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ABSTRACT. We present characterization results on weighted minihypers. We
prove the weighted version of the original results of Hamada, Helleseth, and
Maekawa. Following from the equivalence between minihypers and linear codes
meeting the Griesmer bound, these characterization results are equivalent to
characterization results on linear codes meeting the Griesmer bound.

1. LINEAR CODES MEETING THE GRIESMER BOUND, MINIHYPERS, AND
BLOCKING SETS

A linear [n,k,d]-code C over the finite field Fy of order ¢ is a k-dimensional
subspace of the n-dimensional vector space V' (n, ¢q) of vectors of length n over F,.
The minimum distance d of the code C' is the minimal number of positions in which
two distinct codewords of C' differ [17].

It is interesting to use linear codes having a minimal length n for given k, d, and
q. The Griesmer bound is one of the many relations between the parameters n, k, d
of a linear [n, k, d]-code C' that exist, and states

k—1 d
nz Z ’qu—‘ = QQ(kvd)a
1=0

where [2] denotes the smallest integer greater than or equal to x [10, 18].
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2 J. DE BEULE, K. METSCH AND L. STORME

Considering this lower bound on the length n for given values k,d, and ¢, the
question arises whether there exists a linear [n, k, d]-code whose length n is equal
to the lower bound g,(k,d). For some values of the parameters k,d, and g, linear
codes of length equal to g,(k,d) are known to exist, for other values it is proved
that no such codes exist.

Let PG(N, q) be the N-dimensional projective space over the finite field of order
q. Fori >0, put v; = (¢ —1)/(q— 1), which is the number of points in PG(i —1, q).
A weight function w of PG(N, q) is a mapping from the point set of PG(N, ¢) to the
set of non-negative integers. For a point P, the integer w(P) is called the weight of
the point P, and for a set M of points, its weight is the sum of the weights of its
points. The sum of the weights of all points is the total weight of w. In principle, a
minihyper is nothing else than such a weight function, but usually the definition is
in the following way, which gives some information on w.

Definition 1.1. An {f,m; N, q}-minihyper, f > 1, N > 2, is a pair (F,w), where
w is a weight function of PG(N, q) of total weight f, and F' is the set of points of
positive weight, and m is the minimum weight of the hyperplanes of PG(N, q).

Of course, the set F' is determined by the weight function w. When the range
of w is {0, 1}, the converse is true and then the minihyper is identified with F' and
called a non-weighted minihyper. Thus, a non-weighted {f, m; N, ¢}-minihyper of
PG(N,q) is a set F of f points of PG(N, q) such that m is the minimum weight of
the hyperplanes. This is the definition of a minihyper given by Hamada and Tamari
in [15] and it was generalized to the definition of a weighted minihyper in [7].

Linear [n, k, d]-codes meeting the Griesmer bound can be linked with non-weighted
minihypers in PG(k — 1,q) when d < ¢*~! and with (weighted) minihypers in
PG(k—1,q) when d > ¢*~'. We explain first of all the link for 1 < d < ¢*~!. Then
d can be written uniquely as d = ¢*~! — Z?Zl ¢ such that:

(a) 0< A < <A <k—1,
(b) at most ¢ — 1 of the values \; are equal to a given value.

Using this expression for d, the Griesmer bound for a linear [n, k, d]-code over F,,
can be expressed as:

h
n > vg — g U, +1-
i=1

Hamada showed that in the case d = ¢~ — Z?:I ¢, there is a one-to-one

correspondence between the set of all non-equivalent [n,k,d]-codes meeting the
Griesmer bound and the set of all projectively distinct {2?21 Un;415 2?21 un sk —
1, ¢}-minihypers [11]. More precisely, the link is described in the following way.

Let G = (g1---gn) be a generator matriz for a linear [n,k,d)-code C, d < ¢"~1,

meeting the Griesmer bound. It can be shown that g; # pg;, p € ¥y, fori # j. Then
the set PG(k—1,9)\{g1,--.,9n} is the minihyper linked to the code C' meeting the
Griesmer bound.

For d > ¢*~', the link between linear codes meeting the Griesmer bound and
weighted minihypers is as follows.
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Let G = (g1---gn) be a generator matriz for a linear [n,k,d]-code over F,,
d > ¢* 1, meeting the Griesmer bound. We again look at a column of G as be-
ing the coordinates of a point in PG(k — 1,q). Let the point set of PG(k — 1,q)
be {s1,...,Su,}- Let m;i(G) denote the number of columns in G defining s;. Let
m(G) = max{m;(G)||i = 1,2,...,v}. Then 8 = m(G) is uniquely determined by
the code C' and we call it the maximum multiplicity of the code. Define the weight
function w : PG(k — 1,q) — N as w(s;) = 0 — m;(G), i = 1,2,...,v5. Let F =
{s; € PG(k —1,9)||w(s;) > 0}, then (F,w) is a {352 evis1, Sor o evisk — 1,q}-
minihyper with weight function w if d = 8¢~ — 25;02 eq’, with0< ¢ <qg—1,i=
0,...k—2.

Now the question arises how to construct linear codes meeting the Griesmer
bound. The standard construction method is of Belov, Logachev, and Sandimirov
[2]. This construction method is easily described by using the corresponding mini-
hypers. We first of all describe the construction for non-weighted minihypers.

Consider in PG(k — 1,q) a union of pairwise disjoint €y points Py, P, ..., P,
€1 lines £1,0s, ..., L., , €2 planes, €3 solids, ..., €x—o (k — 2)-dimensional subspaces
Th_gpeeos T o, with 0 < ¢ < q—1,i =0,...,k — 2. Then such a set defines a

non-weighted {Zf:_g €iVit1, Zf:_oZ €;vi; k — 1, q}-minihyper.

If one allows subspaces that are not mutually disjoint, then the union has to be
replaced by the weight function, that is, the sum of the characteristic functions of
the subspaces. These minihypers will correspond to linear codes with d > ¢*~1.

Now that the standard examples of minihypers, or equivalently, of linear codes
meeting the Griesmer bound, are known, the characterization problem on minihy-
pers, or equivalently, on linear codes meeting the Griesmer bound, arises:

characterize (weighted) {f,m;k — 1,q}-minihypers for given parameters f =
k—2 k—2
Doiso EiVit1, M=y . €V, k, and q.

Fundamental research on this characterization problem was performed by Hamada
and Helleseth who studied minihypers thoroughly, and who developed many tech-
niques that have proven to be very useful in the study of minihypers. Their main
result can be formulated as follows.

Result 1.2. (Hamada, Helleseth, and Maekawa [13, 14])

A non-weighted {Zf;oz €iVit1, Zf:oz €;;; k—1, q}-minihyper, where Zf:(? € < \/q+
1, is a union of ex_o hyperplanes, €;_3 (k—3)-dimensional spaces, ..., e lines, and
€9 points, which all are pairwise disjoint, so is of Belov-Logachev-Sandimirov type.

The main result of this paper generalizes this result of Hamada, Helleseth, and
Maekawa to weighted minihypers. To state the result, we define a concept which
generalizes the Belov, Logachev, and Sandimirov construction. Our definition is
a generalization of a similar definition from [9]. Let Si,...,S, be subspaces of
PG(k —1,q). Define as follows a weight function from the point set of PG(k — 1, q)
to the set of integers:

for each point P, its weight w(P) is the number of indices i with P € S;.

In other words, w is the sum of the characteristic functions of the subspaces S;.
If F is the union of the subspaces S;, then (F,w) is a minihyper, and we call it the
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sum of the subspaces S1,...,S,. We explicitly note that it is allowed that the list
S1,...,.5, contains a subspace S; several times.

With this definition, the original Belov, Logachev, and Sandimirov construction
can be described as a sum of mutually skew subspaces. Our main theorem of this
paper is the following.

Main Theorem. A (weighted) {ZZI\:Ol €iVit1, Zil\:()l €;v;; N, q}-minihyper (F,w),

q > 4, where €q,...,eN_1 are non-negative integers satisfying ZlN:Bl €6 < q+1,
is a sum of en_1 hyperplanes, en_o (N — 2)-dimensional spaces, ..., €1 lines, and
€0 points.

2. TECHNICAL LEMMAS

Let ¢ be a prime power. Every integer f > 0 can be uniquely written in the
form f = Zi>k €;v;+1 for some integer kK > 0 where 1 < ¢, <gand 0<¢ <qg-—1
for i > k. This enables us to define (just for this paper) the g-successor of f as
the integer T,(f) := >, €:v;. We also define T(0) := 0. Thus 7 is a map from
the set of the non-negative integers to itself. When ¢ is clear from the context,
we simply write 7. Applying 7" more than once to a number, results in numbers
T f) = T(T*(f)). The {f,h; N,q}-minihypers related to Griesmer codes often
have the property that h = T'(f). It is also important to note that many of these
minihypers have the property that 77(f) is the minimum weight of the subspaces
of codimension j. This motivates the following lemmas. We note that variants of
the lemmas, either of smaller total weight or non-weighted versions or statements
without proofs, can be found in the literature, e.g. in [9], [12], and [13].

Lemma 2.1. Let w be a weight function from the point set of PG(N,q) to the set
of non-negative integers of total weight f at most quny1. Then some hyperplane
has weight at most T(f).

Proof. This is trivial, if the total weight f is zero. Otherwise f = Zz]'V:o €iVit1,
where for some k we have ¢; =0 fori <k, 1 <¢, <qg,and 0 <e¢; <g—1fori> k.
Then T7(f) = >i>j€iVit1—j. Let h; be the minimum weight of the subspaces
of codimension j and put h; := T7(f) + §; for an integer J;. Then hg = f, so
§o = 0. Also hyyy = TN*L(f) = dnx41 = 0. Considering for j > 1 all subspaces
of codimension j on a fixed subspace of codimension j 4+ 1 and weight h;; gives
hjt1 + vjy1(h; — hjp1) < f. If one substitutes for f, h;, and hj;y1, this reads as
follows

j—1
—0j + iz Eivit1

1 > 6 —
(1) 0j41 = 0; Vi — 1

Here ZZ;& €Vit1 < quj = vj41 — 1. Assume that 6; > 0. Then we find recursively
that dyy1 >0y > -+ > 01 > 0. As §y 1 = 0, this is impossible. O

Lemma 2.2. Let (F,w) be an {f,T(f); N, q}-minihyper with f = Zilio €iVit1,
0<¢ <qg—1 foralli.
(a) For each j with 0 < j < N, the minimum weight of the subspaces of codimen-
T N
sion j is T7(f) = 3, €iviy1—j-
(b) Suppose that A is a subspace of codimension two of weight T?(f). Then for
each of the ¢ + 1 hyperplanes m, ..., mq on A, the restriction of w to m; is a
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{6;+T(f), T*(f); N —1, ¢}-minihyper inside 7;, where the §; are non-negative
integers such that Z?:o 8; = €o.

Proof. (a) Using the same notations as in the previous lemma, we again find the
inequalities (1). However, as ¢; < ¢ — 1, we have this time that Zi;é €vir1 <
vjy1 — 2. As 6o = 61 = 0, we find recursively dy41 > oy > -+ > 61 = 0. As
On+1 =0, it follows that 0; = 0 for all . This proves (a).

(b) As w(m;) > T(f), then w(m;) = T(f) + J; for non-negative integers J;. Using
Yoi(w(m) —w(A)) = f— w(A), this gives D7 (6; = €. As every subspace of
codimension 2 has weight at least T2(f) and as w(A) = T2(f), the restriction of w
to m; gives a minihyper with the stated parameters. O

Proposition 2.3. Let (F,w) be an {f,T(f); N, q}-minihyper, f = Zi]i?)l €iVit1
for non-negative integers €; satisfying Zil\;)l € < q—1. Let U be a subspace. If
u = dim(U) < N — 2, then also suppose that U is not contained in F. Then
the restriction of w to U is a {Zg;ol MiVi11, Z?;ll m,;v;; u, q t-minihyper for some
non-negative integers m; with Z;L:_()l m; < Zf\;_o €;-
Proof. We prove this by induction on the codimension of U. If N = u, the statement
is trivial.

Now we study the case that U is a hyperplane. As h := w(U) < f, then
h = Eﬁi}lmiviﬂ with £ > 0,0 < mp < ¢, and 0 < m; < g—1 for i > k.
Assume that h > 0. Consider a subspace S of U of dimension N — 2. Then
h+q(T(f) —w(S)) < f and thus h—qu(S) < SN e As h = qT(h)+ N mi,
it follows that

N—1 N—1
(2) qT'(h) + Z m; < qu(S) + Z €.
i—k i=0

As Zij\:)l €; < ¢, this implies that w(S) > T(h). Then Lemma 2.1 applied to
the restriction of w onto U shows that T'(h) is the minimum weight of the (IV — 2)-
subspaces of U. Considering such a subspace S in (2), we find ZZ]\SCI m; < Zﬁ\;_ol €.

For the induction step, we now consider the case that U has codimension at least
two and a point of weight zero. Let H be a hyperplane on U. As we have proved the
assertion for hyperplanes, we know that w induces in H a {Z?:Ol nivit1, Zf\]:—l n;v;;
N — 1, ¢}-minihyper, with Zf\[:_ol n; < Zf:ol €; < q—1. As U, and hence H, con-
tains a point of weight zero, Lemma 2.2 applied to the minihyper in H shows
that ny_1 = 0. Therefore we can apply the induction hypothesis to U consid-
ered as a subspace of H. This gives the desired minihyper in U where not only

S my < SNV e but even Y1 my < SN P O

We need one more definition. If w is a weight function on PG(X, q), then for any
subspace S of PG(N, q), we call the number m := min{w(P)|P € S} the multiplicity
of the subspace S; we also say that the subspace S occurs with multiplicity m in
the minihyper. Of course, if S has dimension s and multiplicity m, then the weight
w(S) of S is at least vsr1m.

Lemma 2.4. Suppose that w is a weight function on the point set of PG(N,q),
which is the sum of the characteristic functions of r < ¢ — 1 non-empty subspaces
S1,...,Sr. Then for any non-empty subspace T, the following results hold.

(a) The multiplicity of T is equal to the number of subspaces S; that contain T.

ADVANCES IN MATHEMATICS OF COMMUNICATIONS VoLuME X, No. X (200X), X-XX



6 J. DE BEULE, K. METSCH AND L. STORME

(b) If dim(T) > 1, then there exists an (N — 1)-subspace A that does not contain
any of the subspacesT, Sy, ..., S, and such that TNA has the same multiplicity
asT.

Proof. (a) Let m be the number of subspaces S; containing 7. Then the remaining
r—m < g — 1 subspaces S; cannot cover T. Hence, T possesses a point that has
weight m. Therefore, T has multiplicity m.

(b) At most < ¢ — 1 non-empty and proper subspaces of T have the form T'N.S;
for some i. Thus some hyperplane S of T will not contain any of these. Then every
subspace 5; that contains S also contains T, so S and T have the same multiplicity.
Also S is a proper subspace of all subspaces (5, S;) and as r < g—1, this implies that
some hyperplane A on S will not contain any of the subspaces T, 51, ..., S,. O

3. {ei(g+1)+eg,€1;k —1,¢g}-MINIHYPERS

In this section, we prove the basic results on minihypers in PG(2,¢). Since an
{f,t;2, ¢}-minihyper meets every line in at least ¢ points, there is a strong connection
to the theory of blocking sets in projective planes. Our first lemma generalizes a
result on blocking sets of [1], in which the following lemma is proved for non-
weighted minihypers without restriction on ¢.

Lemma 3.1. A weighted {f,t;2, q}-minihyper (B,w), with1 <t < qg—1 and q > 3,
contains a line or satisfies f > tq + /Tq + 1.

Proof. We assume in the proof that ¢ > 2. For, if t = 1, then B defines a blocking
set w.r.t. the lines of PG(2, ). It follows from [4, 5] that every blocking set B, not
containing a line of PG(2, q), contains at least ¢ + /g + 1 points.

Defining m := ) pcp(w(P) — 1) and s = f —tq — 1, we have |B| = f —m =
qt + 1+ s —m. Suppose that B contains no line. Then there exist points not in B.
As the ¢ + 1 lines on such a point all have weight at least ¢, we find f > (¢ + 1)t,
that is, s > ¢t — 1. Also, if [ is a line, then considering a point of [ that is not in B
and the other ¢ lines on this point, we find w(l) < f —tqg= s+ 1.

Consider a point X. The sum of the weights of the lines on X is f + ¢ - w(X).
Hence, the sum of the numbers w(l) —¢t for the lines l on X is f+qw(X)—(¢+1)t =
s+ 1—t+ qw(X). This we use to estimate the number

A= % w(@) - (w(PQ) —t),
PZB QeB

where PQ denotes the line through the points P and @. First of all, for P ¢ B, we
have

Yow@ - (wPQ)—t) = Y InB|(INB|-t)

QeB Pel

< D (s+D(INBl =) =(s+1)(s+1—1),
Pel

since this is a sum of weights of lines [ on P, where each line [ on P occurs w(l) < s+1
times. As |B| = f — m, we find

A<(@P+q+1—f+m)(s+1)(s+1—1).
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If @ € B, then each line on @ has at least ¢ — s points not in B and thus we find
similarly

v

> wl(@) - (w(PQ) ~1) (q—5) > w(@INnB|-1)

P¢B Qe
= w@)(g—s)(s+1—t+qu(Q)),

where the sum is over all lines [ on Q). Using

S w@s+1-t+quw(@Q) = fls+1-t+q) +q Yy w@Q)w(@) —1)

QEB QeB
> f(s+1—t+q)+2qm,
we find a lower bound on A. Comparing both bounds yields
(@ +g+1=F4+m)s+D)(s+1-1)>(qg—s)(f(s+1—t+q)+2gm).

We may assume that s < 1/qt, since otherwise we are done. Using 2 < ¢ < ¢—1 and
s < Vtqg < (q+1t)/2, we see that the coefficient of m on the left hand side is smaller
than the coefficient of m on the right hand side. Hence, the inequality remains true
when deleting the m-terms. Using f = qt+ 1+ s, the remaining inequality simplifies
to
2 >tg+ (t—1)(s —t).

If s > t, then we find s > /?q as desired. Assume finally that s <¢. Then s =¢t—1,
f =tqg+t, and every line on a point not in B must have exactly weight ¢. Since B
contains no line, then every line has weight exactly . But counting the total weight
using the lines on a point X, we find f = (¢+ 1)t — qw(X), which implies w(X) =0
for all points, that is, f = 0. As ¢ > 2, this is a contradiction. O

For weighted multiple blocking sets having at least one point of weight one,
we can obtain better results using polynomial techniques. These improvements
are described in [6], where they are used to prove characterization results on non-
weighted minihypers. In [8], using polynomial techniques, the following corollary is
proved. Together with Lemma 3.1, it will play an important role in characterizing
planar minihypers.

Result 3.2. Let (B, w) be a weighted {e1(q+1)+¢€o, €152, ¢} -minihyper with €1 +€g <
q. Then every point of (B,w) that lies on a line of weight €1 lies on at least
q+ 1 — €y — € different lines of weight €.

We can now prove a characterization result on certain weighted {f,m;N,q}-
minihypers (F,w). The main goal will always be to prove that a minihyper is a sum
of subspaces of the ambient projective space.

Lemma 3.3. A weighted {€1(q + 1) + €o, €1; 2, ¢ }-minihyper (F,w), with ¢; + €9 <
V@+1 and q > 4, is a sum of € lines and e points.

Proof. The case ey = 0 is discussed in [8, Theorem 2.5] and in [16, Theorem 20]. In
[8, Theorem 2.5], it is proven that there does not exist a weighted minimal e;-fold
blocking set (B,w) in PG(2,q) of size |(B,w)| = e1(q+ 1)+ 1 for ¢ < (¢ +1)/2.
So such a weighted €;-fold blocking set can be reduced to an €;-fold blocking set in
PG(2,q) of size €1(q + 1), which is a sum of ¢; lines by the previous results.
Hence, from now on, we assume that ¢y > 2. For ¢ = 7, this means that also
an {¢ + 1+ 2,1;2, ¢}-minihyper must be discussed. This is a 1-fold blocking set in
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PG(2,7). By results of Blokhuis [3], such a weighted blocking set is the sum of one
line and two points. So suppose from now on that ¢ > 9.

For ¢ = 0, this lemma is trivial. So suppose that ¢; > 0. By Lemma 3.1, F
contains a line [. We shall show in the next paragraph that this line has weight at
least ¢ 4+ €1. Thus, removing [ from (F,w) (that is, reducing the weight of every
point of [ by one) yields an {(e; — 1)(¢ + 1) + €o, €1 — 1;2, ¢}-minihyper. Then an
induction argument on €; completes the proof.

Assume that [ has only weight ¢ + ¢; — ¢ for some § > 0. As [ is contained in F,
then § < ¢; — 1. Now we reduce only the weight of ¢ + 1 — § different points from
[ by one; this results in a {(q + 1)€} + €{, €}; 2, ¢}-minihyper with €} = € — 1 and
€y = €o + 9, in which ! will have weight €. If we consider a point of [ whose weight
has not been reduced, then the other ¢ lines on this point will have the same weight
as before, that is, at least weight €; = €} + 1. This contradicts Result 3.2. Note
that Result 3.2 requires €] + ¢ < ¢; as €] + € < 2(e1 + €9 — 1) < 2,/q, this follows
from ¢ > 9. O

We now generalize this to arbitrary dimensions.

Proposition 3.4. An {e1(¢ + 1) + €0, €1; N, ¢}-minihyper (F,w), N > 2, ¢ > 4,
and €1 + €9 < \/q+ 1, is a sum of €1 lines and ey points.

Proof. We use induction on N; the case N = 2 being handled in the previous
lemma. Now assume that N > 3 and that the statement holds for N — 1.

Consider a point P € PG(N, q) \ F. Projecting (F,w) from P onto a hyperplane
7w of PG(N,q), with P ¢ 7, yields in the following way a minihyper (F’,w’) in
PG(N —1,q) = 7. The set F” is defined as the projection of F from P, i.e. P’ € F’
if and only if the line PP’ intersects the set F. For any point P’ € F’, we define
w'(P') = w(PP'). Tt is clear that (F',w’) is an {e1(¢ + 1) + €9, e1; N — 1,q}-
minihyper. By the induction hypothesis on N, (F’,w’) is a sum of € lines and ¢
points.

Consider a line I’ contained in the projection (F’,w’) that occurs m times in this
sum. Then w'(I') > (¢ + 1)m and w'(I') < gm + €1 + €9 < (m + 1)g. The plane
7 generated by I’ and P has weight w(7) = w’(I'). Proposition 2.3 shows that w
induces in 7 an {m(q + 1) 4+ n,m; 2, ¢}-minihyper (F”,w") with m +n <1+ ,/q.
By Lemma 3.3, (F”,w") is a sum of m lines and n points. Thus, the line I’ is the
projection of m lines contained in F.

Since this holds for all lines I’ contained in (F’,w’), we thus find € (not nec-
essarily distinct) lines [,...,l., contained in F that are projected to the lines of
(F';w"). Our argument also shows the following. If a line [ occurs « times in the
list {1, ...,l,, then every point of [ has weight at least . We want to show that the
sum of the lines Iy, ..., is contained in the minihyper (¥, w). For this we have to
show for each point X that w(X) is equal or larger to the number of indices 7 with
X el;.

To see this, we select a line h on X that meets F only in X, and we project
again as before but using this time for P a point of h that is different from X.
As already noticed, the projection (F’,w’) of (F,w) contains a sum of ¢; lines. As
€0 + €1 < /g + 1, it is readily seen that these €; lines are the images of the lines
li,...,le,. As h meets F only in X, then the point X’ onto which X is projected
satisfies w'(X') = w(X). Now, if X lies on x of the lines Iy, ...,l,, then X’ lies
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on z of the projected lines, and as (F’,w’) contains the sum of these lines, we have
w'(X') > x. Hence, w(X) > x.

Now we have shown that (F,w) contains in fact the sum of the lines i1,...,1,,
and is therefore the sum of these lines and of €y points. O

4. PROOF OF THE MAIN THEOREM

We start with a lemma that will be used to find large subspaces in minihypers.

Lemma 4.1. Let (F,w) be a {Zigl €iVit1, Zf\;_ll €;vi; N, q}-minihyper with g > 4
and vaz_ol €; < /q+ 1. Suppose that P is a point of F' lying on two subspaces Sy
and Ss of multiplicity my and mso such that my + mgo > w(P). Then the subspace
(S1,S2) is completely contained in F.

Proof. As my,my < w(P), then m; and msy are positive and thus S; and Sy are
contained in F'. Therefore the statement is trivial, if one of the subspaces S; and
Sy contains the other. Otherwise, (S7,.52) is the union of planes (I, ls) with lines
l; on P and in S;. It suffices thus to show that these planes are contained in F'.

Assume that such a plane 7 := (lj,l3) is not contained in F. Then Proposition
2.3 gives w(m) = a1(q + 1) + ap, with integers ag,a; > 0 and a1 +ag < /g + 1, and
such that every line of m has weight at least a;. Since each point of I; has weight
at least m; and since the other ¢ — 1 lines of m on P each have weight at least aq,
we find

ai(q+1) +ap = w(m) > w(P) + gmy + gmz + (¢ — 1)(a1 — w(P)).

Since my + mo > w(P) + 1, it follows that 2a; + ag > ¢+ 2w(P). As w(P) > 1,
q >4, and 2a; + ag < 2(,/q + 1), this is impossible. O

Consider in PG(N, ¢) a {Zzzo €iVit1, Zf‘:o €;0;; N, ¢ }-minihyper (F, w), with 0 <
t < N and ZE:O €; < /q+1. We want to show that it is a sum of subspaces, where
the sum consists of ¢€; subspaces of dimension i for ¢ = 0,...,t. The proof is by
induction on ¢. The case when ¢t = 0 is trivial. The case t = 1 was proved in the last
section. In the rest of this section, we prove the induction step. We thus suppose
that ¢ > 2 and that the assertion is true for smaller values of ¢. We also assume
that e; > 0, because otherwise we can immediately apply the induction hypothesis.

Lemma 4.2. Consider a (t — 1)-subspace U with the property that there exists
a hyperplane g on U of weight w(mg) = o + 27;:1 €iv;, with 79 < €y. Then
m(U) =>_m(T) where the sum runs over all t-subspaces T' containing U.

Proof. We prove this by induction on m(U). If m(U) = 0, this is trivial. Suppose
now that m(U) > 0. By the induction hypothesis of this section, we see that the
restriction of w to mg is a sum of g + €1 + -+ € < /g + 1 subspaces. Lemma 2.4
shows that my has a hyperplane A not containing any of the subspaces of this sum,

that is, the weight of A is
t

0= E €iVi—1,

i=2
and such that S := U N A has dimension ¢t — 2 and multiplicity m(U). This shows
already that U is the only subspace of the sum 7y N (F, w) passing through S.
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Consider the remaining hyperplanes 71, ..., 7, on A. By Lemma 2.2, the restric-
tion of w to the hyperplanes m; produces {~; + 23:1 €505, 2222 ejvj—1; N — 1,¢}-
minihypers in m;, where v; > 0 and Y7 ,v; = €y. The global induction hypothesis
of this section shows that these minihypers can be uniquely written as a sum of
subspaces. The number of subspaces in this sum is v; + €1 + -+ < /g + 1. As
w(A) = 0, we see that A does not contain any of the subspaces that occurs in the
sum for m;. In particular, S is not one of the subspaces occurring in the sum that
makes up the minihyper in ;.

Let U}, j = 1,...,r;, be the different (¢ — 1)-subspaces of m; on S that have
positive multiplicity m; ; (thus 7o = 1 and U3 = U and mo1 = m(U) = m(S)).
Lemma 2.4 gives 3, m; ;j = m(S) for each 4.

First consider the case that 7; = 1 for all i, that is, U} is the only (¢t — 1)-
subspace of positive multiplicity of m; on S, and m(U}) = m(S). By Lemma 4.1,
the t-subspace T := (U{,Us) is contained in F. Then T N; is a (¢ — 1)-subspace of
m; of positive multiplicity containing S. Hence, TNm; = U} for all i and thus T is the
union of the subspaces Ug, ..., Uql. As all these subspaces have multiplicity m(S),
we see that all points of T have weight at least m(S), that is, T has multiplicity
at least m(S) = m(U). As the multiplicity of T' cannot exceed the one of U,
then m(T) = m(U). By construction, no other ¢-subspace of positive multiplicity
contains U (or S).

Now consider the case that some r; > 1, say r1 > 1. As ), m(U7) = m(S), it fol-

lows that m(U7) < m(S) = m(U) for all 5. Thus, the induction hypothesis applied
to UJ gives Y. m(T) = m(U]) where the sum runs over all t-subspaces T’ containing
U{. As 7 does not contain a t-subspace of (F,w), we see that different subspaces U7
produce different subspaces T, in fact that every t-subspace of positive multiplicity
contains exactly one of the subspaces Uj. Therefore >-m(T) = >>, m(U{) = m(S)
where the first sum runs over all t-subspaces containing S. Every t-subspace of
positive multiplicity occurring in this sum meets 7y in a (¢ — 1)-subspace of positive
multiplicity and containing S. As U is the only such (¢ — 1)-subspace of 7y, all these
t-subspaces contain U and so we are done as m(U) = m(S5). O

Lemma 4.3. The weighted minihyper (F,w) contains a sum of € subspaces of
dimension t.

Proof. Using Lemma 2.2, we find a subspace A of codimension two with the fol-
lowing property. If mo,...,m, are the hyperplanes on A, then the restriction of w
to m; is a {v; + 25:1 ewi,zzzz €vi—1; N — 1, g}-minihyper in 7; where v; > 0
and Z?ZO v; = €o. The global induction hypothesis of this section shows that the
minihyper in 7; is a sum of subspaces, containing €; subspaces of dimension ¢ — 1
fori=2,...,t, and € + v, points.

Consider my. Let Uy, ...,Us be the different (¢ — 1)-subspaces occurring in the
sum that make up the minihyper in 79 and let U; occur m; times in this sum. Then
Zle m; = €. By Lemma 2.4, the subspace U; has multiplicity m;; also the U;
are all (¢t — 1)-subspaces of mg of positive multiplicity. As w(m) < vep1, then mg
contains no t-subspace of positive multiplicity. Lemma 4.2 applied to the U; now
shows the following. If 7 is the set of all t-subspaces of positive multiplicity, then
> rer m(T) = €; moreover, we have m(U) = > cpeqr m(T) for every (t — 1)-
subspace U of 7.
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Now, if P is a point of 7y, then the sum of the m(U) over all (¢ — 1)-subspaces
U of mp on P is less than or equal to w(P) (because we know the structure of the
minihyper in 7). Therefore, the sum of the m(T") over all t-subspaces T € 7 that
contain P is less than or equal to w(P). Since the same property can be proved
for the points of m1,..., 7y, it holds for all points. Thus using each 7' € T exactly
m(T) times, then the sum of these ¢; t-subspaces is contained in (F, w). O

Theorem 4.4. A weighted {Z§=o €iVit1, ZE:O €;v;; N, q}-minihyper (F,w), q > 4,
wheret < N—1,0<¢ <qg—1,:=0,...,¢, 22:061' <Vq+1,is a sum OfEEZOGi
subspaces, where for each i exactly €; of these subspaces have dimension i.

Proof. By the preceding lemma, w contains a sum of ¢ non-necessarily distinct
subspaces 17, ..., T, of dimension ¢. This means for each point P that w(P) is at
least as large as the number of subspaces T; that contain P. Let S; be a (fixed)
hyperplane of T;. We define as follows a new weight function w’. For every point P,
we define w’(P) to be equal to w(P) minus the number of affine spaces T; \ S; that
contain P. Note that w'(P) > 0 for all points P. Clearly the sum of the weights
w’(P) over all points is €;¢" less than the corresponding sum for the original function
w, and thus it is

t—1
Zw/(P) = v + Z €1 =: f.
P i=0

We analyze the w’-weight of the hyperplanes 7. If m does not contain any of the
S;, then it also does not contain any of the t-subspaces T;; in this case we have

t t—1
/ t—1 t—1
w'(m) =w(n) —eq'™ > E €V, — ¢ = i1 + E €;v; =: h.
i=1 i=1

If 7 contains a subspace S;, then we have w’(7) > v, which is even better. There-
fore Lemma 2.1 shows that w’ defines an {f, h; N, ¢}-minihyper. The induction
hypothesis in this section shows that this minihyper is a sum of subspaces, namely
€; + €1 subspaces of dimension ¢ — 1 and, for i < t — 1, another ¢; subspaces of

dimension i. As 22:0 €; < 4/q+1, the subspaces S1,. .., S, must occur in this sum.
It follows that (F,w) is the sum obtained from the previous sum when replacing S;
by T;. O

The following corollary now follows immediately, which is in fact the known result
of Hamada, Helleseth, and Maekawa (Result 1.2).

Corollary 4.5. A non-weighted {ZE:O €iVit1, 22:1 €;0;; N, q-minihyper F, g > 4,
with ZZ:O €i < \/q+ 1, is the union of € t-dimensional subspaces, e,y (t —1)-
dimensional subspaces, ..., €1 lines, and €y points, which are all pairwise disjoint.

Proof. In a non-weighted minihyper, we can define the weight function w by giving
the points of F' weight one, and the points not belonging to I’ weight zero. Then F
can be described as a sum of the subspaces mentioned in the statement of this corol-
lary, but since the points of F' have weight one, these subspaces must be pairwise
disjoint. O
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