).

Definition 1.4. The set of formulas F'(L) is inductively generated by the following clauses:

(1) If ¢ is a prime formula of L then ¢ € F(L),

(2) if ¢, € F(L) then ¢ — 3 € F(L),

(3) if (a) € F(L) and if the bound variable x does not occur in ¢ then Vxp(z) € F(L).
FV(¢) denotes the set of free variables which occur in ¢ and BV (¢) denotes the set of bound variables
which occur in ¢. An L-formula ¢ is called an L-sentence if FV(¢) = 0.

1



2 1. GENTZEN’S HAUPTSATZ

As usual we use the following abbreviations:

—p=¢— L T=-1 PV =-¢ =9
PAY =(d = ) pov=(0 =) N[ —9) JzF(z) = ~(Vo—F(x))
s#Et=-(s=1)

Definition 1.5. A sequent is an ordered pair " : A of finite sets of L-formulas. We write I'; A for T'U A
and T, ¢ for T U {¢}. A sequent T : A represents informally the statement “if all formulas in T are true
then there exists a formula from A which is true”.

2. Theories

Definition 1.6. An L-theory T is an ordered pair (L(T), Ax(T')) where L(T) is a first order language
and Ax(T) is a set of L-sentences (called the set of axioms of T).

Definition 1.7. The semantics of a first order language L is given by an L-structure S =
(IS|, Sc, Sk, Sr) which is given by
e a non empty set |S| called the domain of S,
e a set S¢ of interpretations of symbols for the constants in L, ie. for all ¢ € L¢ exists a
Ccs € |S ,
e a set Sp of interpretations of function symbols in L, i.e. forall f € L with #f = n there
exists an fs € Sg such that fs : |S|" — |S|,
e a set Sy of interpretations of relation symbols in L, i.e. for all R € L with #f = n there
exists an Rg € S such that Rg C |S|™.
Given an L-structure S we define Lg, the language of S, by adding to L a new constant c, for every
element s € |S|. It is understood that in this context the interpretation of cs is equal to s.
For closed Lg-terms t we define its interpretation S(t) recursively as follows.
(1) S(c) = cs,
(2) S(cs) =s,
(3) S(f(tla e 7tn)) = fS(S(t1>7 R S(tn>)
For closed Lg-formulas ¢ we define its interpretation S(¢) € {T, L} recursively as follows.
() S(s=t)=T <= S(s) =S5(),

(2) S(R(tlavtn)) =T < (S(t1)7>s(tn)) ERS)
(3) S(L) =1,
@ S(e—=9)=T < S(¢)=Lof S[¥) =T,

(5) S(Vzp(x)) < S(p(cs)) = T vooralle s € |S].
For closed sequents T' : A we define its interpretation S(I' : A) as follows: S(T' : A) =
T <= there exists a € A such that S(1p) = T as long as S(¢) = T forall € T.

Definition 1.8. An S-assignment is a mapping o : FV (L) — {cs : s € |S}. T'? denotes the result of
replacing all occurrences of free variables in I" through hun images onder o.

Definition 1.9. Let S be an L-structure.
(1) SE¢ifS(¢7) =T for all assignments o.
(2) SET:AifS(T7 : A9) =T for all assignments o.
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3. The sequent calculus

Let us now define the axioms and rules of the Gentzen caluculus. It is a specific feature of such a calculus
that it derives sequents of formulas instead of single formulas. This calculus comes with a so called cut
rule which moldels the modus pones proof rule.

The insight that one can eliminate all applications of the cut rule in derivations is one of the major

achievements of Gerhard Gentzen. His cut elimination procedure and variations and refinements thereof
are cental tools used in proof theory even nowadays.

Definition 1.10. The sequent caluculus has as logical axioms: For every prime formule P:

IP:PA
I'1:A
The sequent calculus comes with the following derivation rules:
Lo, A g
T:0 >, A
T:9,A Ly A A
To—v:A
T':¢(a),A
ORI
I :Vzo(z), A
where a ¢ FV (T : Vzo(z), A)
T, o(t): A
o(t) vA
I,Vag(z) : A
where t is an arbitrary term,
It=t: A _7
r:A o

P f(ts o t) = F(s1, o 50) - A
Tit1=581,...,t, =8, : A
F,R(tl,...,tn)ZA
I R(s1,.--,8n),t1 = 815ty =55 1 A

I:y,A Ty: A
T A cur
The formula 1 in the cut rule is called CUT-formula. Note that the CUT-rule is the only rule where
premisses in a rule may show up which do not necessarily occur in the conclusion of the rule in some
traceable way.

=F

=P

Definition 1.11. Ler T be an L-theory, then for all ¢ € Ax(T), we add the following proof rule
Io: A
r:A T

This rule is called T-rule.
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Definition 1.12. A derivation in T is inductively defined as follows:
(1) every logical axiom T : A is a T-derivation of " : A.
(2) If H; are T-derivations of T'; : A; (i =1,...,n)and if
Fl . Al e Fn . An
r:A

is a derivation rule or a T-rule, then

Hl Hn

I':A
is a T-derivation.

We write T = T : A if there exists a T-derivation of T' : A. We write - T' : A for an B-derivation of

I' : A. In such a situation the derivation does not contain an application of the T-rule.

THEOREM 1.13 (Correctness). Let T be an L-theory. If T T : Athen TFE T : A.

PROOF. By induction on the length of the derivation of I : A. g

Definition 1.14. We define the notion of direct sub formula as follows:
(1) If P € Lg with #P = n then P(t1,...,ty,) is a direct sub formula of P(s1,...,sy) for all
termsty,...,tpn,81,---,n,
(2) L has no direct sub formula,
(3) ¢ and 1) are direct sub formulas of ¢ — 1,
(4) ¢(t) is a direct subformule of Vx¢(x) for all terms t.
Using this notion we define the notion of sub formula as follows
(1) ¢ is a sub formule of ¢
(2) if ¢ is a sub formule of 1 and if v is a direct sub formule of x then ¢ is a sub formule of x.

This definition is not completely intuitive since for example P(b) is a directe sub formule of P(a) even
if a and b are different.

Lemma 1.15 (Sub formule-property). In a ()-derivation where the CUT rule has not been applied all
sequents consist of sub formules of formulas from the conclusion or of equations.

PROOF. By induction on the length of the derivation of I : A. O

Definition 1.16. We define the complexity |¢| of a formula ¢ as follows:
(D) |L]=0=1|P(t1,...,tn)|,
) |¢ = ¢| =max{|¢|, [¢[} + 1,
) Vzg(z)| = [o(x)] + 1.

Definition 1.17. We write l% T': A ifthere is a derivation of T : A such that:
(1) The derivation T" : A has height not exceeding n
(2) Vor every cut formula ¢ which occurs in the derivation of T' : A we have |¢| < r.

Note that l% T : A implies that there is a cut free derivation of T : A.
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3.1. Cut-elimination. The cut rule is special in the sense that it is the only rule where a formula
possibly can disappear from the conclusion in a derivation. So application of this rule destroy the sub
formula property and so in presence of this rule it is usually very difficult to extract information from
proofs. It turns out that one can replace applications of the cut rule by alternative derivations. The price
to pay is that the derivations become much longer. In this section we learn how this can be achieved.

We assume that we will deal with derivations in pure predicate logic (where no additional axioms are
around). So we do not consider applications of the T-rule in this section. When we analyze Peano
arithmetic later we will learn how in special situations (partial) cut elimination can be achieved even in
the presence of applications of the T-rule.

2
THEOREM 1.18. Let ¢ be an L formula. Then l% To: ¢, A

PROOF. By induction on the complexity of ¢.
If |¢| = O then ¢ is a prime formula priem, and - T', ¢ : ¢, A is an axiom.
If || > O then there are two possibilities:

e ¢ =1 — x. The induction hypothesis yields
2
Pl r 4, A and
2|x|
Fo-Tox:x A

By applying the derivation rules — A and — S we find
2|lp—x|

0 Io:0e, A.

e ¢ = Vai)(x). The induction hypothesis yields

AL, p(a) - (a), A.

By applying VA and VS we find
2|¢|
ST, A.

THEOREM 1.19 (Substitution theorem). Assume thatl% L'(b) : A(b) whereb ¢ {a} UFV(I'(a) : A(a)).
Then we have l% TL'(s) : A(s) for all terms s.

PROOF. By induction on n.

If n = 0 then P(b) € T'(b) N A(b) or L € T'(b). Then P(s) € T'(s) N A(s) or L € I'(s), hence
['(s) : A(s) is an axiom.

If n > 0 then we consider the situation when I'(b) : A(b) is the result of an application of a derivation
rule and we distinguish cases accordingly:
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e Suppose the last applied derivation rule was (— A). Then ¢(b) — 1(b) € I'(b) and

ni

7 L(b) = 4(b), A(b),
" P(b), () : A).
The induction hypothesis yields
P T(s) : ¢(s), A(s) and
2 T(s), x(s) : As).
The assertion follows by applying (— A).
e Suppose the last applied derivation rule was (V.5). Then Va(z,b) € A(b) and
=D (b) : v(a, b), A(b)
where a ¢ FV(I'(b) : A(b)). The induction hypothesis yields
7T (s) 2 e 5). Als)
for ¢ ¢ FV(s). The assertion follows by applying (V.5).

The other cases are similar. O

Lemma 1.20 (Weakening lemma). Ifl% I' : A then |n7/ " : A" whereT' C T/, A C A’U{L} and
n<n.

PROOF. By induction on n. Note that the treatment of V.S needs some extra care due to the variable
condition. 0

In the sequel applications of the weakening lemma will not be mentioned explicit. So cases where the
principal formula of a derivation rule is present in the assumption or not can be treated simultaneously by
assuming w.l.0.g. that the principal formula of a derivation rule is present in the assumption.

Lemma 1.21 (Inversielemma).
() T ¢ — ¢, Athen =T, ¢ 2 b, A
2) If'% [: A, Vzp(x) then |% [ : A, ¢(t) where t is an arbitrary term.

PROOF. Both assertions are proved by induction on n.

(1) Assume first that n = 0, then l;—L ' : ¢ — 9, Ais an axiom. This yields that T, ¢ : ¢, A
is an axiom, too. If n > 0 we consider the situation when the conclusion is the result of an
application of a derivation rule and we distinguish cases accordingly:

e (— S). Theny = & € A, ¢ — 1 and
FETox:go—b,A
for some n; < n. The induction hypothesis yields

FETox, 0 6,4, A
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If ¢ — 1 is the principal formule of the last rule (hence ¢ — ¢ = x — &) then the
assertion is clear. Otherwise we find

FRNCERI
by applying the inference rule (— S).
e (VS). Then Vax(z) € A, ¢ — 1) and
Fi-T 2 A Vax(@), x(a), ¢ — ¥
where 71 < n. The induction hypothesis yields
M- T, 6 - v, x(a), Vax(), A
Another application of (V.S) yields the assertion.
The other cases can be dealt with similarly.

(2) If n = 0, then I : A,Vz(z) is an axiom and hence I : A, ¢(t) is an axiom, too. If n > 0
we consider the situation when the conclusion is the result of an application of a derivation rule
and we distinguish cases accordingly:

e (VS). Then

- T (a), Var(x), Vag(x), A
with ny < n. If Va¢(x) was the principal formula (hence Va¢(z) = Va(z)), then we

obtain

P12 ¢(a), Vag(z), A
The substitution lemma yields

F-T: 6(t), Vao(z), A

The induction hypothesis yields

AT g(t), A

If Vxg(x) was not the principal formule, then the induction hypothesis yields

7T (a), Yau(a), (1), A
An application of the rule (VS) ylelds

T Vg (a), 6(t), A

e The remaining cases are similar.

Lemma 1.22 (Reductielemma). Let ¢ be a formula with |¢| < r. Assume I% I'o: Aand I% I':o¢,A

Then
Qn:-Tn T:A

PROOF. We distinguish two cases:

e ¢ is a prime formule. Then we perform induction on m. If m = O then I : ¢, A is an axiom en
we have to deal with three cases:
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— There is a prime formula 1) # ¢ with ¢ € I"'and ¢ € A. Then I" : A is an axiom.
— L €TI'. Then I : A is an axiom.
- ¢ €T'. Then Z I' : A follows from the assumptions since .I", ¢ is equal to I'.
If m > OthenI': ¢, A is the conclusion of a derivation rule. Let us assume the premisses

l%ri5¢,Ai

where m; < m for all <. The induction hypothesis yields

2nJ;mi Fi : Ai.
An application of the same rule yields
2n:_m I':A.

¢ is not a prime formula. If ¢ € T then the assertion follows from the assumptions. Assume
therefore that ¢ ¢ I'. Now we perform induction on n. Assume first that n = 0. Then I, ¢ : A
is an axiom where ¢ not a principal formula. Then I" : A is an axiom, too and the assertion
follows. Assume n > 0. We consider the situation when I : A is the result of an application of
a derivation rule and we distinguish three cases:

— ¢ is not the principal formula of the last rule. Then we have the premisses
a6 A

with n; < n. The induction hypothesis yields
T, A A
Applying the same rule yields
2n+m

—1I:A

— ¢ =1 — x is the principal formula of the last rule. Then this rule is (— A). We have the
following premisses

KRR LR 7oy A
with n1,ns < n. The induction hypothesis yields
U, 6, A ST, 6,1 A

Inversion applied tol% I: ¢, A yields I% T,v : x, A. We have |[¢|, |x| < |¢| < r. An
application of the cut rule yields

m 2ni1+m

Y, A Lo, x, A

l_ % CUT

lT I':x,A
with k = 2n1 + m + 1. We hence obtain

k n2
L x, A — Dy A
l_ l_ CUT

l%F:A

for Il = k + 1. The assertion follows because 2n + m > .
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— Assume that ¢ = Vi)(x) and that ¢ is the principal formula of the last rule. Then this rule
is (VA). We have then a premise

o D, (8), Va () : A
with 71 < n. The induction hypothesis yields

Pt o) « A

Inversion applied to I% I': ¢, Ayields I% I : (), A. Because of |¢(t)] < |¢] < r we
obtain the conclusion as follows by a cut

P () A BT g(),A
2nr+m T': A

CUT

This proof can be fine tuned in several ways.

Exercise 1.23. Consider the following variant of the rank function.
(1) |¢| := 0 if ¢ is atomic.
) |} := max{|[[ + 1, x|} if o = ¢ = x-
) || :=[¢[+1if ¢ = Varp.

Prove the following refinement of the reduction lemma: Let ¢ be a formula with |¢| < r. Assume

l%I‘,cb:Aandl%F:cb,A. Then
KA BN

Exercise 1.24. Consider the following variant of the rank function.
(1) || := 0if ¢ is atomic.
2) [¢| == max{[y|} if p = — L.
(3) || := max{[y| + 1, |x[} if ¢ =¥ — xand x # L.
@) [¢| = ||+ 1if ¢ = Vayp.

Prove the following refinement of the reduction lemma: Let ¢ be a formula with |¢| < r. Assume

F-T,¢: Aand[3=T : ¢, A. Then

n+m

—I': A

THEOREM 1.25 (Cut-elimination). If'ri_l T': A then I% Ir:A.

PROOF. By induction on n. If n = 0 then I' : A is an axiom en the assertion follows immediately.
If n > O then there are two cases:

e I': A was not derived by an application of the cut rule. The we have the premises
- ;1 Fz : Az
where n; < n. The induction hypothesis yields
3:i Fz : Az
Applying the same rule yields

IngF:A
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e ' : A was the conclusion of a cut rule. Then we have the premises.
ni n
il RO IAY lr_,_—Zlf:d),A
with nq1,n9 < nen |¢| < r. The induction hypothesis yields
BT,6:A BET:0,A
The reduction lemma then implies

2.3"143"2
lf Ir:A

so that we arrive at

3:F:A

Iterated applications of the cut elimination theorem yields the following classical result.

THEOREM 1.26 (Gentzen’s Hauptsatz). Ifl% I' : A then there exists an m such that ITOl ' : A (more
specifically we can choose m = 3,.(n) where 3o(n) = n and 3,41(n) = 33",

Exercise 1.27. Consider the propositional fragment of the Genten calculus where all formulas are quan-
tifier free. Prove the following refined version of the Cut elimination theorem for propositional logic.

THEOREM 1.28 (Cut-elimination). If lr—&-Ll T': A then 3;” I:A.

4. Applications of Gentzen’s theorem

Definition 1.29. A formula ¢ is called universal if ¢ has the form Va1, ..., xpp(21,. .., x,) wheren > 0
and ¥(ay, ..., a,) is quantifier free.

Definition 1.30. A theory T is called open if all T-axiom’s are universal.

Definition 1.31. A sequent I' : A is called existential if I consists of universal formulas only and A
consists only of quantifier free formulas. If T consists of universal formulas the we call a set formulas T'H
a Herbrand instantiation of U if for all universal formulas Vx$(x) in T the set T'H contains finitely many
instances ¢(t1), ..., ¢(ty) and moreover we demand that T must not contain other formulas. Here
denotes a tupel x = x1, . ..,x, of variables and the t; denote n-tuples of terms.

Notice that I'*! is quantifier free. Moreover note that I' = T' if I is quantifier free. If T'H1 and I'*'2 are
Herbrand instantiations of T then TH* U T'¥2 is a Herbrand instantiation of T', too.

Lemma 1.32. Let I" : A be an existential sequent. If l% I' : A then there exists a Herbrand instantiation
TH of T such that F- TH : A.
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PROOF. By induction on n. If n = 0 then I" : A is an axiom. Define
' = {$ €T | ¢ kwantorvrij}
Then I' is an Herbrand instantiation of I and moreover ' : A is an axiom.
If n > 0, then we have to consider the following cases depending on the last applied derivation rule:
e (VA). Then we have the premises
P2 vy, () : A
where Vz1¢p € A and m < n. the sequent I',(¢1) : A is an existential sequent en the

induction hypothesis can be applied. So we find a Herbrand instantiation (T, (t;) : A)7' C
T (t;)" such that:

- (0 Va9)™ o(0) " - A
The set 7", B(t)H " is a Herbrand instantiation of I’ and the assertion follows.
e (— S). Then we have the premises
RSTAE A
where ¢ — 1» € A and m < n. Since A is quantifier free the sequent I', ¢ : 1, A is an exis-

tential sequent en the induction hypothesis can be applied. So we find a Herbrand instantiation
(T, ) C TH ¢ such that:

R STERTN
An application of (— 5) yields

m—+1
6 g, A

o The other cases can be treated similarly.

Lemma 1.33. Let ¢ be a universal formula and ¢ be a Herbrand instantiation of ¢. If
THL, o7 : A

then
THET,¢: A

PROOF. Because ¢ is universal, we conclude that ¢ = Va1 (x) where v is quantifier free. A Her-
brand instantiation of ¢ consists of a set

o ={v(tr), ... vt}
where every ¢; is a term tupel (¢1;, .. ., t;) is. We thence have a premis
THET,U(t),...,0() : A
After appying the rule (VA) several times we finally arrive at

TFT, V() : A.
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THEOREM 1.34 (Herbrand’ theorem). Let T be open and T & 3x¢(x) where ¢ is quantifier free. Then
there exist finitely many term tupels t1, . . . , t;, of the same length as x such that T - ¢(t1), . .., d(ty).

PROOF. Let T be open and assume 7' - Jz¢(x). The formula Jxep(x) is the same as ~Ve-d(x)
From T+ —Va—¢(x) we conclude T+ Va—¢(x) : L There exist finitely many axioms 91, . .., 1, van
T such that

- ¢1a---a¢navm_‘¢(ﬂ?) : L

Gentzen’s Hauptsatz implies that there exists a cut free derivation of this sequent:

b5 b1, - o o, Vaomgp() L

lemma 1.32 yields

lﬁw{{’ oo awga (vm_'d)(w))H 1l

From lemma 1.33 we obtain
51, - n, (Fmg(@) ™ 2 L
This yields
TF (va-g(@) !« L
Assume that (Vz—¢(z)) 7 = {=¢(t1), ..., ~d(tr)}. Then we see
TH —¢(t1), ..., ~(t) : L

We finally arrive at

TF ¢(t1),- .., $(t)

Please not that this proof heavily depends on Gentzen’s Hauptsatz. If the derivation would contain appli-
cations of the cut rule we would not be able to apply the induction hypothesis to cut formulas of possibly
large complexity.
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Exercise 1.35. Suppose that L is a first order language and let T : A be an L-sequent. Let (I' : A) be
the set of variables occuring in ' : A and the predicate symbols occuring in T : A (with the exception of
=). We put (B) := (0 : B). An L-formulaB is called interpolant for the sequents T'y : Ay and Ty : Ag,
if

() FTy,B: Arandt+Ts5: B, Ay and

(2) <B> g <F1 : A1> N <F2 : AQ)
Let us define positive and negative occurrence of predicate symbols in formulas and sequent as follows:
We say that P occurs positively in P(t1, ..., t,). If P occurs positivel (negatively) in a formula B, then P
occurs positievel (resp. negatively) in A — B and ' : B, A and negatively (resp. positively) in B — A
and T, B : A. If P occurs positively (negatively) in B, then P occurs positively (resp. negatively) in
VaB.
Suppose that U : A is an L-sequent. Let (I' : A)* ((T' : A)™) be the set of free variables occurring in
I' : A plus the in in T : A positively (resp. negatively) occurring predicate symbols (with exception of
=). Moreover, let (B)* := (0 : B)® for s € {+, —}.
An L-formula B is called a signed interpolant for the sequents 'y : Ay and T's : Ao, if

() FTy,B: Ayandt+T5: B, Ay and

2) <B>+ - <F1 : A1>+ N <F2 : A2>_ and

3) <B>7 - <F1 : A1>7 N <F2 : A2>+.
Prove the following assertions:

(1) If B is a signed interpolant for the sequents I'y : A1 and I’y : Ao then —B is a signed inter-

polant for the sequents I's : Ag and T’y : Aq.
2) If - T'\,Ty : Ay, Ay then there exists a signed interpolant for the sequents T'y : Ay and
s : Ao. (Hint: Assume that the derivation is cut free.)






CHAPTER 2

Ordinals

1. Postulates

We will work informally in naive set theory while taking care that our argumentation is justifiable as usual
in axiomatic set theory ZFC.

Definition 2.1. The class of ordinals is denoted by On and it satisfies the following postulates (which can
be proved in ZFC):

(1) (On, <) is linearly ordered (= totally ordered).

(2) if 0 € C C On then C has a minimal element, denoted by min C.

(3) The class {£ € On | £ < o} is a set for all o € On.

(4) for every set A C On there exists a v € On such that o < ~y for all o € A.
We use the following abbreviations:

0 = min On, o =min{¢ € On | a < &}.

Note that o’ plays the role of a successor function.

2. Properties

THEOREM 2.2 (Transfinite induction). IfVa € On: (V€ < a: ¢(§)) — ¢(a) then Va € On : ¢(a).
PROOF. Assume that Vo € On : (V€ < a : ¢(§)) — ¢(a) and assume that there exists a 5 € On
such that —¢(3). Define
C={eOn[=(5)}

This set is non empty since 5 € C. Put ap = minC. Then —¢(«ap). By assumption there exists an
ay < o such that ~¢(a) since otherwise ¢(a). Contradicton with the minimality of ay. |

Definition 2.3. The class of limit ordinals (denoted by Lim) is defined by
a€lim < a#0AVE<a:¢ <a

The least limit ordinal is w = min Lim.

Definition 2.4. For A C On define
supA=min{€ € On |[Va € A:a < ¢}

In particular we have sup §) = 0.

Lemma 2.5. Assume that A # () and that A C On is a set. If sup A ¢ A then sup A € Lim.

15
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PROOF. Let a = sup A. There exists a 5 < « in A since A # (. We have to show that 8/ < a.
Because of 8 < « and a = sup A there exists a £ € A such that 8 < £ < «. The assumption sup A ¢ A
now yields 8’ < ¢ < a. O

Definition 2.6. A binary relation R is called well founded if every non empty set contains an R-minimal
element.

Lemma 2.7.
(1) If < is well founded then there does not exist an infinite descending chain of elements in On.
(2) If<C Ax Aand 3F : A — On such thatVz,y : © < y — F(x) < F(y) then < is well
founded.

PROOF. The first assertion is obvious. Indeed the elements of the collection of elements of an infinite
descending chain forms a non empty set without a minimal element.

For a proof of the second assertion assume that X # 0. If X N A = () then every x € X is a <-minimal
element and the assertion follows.

Assume now that X N A # ) and define 5 = min{F(z) | + € X N A}. Let 29 € X N A such that
F(xz9) = f. Then x( is minimal. Inddeed, if there would exist an 21 € X such that x; < xg 1 € A,
then F'(x1) < F(x¢) in contradiction with the assumption that ¢ is chosen minimally. O

3. Functions on ordinalen

Definition 2.8. A function F' : On — On is called order preserving if a < 3 yields F () < F(5).

Lemma 2.9. If F' : On — On is order preserving, then F(«) > « holds for all o € On.

PROOF. Assume that there exists an « € On such that F'(a)) < «. Define
C={{eOn|F(¢) <&

Then C # () and C' C On, hence there exists ag = min C. Since F is order preserving we see F'(ag) <
ap so that F(F(ap)) < F(ap) and thus F(ag) € C. But we have F(ag) < ag in contradiction with the
minimality of «. g

Definition 2.10. A function F : On — A is called ordering function for A C On if F is order preserving
and surjective on A.

Definition 2.11. A C On is unbounded if for all o € On there exists a 3 € A such that o < .

Definition 2.12. A C On is called closed if sup X € A for all non empty sets X C A.

Definition 2.13. If A C On is closed and unbounded then A is called club.
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Lemma 2.14. Let A be unbounded. Then there exists a uniquely determined ordering function Fnum 4
on A such that
Enumg(«) = min{f € A |V < o : Enumg (§) < 8}.

PROOF. We first prove the existence of an ordering function F' for A using transfinite recursion.
Assume inductively that F'(£) has been defined for all £ < . Then {F(§) | £ < a} is a set and hence
there exists a minimal v € On such that F'(§) < «y for all { < «. Because A is unbounded there exists
a minimal S € A such that v < . Hence F(a) = 3 and so F is totally defined. We still have to
show that F is order preserving and onto with rng(F) = A. That F is order preserving is easy to see.
To prove surjectivity let v € A. Then there exists & = min{ | v < F(£)}. We have v < F(«) and
VE < a: F(§) < «ysothat Fa) = .

We now prove uniqueness. Let F' and G both be ordering functions for A, thus F, G : On — A and F,G
are surjective and order preserving. Assume by induction on « that V€ < o : F(§) = G(§). Assume for
a contradiction that F'(a)) # G(«a). We have then two cases:

e F(a) < G(a). The surjectivity of G yields that there exists a § such that F'(a) = G(5). Then
B8 > «since f = « is impossible by assumption and if 8 < « the induction hypothesis yields
that F(8) = G(8) = F(«). But F is order preserving hence § < « yields F(8) < F(«),
contradiction. Thus 3 > « and the order preservation of G yields G(8) > G(«a) > F(«).

o F(a) > G(«). Similarly.
We conclude Vo € On : F'(a) = G(a) hence F = G. O

3.1. Normal functions.

Definition 2.15. A function F is called continuous if VA € Lim : F(X) = sup{F(§) | £ < A}.

Definition 2.16. A function F' is called normal if F' is continuous and order preserving.

Lemma 2.17. If F' : On — On is continuous and if Vo : F(a) < F(a'). Then F is normal.

PROOF. By induction on o we show that F' is order preserving,i.e. V8 € On: 8 < a = F(8) <
F(a). The o = 0 is trivial. Assume that « = «’. Then the two cases follow from 8 < a = ' in the
following way:

e 3 =+~.Then F(8) < F(«) follows from the assumption F(3) < F(3).

e [ < ~. Then the induction hypothesis yields that F'(3) < F'() and hence F () < F'(«) since
F(vy) < F(v') is valid by assumption.

Assume now that o € Lim. Since « is a limit we obtain from 8 < « also 8’ < «. The continuity of F’
implies F'(a)) = sup{F(§) | £ < a}. The induction hypothesis yields F(5') < F(«). By assumption
we have F'(8) < F(8') hence F(3) < F(«). O
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Lemma 2.18. Let F': On — On be normal.
(1) F(a) = sup{F(€) | € < a} ifa > 0
(2) If X € Lim then F(\) € Lim.
(3) For~y > F(0) there exists a uniquely determined o such that F(a) < v < F(a/).
(4) Let G be normal. Then F o G is normal, too.
(5) For a non empty set A we have F(sup A) = sup F'(A) where F(A) = {F(a) |« € A}.

PROOF. (1) Assume inductively that F'(3) = sup{F(£') | £ < B8} forall 8 < a.

Suppose first that « is a successor. We have F'(a) € {F(¢') | £ < a} thence F(a) <
sup{F (&) | £ < a}. F is order preserving, hence ¢’ < a = F(¢') < F(a), hence
sup{F(¢&') | £ < a} < F(«). Therefore F(a) = sup{F(¢') | £ < a}.

Let a € Lim. Then F'(a) =sup{F(§) | { < a} =sup{F (&) | £ < a}.

(2) Let A € Lim. Then F(A) = sup{F(§) | £ < A} because F is continuous. Suppose v < F'(A).
Then v < F(§) for some £ < A. Then ' < F(§) < F(&') < F(\) because F' is order
preserving.

(3) Suppose that v > F(0). Then v < F(y) < F(v'). Suppose @ = min{¢ | v < F(&')}.
Then F(a) < v < F(a'). Indeed, if « = 0 then v > F(0) by assumption and the assertion
follows. If & > 0 then F(a) = sup{F'(¢’) | £ < a}. If £ < « then the minimality of « yields
F(¢) < ~vsothat F(a) =sup{F (&) | £ <a} <A.

(4) Is easy.

(5) Suppose that A C On is a non empty set with & = sup A. If « € A then F(a) = F(sup A) =
sup F'(A) since F is order preserving. If &« ¢ A then « € Lim and F(«) = sup{F(§) | £ <
a} =sup F(A).

O

Lemma 2.19 (Fixed point lemma for normal functions). If F' is normal, then there exists a least o such
that F(a) = a.
PROOF. Let us define a sequence a, as follows.
g =« any1 = F(ay)
Let 8 := sup{a,, | n < w}. Then a < 3. Moreover,
F(B) = F(sup{an | n < w})
=sup F({an | n <w})
=sup{F(an) | n < w}
=sup{ant1 | n < w}
=0

hence [ is a fixed point of F'. Since there is one fixed point there is also a least one.
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4. Ordinal arithmetic

4.1. The ordinal sum.
Definition 2.20. The sum of two ordinals is defined as follows by transfinite recursion:
a+0=aq,
a+pf =(a+p),
a+ A=sup{a+{ | < A}ifNisalimit.

Lemma 2.21.
(1) The function 8 — o + B is normal.
(2) Bo<B1 = a+fo<a+pfi.
B) a,f<a+p.
(4) Forall v > « existst a unique (3 such that v = o + (.
5) ap<a; = ap+p<ar+ 5
© (a+B)+yv=a+(B+7)
M a,f<w = a+pf=0+a.
B 0<k<w = k+w=w<w+k

PROOF. For a given « define F(8) = a + 3.

(1) F continuous by definition. Note that « + 5 < (a+ ) = a+ ' sothat V5 : F(8) < F(5').
This yields that F' is normal.

(2) This assertion ollows from the normality of F.
(3) This assertion follows by Induction on /.

(4) Suppose v > « and choose with Lemma 2.18 a 8 such that « + § < v < a + (’. Then
y=a+p.

(5) By induction on .
(6) By induction on 7.
Ity =0,then (a+8) +7 = (a+B) +0=a+B=a+(B+0)=a+(8+7).

If v = & then (a+ ) +& = ((a+ B) +&)’. The induction hypothesis yields ((a+ ) + &) =
(@+(B+E) =a+(B+E) =a+(B+7).

If v € Lim then (a+3)+v = sup{(a+3)+£ | £ <7} = atsup{f+£ | £ < v} = a+(B+7).
(7) By induction on a.
@) f0O<k<w,thenk+w=sup{k+n|n<w}=sup{m|m<w}=w<w <w+k.

O

Note that by now we may write « + 1 for .

4.2. The product of ordinals.
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Definition 2.22. The product of two ordinals is defined by transfinite recursion:
a-0=0,
a-fl=aB+a,
a-A=sup{a-&| &< A} if Nis alimit.

Lemma 2.23.
(1) If a > 0 then the function 8 — « - (3 is normal.
2 ap<a; = ap-Bf<a-B
B) a-(B-v)=(a-B)
@ a-(B+y)=a-B+a-7.
S a-0=0=0-q.
©6) a,f<w —= a-f=F"
N1<k<w = kw=w<w-k

PROOF. All proofs are similar to the proofs we have seen before for the sum of ordinals. Let us
check the distributivity property which is proved by induction on ~:

e y=0.Thena- (f+0)=a-f=a-F+a-0.
e v=¢ . Thena- (B+&)=a-(B+E) = a-(8+E)+ a. By induction hypthesis this is equal
to(a-ft+a-&)+a=a-+(a-f+a)=a-B+a-&=a-B+a-7.

e v € Lim Thena-(8+7) = a-sup{8+¢& | £ <~} =sup{a-(8+E) | £ <~} The induction
hypothesis yields sup{a- (8+&) | £ <7} =sup{a-B+a-&) | <~} =a -B+sup{a-£|
{<vt=a-B+a-n.

O

4.3. Ordinal exponentiation.
Definition 2.24. The exponentiation of two ordinals is defined by the following transfinite recursion:
a®=1
o =af - a

o =sup{a® | 0 < & < AV if Xis a limit.

Lemma 2.25.
(1) The function B — o is normal for o > 2.
2 a<y = o <47
3) abf oY = b,
4) (aﬁ)v = af.
B)IfB>pBog>>Pnanda > 81,...,6, theno® > aP .55+ -+ afn .45,

PROOF. All proofs are routine. Assertion 4 is proved by induction on v en assertion 5 is proved by
induction on n. O

5. The Cantor normal form theorem
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THEOREM 2.26 (Cantor’s normal form theorem).
(1) Forall a« > 2 and v > 1 there exist uniquely determined 3,9,y so that 0 < § < « and

Y0 < o and
y=a? 5+ 7.
(2) Forall a > 2 and vy > 1 exists uniquely determined n, By > -+ > B, 0 < dp,...,0n < @
such that
y=a% g +---+al .4,
PROOF.

(1) First we prove the existence of the decomposition as claimed. Since 3 +— o is normal there
exista 3 so that o < v < aP*!. Therefore there exists a d with0 < § < asothata?-§ < v <
a? - (§41). Moreover there exists a g with g < a”’ sothata® -6+~ < v < a6+ + 1.

Let us now prove uniqueness. Suppose thaty = o - § + 79 = a1 - §; + v with0 < 6,6, < a
and yp < ab, 71 < aPr. Because 0 < § < a and Yo < af we see of < v < P+l Moreover,

alPtt :aﬁ-azaﬁ(é—l—l):aﬂ-é—i—aﬁ >a” + v
Similarly we find ot < v < o1 and a®**1 > af* + v;. Since exponentiation is normal

we find 3 = ;. We thus have v = o® - 6 + 79 = o® - 6; + 1. Since the ordinal product is
normal, we see

o §<y<al (54+1)
P 6 <y<al (6, +1)

hence § = §;. Now we have v = o - § +~9 = o - § + ;. The ordinal sum is right monotone,
thence vg = 1.

(2) By induction on . The previous assertion yields v = a - § 4+ 79 with 0 < § < «. Because
7o < 7 the induction hypothesis yields that 79 = o' - 6; 4+ --- 4+ o’ - §,, and therefore
y=al - §4+a 5,4+ +af -6, Weconclude 8 > S because v > .

O

Definition 2.27. We write o =cNp W*kg + « -+ + wky, if a = w*kg + - - + wk, where ag >
s> ap and ko, ...k, < w. We call this representation the Cantor normal form of a.

Note that the CNF is uniquely defined by Cantor’s theorem.

5.1. Additive principal ordinal numbers.
Definition 2.28. The set AP of additive principal numbers is defined by
a€EAP <= a>0AVEn<a:{+n<a.

It is easy to see that 1 is the first additive principal number. It is also easy to see that the other additive
principal numbers are limit ordinals.

Lemma 2.29.
(1) a+— w® is the ordering function of AP.
2) a€AP <= V¢ <a:E+a=a

PROOF.
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(1) By induction on «. Suppose F'(a) = w®. The we have to show that F is a surjective and order
preserving function from On into AP is. We know already that F" is order preserving. We still
have to show that rng F' = AP.

Suppose o = 0. Then w® = w® =1 € AP.

Suppose & = B+ 1 and let £, < wPt! = wPw. Then there exist m, n < w such that ¢ < w®n
and ) < wPm. Then € + 1 < wfn + wPm = WP (n + m). Because n + m < w we have
wl(n+m) < wlw = wftl = w*. This yields w* € AP.

Assume now that o € Lim and let £, < w®. Then there exist a1, s < a with £ < w** and
n < w®. Then & + 1 < w™ 4w < wmx(@0,0)+l < @ Hence w®™ € AP.

Now suppose that e € AP. Then we find a unique /3 such that w” < o < w?*!. We claim that
w? = a. Otherwise o = w? - n + § for some n, § with w? - n, § < a which is a contradiction.

(2) Suppose o € AP. Then there are two cases:

e o = 1. This case is trivial because the only £ < « is the ordinal 0 and in this case we have
a+0=a.

e o € Lim. Suppose £ < a. Thené +a =sup{{+n|n<a} <a Wehave+a >
andso & +a = a.

For the other direction, suppose £+« = a forall £ < a. Suppose £, 1 < a. Then {+a, n+a <
« and thence £ + 1 < £ + a = a so that a € AP.

0
Definition 2.30. We write o =xp a9 + -+ an if @ = ag+ -+ + ap and ag > -+ > o, and
g, ...,0n € AP.
By reformulating Cantor’s theorem we see easily that the following theorem holds.
Lemma 2.31. For every a > 0 there exist uniquely determined ordinals o, . . . , oy, such that « =Np

g+ -+ Q.

5.2. The natural sum of ordinals.

Definition 2.32. The natural sum o« @ (3 is defined as follows.
1) ad0=a=0d«
(2) IfOé =NF 01+ -+ oy andﬂ =NF Qp4+1+ - +an+m then a@ﬁ = Op(0) +-e +ap(n+m)
where p : {1,...,m+n} — {1,...,m+n} is a function with a1y > -+ > Qp(ngm)-

Exercise 2.33.
D aep=00a
Q) a®(Boy)=(adp)®.
B) Ifag,...,anp € APmetag > --->a,thenag+ - +a, =ag® - B ay.
@) B<y = adB<adn.
B a,f<w = adf<w.
©6) a+ < adp.

Exercise 2.34. For a set of ordinals let otype(M) be the unique ordinal which is order isomorphic to
M. Let M and N be to sets of ordinals. Then otype(M U N) < otype(M) @ otype(N).
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Note: If one is familiar with the multiset ordering from term rewriting theory then one can interprete the
natural sum of ordinals « en 3 as union of the multisets of their exponents.






CHAPTER 3

Proof-theoretic analysis of 7

In this chapter we treat the proof theoretic analysis of the formal system Z which is a conservative
extension of first order Peano arithmetic P A.

1. The system Z

We deal with a formal system which for convenience a priori includes enough machinery to deal with
primitive recursive functions.

Definition 3.1. The set of primitive recursive functions PRF is defined as the least set of number the-
oretic functions which is closed under the following formation rules. en is gedefinieerd als de kleinste
verzameling die gesloten is onder volgende operaties:

(1) S:N—-N:m—m+1¢€PRF

2) 0":N*" - N:m~—0ePRF

3) P':N" = N:mw—m; € PRFvoorallel <i<mn

4) alsh:N" - NePRFengy,...,gm : N* - NePRFdan ho (g1,...,9m) : N* = N:

m — h(g1(m),...,gm(m)) € PRF
(5) als g : N* — N € PRF en h : N**2 — N € PRF dan Rec(g, h) : N**! — N € PRF met

Rec(g,h)(0,m) = g(m)
Rec(g, h)(n + 1,m) = h(n, m,Rec(g, h)(n, m))

We will work with these functions in a formal system and use a canonical signature for them.

Definition 3.2. The set of PR" of n-are primitive recursieve function symbols is defined by
(1) S ePRr!
(2) 0", P € PR" forall1 <i<mn
(3) ifh€e PR™and g1,...,9m € PR" then ho (g1,...,9m) € PR"
(4) if g € PR™ and h € PR™"? then Rec(g, h) € PR™"'.
Finally put PR = J,, PR". If f € PR" then the arity #f of f is n.

Definition 3.3. Let PR be the set of primitive recursive function symbols and let X be a countable infinite
set of variables. The set of primitive recursive terms T (PR, X) is the least set of terms such that

(1) X C T(PR, X),

(2) iff e PRand#f =nandty,... t, € T(PR,X) then f(t1,...,t,) € T(PR, X).

25
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In this context we define the numerals as follows:

0=0
m+1=S5(m)
(m, .. mn) = (M, ... 1)
The we have, for example: 5 = S(4) = S(S@3)) = ... = S(S(S(

. In the sequel we

sometimes drop parentheses to shorten notation. Thus we write (2,0, 3)

(5(5(0)),0,5(5(5(0))))-

Definition 3.4. Let us now define the formal system Z as follows.
o The terms of Z are the primitive recursive terms T (PR, X).

(550,0,5550) instead of

o The formulas of Z are the formulas for the language with the function symbols PR and without

additional constants or relation symbolds. So formulas are
(1) s=tifsandtareterms of Z;

2 L

(3) ¢ — Y if ¢ and ) are formulas of Z;

4) Y : ¢(z) if ¢(a) is a formula of Z with x is not a bound variable in ¢(a).
o The axioms of Z are all axioms of the sequent calculus together with the universal closures of

the following mathematical axioms:

—(Sz =0) Sx=8Sy—>z=y

0"(x) =0 P x) =

ho (917 ce 7gm)($) = h(gl(w)? s agm(x))

Rec(g, h)(0,x) = g(x)

RQC(Q, h)(Sy, :I)) = h(ya , Rec(g7 h) (yv SL’))

FO)A (Vo : F(z) —» F(Sx)) = Va : F(x)

2. Provable instances of transfinite induction for 7

Definition 3.5. Let R be a formula with at most two free variables such that

<={(n,m) € N> |NE R(n,m)}
is well founded. We then define the following formulas

Prog (F)=Vz: (Vy <z:F(y)) — F(x))

TI(F,t) = Prog (F) = Vz < t: F(z)
TI«(F') = Prog (F) = Vo : F(z)

The abbreviaten TT stands for “Transfinite induction” and Prog stands for “Progressive”.

In the sequal we assume that we can code as usual sequences of natural numbers by primitive recursive
operations. By (ag,...,a,) we denote the natural number which denotes a sequence of length n + 1
having a; at its i-th entry. We assume that the empty sequence is coded by 0. Coding is a primitive
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recursive operation and as usual we assume that we have a corresponding machinery available in Z. For
this machinery within Z we use the same notation.

Definition 3.6. Leta = (ag,...,a,) and b = (by,...,by,). We define a <' b if one of the following
properties holds:

e a=(by,...,br)enk <m;

e a=(by,...,bg_1,ak,...,a,) where k < min(n, m) and aj, <’ by.

This is the lexicographic ordering also known in real life from a dictionary.

Lemma 3.7. <’ is transistive, i.e.: Z+x < yANy<' z—z < 2.

Proof as usual by a simple formal induction within the formal system.

Definition 3.8. Definition of the set OT:

(1) 0 € OT;

() ifag,...,an € OTand a, <" --- <’ ag the (ag,...,a,) € OT.
We write a < balsa <’ bena,b e OT.

Definition 3.9. Fora = (ag,...,a,) andb = (bo,...,by,) is the concatenation of a and b defined by

aob=(agp,...,an,b0,-..,bm)

This is a primitive recursive operation and as usual we assume that we have a corresponding machinery
available in Z. For this machinery within Z we use the same notation.

Definition 3.10. For a formula F(y) we define
Fly)=Vz: (Vz<z:F(2)) = (Vz<zoy: F(2)))

F(y) models in a certain sense the jump operation from recursion theory. In our context we use the
notation just as a convenient abbreviation

Lemma 3.11. Z F Prog_(F) — Prog_(F).

PROOF. (Informal in Z.)

o Assume (1) Prog_ (F'). Then we have to show Prog_ (F).
e Assume (2) Vy < b : F(y). Then we have to show F(b).
e Assume (3) Vz < a : F'(z). Then we have to show Vz < a o b : F(z).
We first prove the follwing assertion (4):
YR Vy, . ye < b:iVz <ao (y,...,yn) : F(2)

Proof by induction on n. Assume Vz < a o (y1,...,yn) : F(z) for yi,...,y, < b. Assume y,, 11 < b.
Assumption (2) yields F((y1, .. ., Yn+1)) hence with (3) we obtain Vz < ao (y1, ..., Yn+1) : F(2). This
proves Assertion (4).

Assume now ¢ < a o b. Then we have ¢ < aorc < ao (by,...,b,) withd, <--- < b <b. Ifc<a
then F'(c) follows from (3). If ¢ < a o (by,...,b,) then Vz < ¢ : F(z) follows from (4). With (1) we
obtain F'(c). O
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Lemma 3.12. Z + TI_(F,y) — TI.(F, (y)).

PROOF. (Informal in Z.) Assume (1) TI.(F,y). We claim TI.(F,y). To prove this, assume (2)

Prog_ (F). lemma 1.11 yields (3) Prog_ (F). From (1) we obtain Vz < y : F'(z). With (3) we obtain
F(y) and thus Vz < (y) : F(z) since Vz < 0 : F(z). O

THEOREM 3.13. Leta € OT. Then Z = T1.(F,a) forall F.

PROOF. Define
=0 Cm+1 = (em)
Let a € OT. Then there exists an m such that a < ¢,,. By induction on m we prove Z F TI. (F, ¢;,):
e m = 0. In this case the assertion holds for trivial reasons.
e m-+1. The induction hypothesis yields Z - TI. (F, ¢,,). lemma 1.12 yields Z - TI- (F, c,y1).
We conclude Z + TI. (F,a). O

Definition 3.14. The ordinal o(a) for a € OT is defined by
0(0) =0
o((ag, . .. ,an)) = w@) 4 ... 4 olan)
Recall that € is defined as the least fixed point of the function av — w®.

Informally speaking ¢ is gotten by:

Lemma 3.15. The function o is bijective, order preserving and it fulfills o(a) < g for all a € OT.

PROOF. By inductie on a € OT on proves first that <’ is a linear ordering.
By induction on a we prove Va € OT : o(a) < €q:
e a = 0. Then of course o(a) = 0 < &.

e a = (ag,...,ay). The induction hypothesis yields o(a;) < &¢ for all i and hence w°(*) <
w® = gg. Dus o(a) = wOl90) 4 ... 4+ elan) < g,

By induction on a we thus proved a < b = o(a) < o(b).
This yields that o is one to one. By induction on o < gy one shows that o is surjective and hence is a

bijection. g

lemma 1.15 yields that Z the scheme of transfinite induction is provable for all ordinals below &.



CHAPTER 4

Upper bounds for the transfinite induction in 7
1. Definition of Z°°

Definition 4.1. We define the infinitary system Z°° as follows.
The system has the following symbols:
e bound number variables x1, s, x3, . ..
e alle primitief recursieve function symbols
e free predicate variables X1, X2, X3, ...
e logical symbols $ —, 1, V,
The formulas of Z*° are the closed formulas with respect to this languages. The atomic formulas are
equations between closed primitive recursive terms and formulas of the form X (t) where X is a predicate
variable and t is a closed term. Every closed primitive recursive term t has a standard interpretation
provided by its value val(t). Using this interpretation we can determine the truth or falsity of closed
equations. When we speak about truth value of an atomic formula we assume that the formula is an
equation and not a prime formula of the form X (t).
The axioms of Z*° are
(1) I': A, ¢ if ¢ is a atomic formule,
) I',¢ : Aif ¢ is a false atomic formule,
3) T, X(s): A, X(t) if val(s) = val(t).
The inference rules are as follows:
o (= 8). IfFF-T,¢: 9, Aand ag < a < g and
¢ — b € AthenT : A,
o (= A IFT:¢,Aand}5T,¢ : Aand ¢ — ¢ € Tand ag, a1 < o < eg then [T : A.
o (VA). If 0;0 T, o(k) : Aand ag < a < gg andVzp(x) € T then l% T: A
o (VS). Iff5-T: ¢(i), Aforall i € Nwith o; < o < 9 and if Vzd(x) € A then[5-T : A,
e (CUT). Ifl%f‘ﬁ : Aandlar—lf A pand ap, 0 < a < ggand |¢| < rthenl%l" VAN
Note that Z°° has similar inference rules as Z. The new rule is the rule (often also called w-rule in the
literature) (VS) with infinitely many premises. Moreover the derivation lengths in Z°° can be transfinite
ordinals. Z*° is an infinitary systeem: proofs in Z°° can have transfinite depths and breadth in contrary
to finitary systems like Z.

The rationale behind Z° is that it is possible to derive all instances of complete induction by use of
the w-rule. Since induction does no longer belong to the axioms one can carry out a Gentzen style cut
elimination for Z*° and therefore Z° is amenable for tracing back information from (cut free) proofs.

The free predicate variables allow to speak about second order universal quantification over sets of natural
numbers. This allows a smooth modelling of well-foundedness which is basically of such a form. The
moral is that cut free proofs in Z* of the well-orderedness of a definable well order of order type «
necessarily needs o many steps.

29
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2. Properties of Z>°

Lemma 4.2 (Structural lemma). Ifl% IF':'Aanda <o, r <7, T CI'"and A C A’ then laT/ I': A

Lemma 4.3 (Properties).
(1) Ifl% I',¢: Aand ¢ is a true atomic formula then l% Ir:A.
2) If'% I': ¢, A and ¢ is a false atomic formula then |% T: A
3) If'% I': A, X(s) and val(s) = val(t) thenl% LA X().
4) If'% T, X(s) : A and val(s) = val(t) thenl% I, X(t): A

PROOF.

(1) By induction on a. If ', : A is an axiom, then I' : A is an axiom, too and the assertion
follows. If T', ¢ : A is not an axiom then we distinguish cases according to the last applied
inference rule. Suppose, for example, that this rule was (— A). Then v» — x € T, ¢ and

Qp, 1 < « Wherel% Lo: Ay andlo;—1 I, ¢, x : A. Since ¢ is atomic, we seetp — x € I.
The induction hypothesis yields l% I':A ¢ and IC;—I T, x : A. Another application of (— A)
yields I% I" : A. The other cases are similar.

(2) Similarly to the proof of assertion 1.

(3) By induction on .. SupposeI” : A, X (s) is an axiom. Then we distinguish the following cases:
e There exists a true atomic formula ¢) € A. Then I : A is an axiom.
e There exists a false atomic formula ) € T". Then I" : A is an axiom.

e There exist terms s’ and ¢’ with Y(s') € T and Y (¢') € A, X(s) and val(s’) = val(t').
IfY(¢) € Athen ' : Ais an axiom. Otherwise Y (¢') = X (s). In this case val(t) =
val(s) = val(t') = val(s’) and thus T" : A, X (¢) is an axiom.

Now suppose that I" : A, X(s) is the conclusion of (— A). Then ¢ — ¢ € I" and we have

the premises % T: A ¢ X(s)and l% I',v : A, X(s). The induction hypothesis yields

% T:A¢,X(t) andl% T4y : A, X(t). An application of (— A) yields I% A X(¢).

The other cases are similar.

(4) Similarly to the proof of assertion 3.

Lemma 4.4 (Inversion lemma).
() IFEET ¢ — ¢, Athen} T, ¢ : b, A,
Q) Iff-T : A, Vad(x) then[-T : A, ¢(k) for all k € N.
B) IfFF-T,6 = ¢ : Athen}-T: A, ¢ and - T, : A.

PROOF. By routine inductions on «. One can mimic the proofs for the Gentzen calcululs without
any problem. g
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3. Cut-elimination in Z°°

We cannot prove cut eliminaton for Z since the induction scheme causes a serious obstacle but for Z>°
we can prove cut elimination.

Lemma 4.5 (Reduction lemma). Ifl% I':A¢ andlg T,¢: Aand|p| <r then Iﬁ Ir:A

PROOF. By induction on 5. Suppose 8 = 0. Then I',¢ : A is an axiom. We distinguish the
following cases:

e A contains a true atomic formula. Then I" : A is an axiom.
e T contains a false atomic formula. Then I" : A is an axiom.

e ¢ is false atomic formula. An application of lemma 1.3 to l% I': A, ¢yields l% I' : A and thus
the assertion.

e There exist terms s and ¢ with val(s) = val(t) and X (s) € T',¢and X(t) € A. If X(s) € T
then I' : A is an axiom. If X (s) = ¢ then lemma 1.3 yields l% I': A, X(¢) which by implicit
contraction is the same as I% I':A.

Assume now that the last applied rule was (— A). Then ¢ — x € T',¢ and Ii—o ¢ : A4 and

lﬂr—l ', &, x : A where 3y, 81 < . The induction hypothesis yields I%M I': A ¢ and a+f12 T x:A.

There are two cases to consider:

e ) — x € T'. Then we again apply (— A) and obtain the assertion.

e 1) — x = ¢. The inversion lemma yieldsl% [, : A, x. Because of |, | x| < |¢] < r we can
e} 241 a+p82
apply now a cut. This yields Iﬁ I : x, A. Another cut yields I%B I:A.

The other rules are treated analogously. ]

THEOREM 4.6 (Cut elimination for Z°). If|=1 T': A then 2T : A.

PROOF. By induction on «. If @ = 0 the the assertion is trivially true. We assume that o > 0. We
distinguish two cases:

e The last applied rule was not the cut rule. Then there are premises ITQT Ty : A; witho; < o
for all 7. The induction hypothesis yields l% I; : A, for all . Applying the same rule yields
30
— I : A.

[e7s) a1 F .

Lo Aand
A, ¢ met |¢| < r + 1. The induction hypothesis yields |55 T', ¢ : A and 5~ T : A, ¢ with
|¢| < r. The reduction lemma yields I?’T r:A.

e The last applied rule was a cut. Then there are premises of the form

O
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THEOREM 4.7. Ifl% I' : A then there exists a B such that l% I' : A. The B is an iterated tower of
exponentials with base 3 of hight r with an « on top, thus of the form 3,.(a).

4. Embedding of Z into Z*°

In this section we make the relation between the formal proof system Z and the informal proof system
2> more explicit. We will prove in particular that Z°° can prove every closed which is provable in Z.
The proof yields an explicit construction how a Z-proof can be translated into a Z°° proof. In doing so,
we will show that Z*° is able to prove the induction scheme Z which is not an axiom of Z°°. The latter
is precisely the point where infinite derivation lengths will enter the scene.

Lemma 4.8.
(1) Ifval(s ) ( ) and if p(x) is a formula, then @ o(s) : o(2).
@ [ 60 ) = $(Sz)) : Vag ().
PROOF.

(1) By inducion on the rank of ¢.
If |¢| = 0 then ¢ is atomic and an easy case distinction yields that ¢(s) : ¢(¢) is an axiom, too.
If |¢| > 0 then we have to consider two cases:
2
e ¢ = ¢» — x. The induction hypothesis yields l% Y(t) : ¥(s) and le
Then we continue as follows:

de,(s) — x(8),¥(t) : x(1),
Iw o(s)

e ¢(a) = Vyiy(a,y). The induction hypothesis yields l% P(s,m) :P(t,m) forallm € N.
This yields IZWOL Yy (s,y) : ¥(t,m) for all m and hence I% Yy (s,y) : Yy (t,y).
(2) Suppose that k = 2|¢| and £ = Vz(¢(z) — ¢(Sx)). By induction on n we prove

2 4(0), ¢

If n = 0 the the assertion follows from the first assertion. If n > 0 the induction hypothesis

x(s) + x(t).

ylelds lJ #(0 . The first assertion yields l— ¢(Sn) : $(Sn) and therefore by (—
) we obtain |+7n+1 qu ) = &(Sn) : ¢(Sn). This yields |+7n+2 ¢(0), € : ¢(Sn)

via (VA) using the implicit contract1on which is built into the calculus.

Finally, we apply (V.5) and obtain [ ¢(0), ¢ : Vag(z).

THEOREM 4.9 (Embedding). IfZ lﬁ T:Aand FV(T : A) C{aq,...,a,} then there exist k', r' such
that for all m € N" we have |- F( ) A(m).
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PROOF. By induction on k. If £ = 0 then I' : A is an axiom of the sequent calculus. Then there is
an atomic formula ¢ with ¢ € I' N A or we have L € T, so that I'(m) : A(m) is an axioma of Z°°.
If k£ > 0, the we have to deal with the last applied derivation rule in the proof of I' : A:
e (— A). We then have

I':¢9,A Ty: A
Log—y: A

— A

The induction hypothesis yields
+k1
=T (m) : ¢(m), A(m)
w+k
= L(m),¢(m) : A(m)
By applying (— A) ' we obtain
w+max(k1,k2)+1
B DL ), g(m) - (m) : A(m)
e (— 9). Similarly.
o (VS). We have

I: ,A
p(a) Vs
I':Vao(z), A
with a ¢ FV(T : Vzg(x), A). The induction hypothesis yields
w+tky
m L(m) : ¢(k,m), A(m)
for all k, m Applying (VS) yields:
w+ki+1
R D) - Vg (,m), A(m).
e (VA). We have

Tyo(t) : A
I,Vag(z) : A vA

It is possible that there are free variables a; which occur in ¢. For those extra variables we
substitute simply zeros. The induction hypothesis yields

5 D(m), 6(t) (m. 0) : Am)
Note that ¢(t)(m, 0) = (¢(t(m,0)))(m) and from lemma 1.8 we obtain
29 p(val(t(m., 0)),m) : 6(t(m,0),m)

We can apply a cut:

L(m), ¢(t(m,0), m), ¢(val(t(m,0)),m) : A(m) T'(m), ¢(val(t(m,0)),m) : ¢(t(m,0),m), A(m)

L(m), 6(val(t(m, 0)),m) : A(m)
I'(m),Vag(z,m) : A(m)

VA

IThis is here the rule (— A) of Z*°

CUT



34

4. UPPER BOUNDS FOR THE TRANSFINITE INDUCTION IN Z

The assertion follows.

(= 1I). We have

The induction hypothesis yields
k
—T(m),t(m,0) = t(m,0) : A(m)
Since t(m, 0) = t(m, 0) is a true atomic formula, we can conclude that

~T'(m) : A(m).

(= F). We have

The induction hypothesis yields

=T(m),t(m) = s(m), f(t)(m) = f(s)(m) : A(m)
If there exists an ¢ so that N £ s;(m) = t;(m) then I'(m), s(m) =
axiom and the assertion follows. Suppose that N = s;(m) = t;(m) for a 11 i.

From lemma 1.3 we conclude

w—+k

™ T(m), t(m) = s(m) : A(m).
(= P). We have

I'R(t),R(s),s=t: A
I''R(s),s=t: A

=P

The induction hypothesis yields
=T(m), R(t)(m), R(s)(m), s(m) = t(m) : A(m)

)
If there exists an ¢ such that N [£ s,(m) = t;(m) then I'(m), R(s)(m), s(m) = t(m) :
A(m) is an axiom. So suppose N |= s;(m) = ¢;(m) for all 4. From lemma 1.3 we conclude

S T(m), R(s)(m), s(m) = t(m) : A(m).
T-regel. Here we have

Io: A

T':A T

where ¢ is an axiom of Z. The induction hypothesis yields >

wih I'(m),¢: A(m)

[k

It is sufficient to prove

because we then could apply a cut:

2There are no free variables in the axioms of Z , thus ¢p(m) = ¢.
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I'(m),¢: A(m) I'(m): ¢, A(m)
I'(m) : A(m)

CUT

and the assertion would follow. We distinguish two cases:
- ¢ =Vx(Sz =0 — L). We prove this as follows:
Sm=0:1

Sm=0— 1
Va(Se=0— 1)

— 5
vS

- ¢ =VaVy(Sz = Sy — x = y). We prove this as follows:

Sm=8n:m=mn
Sm=Sn—-m=n
Yy(Sm = Sy — m = y)
VaVy(Sz = Sy — x =y)

— 5
VS

vS

- ¢ = F(0) AVz(F(x) — F(Sz)) — VaF(z). From lemma 1.8 we conclude m for all m
and then,

F(0,m),Va(F(z,m) = F(Sx,m)) : VeF(x,m)
F(0,m) :Vz(F(x,m) —» F(Sz,m)) — VzF(z,m)
F(0,m) — Va(F(x,m) —» F(Sx,m)) = Vo F(z,m)
Vy(F(0,y) = Va(F(z,y) = F(Sz,y)) = VoF (z,y))

— S
— S
VS

In fact we have to prove a slightly different formula but this does not cause any problem
and the details are left to the reader.

— The other cases are similar

THEOREM 4.10. If Z =T : A where I" : A is a closed sequent then there is an « < € so that l% r:A

PROOF. The embedding theorem yields Z* [+ T': A. Cut elimination yields Z° [ T': A with
a < €. O

5. Transfiniete inductie in Z>°

Definition 4.11. Zij < een gefundeerde binaire relatie op N. We definiéren:
Im|< = sup{|n|< +1|n < m}
1<l = sup{|m|< + 1| m € N}
1Z].., = sup{||<|l | Z+ TI<(X) met < Lo-definieerbaar}

sup
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The prominent goal of this section is to prove || Z|,, = €o-

Definition 4.12. We define the notion of X -positive and X -negative formulas as followst:
(1) If Xdoes not occur in ¢, then ¢ is X -positive and X -negative,
(2) the formula X (t) is X -positive,
(3) if ¢ is X -positive then \p — ¢ is X -positive and ¢ — 1) is X -negative,
4) if ¢ is X-negative then v — ¢ is X -negative and ¢ — 1 is X -positive,
(5) if ¢ is X-positive then Vx¢ is X -positive;
(6) if ¢ is X-negative then Vx¢ is X -negative.

Definition 4.13. Zij U C N en ¢ een formule die alleen X als vrije predikaatvariabele mag bevatten. We

define the validity of $(X) in the structure (N, U) as follows.

(N,U) |= o(X)
by stipulating the interpretation of X via N = X (t) iff val(t) € U.

Lemma 4.14 (Monotonicity). (1) Suppose that ¢(X) is an X -positive formula where X is the only
predicate variable in ¢. If U CV C Nand (N,U) = ¢(X) the (N, V) = ¢(X).
(2) Suppose that ¢(X) is an X -negative formula where X is the only predicate variable in ¢. If
UCVCNen(N,V) E &(X)dan (N,U) E o(X).

PROOF. By induction on |¢|.
Suppose that |¢| = 0. Then there are two cases to consider:
e X does not occur in ¢. In this case we have¢ = P(t) and the assertion is trivially true.

e X does occurg. Then ¢ = X (t) for some ¢t. We have by assumption (N, U) = X (¢) and so
val(t) € U. Then by assumption val(t) € V and (N, V) = X (¢).

If |¢| > 0 then there are two cases:

o $(X) = 9(X) = x(X). The x(X) and ¢(X) are X-positive and X -negative respectively.
By assumption we have (N, U) = ¥(X) — x(X) hence (N, U) (= ¢(X) or (N,U) | x(X).

— Suppose that (N, U) = x(X). The induction hypothesis yields (N, V) |= x(X) and thus
(N, V) |= (X)) = x(X).

— Suppose that (N, U) = x(X). Then (N, U) }= ¢(X). If (N, V) |= ¢(X), then by induc-
tion hypothesis for the second assertion (N, U) | ¢(X) contradiction. Thus (N, V) B~
$(X) and (N, V) |= 9(X) = x(X).

e ¢(X) = VYyy(y, X ). The assumption yields (N,U) &= Vyi(y, X) and therefore (N,U)
(n, X) for all n € N. The induction hypothesis yields (N, V) [ ¢ (n, X) for all n hence

(N, V) = Vyi(y, X).

The second assertion is shown similarly. g
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Lemma 4.15. Suppose l% X(t1),...,X(tn), Prog_(X),T' : A and that < is well founded. Define

0 = max{|t1|<,..,|tn]<}
M, ={meN||m|g <d+ 2%}
Suppose that X occurs only negatively in I and only positively in A. Then

(N,My) = AT = \/ A

PROOF. By induction on a.
Suppose a = 0. Then X (¢1),..., X (¢,), Prog_(X),I' : A is an axiom and there are two cases:
e I': Ais an axiom. The the assertion follows.

e We have X (t) € A with val(t) = val(t;) for some 7. Because |t;|< < § + 1 we see val(t;) =
val(t) € My and the assertion follows.

Now suppose a > 0. We have to deal with different cases according the the last applied inference rule:
e (— A). In this case we have
T X(t),. .., X (t,), Prog_(X),[: A, ¢
- X (t1), ..., X (), Prog L (X),T, 4 : A
where ¢ — 1 € I'. The induction hypothesis yields
(N, Mo,) = AT = \/Ave
(N, Ma,) = AT Aw —\/A
We have M, M., C M, and with monotony we conclude
(1) (N, M) = AT = \/Ave
2) (N, M) = AT Ag—\/A

We have to prove that

(N,My) = AT = \/ A

Assume that (N, M,,) = AT. If (N, M,) = V A then the assertion follows. Thus suppose
(N,M,) = VA. From (1) we find (N, M,) = ¢ and since ¢ — ¢ € I' we conclude
(N, M,) E . Then (N, M,) = AT A+ and from (2) we see (N, M,) E \V A. Thisis a
contradiction.

e (VA). This rule can be applied to Prog_ (X)) or to I. If it has been applied to I" then the proof
is as before. So assume that this rule has been applied to Prog_ (X'). Then we had the premises

T X(t), ..., X (t,), Prog_(X), (Vy < k : X(y)) — X (k),[: A

with oy < aand k € N. We can not yet apply the induction hypothesis to this sequent because
the is antecedent X -positive. By inversion applied to (— A) we nevertheless find

3) T X (t), ., X (1), Prog (X),T: A, (Vy < k : X(y))
@) WX (1), X(ta), Prog_ (X),T, X(k) : A
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The induction hypothesis applied to (3) yields:
o) (N, Mo,) = AT =\ AV (Vy < k: X(y))
We have to show that
(N, M,) = /\r - \/A

If (N, M,,) E AT — V A then the assertion follows by monotony. Thus suppose (N, M)
AT — VV A. Then (N, M,,) E AT and (N, M,,) &\ A. From (5) we conclude (N, M, ) E
Yy < k : X(y) and thus |k|< < § + 2°°. Define

8" = max{4, |k|<}
The induction hypothesis yields
(N,{m € N| |m|< < &' +2%}) |:/\F—> \/A
We have {m € N | |m|< < §' 4+ 2*} C M,,. The assertion follows by monotonicity.

e The other rules can be treated similarly.

Lemma 4.16. Suppose thatl% Prog_(X) — Va.Xx and that < is well founded. Then ||<|| < 2%

PROOF. The inversion lemma yields I% Prog_ (X) : Vz.X (z). The previous lemma yields
(N, M,) E Vo Xz
Since Vz. X x, we see Vk € N.k € M, endus N C M, so that:
1<l = sup{|m|< +1[m € N} <sup{|m|<+1|m € Ma}
We have in this context M, = {m € N | |m|< < 2®} and thus sup{|m|< + 1| m € M,} < 2°. O

THEOREM 4.17. Suppose Z l— TI1<(X) and that < is well founded. Then ||<|| < €o.

PROOF. The embedding theorem (theorem 1.9) yields the existence of k' and ' so that w—:,k

3,7 (w k},
TIL(X). Using the cut elimination theorem (theorem 1.7) we obtain: l% TIL(X) where 3p(a) :=

aand 3,41 () := 3% (),
The boundedness lemma lemma 1.16 yields:
<) < 26 @) < g,
0

A binary relation < over N is well founded if there does not exist an infinite <-descending chain of
elements in N. The rank of a wellfounded relation <C N x N is the least « such that there exists a
function f : N — « such that m < n implies f(m) < f(n). The rank rk(m) of m is the rank of the
restriction of < to {n € Nat : n < m}.

Exercise 4.18. Let < be an arithmetical well founded order (of rank less than ).

(rk(n
Show Z il (0 S+ Prog_(X),n € X forall n.



CHAPTER 5

Provably recursive funtions of 7

The goal of this section is to investigate provable and and unprovable (with regard to the formal system
7) instances of sentences of the form Va3Jyd(z, y) with ¢ quantifier free. In fact our method will work
with some minor modifications also for sentences of the form Vx3y¢(x,y) with ¢ being an existantial
sentence.

Note that Vz3y¢p(x, y) describes the totality of an algorithm: “for every input x there is an output y
fulfilling a certain specification”.

Definition 5.1. Let o = w**'mq + - - - + w*m,, be in Cantor normal form. Then
max(a) = max{max(ay), ..., max(, ), M1,..., My}
and

N(a)=n+ N(a1)+---+ N(an)

1. The Hardy-hierarchy

Definition 5.2. The Hardy hierarchy (H,)a<e, is defined as follows:

Ho(n) = n,
Hyp1(n)=Hy(n+ 1),
Hy(n) = Hyppy(n) whereA € Lim.
Here a[n] is the n-th element of the fundamental sequence for o < eq:
afn] = {0 alsa=0
ag+ -t am_1+apn] asa=xrap+--+an
w*tn] =w*(n +1)
w’\[n} =

Moreover for o = gy we put an] := w, where wy := 1 and w41 := w*! forl < w.

We use this hierarchy for scaling the provably total functions of Z. The idea is that the computational
complexity of H, grows when o becomes larger and larger. We will see shortly that the functions H,,
grow rather quickly even for rather small ordinals like w®.

39
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Definition 5.3. We say NF(«, 3) if one the following conditions hold:
(1) a=0;
(2) p=0;
B) a=w* + - +w¥and B =w + -+ WP and oy > Bi.

The idea behind this definition is that NF(«, §) implies a & 3 = e + 3 which means that no subterms of
« disappear after performing the sum with 3.

Lemma 5.4.
(1) a € Lim = «afn] < a[n+ 1] and sup, ., a[n] = o ifn > w
(2) a>0 = N(«a[0])+1=N(a).

PROOF. Both assertions can be proved by easy inductions on «. g

Lemma 5.5 (The Bachmann property). an] < < a = a[n] < 8[0].

PROOF. Assume that 8 =g fg + - - - + B with & > 0. There are the following three cases
(1) aa=nF ag + - + a;, withm > 0. Then
an] =ag+ - +amn] <Bo+-+ B <o+ + am
This yields k& > m en «; = (; for all i < m so that
amn] < Bm + -+ Br < .

This yields a,[n] < B < am. If & = m then a;n[n] < B < am,. Then the induction
hypothesis yields o, [n] < 8, [0] < auy. If & > mthen S[0] => By + - - + B > a[n].

(2) Suppose now o = w1, Then
ap]=w(n+1) < <w’™t

This yields By = -+ = B, = w? and W < Bpy1 + ...+ P <w ! Thecase k = n + 1is
impossible. Hence k£ > n + 1 and

wi(n4+1) < Bo+--- 4 Bn+-+ Bil0]

(3) Suppose & = w*. Then

afn] = win] = MM < g < W

If k > 0 then B[0] > By > w ™. If k = 0 and By = w” then A[n] < v < A. The induction
hypothesis yields A[n] < ~[0]. Thence

WM < 10 = Blo].

Lemma 5.6. a[n] < § < a = N(a[n]) < N(p).

PROOF. This follows from assertion 2 of Lemma lemma 1.4 and from Lemma lemma 1.5. O
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Lemma5.7. a < § = a < B[N(a)].

PROOF. From lemma 1.6 we obtain for 3 € Lim that
N(B[n]) < N(B[n+1])

hence

= N(a) < N(B[N(a)]).
Suppose B[N (a)] < a < 8. Then lemma 1.6 yields a contradiction. O
Lemma 5.8. (1) Ho(n) < Ho(n+1),

(2) Blm] <o < B = Hpgpm(n+1) < Hy(n),

(3) B<aAN(B)<n = Hg(n) < Hy(n),

4) a >0 = Hu(n) =min{k >n | afn]...[k—1] =0} = nd+min{k | a[n]...an+k-1] >
0}.

PROOF. Let k > n be minimal such that a[n] ... [k — 1] = 0. Then

Ha(n) = Ha[n](’n + 1) = Ha[n][n+1](n + 2) = Ha[n].“[k—l](k) =k

The first two assertions are proved simultaneously by induction on «. The third assertion follows by
induction on « noting that 8 < awand N8 < n yields § < «[n]| by Lemma lemma 1.5. ]

Lemma 5.9.
(1) NF(«, B) yields Hqo15(n) = Ho(Hg(n)).
(2) Hyos1(n) = H'T (n+1) en Hyx(n) = H s (n +1).
(3) For all primitive recursive functions f : N — N there exists a k such that for all € € N? we
have f(x) < H,r(max x).

PROOF.
(1) By induction on 3.
2) H,o+1 (TL) = Hwa+1[n] (n + 1) = chx(n+1)(n + 1) = ngl(n + ].)

(3) This assertion follows as usual from the second assertion by an induction along the generation
history of f.

O

2. Operator-controlled derivations

In the sequel we consider formal and semiformal systems without set variables. These set variables have
been used to model well foundedness properties but are not relevant in the context of provably recursive
functions. Nevertheless all statements and proofs will go through for the versions with set variables. To
obtain a better control about the computational content of existential statements we introduce a modified
infinitary system in which derivations are controlled by a operator F' : N — N which satisfies

Vm,neN:(m<n = F(m) < F(n))
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and
YmeN: F(m)>m

We call such operators nice. Those operators are nice in the sense that they preserve information which
is coded in arguments or function values for smaller arguments.

For such operators we write F' < G if for all z € N we have F'(z) < G(x).

Definition 5.10. Let F' be a nice operator and i < w. Then we define the operator F'[i] as follows.
Fli](x) = F(max{i,z}).

Then F'[i] is of course a nice operator, too.

Definition 5.11. Let I be a nice operator. F I% T : A holds if N(a) < F(0) and one of the following
cases holds:
o Axiom: T contains a false atomic formula or A contains a true atomaic formula;

. (—)A):F%F:A,qﬁandF'%F,z/J:Aandozo,al<aand¢—>d)€F.
° (—>S):Fl%F,d):zb,Aandao<aand¢)—>w€A.

(VA): FI=T, (k) : A and k < F(0) and vy < o and Vg € T.

(VS): Fi] laT I:A¢(i) and a; < o foralli € NandVag € A.

(CUT): FI5-T,¢: Aand F|5-T : ¢, A and ag, a1 < cand |¢| < r.

Note that this system is very similar to Z°°. The major difference is due to the rules for the quantifiers
where the operators play a role. The idea is that existantial witnesses are saved into the controlling oper-
ator in case of an application of (VA). The role of the extra condition Naw < F'(0) becomes transparent
in the proof of the cut reduction theorem.

Lemma 5.12 (Structural lemma). Suppose F' I% T':AandD CI"and A C AN andr < v and a < o
and /1 : F(1) < G(l). Then G [~ T" : A,

PROOF. Proof by induction on a. O

Lemma 5.13 (Inversie).
) IfF I% I': A, ¢ and ¢ is a false atomic formula then F l% I: A
Q) IfF I% I',¢: Aand ¢ is a true atomic formula then F l% r:A.
G) IFFEET:A ¢ — pthen FEET,¢: 4, A.
@) IFFIET, 0= ¢ : Athen FE-T : ¢, Aand FI&T,4 : A,
(5) If FI-T 1 A, Vag then Fli| T : A, ¢(i) for all i.

PROOF. All proofs can be carried out by routine inductions on c. Only the proof of the last assertion
needs some extra care. The proof is still by induction on «. Suppose &« = 0. Then I' : A, Vz¢ is an
axiom. Since Vz¢ is not an atomic formule, we see that I" : A is an axiom and the assertion follows. Now
suppose @ > 0. We may assume that a last inference rule has been applied:
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e (VA). Then I l— L, ¢(k) a:gb and k < F(0) and a9 < o and Vytp € T'. The induction
hypothesis yields Fi I— ¢ A, ¢(i) for all i. An application of (VA) yields the
assertion since k < F ) < F[i](0 )

e (VS). Then F[i I— I': A(i),Vog and o; < « for all i € N and Vyyp € A,Vzp. The
[2]

induction hypothesis yields F'[i][j] l— I : A¢(i),p(j) for all j. There are two cases to

consider:
— Yy # Vx¢. Then we apply (V.S) and the assertion follows.
- Vyu» = Va¢. By implicit contraction we obtain:
Fi 5T - A, (i)
Since F[i][i] = F[i] we thus obtain:
Fli] 5T : A, 6(i)
The assertion follows.

e The other cases are easy.

3. Cut-elimination

Now we are going to prove the cut elimination. This will have a subtle effect on the underlying operators.

Definition 5.14. Suppose that F' and G are nice operators. Define
C(F,G)=FoG+F+G

The idea is that C(F, G) models the composition of F' and G. The extra two summands are built in for
conve nience and have to do with technical constraints regarding controlling the norms of ordinals in later
applications and are in fact superfluous.

Lemma 5.15 (Reduction lemma). Suppose that G I@ I'o:Aand F I% T':A ¢and|p| < r. Then
cF 2T A
PROOF. The proof is by induction on 8. Note first that N(a + 5 - 2) < F(0) + G(0) + G(0) <
C(F,G)(0). There are two cases to consider:

e ¢ was not the principal formula of the last inference. If ', ¢ : A is an axiom then the assertion
follows immediately. Otherwise we distinguish cases according the last applied inference rule.
Assume, for example, that the rule (V.S) has been applied. Then we see for all 4,

Gli] |5 T,6: A, 0()
with Vx1) € A. The induction hypothesis yields
Gl P : A6 (0)
We have C(F, G[i]) < C(F,G)[i]. Indeed, we have for all | < w
C(F,GLi)(1) = F(GLM) + F() + G[il(1) < F(G(max{i,[})) + F(max{i, l}) + G(max{i,1}) = C(F, G)[i](])
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and thus we can apply (V.S) and the assertion follows.
e ¢ was the principal formula of the last inference.

— IfT',¢ : A is an axiom then ¢ is a false atomic formula and the assertion follows by

assertion two of Lemma lemma 1.13 applied to F' I% I':A ¢
If ¢ = ¢» — x then inversion yields

GIET, 6 A

G ﬁi} Lo, x: A

The induction hypothesis yields

R AT A

cF, 2 oA
Applying inversion (Lemma 5.15) on F' I% I': A, ¢yields
FET,4:x, A
By applying cut we obtain:

Ligx, A Ti:x, A
I':y,A cuT Ix:A

CFEG) 2T A

Applying cut is allowed since ||, |x| < |¢| < r. Note that a+max{ 5o, f1}+2 < a+3-2.
¢ = Vx1». We have the premises
GIET, 0,0k : A
with k < G(0). The induction hypothesis yields
C(F,G) P22 1 (k) - A
Inversion applied to F’ I% I': A, ¢yields

FIRIE-T: A ¢(k)

Now we have k < G(0) so that F[k] < F[G(0)] < C(F,G) and we can again apply a cut
to obtain:

cF,a)EE A

Definition 5.16. For a nice operator F we define

F(z) = max ({F(z) + 1} U{C(F",F°)(z) | 7,6 < a AN(7),N(8) < F(x)})
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Lemma 5.17. Let F be a nice operator. Then we have for all i,m € N and o € On that

(F[i])*(m) < F[i](m).

PROOF. By indcution on . If @ = 0 then the assertion is clear. So suppose o > 0. For some
v,0 < aand N(v), N(8) < Fli](m) we obtain

F[i]*(m) = C(F[]", Fli]° )(m)
(i (Fli]°
(6] (]
[#](

Y 1

3 m

(m)) + (m) + F[i]’ (m)

(m))+F7 il(m) + F°[i](m)

J(F°[i)(m)) + F[i)(m) + F°[i](m)
V(F°(max{i,m})) + FY(max{i,m}) + F°(max{i, m})
“(max{i,m}) = F[i](m).

IN

ap

IN
"121'11'11’11’11

IN

THEOREM 5.18 (Cut-elimination). If F' lrff_—l T': Athen F® l% I': A
PROOF. By induction on . If @ = 0 then the assertion is obvious since no cut is involved. Suppose
that o > 0. Note that Na < F(0) yields Nw®) < F*(0). We have to consider two cases:
e The last inference rule was a cut. Then we have the premises:
FRIrT ¢:A
FEST: A9
with ag, @1 < @, N(ayg), N(ay) < F(0) and |¢| < r + 1. The induction hypothesis yields
Fol221 6. A
ForliT AL
with |¢| < r. The reduction lemma yields
O(Fo0, pony 2242 o A
We have C'(F, F*1) < F“ since N(ap), N(ay) < F(0).
Moreover, we have w®® + w*2 < w® and the assertion follows.

e The last inference rule was not a cut. We distinguish cases according to the last applied deriva-
tion rule. Consider, for example, the case of (VS). (The other cases can be treated similarly.)
We have the premises

Flil 5T A, o)
and

N(aq) < F[i](0)
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for all ¢ with V¢ € A. The induction hypothesis yields
Fli]™ [T : A, (i)

From lemma 1.17 and N («;) < F[i](0) we obtain F'[{]* < F*i[;] < F“[i] and hence
FOl] [T 2 A, ¢(0)

An application of (V.5) yields

FolT:A

4. Witness bounds for existential sentences

Lemma 5.19. Suppose that F’ |% Jx(x) with ¢ atomic. Then there exists a k < F(0) so that N |= ¢(k).

PROOF. Suppose F l% Jxp(x). This yields
FE-Va(p(z) — 1) : L
Now we perform an induction on a.
Since the proof is cut free the last applied rule is (VA). We thus had premises
F - Va(p(a) — L), (k) — L: L

where k < F(0). If N = ¢(k) the the assertion follows. So assume N (= ¢(k) for all & < F(0). By
inversion (Lemma lemma 1.13 we obtain

FISVa(d(e) = 1) : o(k), L
where ¢(k) is a false atomic formula. Another application of Inversion yields
FF-va(o(x) — 1) : L

for some ap < a. By induction hypothesis we obtain a k& < F'(0) so that N |= ¢(k). Contradiction.

THEOREM 5.20. If F' I% VaIyp(x,y) with ¢ atomic, then we have for all m € N that there exists an
n < F(m) withN = ¢(m,n).
PROOF. Suppose F l% VaIyo(x,y) with ¢ atomic. Inversion yields
Flm] {5 3ys(i,y)

for a given m. From lemma 1.19 we obtain that N |= ¢(m, n) for some n < F[m](0) = F(m). O
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5. Embedding of Z

We can prove the embedding of Z into Z°° also in the context of operator-controlled derivations.

Lemma 5.21.
(1) Ifval(s) = val(t) then 2/6| + id Pk (s) : (t).
) 2|¢| + 2id +2 [ $(0), Va(d(z) — ¢(Sz)) : Vag(z).

PROOF.

(1) By induction on |¢|. Most cases are routine. The interesting case is ¢ = Vy1)(y). The induction
hypothesis yields

.| 21%]
20| + id o5 (s, m) = (¢, m)
for all m. We find

(2l4] + id +1)[m] P vy s, ) (2, m)

since m < (22|¢)] 4+ id 4+ 1[m](0). Using (V.S) we obtain
. 2[4 +1
(21l +id+2) =5 V(s )  Vyu(t, ).
(2) Note that (2|¢| + 2id)[n](0) > N(2|¢| + 2n). By induction on n we prove that

(2]¢| + 2id)] IMQs

where £ = Vz(p(x) — ¢(Sz)). If n = 0, then the first assertion yields
¢l
(2]¢] 4+ 2id)| l_o #(0

Assume now n > 0. The induction hypothesis ylelds

2|p|+2n
(28] + 2id)[n] F—— ¢(0

The first assertion yields

@l6] + id)[n) Pl g(50) : 6

So we find
2|l +2n+1
@16] + 2id +1)[n] PLEZL 50, €, 6(n) — 6(Sn) : 6(Sn).
This yields
) 2|¢|+2n+1
216] + 2id +2)[n] P22 50y, ¢ - 6(Sn)
and thus

@] + 2id)n + 1] A2 500), ¢ - g(Sn)

The assertion follows.
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THEOREM 5.22 (Embedding). Suppose that FV(I' : A) C {a1,...,an} and Z = T' : A. Then there
exist k,r < w and a primitive recursive nice operator F so that for all m = (my,...,m,) we have

w+k
Fim]F5=T(m) : A(m).
PROOF. By induction of the length of the derivation of I" : Ain Z. If I : A is an axioma of Z, then
I'(m) : A(m) is an axiom, too. Suppose that a last inference rule has been applied:
e The rules (— A) and (— S) can be treated as for Z°°.

e (VA). Then we have Vz¢(x) € T and we have apremis - T', ¢(¢) : A. The induction hypothesis
yields

w+k
Gm] 5 T(m), ¢(t(m)) : A(m)
with rq, kg < w. From lemma 1.21 we obtain

20|+ i[5 plval(t(m) : 6(t(m)
We may assume that G[m] > 2|¢| + id and G[m](0) > N(w + ko + 1) and can apply a cut:

Glm] o T (), g(val(t(m)) = A(m)

An application of (VA) is not yet immediately allowed since we have to guarantee that val(t(m)) <
G(0). This is not necessarily true. But we can majorize m — val(t(m)) by a sufficiently large
branch A, of the Ackermann-function and we can obtain:

wtko+2
(G+ Ay)[m] lm L(m) : A(m)
Here d has to fulfill Agz(max(m)) > val(t(m)) + 1.

e (VS). Then Vyy)(y) € A and we have a premis - T' : ¢(a), A with a ¢ FV(T : A). The
induction hypothesis yields for all | € N

Glm, I 7= D(m) - v(l,m), A(m)
We may assume G[m](0) > N(w + ko + 1) Applying (V.S) yields:
Glm] FE D im) - A(m)
This works because G[m, ] = G[m][l].
e We can deal with CUT en the equality rules as Z°°.

e T-rule. Suppose we have a premis - I', ¢ : A where ¢ is an axiom Z. The induction hypothesis
yields

Glm] 2 T(m), ¢ : A(m)

It is enough to show

¢

The we can write down the following proof:

GIm] 2 T(m), ¢: A(m)  HER-T(m) : ¢, A(m)

w+max(ko,k1)+1
F[m) l—maX(T07r1’|¢|+1) I(m) : A(m)

CUT
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for some suitable F' majorizing G and H. That is precisely what we want to show. For this we
distinguish cases according to the shape of ¢. We consider the case ¢ = Vz(Sz = 0 — 1),
since the other cases are similarly:

idfESm=0:1
id+1f5Sm=0— L
id+2 P va(Sz =0 — 1)

e The induction rule can be treated by the induction lemma.

6. Godel incompleteness

Definition 5.23. Let o < gg. A function F' is called a-recursive if it can be generated from the zero
function and the projection functions by substitution, primitive recursion and the closure under formations
rule: If F is o recursive and B < « then F“ is « recursive.

THEOREM 5.24. Suppose Z + Vax3yo(x,y) with ¢ atomic. Then there exists an o < g¢ and an «-
recursive function F so that for all m there exists an n < F(m) such that N |= ¢(m, n).

PROOF. Suppose Z + VaIy¢(x,y). The embedding theorem yields the existence of a primitive
recursive function F' and of numbers &, r < w so that

w+k
F 5 vadye(z, y)
Iterated applications of cut elimination yields:
F S va3yg(e, y)
Wwe Tk
Ptk [ aTye(a, y)

W@tk www+k
(F)* o VaTye(a, y)

G} VaTye(x,y)

for some suitable @ < €. The function G will be a-recursive. By applying lemma 1.19 the assertion
follows. ]

We are now going to compare « recursive functions with functions from the Hardy hierarchy. The crucial
ingredient for the proof is the property 8 < a AN(8) <n = Hg(n) < H,(n) which we have shown
in Lemma lemma 1.8.

Some natural majorization properties of the Hardy hierarchy are collected in the following lemma.

Lemma 5.25.



50 5. PROVABLY RECURSIVE FUNTIONS OF Z

PROOF.

(1) By induction on c. If &« = 0 then Hy(n) = n < Hy(n). Fora = 4 1 we find

IH
Hyo(n) = Hys(nyny(n) = H''(n+1) > Hg(n+ 1) = Ho(n).
If «v is a limit, then:

Ho(n) = Hapny(n + 1) < Hyor (n + 1) = Hye (n)

(2) Suppose @ = w* + -+ w* and f = Wt 4 - - + w*m+n. Then
Hy(n) = Hyer («.. Hyom (n) ...)
Ha@[j = Hwaﬂ(l) ( .. Hwaﬂ-(ner) (n) . )

wherer is an permutation so that (1) > -+ 2 Qr(nym). The assertion follows from the
composition lemma 5.11 for Hardy hierarchies.

(3) If @ = 0 then the assertion is clear. For o + 1 geldt
N(a+1) = 1+ N((a + D[0]) € Hat10/(0) < Hiarnpo)(1) < Har1(0)
If o is a limit:

N(a) =14 N(al0]) <1+ Hq)(0) < Hajo)(1) = Ha(0) < Ha(n)

Recall that for a nice operator we defined

F(z) = max ({F(z) + 1} U{C(F",F°)(z) | 7,6 < a AN(7),N(5) < F(z)})

Lemma 5.26. Suppose that F is a nice operator.
() a< B = F%z) < FA(a).
(2) 4k < H,2(k) and 8k < H,,3(k) or more generally 2'k < H,,;(k)
(3) Hya(k) < Hyeop+1(k) ifa > 0and z > 0.
4 F<H, = Fﬁ(x) < me@/3+1+8(3}).
PROOF.
(1) By indcution on .. For o = 0 we obtain
F(z) = F(x) 4+ 1 < FP(x).

For oo > 0 we find

or
Fo(z) = FY(F°(2)) + F(x) + F°(2)

for 7,8 < a with N(v), N(6) < F(z). Then the definition of F#(x) yields F7(F?(x)) +
F(z) + Fo(x) < FA(x) since 7,5 < B with N(v), N(8) < F(z).
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(2) We compute:
Hy, (k) = Hyp(k+1) = Hppa(k+1) = Hp(k +2) = H_1(k +3) = 2k + 2
Hyo(k) = Hoyg (B + 1) = Hoqpqr (b + 1) = Hy(2k + 2) = Hyo142)(2k + 3)
= Hopt3(2k+3) =4k +6
Hy3(k) = Hyorkr1(k +1) = Hyo(2k +2) > 4(2k + 2) > 8k

(3) This is easy.
(4) By induction on 3 we prove for all z > 8,
FA(x) < Hyaops ()
and this yields the assertion since H aes+1 (2 + 8) < Haas+1,5(2).
For 8 = 0 we obtain:
FO(z) = F(z) +1 < Ha(2) + 1 < Hat1(2) < Hagpir (2)
< Hyepsi1(z)
For 5 > 0 we have
FP(z) = FY(F°(x)) + F7(z) + F°(x)
for v, < B with N(v), N(6) < F(x). Let £ = max(v,d). Then we obtain
FP(z) < FS(FS()) -3 < F&(FS(x)) - 4
The induction hypothesis and (2) yield
F&(F(2)) - 4 < Hup(Hyooer (Hyaoer (2)))
< Hyooem (HwaEB£+l (Hwaea&l (Hwa@&Jrl (x))))
Because of the composition law H, (Hg(x)) = Hayp(z) for NF(«, 3) we see
F&(FS(x)) -4 < Hyooey
Thus FP(z) < H eeet14(H oos5(z)). Moreover we find
N (w1 4) <41+ N(a) @ N(€) + 1) < 8(2H (7)) = 16H ()
< Hyy(Ho (7)) < Hyoons(2)

Now we can show that F?(z) < H,a0s4(H eoss(z)).
For £ < B we have £ + 1 <  and there are two options:
o If¢+1=pthen Haoct14(Hyaoss(x)) = Hyaoss(Hyeoss(x)).

e If £ +1 < (3 then we apply assertion 3 of Lemma lemma 1.8 (our crucial majorization
property) and obtain

FO(@) < Hyosena(Hoooss (@) € Hoooss(Honsos(2)) < Huosog(x) < Hoeoni (x)
Now we can conclude
Howp+1(x)
< Hyoost1(x + 8)
< Hyoopripg(z+7) <o < Hyoopt145(7)

The assertion follows.
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Lemma 5.27. Let F be a nice operator.
(1) Suppose that 3¥ ™+ .2 4+ 1 < H, i (m) for all m < w. Then F* P (m) < Hggiﬂ(m)for
allm < w. ) Z
(2) Suppose that F*'*P(m) < Hg:;k_‘_l(m) for all m < w. Then F3¥""(m) <

wal_3p®wl$+k+l_3p+l (m) f0r allm < w.

PROOF. The first assertion is proved by induction on w-[+p. The second assertion follows
from 39 TP = ! . 3P and Lemma lemma 1.26 O

THEOREM 5.28. If Z  VaxJyp(z,y) with ¢ atomic then there exists an o < &g so that for all m there
exists anmn < Hy(m) such that N = ¢(m,n).

PROOF. From theorem 1.24 we conclude that there exists an a-recursive function F' such that N |=
¢(m,n) for some n < F(m). For this a-recursive function we have a primitive recursive function G
with:

LWtk

Fi= (o (G )w

Without loss of generality we may assume that G is nice: Otherwise we replace G by a nice majorant.
Since this function is primitive recursive we find an [ such that Vm : G(m) < H,:(m). By an iterated
application of the third assertion of the last lemma the assertion follows. 0

THEOREM 5.29. Assume that Z + Va3yd(x,y) with ¢ an existential formula. Then there exists an
a < gg so that for all m there exists an n < H,(m) such that N |= ¢(m,n).

PROOF. Let ¢(z,y) = Jz¢p(x,y, z) with ¢ atomic. If Z + VaIyg(x,y) then Z F VazIudy <
udz < u(x,y). Since primitive recursive predicates are closed under bounded quantification we find
an atomic formula x(z, u) = Jy < u3z < u(x,y). Morever this equivalence is provable in Z. and we
find Z b VzIux(z, u).

From theorem 1.24 we conclude that there exists an a-recursive function F' such that N |= x(m,n) for
some n < F(m). Then also N |= ¢(m,n). For the a-recursive function F' we find in fact a primitive
recursive nice function G with:

w4k

w

e ()

Since G is primitive recursive we find an [ such that ¥m : G(m) < H,,;(m). By an iterated application
of the third assertion of the last lemma the assertion follows. O

THEOREM 5.30. Let o < €¢. Then Z - Va3yHy(x) = y.

PROOF. Let a be the natural number which codes an element in OT of order type 5. Let us define a
formule H (a, z,y, z) which formalizes that there exists a compuation tree z for Hg(z) with result y.
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We assume that there is a primitive recursive function f such that f(a,z) is afz] if @ € OT. Let
H(a,z,y, z) be the formula

(6) a € OT Nze Seqg ANVi <Ih(y)[lh((y);) =3]A[i=0— Fv <y(y); = (0,v,v)]
) Al =1h(y) =1 = (y)i = (a, 2, y)]
(8) A+ 1<lh(y) —1 = Vu,v,w((y)ir1 = (u,v,w) = (y); = (uv],v+ 1, w,z,y))]
)

Then Z +a € OT — (H(a[z],z + 1,2,y) <> H(a,z+ 1,z x {a,x,y),y)

Let « be represented by k. By transfinite induction up to k& within Z we can prove Z - b < k —
Va3z3yH (b, z, z,y). This yields the assertion.

O

Therefore Z I/ Va3yH.,(z) = y. Assume otherwise that Z - Vo3yH,. () = y. Assume that the graph
of H., is formalized in Z by some canonical existantial formula. Then by the preceding theorem there
exists an & < eg such that for all m there exists an n < H,(m) with H.,(m) = n < H,(m). This is a
contradiction. So there exist formulas which are true over the structure N but which are unprovable in Z
and we obtain among other things a version of the first Godel incompleteness theorem.

Exercise 5.31. In this exercise we extend our methods to larger segments of ordinals so that the provably
recursive functions of stronger theories than Z can be treated once those systems have been reduced
to Z + T where < is an arithmetical well ordering of order type T and where T, formailizes
the transfinite induction along all strict initial segments of <. We assume that we can extend the norm
function N as follows to the larger domain T. Assume that for every k the set {a¢ < 7 : Na} has
finite cardinality. NO := 0., N(a ® ) = Na + NB, N(@w®) = Na + 1. Here 0* := w**! if there
exists an oo and an n such that cg + n = o and w* = «g. Otherwise W = w®. Assume that <
is a primitive recursive well order and o : N — T is a function such that for all m,n € N we have
m < n = o(m) < o(n). Moreover assume that there exists a primitive recursive function G such that
N(o(n)) < G(n) and N(o(n)) < G(n).

(1) Show that there exist a primitive recursive operator F such that for all n we have

|2rk(A)®3:(rk(n)+1)
F o Prog<(A) :V << nA(y).

Q) If Z + T1T)<Vx3yp(z, y) then there exists a § < T and a [3 recursive function H such that
Sforall m there exists an n < H(m) such that N |= ¢(m,n). (Here the definition of 8 recursive
function has to be adapted to T in a straight forward way.) (Hint: Adapt the machinery from
this section.)

Exercise 5.32. Assume that d is the Gédel number of a proof for Z & JyH,,(H.,(100)) = y Show that
d > H.,(50). (Hint: Assume that d < H.,(50) and exploit the constructive content of the embeddind
procedure together with the bounding lemma. Analyze the resulting term using the theory about the Hardy
functions.)






CHAPTER 6

Provably recursive functions of 12,

1. The formal system 1>,

In this section we refine our previous results to obtain a classification of the provably recursive functions
of systems with n-quantifier induction. In these systems the number of allowed quantifiers in induction
formulas does not exceed n. This enterprise requires a good bookkeeping regarding the involved com-
plexities. In a first step we redefine the notion of rank of a formula so that the rank of a formula ¢ equals
the rank of the formula —¢. This has the desired effect that the rank of a formula Vx¢ coincides with the
rank of the formula Jz¢. This has the effect that a formula with at most n unbounded quantifiers can
equivalently be written by a formula of rank not exceeding n.

Definition 6.1. From the rest of this section we change the definition of complexity |¢| of a formula ¢ so
that

16— 9| :{ THTLX(IQ%WDH ifo#1
¢

otherwise

Definition 6.2. We define the system |, for n € N as follows. |X,, =T : A if one of the following cases
holds

(1) Axiom: there exists a prime formula ¢ € T' N A.

Q) (= A 15, 5T ¢, Aand 1S, 5 T,¢ : Aand ¢ — ¢ € T and ay, a < a.

(3) (= 8): 1S, 1,6, Aand ay < aand ¢ — 1 € A.

@) (vS): 1X, la—lI‘ A (;5 b) andVxp € Aandb ¢ FV(I' : A)

(5) (VA): 1S, |- T,6(t) : A and ay < r and Va¢ € T.

6) (=1), (= F) en (= P) as defined for Z.

(7) CUT 1S, =T, ¢: AenlS, 2T : ¢, A and |¢| < r.

(8) If ¢ is an axiom for a primitive recursive function then (as for Z, see chapter 1) ¢ € A.
To be explicit such an axiom is an element of the set {-Sa = 0,Sa = Sb — a =
b,0"(a) = 0, P"(a) = ai,ho (g1,...,9m)(a) = h(gi(a),...,gm(a)),Rec(g,h)(0,a) =
g(a)Rec(g, h)(Sy,a) = h(y, a,Rec(g, h)(y,a))} where g and h range over PRF.

(9) IND: 1L, 55T : 6(0), A and 1S, 2 T, ¢ (b) : A, ¢(Sb)
and ay,a2 < aand ¢(s) € Aand |p| <nandb ¢ FV(T', A,Vxo).

The intention to define IX,, is to analyse the induction scheme more profoundly: the parameter n controls
the complexity of the formulas over which we perform induction. |X( allows only induction over atomic
formulas, IX; allows only induction on formules of complexity at most 1, etc.

The crucial feature of the calculus for 1%, is that the formula in the induction rule IND is of lowest
possible complexity. This allows for a Gentzen style cut elimination of cuts of ranks bigger than n.
Moreover the induction rule IND implies the scheme of inductions for all formulas of rank not exceeding
n.

55
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Lemma 6.3. ,
D) Ifa<d,r<r, T CI',AC A’and'%F : Athen'%l” AL
(2) For a free variable b we have that 1%, [ T'(b) : A(b) implies 1X,, l% L(t) : A(t)
3) 15, Pt o0
@) IfIS, [T : Vag, A then 1T, F-T : A, ¢(t)
(5) 1S, BT - A ¢ — ) then 1T, T, ¢, A
6) If1, [ T,¢ = ¢ : Athen1Z, =T : A, ¢pand IS, [+ T, : A
(7)) If |¢| < nthen X, l% #(0) = (Vz(op(z) = ¢(Sz)) — Yao(z)) for some a.

PROOF. All assertions can be proved routinely. Only the last assertion requires some extra care:
2
(7) We know thatlM @(0) : ¢(0). Assume k = 2|¢| and k' > k, then

15, B va(g(2) — 6(Sx)) : Ya(d(x) — ¢(Sx))

G

Inversion yields
1=, - G - g(b) — (Sh)
1=, f5- G, <z>(b) : $(Sb)

Now suppose ! = max(k, k') + 1 and that c is a new free variable. Then noting that |¢| < n
we are allowed to apply IND and obtain the following derivation:

1=, F— G, 6(0)

1, 5 G, 6(0) : Vao(x),

15, 2 6(0) : G — (Vao(x)),
IZ, 2 6(0) = (G — (Voo().

2. Cut-elimination for 1%,

For 1¥,, we can in contrast to Z prove a special sort of cut-elimination, the so called partial cut-
elimination. We can eliminate all cuts of rank strictly greater than n. This is due to the fact that the
complexity of the formulas which are allowed for the induction scheme is bounded by n. For formulas of
larger complexity we basically can perform the original Gentzen style argument.

Lemma 6.4 (Reduction lemma). Suppose that 1¥x,, l% I': A ¢pandlx, l% ¢ : Aandr > n and
6 < r. Then 15, 22T 2 A

PROOF. By induction on b with a subsiduary proof on the length of ¢. The whole proof is by routine.
Note that if ¢ has been introduced by an induction rule then we can apply a cut to ¢ since n < r. The
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other cases are similar to Gentzen style cut elimination for predicate calculus. Since the definition of rank
has been modified let us consider the case that ¢ = 1) — L. Inversion yields

D35 ARV

By inversion we find moreover, 1%, l% T'¢ . 1, A. But this yields I1X,, l% I',¢ : A. Now we can apply
the induction hypothesis on the length of ¢ to obtain the assertion.

Ix, P22 A

THEOREM 6.5 (Partial cut-elimination). If1¥, lﬁ T':Aandr > nthenly, l% T: A

Lemma 6.6. If1X,, = ¢ then there exists a k so that |X,, lnLH ¢.

3. Embedding with operator-controlled derivations

In this section we show that we can embed the systeem |X,, into the infinitary systeem for operator-
controlled derivations. Special care is needed to keep the derivation heights small so that we can extract
relative tight bounds on provable instances of existential formulas.

Lemma 6.7. If F 5~ T'(t) : A(t) and val(t) = k then F |5~ T'(k) : A(k).

THEOREM 6.8 (Embedding). Suppose 1%, lnLH T': AwhereFV(T : A) C{ay,...,am}

. Lo . . d+
Then there exists a primitive recursive operator F with Fm] | Ha I'(m) : A(m) where d denotes the

number of iteration of the scheme IND.

PROOF. We only deal with the cases which are not routine:

o (VS). In this case we have Vz¢ € A and I1X,, Ina—+,1 I': A, ¢(a) with @ a variable which is new
for the context. The induction hypothesis yields the existence of a primitive recursive F' such
that

wd+a’
F[m7p} n+1 F(m) : A(m)7¢(p, m)
for all m, p. This yields

(1+ F)fm] 2252 T (m) : A(m)

e (VA). In this case we have |X,, Ina—J;l T, é(t) : A metVeg € T'. The induction hypothesis
yields

wd+a’

F[map] n+1 F(m),¢(m,t(m,p)) : A(m)
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From lemma 6.7 we obtain

Flm, p 2552 T (m), ¢(m, val t(m., p)) : A(m)

This holds for all p, in particular for p = 0

w:jr_f/ T'(m), p(m,valt(m,0)) : A(m)

For some & we have valt(m,0) < Ay (maxm) since ¢ is primitive recursive, hence

F[m,0]

(F + A m] 25 D) - A(m)
o IND. Suppose I, F51 T2 A, ¢(0) and 1, 25 T, 6(b) : ¢(Sb), A where IS, 4 T
A, ¢(s). The induction hypothesis ylelds
(10) Fy[m] [ T(m) - A(m), 6(0,m)
(11 Fy[m, p] |52 T(m), $(p. m) : (Sp.m), A(m)

Choose k such that A (max(m,p)) > max(F;(m), Fa(m,p)) + p. By induction on p we
prove that

Aglm, p] 22 D (m) - A(m), 6(p, m)

For p = 0 this is immediate from Lemma lemma 6.3. For p + 1 the induction hypothesis yields

Aglm, p] 22 D (m) - A(m), 6(p, m)

In connection with (11) we can apply a cut:

Aglm,p + 1] P22 Dim) - A(m), 6(Sp, m).

So we arrive at

w(d+1)
Ak[m ] n+1 ( )

and this yields the assertion. For p := val s(m, n

A P (m) - A(m), é(val s(m, n), m)

Now we have A;(maxm) > Ay (max(m, val s(m,n))) for some [, hence

w(d+1)
A[m] n+1

): 6(p,m)

we obtain form lemma 6.7 that

A(m
)
Agm,val s(m,n))

I'(m): A(m), ¢(s(m,n), m)

4. Bounds on the lengths of proofs of existantial statements

In the last section we come to a highlight of all the investigations done before.

Definition 6.9. Let us recall the definition of the arithmetical hierarchy: ¥.°, 112 by recursion on n. The
sets 223 en 113 consist of the quantifier free formulas. A formula ¢ belongs to %0 11 if ¢ = Jxop where
P € H Aformula ¢ belongs to H,H_1 if ¢ = Vxyp where 1p € X0,

Note that if p € X0 (resp. 1) then also ¢ € X2, (resp. T10)) for all m > n. So the set 11 consists of all
uit all quantifier free formulas and formulas of the form Yx¢ where ¢ is quantifier free.



4. BOUNDS ON THE LENGTHS OF PROOFS OF EXISTANTIAL STATEMENTS 59

Definition 6.10. If A = Vx1.¢1,...,Vx,.¢,, A met voor alle i, where ¢; (for all i) and A’ are quantifier
free.
Then N | A01an) j N EVr <ap.d1,..., Ve, < an.dp, A

THEOREM 6.11. Suppose F |% I': AwithT,A C I where A = {Vx1¢1,...,Yr ¢, UA with A
quantifier. The for all m € N™ we have N |= \ TF" (maxm) _, \/ Am,

PROOF. By induction on «. If o = 0 then the assertion holds trivially since axioms do not involve
quantifiers.
So assume o > 0. We distinguish cases according to the last applied inference rule.
e Axiom case. This case is fine.

e (— S). We necessariliy have quantifier free formulas A — B € A. The premis is: F' %
I'.A: B, A. Together with the induction hypothesis we obtain:

N ): /\I—\F“‘U(maxm) AA— \/Am vV B
Suppose that N |z A TF"(maxm) - Aqqume N £ \/ A™. Then we have N £ A — B. Thus

N = Aand N [£ B. Because of F* > F we find N |z ATF"(maxm) A 4 \/ A™ v B,
Thence N |= \/ A™ V B. Moreover since B is false we obtain: N |=\/ A™ contradiction.

e (— A). This case is similar to the case (— )

e (VS). Without loss of generality we may assume that Va;.A(z1) € A is principal formula. The
premises yield for all n:

Fln]}5-T: AA (n)
Using the induction hypothesis we find for all n < mj;:
NE /\FF["}M (m) \/Am V Ai(n)
By diagonalization we obtain:
F[n]**(m) < F**(max(n,m)) < F(m) < F*(m)
Suppose that N = A\ T¥* (™) The we also find N = A T'F"" (™) hence:
NE \/Am V Ay (n) foralln < my

If N = A™ then the assertion is clear. Otherwise we see N F= A™ and therefore N = A (n)
holds for all n < m;. By definition 6.10 we obtain: N = (V1.A41(z1))™" and therefore
N E A™ which is a contradiction.

e (VA). In this case we have VzA € I and F I% I, A(k) : A where k < F[0]. The indction
hypothesis yields:

N AT A AR) —\/ A™

Suppose that N = AT (™) If in addition N |= \/ A™ then the assertion is clear. Suppose
that N = \/ A™.

Because of N = ATF"(™) we see that N = A(k). But we have VxA € T and therefore
N E A(k') for all k¥’ which yields a contradiction.
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e CUT. Suppose that we have the following premises:
FI5*T,D:A  FI5-T:AD

We have |D| < 2, and therefore D contains at most one quantifier or D = =D’ for D’ € I1Y.
We may assume without loss of generality that D € TI9. So assume D = Vx,, 1 A. We apply
the induction hypothesis to the right side of the sequent and obtain:

N ATF 0 3\ A (a1 i)™

for an arbitrary m’. This thus holds for m’ := F* (m). Jointly with F*! (m, F*(m)) <
Fe(m) we see:

NE AT 5 \/A™ v (Va1 Agar) ™

Suppose that N = A T'7° (™) If in addition N |= \/ A™ then the assertion follows. So assume
N =V A™. Then we see that N = (V41 AmH)F% (m), Together with the already obtained
results we see: N |= A T'F7 () A (V:L'nHAmH)F% (m), By applying the induction hypothesis
to the left side of the sequent we obtain N = \/ A™.

O

Lemma 6.12. Suppose that F % T:Aand F(x) > 3*. Then F % I:A
Recall that

a(x) = a®

where the tower of exponents has hight k.

THEOREM 6.13. Suppose |¥,, b VaTIyd(x,y) where ¢ is prime. Then there exists an | < w such that for
all p there exists a ¢ < H,, ;) (p) so that N |= ¢(p, q).

PROOF. Suppose that 1X,, - V23y¢(z,y). Then there exist [, 7 with
!
- Ve dye(z, y).

We apply now cut elimination to obtain:

|—nl+1 Va3yp(z,y).

The embedding theorem yields a primitive recursive F' so that

wd+1’
F n+1 V$E|y¢($, y)

If n = 1 then we are done since F«%t! is primitive recursive. Assume n. > 1. Cut elimination in the
system with operator control yields

5 Vadye(z, y)
Cut elimination in the system with operator control yields

3u.)d+l
FeH T2 Va3ye(z, y).
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This yields the assertion if n = 2. If n > 2 we perform further cut elimination to obtain

Geona @3 BT 36 (e, y).
for some function G of the right complexity. Inversion yields
Gz @ ] [ Sye(p, y)
G 3 pl vy (plpy) — L) — L
G2 @3 pl = Wy (plp,y) — L) L

Lemma theorem 6.11 yields the existence of some ¢ < Gen-1(@3! (p) with N |= ¢(p, ). The assertion
follows by bounding G in terms of the Hardy hierarchy:

d_ql
GUJn—l(w -3 (p) < Hwn(l)(p)~

THEOREM 6.14. Suppose that 1X1 = 3y H a100(100) = y for a proof D in which the number of symbols
in D is bounded by H,,as0. Then" D" > H_jas0(50).

r 0 3r—2(l
PROOF. Suppose D | yH,,a100(100) = y. Letd = "D". Then D’ IT() JyH, 4100 (100) = y
with a modified proof D’ stil in the finitary system. The term lengths of terms in D’ are bounded by the
Godel number d of D. This yields

wd—+3,_2(1
de l%ﬂ) Hwadwo(lOO) =Y.
So there exists a y < (H,,a)“4t34-2() such that H,,a100 (100) = y. Suppose that d < H_,as0(50). Then
demo(lOO) < (deso)WdJrBd_Q(l) < demo(l()O).

This is a contradiction and therefore we arrive at d > H_,as0(50). O
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