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Abstract

Let A be a symplectic dual polar space DW (2n — 1, K) or a Hermitian
dual polar space DH (2n—1,K,0), n > 2. We define a class of hyperplanes
of A arising from its Grassmann-embedding and discuss several properties
of these hyperplanes. The construction of these hyperplanes allows us to
prove that there exists an ovoid of the Hermitian dual polar space DH (2n—
1,K,0) arising from its Grassmann-embedding if and only if there exists
an empty f-Hermitian variety in PG(n — 1,K). Using this result we are
able to give the first examples of ovoids in thick dual polar spaces of rank
at least 3 which arise from some projective embedding. These are also the
first examples of ovoids in thick dual polar spaces of rank at least 3 for
which the construction does not make use of transfinite recursion.
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1 Introduction

1.1 Basic definitions

Let IT be a non-degenerate thick polar space of rank n > 2. With II there
is associated a point-line geometry A whose points are the maximal singular
subspaces of 11, whose lines are the next-to-maximal singular subspaces of II and
whose incidence relation is reverse containment. The geometry A is called a dual
polar space (Cameron [2]). There exists a bijective correspondence between the
non-empty convex subspaces of A and the possibly empty singular subspaces of
II: if o is a singular subspace of II, then the set of all maximal singular subspaces
containing « is a convex subspace of A. If x and y are two points of A, then
d(z,y) denotes the distance between = and y in the collinearity graph of A. The
maximal distance between two points of a convex subspace A of A is called the



diameter of A. The diameter of A is equal to n. The convex subspaces of diameter
2, 3, respectively n— 1, are called the quads, hezes, respectively mazxes, of A. The
points and lines contained in a convex subspace of diameter § > 2 define a dual
polar space of rank §. In particular, the points and lines contained in a quad

define a generalized quadrangle (Payne and Thas [17]). If %1, %9, ..., %, are points
or convex subspaces of A, then we denote by (%1, *a, ..., %) the smallest convex
subspace of A containing *,*s,...,%;. The convex subspaces through a point

x of A define a projective space of dimension n — 1 which we will denote by
Resa(x). For every point z of A, let z+ denote the set of points equal to or
collinear with z. The dual polar space A is a near polygon (Shult and Yanushka
[19]; De Bruyn [6]) which means that for every point z and every line L, there
exists a unique point on L nearest to x. More generally, for every point z and
every convex subspace A, there exists a unique point m4(x) in A nearest to z
and d(z,y) = d(x, ma(z)) + d(7a(z),y) for every point y of A. We call m4(z) the
projection of x onto A.

A hyperplane of a point-line geometry & is a proper subspace of S meeting
each line. An ovoid of a point-line geometry S is a set of points of S meeting each
line in a unique point. Every ovoid is a hyperplane. If A is a dual polar space
of rank n > 2, then for every point z of A, the set H, of points of A at distance
at most n — 1 from z is a hyperplane of A, called the singular hyperplane of A
with deepest point x. If A is a convex subspace of diameter § of A and H, is a
hyperplane of A, then the set of points of A at distance at most n — ¢ from Hy
is a hyperplane of A, called the extension of H 4.

Now, suppose A is a thick dual polar space. Then every hyperplane of A is
a maximal subspace by Shult [18, Lemma 6.1]. If H is a hyperplane of A and @
is a quad of A, then either Q C H or Q N H is a hyperplane of ). By Payne
and Thas [17, 2.3.1], one of the following cases then occurs: (i) @ C H, (ii) there
exists a point z in @ such that 2 NQ = HNQ, (iii) QN H is a subquadrangle of
Q, or (iv) @ N H is an ovoid of Q. If case (i), case (ii), case (iii), respectively case
(iv), occurs, then we say that @ is deep, singular, subquadrangular, respectively
ovotdal, with respect to H.

A full embedding of a point-line geometry S into a projective space ¥ is an
injective mapping e from the point-set P of S to the point-set of ¥ satisfying
(i) (e(P)) = ¥ and (ii) e(L) := {e(x)|x € L} is a line of ¥ for every line L
of §. If e: § — ¥ is a full embedding, then for every hyperplane o of ¥,
H(a) := e !(e(P) N«a) is a hyperplane of S; we will say that the hyperplane
H(«a) arises from the embedding e.

1.2 Overview

Let n € N\ {0,1}, let K be a field and let ¢ be a non-degenerate symplectic or
Hermitian polarity of PG(2n —1,K). If ¢ is a Hermitian polarity, we assume that
there exists a totally isotropic subspace of maximal dimension n — 1. Notice that
such a subspace always exists in the symplectic case. In the case ( is a Hermitian



polarity of PG(2n — 1,K), let 6 be the associated involutory automorphism of K
and let Ky be the fix-field of 6.

Let IT be the polar space of the totally isotropic subspaces of PG(2n — 1,K)
(with respect to () and let A be its associated dual polar space. In the symplectic
case, we denote II and A by W(2n — 1,K) and DW (2n — 1,K), respectively. In
the Hermitian case, we denote I and A by H(2n—1,K,0) and DH(2n—1,K,0),
respectively.

Let 7 be an arbitrary (n — 1)-dimensional subspace of PG(2n — 1,K) and let
H, denote the set of all maximal totally isotropic subspaces meeting .

Suppose A is the symplectic dual polar space DW (2n — 1,K). We will show in
Section 2.1 that H is a hyperplane of A. We call any hyperplane of DW (2n —
1, K) arising from an (n—1)-dimensional subspace 7 of PG(2n—1,K) a hyperplane
of type (S). (“S” refers to Symplectic.) This class of hyperplanes is already
implicitly described in the literature.

Let G be the Grassmannian of the (n — 1)-dimensional subspaces of PG(2n —
1,K). The points of G are the (n — 1)-dimensional subspaces of PG(2n — 1, K)
and the lines are all the sets {C'| A C C' C B}, where A and B are subspaces
of PG(2n — 1,K) satisfying dim(A) = n — 2, dim(B) = n and A C B. If a is
an (n — 1)-dimensional subspace of PG(2n — 1,K), then the set of all (n — 1)-
dimensional subspaces of PG(2n — 1,K) meeting « is a hyperplane G, of the
geometry G (see e.g. [14]). Now, the dual polar space DW(2n — 1,K) can be
regarded as a subspace of G and the hyperplane G, will give rise to a hyperplane
of DW(2n —1,K). This is precisely the hyperplane H, of DW (2n — 1, KK) defined
above.

In the case of the Grassmannian G, there is essentially only one type of hyper-
plane which can be constructed in this way. This is not the case for the symplectic
dual polar space DW (2n — 1,K). The isomorphism type depends on the size of
the radical of .

In Section 2.1 we will discuss several properties of the hyperplanes of type
(S). Some of these properties turn out to be important for other applications (see
e.g. [8] and [9]). In Section 2.2, we will give an alternative description of these
hyperplanes in terms of certain objects of the dual polar space, and in Section
2.3, we will prove that all these hyperplanes arise from the so-called Grassmann-
embedding of DW (2n — 1, K).

Now, suppose A is the Hermitian dual polar space DH(2n — 1,K, ).

(i) If 7 is a totally isotropic subspace, then H, is a hyperplane of A, namely
the singular hyperplane of A with deepest point .

(ii) If 7 is not totally isotropic, then H, is not a hyperplane of A. Ife: A — 3
denotes the Grassmann-embedding of A, then we show in Section 3.1 that there
exists a subspace 7, of co-dimension 2 in ¥ such that e(H,) = e(P) N ~,, where
P denotes the point-set of A. If « is a hyperplane of ¥ through ~,, then H(«)
is a hyperplane of A which (regarded as point-line geometry) contains H, as a
hyperplane.



Any hyperplanes of DH (2n—1,K, #) which is obtained as in (i) or (ii) is called
a hyperplane of type (H) of DH(2n—1,K,6). (“H” refers to Hermitian.) Making
use of these hyperplanes of type (H) of DH(2n — 1, K, ), we prove the following
in Section 3.2.

Theorem 1.1 (Section 3.2) The dual polar space DH(2n — 1,K,0), n > 2,
has an ovoid arising from its Grassmann-embedding if and only if there exists an
empty 0-Hermitian variety in PG(n — 1, K).

Now, suppose the dual polar space DW (2n — 1,K) is isometrically embedded
as a subspace in DH(2n — 1,K,6). (Up to isomorphism, there exists a unique
such embedding, see [11, Theorem 1.5].) Then every ovoid of DH(2n — 1,K, )
intersects DW (2n —1,Ky) in an ovoid of DW (2n —1,Ky). By [12, Theorem 1.1],
the full embedding of DW (2n — 1,Ky) induced by the Grassmann-embedding of
DH(2n—1,K,0) is isomorphic to the Grassmann-embedding of DW (2n —1,Kj).
By Theorem 1.1, we then have

Corollary 1.2 If there exists an empty 0-Hermitian variety in PG(n — 1,K),
n > 2, then the dual polar space DW (2n — 1,Ky) has ovoids arising from its
Grassmann-embedding.

The ovoids alluded to in Theorem 1.1 and Corollary 1.2 are the first examples
(for n > 3) of ovoids in thick dual polar spaces of rank at least 3 which arise from
some projective embedding. They are also the first examples of ovoids in thick
dual polar spaces of rank at least 3 for which the construction does not make use
of transfinite recursion. (Using transfinite recursion it is rather easy to construct
ovoids in infinite dual polar spaces, see Cameron [3].)

In Section 4, we will discuss the finite Hermitian case. We will prove that if 7 is
an (n — 1)-dimensional subspace of PG(2n — 1, ¢*) which is not totally isotropic,
then there are precisely ¢+ 1 hyperplanes in DH (2n—1, ¢*) which contain H, as a
hyperplane and that all these hyperplanes are isomorphic. Some other properties
of these hyperplanes are investigated.

2 The symplectic case

2.1 Definition and properties of the hyperplanes of type
(S)

Consider in PG(2n — 1,K), n > 2, a symplectic polarity ¢ and let W (2n — 1, K)

and A = DW(2n — 1,K) denote the corresponding polar space and dual polar

space. Let 7 be an (n — 1)-dimensional subspace of PG(2n — 1, K) and let H, be
the set of all maximal totally isotropic subspaces meeting 7.



Lemma 2.1 If a is a mazimal totally isotropic subspace of W(2n — 1,K), then
dim(m N a) = dim(7¢ N «).

Proof. Put 3 =nNa and k = dim(3). The space 3¢ has dimension 2n — 2 — k
and contains the (n — 1)-dimensional subspaces 7¢ and a. Hence, dim(7* Na) >
k = dim(m N «). By symmetry, also dim(7w Na) > dim(7° N a). "

Corollary 2.2 H, = H <. "

Lemma 2.3 Through every point z of PG(2n — 1,K) not contained in 7 U 7°,
there exists a mazimal totally isotropic subspace disjoint from m (and hence also
from 7¢).

Proof. We will prove the lemma by induction on n.

Suppose first that n = 2. Let L be a line through = contained in the plane ¢
and not containing the point ¢ N 7. Then L satisfies the required conditions.

Suppose next that n > 3. The totally isotropic subspaces through = determine
a polar space of type W (2n — 3,K) which lives in the quotient space x¢/z. Since
dim(z° N7) = n—2 (recall that = & 7°), the subspace 7’ = (z, 2°N7) of 2°/x has
dimension n — 2 (in 2¢/x). By the induction hypothesis, there exists a maximal
totally isotropic subspace in W (2n—3, K) disjoint from 7’. Hence, in W (2n—1,K)
there exists a maximal totally isotropic subspace through x disjoint from 7. =

Proposition 2.4 The set H, is a hyperplane of DW (2n — 1,K).

Proof. First, we show that H, is a subspace. Let a; and ay be two maximal
totally isotropic subspaces meeting 7 such that dim(a; N ay) = n — 2 and let
as denote an arbitrary maximal totally isotropic subspace through oy N ag. If
ap Nag N # ¢, then obviously as meets . Suppose now that a; Nas, N = 0,
ar N ={z;} and ao N7 = {x5}. Then (a1 Nay)® = (a1, ). So, as C (ay, as)
meets the line 125 and hence also 7. In each of the two cases, as € H,. This
proves that H, is a subspace. By Lemma 2.3, H, is a proper subspace.

We will now prove that H, is a hyperplane. Let § denote an arbitrary totally
isotropic subspace of dimension n — 2 and let Lz denote the set of all maximal
totally isotropic subspaces containing 3. Obviously, Lg C H if Nw # 0. If
B Nm =10, then 3 is an n-dimensional subspace which has (at least) a point x
in common with 7. Obviously, (4, x) is a point of L contained in H. "

Definition. We say that a hyperplane H of A = DW(2n — 1,K) is of type (S) if
it is of the form H, for a certain (n —1)-dimensional subspace 7 of PG(2n—1, K).

Consider the following three types of points in the hyperplane H, of A = DW (2n—
1, K).

e Type I: maximal totally isotropic subspaces a for which dim(a N 7) =
dim(aN7®) =0and aNm =anns.



e Type II: maximal totally isotropic subspaces a for which dim(a N 7) =
dim(aNm®) =0 and anNnm # aN7e.

e Type III: maximal totally isotropic subspaces a for which dim(a N7) =
dim(ann¢) > 1.

For every point x of H,, let A(z) denote the set of lines through x which are
contained in H,. Then A(x) can be regarded as a set of points of Resa(x).

Proposition 2.5 o [f o is a point of Type I, then A(x) is a hyperplane of
Resa(z).

o [fa is a point of Type II, then A(x) is the union of two distinct hyperplanes
of Resa(x).

o If v is a point of Type 111, then A(x) coincides with the whole point set of
Resa(z).

Proof. Let a be a point of Type I and let  denote the unique point contained
inanNT=ann’ Let 3 be an (n — 2)-dimensional subspace of a. If 3 contains
the point z, then the line of DW (2n — 1,K) corresponding with § obviously is
contained in H,. If 3 does not contain the point z, then 3 N7 = {z}, and it
follows that « is the unique point of the line of DW (2n — 1,K) corresponding
with 8 which is contained in H. [If 3° N7 would be a line L, then L must be a
totally isotropic line through x and (3, L) would be a totally isotropic subspace
of dimension n, which is impossible.] Hence, there exists a unique max A(«a)
through a such that the lines of DW (2n — 1,KK) through « which are contained
in H, are precisely the lines of A(«) through «.

Let o be a point of Type II and let z; and x5 be the points contained in
aNm and a N 7¢, respectively. Let 8 be an (n — 2)-dimensional subspace of a.
If B contains at least one of the points x; and x5, then by Lemma 2.1, every
maximal totally isotropic subspace through  meets 7, proving that the line of
DW(2n — 1,K) corresponding with (3 is contained in H,. Suppose now that
BNA{x,x} = 0. If & # « is a maximal totally isotropic subspace through
3 meeting 7 in a point x # x;, then f = x* N a contains the point 5, a
contradiction. So, if 8N {x1, 22} = 0, then « is the unique point of the line
of DW(2n — 1,K) corresponding with ( which is contained in H,. It follows
that there are two distinct maxes A;(«) and As(«) through a such that the lines
through a contained in H, are precisely the lines through o which are contained
in A;(a) U Ag(a).

If o is a point of Type III, then every (n — 2)-dimensional subspace of «
contains a point of w. It follows that every line through « is contained in H,. =

Proposition 2.6 Let M be a mazx of DW(2n — 1,K) and let x be the point of
PG(2n — 1,K) corresponding with M. Then M is contained in H, if and only if
remunt.



Proof. If x € 7 U°, then every maximal totally isotropic subspace through x
meets 7 and hence M C H,. If + ¢ 7 U=S, then M is not contained in H, by
Lemma 2.3. ]

The following proposition is obvious.

Proposition 2.7 If © is a mazimal totally isotropic subspace, then H, s the
singular subspace with deepest point 7. "

Proposition 2.8 Let n > 3 and suppose that the subspace  is singular. Let x be
a point of © such that m C 5. The mazimal totally isotropic subspaces through
define a convez subspace A = DW (2n—3,K) of DW (2n—1,K). Let G, denote the
hyperplane of type (S) of A consisting of all mazimal totally isotropic subspaces
containing a line of ™ through x. Then the hyperplane H, of DW (2n — 1,K) is
the extension of the hyperplane G, of A.

Proof. Let o denote an arbitrary point of DW (2n — 1,K). If « is a point of A,
then o € H, since « contains the point x of 7.

Suppose now that a does not contain the point z. Let o’ denote the unique
maximal totally isotropic subspace through x meeting « in a space 8 of dimension
n — 2. Then «' is the projection of o onto A.

Suppose o € H,. If u is a point of a contained in 7, then the line zu is
contained in o/, proving that o/ € G,. Conversely, suppose that o € G,. If L
is a line of 7 through z contained in o/, then L meets the hyperplane 3 of /.
Hence, a N7 # 0 and a € H,.

So, a point of DW (2n — 1,KK) not contained in A belongs to H if and only if
its projection on A belongs to GG. This proves that H, is the extension of G. m

Proposition 2.9 Suppose H is a hyperplane of type (S) of DW (2n —1,K) and
let A be a convex subspace of DW (2n — 1,K) of diameter at least 2. Then either
A C H, or AN H, is a hyperplane of type (S) of A.

Proof. Let a be the totally isotropic subspace corresponding with A. If «
meets 7w, then A C H,. So, we will suppose that « is disjoint from 7. Put
dim(a) =n—1—1i with ¢ > 2. The totally isotropic subspaces through « define a
polar space W (2i — 1, K) which lives in the quotient space a¢/a. The space af is
(n—1++1)-dimensional and hence a* N7 has dimension at least i — 1. Let 7’ be the
subspace generated by o and a¢ N 7. The dimension of the quotient space o/«
is 20 — 1 and the dimension of 7’ in this quotient space is at least ¢ — 1. If this
dimension is at least 7, then every maximal totally isotropic subspace through «
meets ¢ N7 and hence A C H,. If the dimension is precisely i — 1, then the
hyperplane H N A of A has type (S). "

Proposition 2.10 Every hyperplane H,. of type (S) of DW(3,K) is either a
singular hyperplane or a grid.



Proof. In this case 7 is a line of PG(3,K). If 7 is totally isotropic, then H; is a
singular hyperplane.

If 7 is not totally isotropic, then the points of H, are precisely the lines
meeting 7 and 7¢. The lines of H, are the points of 7 U ¢, see Proposition 2.6.
It is now easily seen that H, defines a grid. "

Propositions 2.9 and 2.10 have the following corollary:
Corollary 2.11 A hyperplane of type (S) does not admit ovoidal quads. ]

Proposition 2.12 Every hyperplane H, of type (S) of DW(5,K) is either a
singular hyperplane or the extension of a grid.

Proof. In this case 7 is a plane which is always singular. So, H, is isomorphic
to the extension of a hyperplane of type (S) in DW(3,K). This proves the
lemma. [In fact, the following holds: if 7 is totally isotropic, then H; is a singular
hyperplane; if m contains a unique singular point, then H, is the extension of a
grid. ]

2.2 Alternative description of the hyperplanes

In this section, we will give an alternative description of the hyperplanes of type
(S). We will restrict ourselves to those hyperplanes H,, where 7 is nonsingu-
lar. (This is not so restrictive in view of Proposition 2.8.) The fact that 7 is
nonsingular implies that dim(7) is odd.

Consider the dual polar space DW (4n — 1,K) with n > 2. Let 7 be a nonsin-
gular subspace of dimension 2n — 1. Let ny,ny > 1 such that n; + ny, = n, and
let 7;, i € {1,2} be a nonsingular subspace of 7 of dimension 2n; — 1 such that
Ty = Wf N 7. Then 7 and 7y are disjoint and (my,me) = m. Let €, i € {1,2},
denote the set of maxes of DW (4n — 1,K) corresponding with the points of ;.
Then every max of €2y intersects every max of {25 in a convex subspace of diameter
2n — 2. Let X denote the set of points which are contained in a max of €2; and
a max of )g.

Proposition 2.13 H, consists of those points of DW (4n — 1,K) at distance at
most 1 from X.

Proof. Notice that every point of 7 is contained in a line which meets m; and
.

Now, let « denote an arbitrary point of H,, i.e. « is a totally isotropic
subspace and there exists a point * € a N «w. Let L denote a line through =z
meeting 7 and 5. There exists a maximal totally isotropic subspace o/ through
L meeting « in at least an (2n — 2)-dimensional subspace. Obviously, o’ € X and
d(o, ) < 1.

Now, let @ denote an arbitrary point of DW (4n — 1,K) at distance at most 1
from a point o of X. The totally isotropic subspace o’ contains a point z; € m



and a point x9 € my. Since dim(a N a’) > 2n — 2, the line z;x9 meets a N o’ and
hence also «. This proves that o € H,. n

Example. Consider the dual polar space DW (7, K). Suppose €2; and €5 are two
sets of mutually disjoint hexes satisfying the following properties.

e Every line L meeting two distinct hexes of €2, i € {1,2}, meets every hex
of €);. Moreover, the hexes of {2; cover all the points of L.

e Every hex of €y intersects every hex of €5 in a quad.

Let X denote the set of points which are contained in a hex of ; and a hex
of €25 and let H be the set of points at distance at most 1 from X. Then H is
a hyperplane of type (S) of DW(7,K) arising from a nonsingular 3-dimensional
subspace.

2.3 The hyperplanes of type (S) arise from embedding

Put I = {1,2,...,2n} with n > 2. Suppose X is an (n — 1)-dimensional subspace
of PG(2n — 1,K) generated by the points (z;1,...,Z;2,), 1 <i <n, of PG(2n —

1,K). For every J = {1, is,...,i,} € (1) with i, < iy < -+ < i, we define
L1,4, xl,iz o T,
X, = L2,y $2zz T T2,
xn,il xn,ig e xn,in

The elements X7, J € (1), are the coordinates of a point f(X) of PG((*") — 1, K)
and this point does not depend on the particular set of n points which we have
chosen as generating set for X. The image {f(X)| dim(X) = n — 1} of f is a
so-called Grassmann-variety Go,—1 -1 of PG((%:L) — 1, K) which we will shortly
denote by G. If o and [ are subspaces of PG(2n — 1,K) satisfying dim(a) =
n — 2 and dim(83) = n, then {f(X)| dim(X) =n — 1,0 C X C B} is a line of
PG((*") — 1,K). For more background information on the topic of Grassmann-
varieties, we refer to Hirschfeld and Thas [15, Chapter 24].

Let X and Y be two (n — 1)-dimensional subspaces of PG(2n — 1,K). Suppose
that X is generated by the points (x;1,...,2;2,), 1 < ¢ < n, and that Y is
generated by the points (y;1,...,%ion), 1 <7 <n. Then XNY # 0 if and only if

11 Ti2 - Ti2n

Tn1l Tn2 ' Tp2n =0
- 9

Y11 Yiz2 - Yion

Yn1 Yn2 - Yn2n



i.e., if and only if
> (-1 IX Y =0, (1)
7€()
where o(J) = (14 +n)+Xjcsj. (Expand according to the first n rows.) The
following lemma is an immediate corollary of formula (1).

Lemma 2.14 Let 7 be a given (n — 1)-dimensional subspace of PG(2n — 1,K)
and let V. denote the set of all (n — 1)-dimensional subspaces of PG(2n — 1,K)
meeting w. Then there exists a hyperplane A, of PG((ZT’:) — 1,K) satisfying the
following property: if ©" is an (n — 1)-dimensional subspace of PG(2n — 1,K),
then ' € Vi if and only if f(7') € A,. .

Now, consider a symplectic polarity ¢ in PG(2n —1,K) and let W (2n — 1, K) and
DW (2n — 1,K) denote the associated polar and dual polar spaces. A point a of
DW(2n — 1,K) is an (n — 1)-dimensional totally isotropic subspace. So, f(«) is
a point of G C PG((*") — 1,K). A line 8 of DW(2n — 1,K) is a totally isotropic
subspace of dimension n — 2 and the points of 3 (in DW (2n — 1,K)) are all the
(n—1)-dimensional subspaces through 3 contained in 3°. It follows that f defines
a full embedding ey of DW(2n — 1,K) in a certain subspace PG(N — 1,K) of
PG((*") —1,K). The value of N is equal to (*") — (*",), see e.g. Burau [1, 82.7]

n—2

or De Bruyn [7]. We call ey, the Grassmann-embedding of DW (2n — 1, K).

Proposition 2.15 Let m be an (n — 1)-dimensional subspace of PG(2n — 1,K)
and let H, denote the associated hyperplane of DW (2n — 1,K). Then H, arises
from the Grassmann-embedding of DW (2n — 1,K).

Proof. Let A, denote a hyperplane of PG( (2:) —1,K) satisfying the following: an
(n—1)-dimensional subspace 7’ of PG(2n—1, K) meets 7 if and only if f(7') € A,.
Suppose that A, contains PG(N — 1,K). Then every maximal totally isotropic
subspace would meet 7, which is impossible, see Lemma 2.3. Hence A, intersects
PG(N — 1,K) in a hyperplane B, of PG(N — 1,K). Obviously, the hyperplane
H, of DW(2n — 1,K) arises from the hyperplane B, of PG(N — 1,K). n

3 The Hermitian case

3.1 A hyperplane of a hyperplane

Let n > 2, let Ky be a field, let K be a quadratic Galois-extension of K, and let
6 be the unique non-trivial element in Gal(K/K,). Consider in PG(2n — 1,K) a
nondegenerate 6-Hermitian variety H(2n — 1, K, 0) of maximal Witt-index n and
let ¢ denote the Hermitian polarity of PG(2n — 1,K) associated with H(2n —
1,K',0). Let A := DH(2n — 1,K, 0) denote the dual polar space corresponding
with H(2n — 1,K,0). Put I ={1,2,...,2n}.

10



Suppose X is an (n — 1)-dimensional subspace of PG(2n — 1, K) generated by
the points (z;1,...,%i2,), 1 < i < n. For every J = {iy,ia,...,i,} € (i) with
11 <9 < --- < 1,, we define

T1i, Tl 0 Ty

Toiy T2y 0 T2,
X;=1| . . )

xn,il xn,iz e ajn,in

The elements X, J € (), are the coordinates of a point f(z) of PG((*") — 1, K)
and this point does not depend on the particular set of n points with we have
chosen as generating set for X. Now, let PG((QS) —1,Kg) denote the subgeometry
of PG( (2:) —1, K) consisting of all the points of PG( (2:) —1, K) whose coordinates
can be chosen in the subfield Ky C K. The following proposition follows from
Cooperstein [5] and De Bruyn [10].

Proposition 3.1 ([5], [10]) Let f be the restriction of f to the set of points of
A =DH(2n—1,K,68). Then there ezists a projectivity ¢ of PG((QT?) —1,K) such
that e == ¢ o f defines a full embedding of A into PG((%:L) - 1,Kp).

Definition. The full embedding alluded to in Proposition 3.1 is called the
Grassmann-embedding of DH (2n — 1,K, 0).

Definition. For every hyperplane H of A and for every point z of H, let Ay(x)
denote the set of lines through = contained in H. Then Ay (z) is a set of points
of Resa(z). For a proof of the following proposition, see Cardinali and De Bruyn
[4, Corollary 1.5] or Pasini [16, Theorem 9.3].

Proposition 3.2 Let H be a hyperplane of DH(2n — 1,K,60) arising from the
Grassmann-embedding of DH (2n — 1,K, 0). Then for every point x of DH(2n —
1,K,0), Ag(x) is a possibly degenerate 0-Hermitian variety of Resa(x) = PG(n—
1,K).

Important remark. In Proposition 3.2, the complete point-set of Resa (z) must
be regarded as a degenerate f-Hermitian variety.

Let m be an (n — 1)-dimensional subspace of PG(2n — 1,K) and let H, be the
set of all maximal totally isotropic subspaces meeting 7. In the following lemma,
we collect some properties of the set H,. The proofs of these properties are
completely similar to the ones given in the symplectic case.

Lemma 3.3 (i) If « is a mazimal totally isotropic subspace of H(2n — 1,K,0),
then dim(7 N a) = dim(7° N«). Hence, Hy = H <.

(ii) For every point x of H(2n — 1,K,0) \ (7 U %), there exists a mazimal
totally isotropic subspace disjoint from © (and hence also from w°).

(1ii) Hy is a subspace of DH(2n — 1,K,0).
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Proposition 3.4 (i) If m is a totally isotropic (n — 1)-dimensional subspace of
PG(2n —1,K), then H. is a hyperplane of DH(2n—1,K, ), namely the singular
hyperplane of DH(2n — 1,K, 6) with deepest point .

(13) If 7 is not totally isotropic, then H, is not a hyperplane of DH(2n —
1,K,6).

Proof. Part (i) is trivial. So, suppose 7 is an (n — 1)-dimensional subspace
of PG(2n — 1,K) which is not totally isotropic. Then there exists a point z €
7\ H(2n—1,K,0). Now, z¢ is a (2n — 2)-dimensional subspace of PG(2n — 1, K)
containing the (n — 1)-dimensional subspace 7¢. By Lemma 3.3 (ii), there exists
a maximal totally isotropic subspace a disjoint from 7 U 7¢. Then a N z¢ is an
(n — 2)-dimensional subspace of z¢ disjoint from 7 U 7¢. So, aN z¢ corresponds
with a line of A.

We show that (aNz¢,x) is the unique (n — 1)-dimensional subspace through
aNz® which is contained in (aNx¢)¢ and which meets 7. If this would not be the
case, then (o M%) N7 contains a line L through x. Then L¢ contains (o N z¢)
and also 7¢. Hence, 2¢ = (7¢, a N a¢) C L¢, a contradiction.

Since x ¢ H(2n — 1,K, 6), the line corresponding with oo N 2¢ is disjoint from
H,.. This proves that H, is not a hyperplane. n

Let V. denote the set of all (n—1)-dimensional subspaces of PG(2n—1, K) meeting
7. Then there exists a hyperplane A, of PG((ZT?) — 1, K) satisfying the following:
if 7' is an (n — 1)-dimensional subspace of PG(2n — 1,K), then 7’ € V, if and
only if f(7') € A, (Similar proof as Lemma 2.14). So, with ¢ as in Proposition
3.1, we have that
e(Hz) = ¢(Ax) Ne(P),

where P is the point-set of A. Now, put ¢(A,) = B, and suppose [3, is described
by the equation ) Je(lya sX; = 0. Then we denote by . the hyperplane of
PG( (2:) —1,K) described by the equation ), () a%X ;. Then 3, and 3. intersect
PG((QS) —1,Ky) is a subspace v, of co-dimension 1 or 2, and

e(Hz) = N B Ne(P) =7z Ne(P).

If 5, = ., then ~, is a hyperplane of PG((QS) —1,Ky) and H, is a hyperplane
of A. In that case 7 is totally isotropic. If 5, # (., then ~, has co-dimension 2
and H, is not a hyperplane. In that case 7 is not totally isotropic. The following
proposition is now obvious.

Proposition 3.5 FEvery hyperplane of PG((%:L) —1,Ky) through v, gives rise to a
hyperplane of A which either is equal to H, (if m is totally isotropic) or contains
H, as a hyperplane (if 7 is not totally isotropic).

Definition. Any hyperplane which can be obtained as described in Proposition
3.5 is called a hyperplane of type (H). Every singular hyperplane is a hyperplane
of type (H).
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Proposition 3.6 Suppose 7 is not totally isotropic. Let H be a hyperplane of
A which contains H, as a hyperplane and let o be a point of H not contained in
H,. Then the following properties hold:

(1) The set Ag(a) of lines through o which are contained in H are precisely
the lines through o meeting H .

(17) The set Ag(«), regarded as set of points of Resa(«), is a possibly degen-
erate 0-Hermitian variety of Resa(a), which is isomorphic to the §-Hermitian
variety H(2n — 1,K,0) N7 of 7.

Proof. Part (i) is trivial. We will regard « as a totally isotropic (n — 1)-
dimensional subspace of PG(2n — 1,K) which is disjoint from 7 and hence also
from 7¢. For every subspace 6 of 7, let 0* be the subspace 6 M. Then p defines
an isomorphism between the projective spaces m and Resa(«). If p is a point
of TN H(2n — 1,K, ), then the line p* through « is completely contained in H
since p* contains two points of H (namely o and (p,p* N «a)). If p is a point of
7\ H(2n —1,K,0), then (p°* N )¢ contains a and (p¢ N e, p) and hence coincides
with (a, p). Since («, p) intersects 7 in the point p ¢ H(2n — 1, K, ), the line p#
contains a unique point of H, namely « (see part (i)). The proposition follows. m

Proposition 3.7 Suppose w is not totally isotropic. Let H be a hyperplane of A
arising from a hyperplane of PG((QS) —1,Ky) through 7, and let o be a point of
H. Then the following holds.

(1) If « & Hy, then Ag(«a) is a O-Hermitian variety of Resa(a) which is
isomorphic to the 0-Hermitian variety H(2n — 1, K, 8) N7 of 7.

(i1) If « € H, and the generator o contains a line of w, then Ay (a) consists
of the whole point-set of Resa(a).

(1i1) If o € H, and the generator a intersects ™ in a point not belonging to
76, then Ag(a) is a degenerate O-Hermitian variety (a cone) with top an (n —
3)-dimensional subspace of Resa(a) and with base a Baer subline of a line of

Resa(a).

Proof. Claim (i) is precisely Proposition 3.6. Claim (ii) is trivial. So, suppose
that the generator « intersects 7 in a unique point 3; € 7¢. Then by Lemma 3.3,
the generator « also intersects ¢ in a unique point, say yo. Let Fj, i € {1,2}
denote the max through « corresponding with ;.

We claim that the lines through o contained in H, are precisely the lines
through « contained in Fy U F5. Obviously, every line through « contained in
Fy U Fy is also contained in H,. Suppose (3 is an (n — 2)-dimensional subspace of
a not containing v, y2 and o is a maximal totally isotropic subspace through g
meeting 7 in a point 3/} # ;. Then since y, € ¢ and 3 C ¢/,°, o C 9/,°. This is
however impossible since (y}, ) is not totally isotropic. So, every line through «
which is not contained in F; U F5 is also not contained in H,.

Now, let W denote the set of hyperplanes of A arising from a hyperplane
of PG((QJ) — 1,Kp) through ~,. Then for every H € W, Ag(«) is a possibly
degenerate 6-Hermitian variety of Resa () containing every line through o which
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is contained in F} U Fy. So, either Ay () is the whole set of points of Resa(«a) or
Ap(a) is as described in (iii) above. Since the hyperplanes of W partition the set
of points of P\ H,, every line through « not contained in F; U F} is contained in a
unique hyperplane of YW. This implies that every Ay («), H € W, is as described
in (iii) above. n

3.2 Ovoids arising from the Grassmann-embedding of A

Up to present, no ovoid is known to exist in a finite thick dual polar space
of rank at least 3. The same conclusion does not hold for infinite thick dual
polar spaces due to constructions using transfinite recursion, see Cameron [3].
An unanswered question up to now was whether there exist ovoids in possibly
infinite thick dual polar spaces of rank at least 3 which arise from projective
embeddings. In this subsection, we will construct the first examples of such
ovoids. In fact we will give necessary and sufficient conditions for the existence
of ovoids of the Hermitian dual polar space DH (2n — 1, K, ) which arise from its
Grassmann-embedding. Recall also that if DH(2n — 1,K, ) has ovoids arising
from its Grassmann-embedding, then also the dual polar space DW (2n — 1,K)
has ovoids arising from its Grassmann-embedding since DW (2n — 1,K,) can be
embedded as a subspace in DH (2n — 1, K, #) such that the projective embedding
of DW(2n —1,Ky) induced by the Grassmann-embedding of DH (2n — 1,K, 0) is
isomorphic to the Grassmann-embedding of DW (2n — 1, K).

Theorem 3.8 The dual polar space DH(2n — 1,K,0), n > 2, has ovoids aris-
ing from its Grassmann-embedding if and only if PG(n — 1,K) has an empty
0-Hermatian variety, in which case there even exists a partition of ovoids arising
from the Grassmann-embedding.

Proof. Suppose H is an ovoid arising from the Grassmann-embedding of D H (2n—
1,K,0) and let = be a point of H. Then Ay(z) = 0 and hence Resa(z) =
PG(n — 1,K) admits an empty 6-Hermitian variety by Proposition 3.2.

Conversely, suppose PG(n — 1,K) admits an empty #-Hermitian variety. Let
Zzol ainin (a?j = a;;) denote such an empty Hermitian variety (with respect
to a given reference system). Consider then the following Hermitian variety in
PG(2n — 1,K) (again with respect to a certain reference system):

n—1
Z ainZ-Xf + (Xon + XnXg) + (X1X2+1 + Xn+1Xf)

1=0

+ o+ (Xn—ngn—l + X2n—1X'r6L—1) = 0.

This Hermitian variety is non-singular and its maximal singular subspaces have
maximal possible dimension n — 1 (e.g. Xo=X; =---= X,,_; =0). Now, let 7
be the subspace X,, = X411 = -+ = Xg,_1 = 0 of PG(2n — 1,K). Then H, = 0.
So, if e : A — ¥ denotes the Grassmann-embedding of A, then there exists a
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subspace v, of co-dimension 2 in ¥ having empty intersection with e(P), where P
denotes the point-set of DH(2n — 1,K, 8). (Recall ¢(P) N v, = e(H;).) Now, let
W denote the set of hyperplanes of DH (2n — 1,K, 0) arising from a hyperplane
of ¥ through ~,. If a hyperplane W € W contains a line L, then e(L) meets v,
a contradiction. Hence, all elements of VW are ovoids and W defines a partition
of DH(2n — 1, K, #) into ovoids. .

Examples. (1) Let Ky = R, K = C and let 6 be the complex conjugation -.
The Hermitian variety XoXo+ X, X1 +- -+ X,,_1X,,_1 of PG(n —1,C) is empty.
Hence, DH(2n—1,C,~) and DW(2n — 1,R) admit partitions in ovoids with each
ovoid arising from the Grassmann-embedding of the dual polar space.

(2) Let Ky = Q, K = Q(v/2) and let 6 be the automorphism ¢; +v/2qs — q1 —
V2¢2 (q1, ¢ € Q) of Q(v/2). The Hermitian variety XS + X ... 4 X1 =0
of PG(n—1,Q(v/2)) is empty. Hence, DH (2n — 1 Q(\/_) 0) and DW (2n—1,Q)

admit partitions in ovoids.

4 Discussion of the finite Hermitian case

Let H(2n — 1,¢*), n > 2, be a nonsingular Hermitian variety in PG(2n — 1, ¢%)
and let A = DH(2n — 1,¢?) be the associated dual polar space. Let P denote
the point-set of A (i.e. the set of generators of H(2n —1,¢?%)). Notice that every
quad of A is isomorphic to DH(3,¢*) = Q (5, ¢) and that every hyperplane of
Q" (5,q) is either a Q(4, ¢)-subquadrangle or a singular hyperplane (see Payne
and Thas [17]). Let e : A — ¥ = PG((*") — 1,¢g) be the Grassmann-embedding
of A.

Let ™ be an (n — 1)—dimensional subspace of PG(2n — 1,¢?) which is not a
generator of H(2n — 1,4¢?) and let H, be the set of generators of H(2n — 1,¢?)
meeting 7. Then by the above, we know that there exists a subspace v, of
co-dimension 2 in X such that H, vz Ne(P)). Let 3. and gL be two

hyperplanes of ¥ such that ~, = ﬁ,, N ﬁ’

Lemma 4.1 Let o be a hyperplane of ¥ through ., let H(«) be a hyperplane of
A arising from « and let Q) be a quad of A. Then one of the following holds:

(1) @NH(e) =Q and QN Hr = Q;

(2) QN H(a)=Q and QN H, is a Q(4 q)-subquadrangle of Q;

B) QNH(a)=Q and QN Hy = 2+ N Q for a point v of Q;

(4) QN H(w) is a Q(4, q)-subquadrangle of Q and Q N H, = Q N H(«a);

(5) QN H(«) is a Q(4, q)-subquadrangle of Q) and QN H, is a (¢g+1) x (g+1)-
grid of @ N H(a);

(6) QN H(«a) is a Q(4, q)-subquadrangle of Q and Q N H, is a classical ovoid
of Q N H(a);

(7) QN H(«) is a Q(4, q)-subquadrangle of Q and QN H, = 2+ N (Q N H(«a))
for a point x of Q@ N H(«);

(8) QN H(a) =z+NQ for a point x of Q and QN Hy = Q N H(a);

15



(9) QN H(a) =2 NQ for a point x of Q and Q N H is a line contained in
QNH(a);
(10) QN H(a) =2 NQ and QN H, C QN H(«) is a classical ovoid of a

Q(4,q)-quad of Q;
(1) QN H(a)=2tNQ and QN H, C QN H(a) is the union of g+ 1 lines
through x contained in a Q(4, q)-subquadrangle through x.

Proof. Obviously, H, = H(3,) N H(3,) = H(3,) N H(a) = H(3,) N H(a).
Hence, H,NQ = (H(a)NQ)N(H(B:)NQ). Now, H(a)NQ (H(S:)NQ) is either
Q, a Q(4, q)-subquadrangle of @ or a singular hyperplane of ). Combining all

possibilities for H(a) N Q and H(B,) N Q, one readily finds the 11 possibilities
mentioned in the lemma. ]

Now, consider the following graph I" on the vertex set P\ H,. Two vertices y;
and y, are adjacent whenever one of the following conditions is satisfied:

(i) d(y1,y2) = 1 and the line y;yo meets H,;

(i) d(y1,92) = 2, (y1,y2) N H, is the union of ¢ + 1 lines through a point z
which is collinear with y; and ys;

(iii) d(y1,92) =2, (y1,y2) N Hy is a line L and 7 (y1) = 71 (y2).
For every point z of P\ H,, let
e A, be the hyperplane of A arising from the hyperplane (e(z),~,) of 3;
e (), be the component of I' containing x;
e B,=C,UH,.
Lemma 4.2 For every point x of P\ H,, A, C B,.
Proof. For every i € {0,...,n}, consider the following property (F;):
(P): If y1,y2 € A, \ Hp such that d(y;,y2) =@ and y; € C,, then also y, € C,.

We will prove property (P;) by induction on i. The lemma then immediately
follows from the fact that x € A, N C, and H, C B,. Property (FP) trivially
holds.

(1) Suppose ¢ = 1 and let y; and y, be two points of A, \ H, at distance 1 from
each other such that y; € C,. Since H is a hyperplane of A,, the line y;y2 meets
H,. Hence, y; and 1y, are adjacent vertices of I'. Since y; € C,, also y, € C,.

(2) Suppose i = 2 and let y; and yo be two points of A, \ H, at distance 2 from
each other such that y, € C,. Now, we will apply Lemma 4.1 with o = (e(z), Vx)
(SO, H(O[) = A:v) and Q = <y1ay2> Either case (2)a (3)7 (5)7 (6)7 (7)7 (9>7 (10) or

(11) of the lemma occurs.
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In cases (2), (3), (5), (6), (7) and (10), (@ N H(«)) \ (Q N H,) is connected.
Since y1,92 € (Q N H(w)) \ (Q N Hy) and y; € C,, it follows that y, € C, by
successive application of Step (1).

Suppose case (9) occurs. Then @ N H, is a line L and @ N H(«a) is a singular
hyperplane of ) whose deepest point coincides with 7, (y;) = 7 (y2) since y1, ys €
(@QNH(w))\(QNH,). Hence, y; and y, are adjacent vertices of I'. Since y; € C,,
also y5 € C,.

If case (11) occurs, then again y1,y2 € (Q N H(a)) \ (Q N H,) are adjacent
vertices in I'. Since y; € C,, also y, € C,.

(3) Suppose @ > 3 and let y; and y, be two points of A, \ H, at distance i
from each other. Let A;, i € {1,2}, denote the set of lines through y; meeting
H,. Then A; is a possibly degenerate Hermitian variety of Resa(y;). Let Al
i € {1,2}, denote the set of lines of A; which are contained in A" := (yy, y2). If A
is a hyperplane of Resa/(ys), then let F' denote a max of (y,ys) through y, not
containing all lines of A}. Otherwise, let F' denote an arbitrary max of (yi,y2)
through y,. Since d(y;,y2) > 3, there exists more than 1 line in A}. Let L; be
a line of A} which is different from the unique line through y; meeting F. Let z
denote the unique point of L at distance d(yi,y2) — 1 from yo. Then (z,yo) # F
and there exists a line Ly € A} not contained in (z,ys). Now, every point of L;
has distance i — 1 from L. Since |Li|, |Lo| > 3, there exist points ¢} € Ly \ Hy,
yy € Lo\ H, at distance i — 1 from each other. By Step (1), y; € C,. By the
induction hypothesis, y5 € C, and from Step (1), it follows again that yo € C,.
This proves that property (P;) holds. .

Lemma 4.3 If H is a hyperplane of A containing H. as a hyperplane, then
B, C H for every point x of H \ H,.

Proof. It suffices to show that C, C H. Since x € H, we must show the
following: if y; and y, are two adjacent vertices of I" such that y; € H, then also
yo € H. We distinguish three cases.

(1) d(y1,y2) = 1 and the line y;y2 meets H,. Then y, € H since y; € H and
H,.CH.

(2) d(y1,y2) =2, (y1,y2) N H, is the union of g+ 1 lines through a point z which
is collinear with y; and y,. Since (y1,y2) N H, is a hyperplane of (y;,y2) N H
and y; € H, (y1,y2) N H is the singular hyperplane of (y;,y,) with deepest
point z. It follows that y, € H.

(3) d(y1,y2) = 2, (y1,y2) N Hy is a line L and 7y (y1) = 7(y2). Since L =
(y1,y2) N Hy is a hyperplane of H N (y1,y2), HN(y1,y2) is a singular hyper-
plane with deepest point on L. Since y; € H, the deepest point coincides
with 77, (y1). Hence, yo € H since 71 (y2) = mr(11). "

Proposition 4.4 There are ¢ + 1 hyperplanes which have H, as a hyperplane.
These are the hyperplanes A,, v € P\ H,.
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Proof. Let H be a hyperplane which has H, as a hyperplane and let x be a
point of H \ H,. By Lemmas 4.2 and 4.3, A, C H and hence A, = H since A,

is a maximal subspace. m

Proposition 4.5 The q + 1 hyperplanes containing H, as a hyperplane are all
1somorphic.

Proof. Suppose the radical of 7 has dimension k£ € {—1,0,...,n — 2}. Without
loss of generality, we may suppose that H(2n — 1, ¢?) has equation

(Xo X3 + X XG) + (X X0 + X X¢) + - + (G Xy + X X))
X+ X+ X X A X+ XS =0,

and 7 has equation
7T<—>X0:X1:"': n,lz().

Let € be an element of F 2 satisfying e7*! = —1 and let € be an element of F,2\ {0}
satisfying €7 = —€’. Let L denote the following line of A:

! ! !
Xo=¢ -Xp, X1 =¢€ - Xpy1,..., X =¢€ - Xoyps
ch+1 = € Xn+k+17 s Xpg =€ Xop_o,

Xpno1 = X1 =0.

The g + 1 points on this line are given by the equations

! / !
X():G 'Xn,Xl =€ 'Xn_H,...,Xk:G 'Xn—i-k;
Xir1 =€ Xpgpq1,-- -, Xno =€ Xoyo,

Xpo1 =€ Xop_1,

where € is one of the ¢ + 1 elements of F 2 satisfying €7"! = —1. Obviously, none
of the above points belongs to H,. So, L is disjoint from H. It follows that the
hyperplanes A,, x € L, are all the hyperplanes containing H, as a hyperplane.
For every § € F .2 satisfying §9*! = 1, the automorphism (Xo, X1, ..., Xop_1) —
(X0, X1, -, Xon_2,0 - Xo,, 1) of PG(2n — 1,¢?) fixes H(2n — 1,¢?) set-wise and
hence determines an automorphism 65 of DH (2n—1, ¢*) fixing H,, and L set-wise.
Obviously, the group G = {65| 7™ = 1} acts regularly on the line L and hence
also on the set of ¢ + 1 hyperplanes containing H, as a hyperplane. n

Proposition 4.6 Let n > 3 and suppose that the hyperplane 7 is singular. Let x
be a point of m such that m C 5. The mazimal totally isotropic subspaces through
x define a conver subspace A = DH (2n—3,q*) of DH(2n—1,¢%). Let G, denote
the set of all maximal totally isotropic subspaces containing a line of ™ through x.
Let Hy, Hy,...,H,1 denote the g+ 1 hyperplanes of DH(2n — 1,¢*) containing
H, as a hyperplane and let G1,Gy, ..., Gyp1 denote the ¢ + 1 hyperplanes of A
containing G as a hyperplane. Let G;, i € {1,...,q + 1}, denote the hyper-
plane of DH(2n — 1,¢*) obtained by extending G;. Then {Hy, Hs, ..., Hyy1} =
{G1,Ga,...,Gg1}.
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Proof. It suffices to prove that each G;, i € {1,...,q + 1}, contains H, as a
hyperplane. Recall that H is a subspace of DH(2n — 1, ¢?%).

(1) We show that H, C G;. Let a denote an arbitrary maximal totally isotropic
subspace meeting 7. If a contains z, then @ € A C G;. If o does not contain
x, then the unique maximal totally isotropic subspace through x meeting « in
an (n — 2)-dimensional subspace contains the subspace (x, N 7) and hence is
contained in G;. It follows that o € G;.

(2) We show that every line L contained in G; contains a point of H,. We
distinguish three cases:

(2a) L is contained in A. Then every point of L belongs to H,.

(2b) L meets A in a unique point. This point belongs to H..

(2¢) L is disjoint from A. Then m4(L) is a line of A contained in G;. Since
G is a hyperplane of G;, m4(L) contains a point u of G,. The unique point of L
collinear with v meets 7 and hence is contained in H. n

Proposition 4.7 Let H be a hyperplane of DH(2n — 1,q¢*) having H, as a hy-
perplane. Let A be a convex subspace of DH(2n — 1,¢%) of diameter at least 2.
Then either A C H or AN H is a hyperplane of type (H) of A.

Proof. We suppose that A is not completely contained in H. Then AN H is
a hyperplane of A. Let a be a totally isotropic subspace corresponding with A.
Since A is not contained in H, « is disjoint from 7. Put dim(«) =n — 1 — i with
i > 2. The totally isotropic subspaces through « define a polar space H(2i—1, ¢?)
which lives in the quotient space a®/a. The space a¢ is (n — 1 + i)-dimensional
and hence a¢ N7 has dimension at least ¢ — 1. Let 7’ be the subspace generated
by a and a¢ N 7. The dimension of the quotient space a¢/a is 2i — 1 and the
dimension of 7" is this quotient space is at least ¢ — 1. Since A is not contained
in H, this dimension is precisely i — 1. Let X denote the set of maximal totally
isotropic subspaces through o meeting o N7. (So, X = AN H,.) Since every
line of H meets H, in either the whole line or a unique point, every line of the
hyperplane H N A of A meets X = AN H; is either the whole line or a unique
point. It follows that the hyperplane A N H of A is a hyperplane of type (H).
[Notice that it might be possible that H N A = X. Then H N A is a singular
hyperplane of A (cf. Proposition 3.4).] n

Remark. In the case n = 3 and 7 is a 2-dimensional subspace of PG(5, ¢*) inter-
secting H(5,¢?) in a unital, the ¢ + 1 hyperplanes containing H, as a hyperplane
have already been described in De Bruyn and Pralle [13].

References

[1] W. Burau. Mehrdimensionale projecktive und Hégere Geometrie. Berlin,
1961.

19



2]
3]

[4]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

P. J. Cameron. Dual polar spaces. Geom. Dedicata 12 (1982), 75-85.

P. J. Cameron. Ovoids in infinite incidence structures. Arch. Math. 62 (1994),
189-192.

[. Cardinali and B. De Bruyn. The structure of full polarized embeddings of
symplectic and hermitian dual polar spaces. Adv. Geom. 8 (2008), 111-137.

B. N. Cooperstein. On the generation of dual polar spaces of unitary type
over finite fields. Furopean J. Combin. 18 (1997), 849-856.

B. De Bruyn. Near polygons. Frontiers in Mathematics, Birkhauser, Basel,
2006.

B. De Bruyn. A decomposition of the natural embedding spaces for the
symplectic dual polar spaces. Linear Algebra Appl. 426 (2007), 462-477.

B. De Bruyn. Hyperplanes of DW (2n — 1,q), ¢ # 2, without ovoidal quads.
Discrete Math. 307 (2007), 2680-2694.

B. De Bruyn. The hyperplanes of DW (5,2") arising from embedding. Dis-
crete Math., to appear.

B. De Bruyn. On the Grassmann-embeddings of the Hermitian dual polar
spaces. Linear Multilinear Algebra, to appear.

B. De Bruyn. Isometric full embeddings of DW (2n—1, q) into DH (2n—1, ¢%).
Finite Fields Appl. 14 (2008), 188-200.

B. De Bruyn. On isometric full embeddings of symplectic dual polar spaces
into Hermitian dual polar spaces. Linear Algebra Appl., submitted.

B. De Bruyn and H. Pralle. The hyperplanes of DH (5, ¢*). Forum Mathe-
maticum, to appear.

J. I. Hall and E. E. Shult. Geometric hyperplanes of non-embeddable Grass-
mannians. European J. Combin. 14 (1993), 29-35.

J. W. P. Hirschfeld and J. A. Thas. General Galois geometries. Oxford Math-
ematical Monographs. The Clarendon Press, New York, 1991.

A. Pasini. Embeddings and expansions. Bull. Belg. Math. Soc. Simon Stevin
10 (2003), 585—-626.

S. E. Payne and J. A. Thas. Finite Generalized Quadrangles. Research Notes
in Mathematics 110. Pitman, Boston, 1984.

E. E. Shult. On Veldkamp lines. Bull. Belg. Math. Soc. Simon Stevin 4 (1997),
299-316.

20



[19] E. E. Shult and A. Yanushka. Near n-gons and line systems. Geom. Dedicata
9 (1980), 1-72.

21



