New upper bounds on the sizes of caps in P G(N, 5) and P G(N, 7)

Y. Edel L. Storme^∗ P. Sziklai^†

Abstract Let m_2(N, q) denote the size of the largest caps in P G(N, q) and let m^′_2(N, q) denote the size of the second largest complete caps in P G(N, q). Presently, it is known that m_2(4, 5) ≤ 111 and that m_2(4, 7) ≤ 316. Via computer searches for caps in P G(4, 5) using the result of Abatangelo, Larato and Korchmáros that m^′_2(3, 5) = 20, we improve the first upper bound to m_2(4, 5) ≤ 88. Computer searches in P G(3, 7) show that m^′_2(3, 7) = 32 and this latter result then improves the upper bound on m_2(4, 7) to m_2(4, 7) ≤ 238. We also present the known upper bounds on m_2(N, 5) and m_2(N, 7) for N > 4.

1 Introduction

An n-cap in the projective space P G(N, q) of dimension N over the finite field of order q is a set of n points, no three of which are collinear. A cap is called complete when it is not contained in a larger cap of the same projective space. The largest size of caps in P G(N, q) is denoted by m_2(N, q). The size of the second largest complete caps in P G(N, q) is denoted by m^′_2(N, q). Thus any n-cap with n > m^′_2(N, q) can be extended to a cap of size m_2(N, q).

Presently, only the following exact values of m_2(N, q) are known. In P G(2, q), q odd, there are at most (q + 1)-caps [8]. In P G(2, q), q even, there are at most (q + 2)-caps [8]. In P G(3, q), q > 2, the maximal size of a cap is q^2 + 1 [8, 32], and in P G(N, 2), the maximal size of a cap is 2^N [8].

In some spaces P G(N, q), a complete characterization of the m_2(N, q)- caps is known. Namely, in P G(2, q), q odd, every (q + 1)-cap is a conic

∗The second author thanks the Fund for Scientific Research - Flanders (Belgium) for a Research Grant.

†The research of this author was partially supported by OTKA T-043758, D-32817, F-030737, F-043772, FKFP 0063/2001 and Magyary Zoltan grants. The third author is grateful for the hospitality of Ghent University.

[33, 34]. In P G(2, q), q even, q ≥ 16, distinct types of (q + 2)-caps exist; see [27] for a list of the known infinite classes of (q + 2)-caps. In P G(3, q), q odd, every (q^2 + 1)-cap is an elliptic quadric [3, 30]. In P G(3, q), q = 2^h, h odd, h ≥ 3, at least one type of (q^2 + 1)-caps different from the elliptic quadrics exists, called the Tits ovoid [38]. In P G(N, 2), every 2^N -cap is the complement of a hyperplane [35].

Apart from these results which are valid either for arbitrary q or for arbitrary dimension N, some sporadic results are known. Namely, the maximal size of a cap in P G(4, 3) is 20 [31], the maximal size of a cap in P G(5, 3) is 56 [20], and the maximal size of a cap in P G(4, 4) is 41 [14].

Regarding the characterizations, exactly 9 types of 20-caps exist in P G(4, 3) [22], the 56-cap in P G(5, 3) is projectively unique [21], and there are exactly 2 distinct types of 41-caps in P G(4, 4) [13].

In the other cases, only upper bounds on the sizes of caps in P G(N, q) are known. We refer to [27] for a list of the known results. We also wish to state the following result published in [4, 5] which gives the best upper bounds on the size of caps in P G(N, q), for large enough N.

Theorem 1.1 For q > 3 and N ≥ 3,

m_2(N, q) ≤ q^N ·

N + 1 N^2

+ q^{N−1} ·

3 · N 2(N − 1)^2 . The following tables show for small values of q and N the known values of m^′_2(N, q). Table 1 is [27, Table 2.4]. For the exact references for Table 1, we refer to [27, Table 2.4].

q 7 8 9 11 13 16 17 19 23 25 27 29 m^′_2(2, q) 6 6 8 10 12 13 14 14 17 21 22 24

Table 1: m^′_2(2, q) in small planes

q 3 4 5 7 N 3 8 14 20 32 4 19 40 5 48

Table 2: m^′_2(N, q)

For the values of Table 2, we refer to [17] for (N, q) = (3, 3), [25] for (N, q) = (3, 4), [1] for (N, q) = (3, 5), [37] for (N, q) = (4, 3), [16] for (N, q) =

(4, 4), and [2] for (N, q) = (5, 3). The latter value m^′_2(3, 7) = 32 is presented in this article (Theorem 3.5).

Apart from these results, it is also known that (1) m^′_2(2, 2^{2h}) = 2^{2h} − 2^h + 1 for h > 1 [7, 18, 28], (2) m^′_2(N, 2) = 2^{N−1} + 2^{N−3}, N ≥ 3 [10].

There exists a 66-cap in P G(4, 5) [15], and a result of Gronchi [19] shows that m_2(4, 5) ≤ 111. So presently, 66 ≤ m_2(4, 5) ≤ 111.

We will lower the upper bound to 88 by using computer searches using geometrical arguments which include the result of Abatangelo, Larato and Korchmáros that m^′_2(3, 5) = 20 [1]. This then leads to 66 ≤ m_2(4, 5) ≤ 88.

Presently, from [15, 19], 132 ≤ m_2(4, 7) ≤ 316.

We will improve this to 132 ≤ m_2(4, 7) ≤ 238.

We obtain this improvement by using computer searches which determine the precise value of m^′_2(3, 7). Our computer searches show that m^′_2(3, 7) = 32.

2 Caps in P G(N, 5)

Presently, the following results on caps in P G(3, 5) and P G(4, 5) are known:

(a) since m^′_2(3, 5) = 20, every 21-cap in P G(3, 5) is a subset of an elliptic quadric, and (b) 66 ≤ m_2(4, 5) ≤ 111.

We will improve the upper bound on m_2(4, 5) to m_2(4, 5) ≤ 88. This upper bound will be obtained by eliminating the existence of 89-caps in P G(4, 5) by means of computer searches.

We first prove a number of results which are useful for the computer searches.

Lemma 2.1 For every 19-cap in P G(3, 5), there is a plane intersecting this cap in a conic.

Proof: Assume that K is a 19-cap such that every plane intersects K in at most 5 points. Then an elementary counting shows that every bisecant to K lies in exactly one plane sharing 4 points with K and in five planes sharing 5 points with K. This implies that the number of bisecants must be a multiple of 6 which is the number of bisecants in a 4-plane.

But the number of bisecants to a 19-cap is 171 and this is not a multiple of 6. �

Lemma 2.2 For every 84-cap in P G(4, 5), there is at least one plane intersecting this cap in a conic.

Proof: Through every bisecant to a 84-cap K, there is at least one plane intersecting this cap in at least 5 points. Denote this plane by π. Consider the six solids through π. Then there is at least one solid through π sharing at least 19 points with K. The preceding lemma now shows that there is at least one plane sharing a conic with K. �

Let K be a cap in P G(4, 5), let π be a plane intersecting K in a conic, and let π_1 and π_2 be two solids through π both sharing at least 21 points with K. These solids intersect K in subsets of elliptic quadrics. Denote these two elliptic quadrics in π_1 and π_2 respectively by Q_1 and Q_2.

These two 3-dimensional elliptic quadrics Q_1 and Q_2 define a pencil of six 4-dimensional quadrics pairwise intersecting in Q_1 ∪ Q_2. We now determine which quadrics precisely occur within this pencil.

Lemma 2.3 The two 3-dimensional elliptic quadrics Q_1 and Q_2 in the solids π_1 and π_2 define a pencil of six 4-dimensional quadrics consisting of the solid pair π_1 ∪ π_2, three non-singular parabolic quadrics, and two cones with base a non-singular 3-dimensional elliptic quadric and a point as vertex.

Proof: These two elliptic quadrics Q_1 and Q_2 together contain 26+20 = 46 points since they intersect in a conic. One of the quadrics in the pencil defined by Q_1 and Q_2 is π_1 ∪ π_2 containing 281 points.

Now |P G(4, 5) \ (π_1 ∪ π_2)| = 500.

Assume that, besides π_1 ∪ π_2, the pencil defined by Q_1 and Q_2 contains x non-singular 4-dimensional parabolic quadrics and y cones with base a non-singular 3-dimensional elliptic quadric and a point as vertex. Then { x + y = 5 x(156 − 46) + y(131 − 46) = 500, where 156 is the cardinality of a non-singular 4-dimensional parabolic quadric and where 131 is the cardinality of a cone with base a non-singular 3- dimensional elliptic quadric and a point as vertex.

This implies (x, y) = (3, 2). �

We now state a lemma involving a particular size for the cap K. The main goal of this lemma is to present some of the ideas used in the computer searches, and to motivate the following subsections. The ideas of this lemma will also be used for other sizes of caps. We will present these analogous results, by referring to this lemma.

Lemma 2.4 Let K be a 67-cap in P G(4, 5) intersecting at least one plane π in a conic. Let S_1 and S_2 be two solids through π with |S_1 ∩ K| ≥ 24 and |S_2 ∩ K| ≥ 21, and let Q_1 and Q_2 be the two elliptic quadrics containing the intersections S_1 ∩ K and S_2 ∩ K.

Then there exists a 4-dimensional non-singular parabolic quadric Q through Q_1 and Q_2 containing at least two points of K \ (S_1 ∪ S_2) if |S_1 ∩ K| = 26, and containing at least one point of K \ (S_1 ∪ S_2) if |S_1 ∩ K| ∈ {24, 25}.

Proof: Suppose that |S_1∩K| = 26, then |(Q_1∪Q_2)∩K| = x ≥ 26+15 = 41.

A quadratic cone with base a non-singular 3-dimensional elliptic quadric Q^−(3, 5) has at most 52 points in common with K, so the two quadratic cones in the pencil defined by Q_1 and Q_2 contain at most x + 2(52 − x) ≤ 63 points of K. So at least 4 points of K lie on one of the parabolic quadrics contained in the pencil. So one of those three parabolic quadrics contains at least 2 points of K \ (Q_1 ∪ Q_2).

A similar argument discusses the case |S_1 ∩ K| ∈ {24, 25}. �

For a 4-dimensional parabolic quadric Q through Q_1 ∪ Q_2, the set Q \ (Q_1 ∪ Q_2) contains 156 − 46 = 110 points. So, when performing a computer search for such a 67-cap K, we need to find at least 1 or 2 points of K within a set of 110 points.

We now describe the starting configurations for the computer searches which will eliminate the existence of particular caps K in P G(4, 5), intersecting at least one plane π in a conic, and such that at least two solids through π intersect K in at least 21 points.

2.1 Two general starting configurations

Consider a non-singular 4-dimensional parabolic quadric Q = Q(4, 5) and consider a plane π intersecting Q in a non-singular conic. This plane is the polar plane of a bisecant or external line to Q [26, Theorem 22.6.6]. This shows that under the group PGO(5, 5) stabilizing Q, there are exactly two orbits of planes intersecting Q in a non-singular conic.

A plane π intersecting Q in a non-singular conic corresponding to a bisecant polar line of Q, lies in six solids intersecting Q in respectively two tangent cones, two elliptic and two hyperbolic quadrics. A plane π intersecting Q in a non-singular conic corresponding to an external polar line of Q, lies in six solids intersecting Q in respectively three elliptic and three hyperbolic quadrics.

2.2 A plane corresponding to a bisecant polar line

Let Q : X^2_1 − X_0X_2 + X_3X_4 = 0. Let π : X_3 = X_4 = 0, then π is the polar plane of the bisecant ⟨e_3 = (0, 0, 0, 1, 0), e_4 = (0, 0, 0, 0, 1)⟩ to Q.

Let C = π ∩ Q, then C lies in two elliptic quadrics, namely in the elliptic quadrics { X_3 = 2X_4 X^2_1 − X_0X_2 + 2X^2_4 = 0,

and { X_3 = 3X_4 X^2_1 − X_0X_2 + 3X^2_4 = 0.

Using the subgroup G of the stabilizer group PGO(5, 5) which fixes the pair {e_3, e_4} and Q, it is possible to assume that |K ∩ (X_3 − 2X_4 = 0)| ≥ |K ∩ (X_3 − 3X_4 = 0)| ≥ 21.

2.3 A plane corresponding to an external polar line

Let Q : X^2_1 − X_0X_2 + X^2_4 − 3X^2_3 = 0. Let π : X_3 = X_4 = 0, then π is the polar plane of the external line ⟨e_3, e_4⟩ to Q.

Let C = π ∩ Q, then C lies in three elliptic quadrics contained in Q. The subgroup G of PGO(5, 5) which fixes the line ⟨e_3, e_4⟩ and fixes the quadric Q acts as the symmetric group S_3 on the three hyperplanes π_1, π_2, π_3 through π intersecting Q in an elliptic quadric. So it is possible to select the two hyperplanes π_1 and π_2 through π for which |K ∩π_1| ≥ |K ∩π_2| ≥ |K ∩π_3|, without losing generality.

For π_1 : X_4 = 0 was selected and for π_2 : X_3 = X_4.

2.4 The computer search results

The preceding ideas were used to perform a computer search for caps in P G(4, 5). This led to the following results.

Theorem 2.5 (a) There is no 67-cap K in P G(4, 5) for which there exist two solids S_1 and S_2, where π = S_1 ∩ S_2 has a conic in common with K, where S_1 has at least 24 points in common with K and where S_2 has at least 21 points in common with K.

(b) There is no 84-cap K in P G(4, 5) for which there exist two solids S_1 and S_2, where π = S_1 ∩ S_2 has a conic in common with K, and where S_1 and S_2 have at least 21 points in common with K.

These latter computer searches used the ideas of Lemma 2.4. Let Q^−(3, 5)_1 be the elliptic quadric containing K ∩ S_1 and let Q^−(3, 5)_2 be the elliptic quadric containing K ∩ S_2. In Case (a), it was possible to assume that there is a parabolic quadric through Q^−(3, 5)_1 and Q^−(3, 5)_2 containing at least 2 points of K \ (S_1 ∪ S_2). In Case (b), it was possible to assume that there is a parabolic quadric through Q^−(3, 5)_1 and Q^−(3, 5)_2 containing at least 6 points of K \ (S_1 ∪ S_2).

We now present further computer search results. We first explain a particular notation.

Let K be a cap of P G(4, 5) intersecting at least one plane π in a conic. Let S_1, . . . , S_6 be the hyperplanes through π. Assume that |S_i ∩ K| = s_i. Then we say that K contains a conic plane of type (s_1, . . . , s_6).

Note that by Lemma 2.2, every 84-cap intersects at least one plane in a conic.

Theorem 2.6 In P G(4, 5),

(a) there is no 82-cap having a conic plane of type (25, 18, 18, 18, 17, 16), (a) there is no 84-cap having a conic plane of type (24, 19, 19, 19, 18, 15), (c) there is no 84-cap having a conic plane of type (22, 20, 20, 20, 19, 13), (d) there is no 84-cap having a conic plane of type (20, 20, 20, 18, 18, 18), and (e) there is no 89-cap having a conic plane of type (23, 20, 19, 19, 19, 19).

The preceding lemmas now imply that there are no 89-caps in P G(4, 5).

Theorem 2.7 m_2(4, 5) ≤ 88.

Proof: Assume that there is a 89-cap K in P G(4, 5). Then there is at least one plane π sharing a conic with K (Lemma 2.2). The results of Theorem 2.5 show that π does not lie in two hyperplanes sharing at least 21 points with K.

We now use the results of Theorem 2.6. Consider all possible types (s_1, . . . , s_6), with s_1 ≥ s_2 ≥ s_3 ≥ s_4 ≥ s_5 ≥ s_6, for the conic plane π.

Then s_1 ≥ 20, and by assumption, s_2 ≤ 20. All possible types for the conic plane lead to a contradiction.

For instance, assume that the type is (s_1, . . . , s_6) = (26, 20, 20, 20, 20, 13). Then, by deleting 4 points, not in π, of the cap in the 26-hyperplane and one point, not in π, in a 20-hyperplane, a 84-cap of conic type (22, 20, 20, 20, 19, 13) is obtained. This contradicts Theorem 2.6 (c). � Corollary 2.8 66 ≤ m_2(4, 5) ≤ 88.

2.5 Bounds on m_2(N, 5)

We now present the known bounds on m_2(N, 5), N > 4. Theorem 2.9 For 5 ≤ N ≤ 9,

m_2(N, 5) ≤ 4 · 5^{N−2} − 2 · 5^{N−3} − 7 2 · 5^{N−4} + 3 2 . For 10 ≤ N ≤ 12,

m_2(N, 5) ≤

5^N · (N + 1) N^2

+ 4 · 5^{N−3} − 2 · 5^{N−4} − 7 2 · 5^{N−5} + 3 2 . For N ≥ 13, m_2(N, 5) ≤

5^N · (N + 1) N^2 + 3 · N · 5^{N−1} 2 · (N − 1)^2 . Proof: The first formula arises from the formula of Hill [21]. The second formula arises from the bound of Bierbrauer-Edel on caps in affine spaces [6] plus the formula of Hill for a cap in a hyperplane in P G(N, q). The third formula is from Theorem 1.1. �

3 Caps in P G(N, 7)

In this section, we show that

(a) m^′_2(3, 7) = 32, so every 33-cap in P G(3, 7) is a subset of an elliptic quadric, and

(b) 132 ≤ m_2(4, 7) ≤ 238.

3.1 The determination of m^′_2(3, 7)

We describe how the exact value of m^′_2(3, 7) was determined.

It is known that every 7-cap in P G(2, 7) is contained in a conic [24, Theorem 10.28]. The computer searches for complete n-caps K in P G(3, 7), with n ≥ 33, first of all relied on this property.

We started from a bisecant L to K lying in two planes π_1 and π_2 sharing at least 7 points with K. These latter planes intersect K in subsets of conics C_1 and C_2. Two conics, which share two distinct points and which lie in distinct planes, define a pencil of quadrics in P G(3, 7). The pencils of quadrics in P G(3, q) were classified by Bruen and Hirschfeld. In [9, Theorem 4.4], they showed that there exist precisely two distinct pencils of quadrics intersecting in two distinct conics in two distinct planes, where these two conics share two distinct points. Their results [9, p. 262, Cases 3(c)(i) and 3(c)(iii)] imply that we can assume that C_1 and C_2 are one of the following: { X_0X_1 = 0 X^2_0 + X^2_1 + X_2X_3 = 0, and { X_0X_1 = 0 X^2_0 − X^2_1 + X_2X_3 = 0.

We now prove that for caps of size at least 37, this bisecant L and these latter two planes π_1 and π_2 really exist.

Lemma 3.1 Every bisecant of an n-cap K in P G(3, 7) of size at least 37 lies in at least two planes π_1 and π_2 containing at least 7 points of K.

Proof: A bisecant lies in 8 planes; so one of those planes contains at least 2+35/8 > 6 points of K. Denote this plane by π_1. Then there is still a second plane π_2 through the bisecant containing at least 2+29/7 > 6 points of K. �

We determined the stabilizer group G of the two possible configurations C_1 ∪C_2. The stabilizer group G has in both cases transformations interchanging C_1 and C_2, acts in both cases transitively on the 6 points in C_1 \ C_2, so if |C_1 ∩ K| = 7, then these results show that it is possible to select, without losing generality, the unique point of C_1 \ K. Once this point r is selected, the stabilizer group H = G_r has two orbits on C_2 \ C_1.

For the different cases, (|C_1 ∩ K|, |C_2 ∩ K|) = (8, 7), and |C_1 ∩ K| = |C_2 ∩ K| = 7, representatives were determined, and then, also for the case |C_1 ∩ K| = |C_2 ∩ K| = 8, computer searches were performed to find the size of the largest complete caps extending these starting configurations.

These computer searches showed:

Lemma 3.2 (i) There is no complete n-cap K, with 33 ≤ n ≤ 49, sharing 7 points with C_1 and C_2, and containing the two points of C_1 ∩ C_2.

(ii) There is no complete n-cap K, with 34 ≤ n ≤ 49, sharing 8 points with C_1 and 7 points with C_2.

(iii) There is no complete n-cap K, with 35 ≤ n ≤ 49, sharing 8 points with C_1 and C_2.

This now implies the following result.

Lemma 3.3 m^′_2(3, 7) ≤ 34.

Proof: The preceding two lemmas already imply that m^′_2(3, 7) ≤ 36 (Lemma 3.1).

Assume that there is a complete 36-cap K in P G(3, 7), then the preceding lemma implies that a bisecant lies in at most one plane sharing at least 7 points with K. This then implies that every bisecant lies in exactly one plane sharing 8 points with K. So the number of bisecants 36 · 35/2 to a 36-cap must be a multiple of 8 · 7/2, which is the number of bisecants to a 8-cap in a plane. This is however false.

Assume that there is a complete 35-cap K in P G(3, 7), then the preceding lemma implies that every bisecant lies in either:

(a) one plane sharing 8 points with K, one plane sharing 5 points with K, and in 6 planes sharing 6 points with K, or

(b) one plane sharing 7 points with K and 7 planes sharing 6 points with K. Let u be the number of planes containing 8 points of K, let v be the number of planes sharing 7 points with K, and let w be the number of planes sharing 5 points with K. By counting the bisecants in two ways, we obtain:

u · 8 · 7/2 + v · 7 · 6/2 = 35 · 34/2 w · 5 · 4/2 + v · 7 · 6/2 = 35 · 34/2.

The unique solution to this system of equations, consisting of non-negative integers, is (u, v, w) = (10, 15, 28).

We now count the number N of ordered pairs (π, p), where π is a plane containing 8 or 7 points of K, where p ∈ K, and where p ∈ π. Necessarily N = 10 · 8 + 15 · 7 = 185.

On the other hand, let n(p) be the number of planes through p ∈ K containing 8 or 7 points of K. As two such planes through p have no other point of K in common, n(p) < 6.

So N = ∑ p∈K n(p) ≤ 35 · 5 = 175. A contradiction is obtained. �

To prove that m^′_2(3, 7) = 32, we still have to exclude the existence of complete 33- and 34-caps. Computer searches gave the following results.

Lemma 3.4 (1) There is no complete 33-cap K in P G(3, 7) having a bisecant lying simultaneously in a plane π_1 which shares 8 points with K and lying in a plane π_2 which shares 7 points with K.

(2) There is no complete 33-cap or complete 34-cap K in P G(3, 7) having a bisecant lying in two planes which share 8 points with K.

Theorem 3.5 m^′_2(3, 7) = 32.

Proof: Assume that there exists a complete 34-cap K. The preceding computer search results show that a bisecant lies in either:

(a) one plane sharing 8 points with K, one plane sharing 4 points with K, and six planes sharing 6 points with K,

(b) one plane sharing 8 points with K, two planes sharing 5 points with K, and five planes sharing 6 points with K,

(c) one plane sharing 7 points with K, one plane sharing 5 points with K, and six planes sharing 6 points with K,

(d) eight planes sharing 6 points with K.

Let a, b, c, d denote respectively the number of bisecants of type (a), (b), (c) and (d). Let s_i be the number of incident ordered pairs (bisecant L, plane containing i points of K). This number s_i is a multiple of i(i − 1)/2. Then the following equations are valid:

a + b = s_8 c = s_7 6a + 5b + 6c + 8d = s_6 2b + c = s_5 a = s_4 a + b + c + d = 34 · 33/2.

Let h_i be the number of planes containing i points of K, then h_i = s_i/(i(i − 1)/2).

Count the number N of pairs (π, p), where p ∈ K, where π is a plane containing 7 or 8 points of K, and where p ∈ π. Then N = 8h_8 + 7h_7.

On the other hand, for p ∈ K, let n(p) be the number of planes through p containing 8 or 7 points of K. As two such planes through p do not share a second point of K, necessarily n(p) ≤ 33/6 < 6. So

8h_8 + 7h_7 ≤ 34 · 5.

Using the same counting method as in the previous paragraph, but now only for the planes π containing 8 points of K, we obtain

8h_8 ≤ 34 · 4,

and the same counting argument, but now for the planes π containing 7 or 4 points of K, implies 7h_7 + 4h_4 ≤ 34 · 11.

Moreover

h_4 + h_5 + h_6 + h_7 + h_8 ≤ (7^4 − 1)/(7 − 1).

The planes containing less than 4 points of K contain 0 or 1 points of K. There are 171 solutions (h_4, h_5, h_6, h_7, h_8) to the equations above. Consider these solutions, together with the possible solutions for h_0 and h_1. It is sufficient to calculate_8 ∑ i=0 h_i =

7^4 − 1 7 − 1 , 8∑ i=0 ih_i = 34 ·

7^3 − 1 7 − 1 , to obtain a contradiction for all of these solutions.

Assume that there exists a complete 33-cap K. The preceding computer search results show that a bisecant lies in either:

(a) one plane sharing 8 points with K, one plane sharing 3 points with K, and six planes sharing 6 points with K,

(b) one plane sharing 8 points with K, one plane sharing 4 points with K, one plane sharing 5 points with K, and five planes sharing 6 points with K,

(c) one plane sharing 8 points with K, three planes sharing 5 points with K, and four planes sharing 6 points with K,

(d) one plane sharing 7 points with K, one plane sharing 4 points with K, and six planes sharing 6 points with K,

(e) one plane sharing 7 points with K, two planes sharing 5 points with K, and five planes sharing 6 points with K,

(f) one plane sharing 5 points with K and seven planes sharing 6 points with K.

Let a, b, c, d, e, f denote respectively the number of bisecants of type (a), (b), (c), (d), (e) and (f). Using the same notations s_i, h_i, n(p) as above, the following equations are obtained:

a + b + c = s_8 d + e = s_7 6a + 5b + 4c + 6d + 5e + 7f = s_6 b + 3c + 2e + f = s_5 b + d = s_4 a = s_3 a + b + c + d + e + f = 33 · 32/2.

Count the number N of pairs (π, p), where p ∈ K, where π is a plane containing 7 or 8 points of K, and where p ∈ π. Then N = 8h_8 + 7h_7.

The same argument as for the complete 34-caps gives n(p) ≤ 32/6 < 6, so 8h_8 + 7h_7 ≤ 33 · 5.

Similarly, the same counting methods as in the previous paragraph imply

8h_8 ≤ 33 · 4,

7h_7 + 3h_3 ≤ 33 · 16, 4h_4 ≤ 33 · 10, 3h_3 + 4h_4 ≤ 33 · 16, 7h_7 ≤ 33 · 5.

Moreover

h_3 + h_4 + h_5 + h_6 + h_7 + h_8 ≤ (7^4 − 1)/(7 − 1).

The planes containing less than 3 points of K contain 0 or 1 points of K. Proceeding as for the complete 34-caps, all solutions (h_0, h_1, h_3, h_4, . . . , h_8) lead to a contradiction.

So m^′_2(3, 7) ≤ 32. During the computer searches, complete 32-caps were found. So m^′_2(3, 7) = 32. � 3.2 Caps in P G(4, 7)

We now use the preceding result to improve the known upper bound m_2(4, 7) ≤ 316 to m_2(4, 7) ≤ 238. This is achieved by eliminating the existence of 239- caps. We will rely on geometrical arguments and on computer search results. The results of the preceding theorem already imply the following lemma.

Lemma 3.6 Let K be a 215-cap of P G(4, 7). Then every plane of P G(4, 7) intersects K in a subset of a conic.

Proof: The only caps in P G(2, 7) not contained in a conic, are complete 6-caps [24, p. 376]. Assume that a plane intersects K in a complete 6-cap, then every solid through this plane intersects K in at most a 32-cap. So |K| ≤ 6 + 8 · 26 = 214. �

To eliminate the existence of 239-caps in P G(4, 7), we will prove that if there is a 239-cap K in P G(4, 7), then there is a 4-dimensional parabolic quadric Q(4, 7) or a cone rQ^−(3, 7), with vertex r and a non-singular 3- dimensional elliptic quadric Q^−(3, 7) as base, containing at least 101 points of K. This is however impossible since such quadrics in P G(4, 7) contain at most 100-caps, as is shown by the following lemma.

Lemma 3.7 A non-singular 4-dimensional parabolic quadric in P G(4, q) and a cone rQ^−(3, q), with vertex r and a non-singular 3-dimensional elliptic quadric Q^−(3, q) as base, contain at most 2(q^2 + 1)-caps.

Proof: Every line of the quadratic cone rQ^−(3, q) contains at most 2 points of a cap, so such a quadric trivially contains at most 2(q^2 +1)-caps. To prove the result for a 4-dimensional parabolic quadric Q(4, q), we note that every generator of Q(4, q) contains at most 2 points of a cap, and that every point of Q(4, q) lies on q + 1 generators of Q(4, q). So if K is a cap contained in Q(4, q), then a double counting argument implies that

|K|(q + 1) ≤ 2(q^3 + q^2 + q + 1), where q^3 + q^2 + q + 1 is the number of generators of Q(4, q). This implies that |K| ≤ 2(q^2 + 1). �

Remark 3.8 The preceding upper bound on the size of caps in the 4- dimensional parabolic quadric Q(4, q) of P G(4, q) is sharp since Q(4, q) contains 2(q^2 + 1)-caps.

This follows from results of Drudge [11] and Ebert [12]. They constructed for respectively q even and for q odd sets of 2(q^2+1) lines of P G(3, q) doubly covering the points of P G(3, q). These latter 2(q^2 + 1) lines are totally isotropic lines of a symplectic polarity of P G(3, q). This implies that under the Klein correspondence, the Plücker coordinates of these 2(q^2 + 1) lines define 2(q^2 + 1) points of a 4-dimensional parabolic quadric Q(4, q) on the Klein quadric. Since these lines doubly cover the points of P G(3, q), the corresponding Plücker coordinates define a 2(q^2 + 1)-cap on this 4-dimensional parabolic quadric.

To find a quadric containing at least 101 points of a 239-cap K, we first of all use the arguments of Nagy and Szőnyi [29]. We first of all determine a first solid α_1 intersecting K in a subset of an elliptic quadric Q_1. We consider a plane π of α_1 having a large number of points in common with α_1 ∩ K. We then determine a second solid α_2 through π intersecting K in a subset of an elliptic quadric Q_2.

The two 3-dimensional quadrics Q_1 and Q_2 determine a pencil of eight 4- dimensional quadrics. One of those 4-dimensional quadrics is the union α_1 ∪ α_2. The other seven 4-dimensional quadrics are non-singular 4-dimensional parabolic quadrics, or are cones rQ^−(3, 7). Every point of P G(4, 7) \ (α_1 ∪ α_2) belongs to exactly one of those quadrics. We will select one point r of K \(α_1 ∪α_2). This determines one quadric Q of the pencil of quadrics defined by Q_1 and Q_2. We will show that this latter quadric Q contains at least 101 points of K; thus giving us the desired contradiction.

This will be achieved in the following way.

1. Select a fixed point p of K ∩ π.

2. Consider all solids through the line pr. We will show that there are at least two solids α_3 and α^∗_3 through pr satisfying the following conditions:

(a) α_3 and α^∗_3 intersect K in subsets of elliptic quadrics Q_3 and Q^∗_3, (b) both α_3 and α^∗_3 intersect Q_1 and Q_2 in distinct conics containing at least 5 points of K.

The elliptic quadrics Q_3 and Q^∗_3 then share two distinct conics with Q, and also share the point r with Q. From Bézout’s theorem, Q_3 and Q^∗_3 are contained in Q.

By the lower bounds on |α_1 ∩K|, |α_2 ∩K|, |α_3 ∩K|, and |α^∗_3 ∩K|, following from the size 239 of the 239-cap, it then follows that Q contains a 101-cap, which is impossible.

To achieve this contradiction, we rely on the following computer search results.

Lemma 3.9 (i) A point p of a 50-, 49-, 48-, or 47-cap in P G(3, 7) lies on exactly one plane intersecting this latter cap in at most 4 points.

(ii) A point p of a 46-, 45-, or 44-cap in P G(3, 7) lies on at most two planes intersecting this latter cap in at most 4 points.

(iii) A point p of a 43- or 42-cap in P G(3, 7) lies on at most three planes intersecting this latter cap in at most 4 points.

(iv) A point p of a 41-, 40-, 39-, 38-, 37-, or 36-cap in P G(3, 7) lies on respectively at most four, six, seven, eight, ten, eleven planes intersecting this latter cap in at most 4 points.

The following result is also valid.

Lemma 3.10 Every 32-cap in P G(3, 7) has a 7- or 8-plane.

Proof: Assume that there are at most 6-planes, then a bisecant lies in (6, 6, 6, 6, 6, 6, 6, 4)- or (6, 6, 6, 6, 6, 6, 5, 5)-planes.

Let a be the number of bisecants of the first type and let b be the number of bisecants of the second type. Then,

7a + 6b = 15 · h_6 2b = 10 · h_5 a = 6 · h_4 a + b = 496.

Then the second equation implies that 5|b and then the first two equations imply that 5|a. But then the fourth equation implies that 5 divides 496. This is false. �

Other computer searches led to the following conclusions. In these computer searches, we relied on the fact that caps in P G(3, 7), of size at least 33, are subsets of elliptic quadrics (Theorem 3.5).

Lemma 3.11 (i) There are 33-caps in P G(3, 7) having at most 7-planes.

(ii) All 34-caps in P G(3, 7) have at least one 8-plane.

(iii) Every 35-cap in P G(3, 7) contains a pair of different 8-planes intersecting in a bisecant of the 35-cap. This latter property is not always valid for a 34-cap in P G(3, 7).

This led to the following conclusions.

Theorem 3.12 In P G(4, 7), every

(i) 174-cap K has at least one 6-, 7-, or 8-plane, (ii) 207-cap K has at least one solid sharing at least 32 points with K, and so has a 7- or 8-plane,

(iii) 216-cap K has at least one solid sharing at least 34 points with K, and so has an 8-plane,

(iv) 219-cap K has at least one solid α_1 sharing at least 34 points with K and at least one solid α_2 sharing at least 33 points with K, and where α_1 ∩ α_2 shares 8 points with K.

Proof: (i) If there are no 6-, 7-, or 8-planes, then counting the number of points of K in the planes through a bisecant to K gives |K| ≤ 2+57·3 = 173.

(ii) A 207-cap has a 6-, 7-, or 8-plane. If all solids through a 6-plane contain at most 31 points of K, then |K| ≤ 6 + 8 · (31 − 6) = 206. A similar counting argument can be done for 7- and 8-planes. It follows that at least one solid shares at least 32 points with K. Hence, a 207-cap has a 7- or 8-plane.

(iii) A 216-cap has a 7- or 8-plane. If they do not lie in a solid sharing at least 34 points with K, then |K| ≤ 215. So a 216-cap K has at least one solid intersecting K in at least 34 points, and so K has an 8-plane (Lemma 3.11).

(iv) A 219-cap has an 8-plane π. Assume that π lies in a 50-hyperplane and that all other hyperplanes through π share at most 32 points with K, then |K| ≤ 50 + 7 · (32 − 8) = 218. So a 219-cap has an 8-plane and through this plane pass at least two solids sharing at least 33 points with K. By the preceding paragraph, at least one hyperplane intersects K in at least 34 points, and this hyperplane has an 8-plane, so starting from this plane, this part is also proven. �

Lemma 3.13 Let π be a plane intersecting a cap K of P G(4, 7) in at least 5 points, and let α_1 and α_2 be solids through π intersecting K in subsets of elliptic quadrics Q_1 and Q_2. Let p be a point of π ∩ K, and let r be a point of K \ (α_1 ∪ α_2). Let α_3 and α^∗_3 be two solids, different from ⟨π, r⟩, through pr intersecting K in subsets of elliptic quadrics Q_3 and Q^∗_3, and intersecting α_1 and α_2 in planes containing at least 5 points of K.

Let n_1 = |α_1 ∩ K|, n_2 = |α_2 ∩ K|, n_3 = |α_3 ∩ K|, and n^∗_3 = |α^∗_3 ∩ K|. Then n_1 + n_2 + n_3 + n^∗_3 − 45 ≤ 100.

Proof: The two elliptic quadrics Q_1 and Q_2 define a pencil of 4-dimensional quadrics. Exactly one of those quadrics Q contains the point r. The elliptic quadric Q_3 shares two distinct conics with Q and also shares the point r with Q. By Bézout’s theorem, Q_3 is contained in Q. Similarly, Q^∗_3 is contained in Q. We now use the generalized inclusion-exclusion principle to find a lower bound on |Q ∩ K|. This latter lower bound is

n_1 + n_2 + n_3 + n^∗_3 − 6 · 8 + a_3 − a_4,

with a_3 the sum of the intersection sizes of the intersections of three of those solids with K, and with a_4 the intersection size of the intersection of all four solids with K. The negative contribution 6·8 comes from the fact that planes which are the intersection of two distinct solids share at most 8 points with K. Since π ⊄ α_3, necessarily α_1 ∩ α_2 ∩ α_3 ∩ α^∗_3 is at most a line through p, so a_4 ≤ 2. It is also trivial that the intersection of three of the solids α_1, α_2, α_3, α^∗_3 shares at least a_4 points with K, so the lower bound becomes

n_1 + n_2 + n_3 + n^∗_3 − 6 · 8 + 4 · a_4 − a_4.

Since a_4 ≥ 1, necessarily, by Lemma 3.7,

100 ≥ |Q ∩ K| ≥ n_1 + n_2 + n_3 + n^∗_3 − 45. � We now present the ideas leading to the exclusion of 239-caps in P G(4, 7).

These ideas are based on the results of the preceding lemma. In the following description of the method, we assume the size of the cap K to be large enough to get the desired contradiction. The precise value for the size of K is given in Table 3.

Part 1. Let y ≥ 33 be the maximal size of a solid intersection of an n-cap K in P G(4, 7). We also assume that x ≥ 33, with x ≤ y, is the largest size of a solid intersection of K, intersecting a y-solid in a plane sharing at least 5 points with K (Theorem 3.12).

Let α_1 be a hyperplane sharing y points with K, and consider a plane π of α_1 sharing at least 5 points with K. We select π and α_1 in such a way that |π ∩ K| ≥ 5, |α_1 ∩ K| = y, and |α_2 ∩ K| = x, where α_2 is a second solid through π.

Consider the notations and geometrical setting of the preceding lemma. From Lemma 3.9, we know the upper bound a_y on the number of solids through pr intersecting α_1 in a plane sharing at most 4 points with K. These latter, at most a_y, solids share at most y points with K. All the remaining solids through pr intersect α_1 in a plane sharing at least 5 points with K, and so share at most x points with K.

From Lemma 3.9, we know the upper bound a_x on the number of solids through pr intersecting α_2 in a plane sharing at most 4 points with K. At most a_x solids through pr intersect α_1 in a plane sharing at least 5 points with K, but intersect α_2 in a plane sharing at most 4 points with K. These latter, at most a_x, solids cannot be used to play the role of the solids α_3 and α^∗_3, and contain at most x points of K.

The solid ⟨π, r⟩ also cannot be used to play the role of one of the solids α_3 and α^∗_3. This latter solid also contains at most x points of K. There still remain 57 − a_y − a_x − 1 solids through pr.

The remaining solids through pr can be used to play the role of the solids α_3 or α^∗_3 if they contain more than 32 points of K. Suppose that the largest solid intersection of these latter solids with K is equal to n_3 and that the second largest solid intersection of these latter solids with K is equal to n^∗_3. We first of all assume that x ≥ n_3 ≥ n^∗_3 > 32; the case n_3 ≥ 33 and n^∗_3 ≤ 32 is discussed in Part 3, while the case n_3 ≤ 32 is discussed in Part 4.

We count in all three cases the number of ordered pairs (s, α), where s ∈ K, where α is a solid through pr, and where s ∈ α. This number is equal to (|K| − 2) · 8 + 2 · 57. (1)

Part 2. Assume that n_3 ≥ n^∗_3 > 32. Then, by Lemma 3.13,

y + x + n_3 + n^∗_3 ≤ 145 y + x + 2n^∗_3 ≤ 145

which implies that n^∗_3 ≤ ⌊

145 − y − x 2 ⌋, where ⌊x⌋ denotes the largest integer smaller than or equal to x.

Note that, by the assumptions on n_3 and n^∗_3, this case only occurs if effectively 33 ≤ (145 − y − x)/2.

All the remaining solids through pr contain at most n^∗_3 points of K. So, from Part 1,

a_y · y + (a_x + 1) · x + n_3 + n^∗_3 + (57 − a_y − a_x − 3) · ⌊

145 − y − x 2 ⌋ ≤ (a_y − 1)y + a_xx + y + x + n_3 + n^∗_3 + (57 − a_y − a_x − 3)⌊

145 − y − x 2 ⌋ ≤ (a_y − 1)y + a_xx + 145 + (57 − a_y − a_x − 3)⌊

145 − y − x 2 ⌋ (2)

is an upper bound for (1).

Part 3. If n_3 ≥ 33, but all the remaining solids through pr intersect K in at most n^∗_3 ≤ 32 points, then we cannot use formula (2) since we are not sure that the solid α^∗_3 exists intersecting K in a subset of an elliptic quadric, so we cannot rely on Lemma 3.13.

We have in this case the following upper bound on the number of incidences (s, α), where s ∈ K and where α is a solid through pr:

a_y · y + (a_x + 1) · x + n_3 + (57 − a_y − a_x − 2) · 32 ≤ a_y · y + (a_x + 2) · x + (57 − a_x − a_y − 2) · 32, (3)

since x ≥ n_3.

Part 4. There still remains one case, namely n_3 ≤ 32. Then all the remaining solids through pr share at most 32 points with K, so (3) again is an upper bound for (1).

Lemma 3.14 Let K be a cap in P G(4, 7) intersecting a plane π in at least five points, and intersecting two solids α_1 and α_2 through π in subsets of elliptic quadrics Q_1 and Q_2 in α_1 and α_2.

Assume that |(α_1 ∪ α_2) ∩ K| = z. Then z + |K| − z 7 ≤ 100.

Proof: The two elliptic quadrics Q_1 and Q_2 define a pencil of 4-dimensional quadrics in P G(4, 7). One of these quadrics is the union α_1 ∪ α_2. The other seven 4-dimensional quadrics of this pencil of quadrics are non-singular parabolic quadrics or cones with a point as vertex and a non-singular 3- dimensional elliptic quadric as base. These quadrics contain at most 100-caps of P G(4, 7) (Lemma 3.7).

Since one of those seven quadrics contains at least z + (|K| − z)/7 points, necessarily z + |K| − z 7 ≤ 100.

�

Remark 3.15 First of all, using Lemma 3.14, we eliminated some pairs (y, x) for |K| = 239. For the remaining pairs (y, x), Table 3 shows the smallest value of |K| for which the upper bounds (2) and (3) give a contradiction, when compared to the exact value (|K| − 2) · 8 + 2 · 57.

For the values for |K|, y, x, which are preceded by !, the size of |K| arises from formula (3).

|K| y x |K| y x |K| y x ! 225 48 36 ! 226 44 36 ! 229 41 40 ! 226 47 37 ! 227 43 41 ! 229 41 39 ! 225 47 36 ! 228 43 40 233 41 38 ! 227 46 38 ! 228 43 39 233 41 37 ! 227 46 37 ! 228 43 38 ! 230 40 40 ! 226 46 36 ! 228 43 37 235 40 39 ! 227 45 39 232 43 36 234 40 38 ! 227 45 38 ! 226 42 42 239 40 37 ! 227 45 37 ! 227 42 41 235 39 39 ! 226 45 36 ! 228 42 40 239 39 38 ! 227 44 40 ! 228 42 39 239 39 37 ! 227 44 39 ! 228 42 38 239 38 38 ! 227 44 38 232 42 37 243 38 37 ! 227 44 37 ! 228 41 41 243 37 37

Table 3

The preceding table shows that 239-caps cannot exist unless (y, x) = (38, 37) or (y, x) = (37, 37).

This latter case is eliminated by the following ideas.

Assume that there is a 239-cap K in P G(4, 7) having at most 37-solids. Through an 8-plane of K (Theorem 3.12), there are seven 37-solids and one 36-solid.

Consider a 36-solid α_0. In α_0, we find a pair π_1, π_2 of 8-planes intersecting in the bisecant L of K (Lemma 3.11). Let α_i, i = 0, . . . , 7, be the 36-solid α_0 and the seven 37-solids through π_1, and let β_i, i = 0, . . . , 7, be the 36-solid β_0 = α_0 and the seven 37-solids through π_2.

Consider the planes through L of a solid β_i, i > 0. At least five of those planes through L share more than four points with K. One of those planes is π_2 which lies in β_0 = α_0. The other planes of β_i through L correspond to the intersections of the solids α_j, j > 0, with β_i. This shows that each of the solids β_i, i = 1, . . . , 7, intersects at least four of the 37-solids α_i, i > 0, in a plane containing at least five points of K.

This implies that it is possible to find two solids β_i, β_i′ , with i, i^′ > 0, and two solids α_j, α_j′ , with j, j^′ > 0, such that |β_i ∩ α_j ∩ K|, |β_i ∩ α_j′ ∩ K|, |β_i′ ∩ α_j ∩ K|, |β_i′ ∩ α_j′ ∩ K| ≥ 5.

Select a point r of π_2 \ L belonging to K. The solid intersections α_j ∩ K, α_j′ ∩ K and the point r define a unique 4-dimensional quadric Q, also containing the elliptic quadrics containing the solid intersections β_i ∩ K and β_i′ ∩ K.

Taking into account that three of the solids α_j, α_j′ , β_i, β_i′ intersect in the bisecant L to K, the generalized inclusion-exclusion principle applied to the 37-solids α_j, α_j′ , β_i, β_i′ shows that Q contains at least

4 · 37 − 6 · 8 + 4 · 2 − 2 = 106

points of K. This is false (Lemma 3.7).

So there is no 239-cap in P G(4, 7) having at most 37-solids.

Assume that (y, x) = (38, 37) for a 239-cap K. Consider an 8-plane in a 38-solid (Lemma 3.11). Through this 8-plane, there either pass:

(a) one 38-solid, six 37-solids, and one 35-solid, or (b) one 38-solid, five 37-solids, and two 36-solids.

Consider the first possibility (a). Let α_0 be the 35-solid. In α_0, we again find a pair π_1, π_2 of 8-planes intersecting in the bisecant L of K (Lemma 3.11). Let α_i, i = 0, . . . , 7, be the 35-solid α_0, the six 37-solids and the 38- solid through π_1, and let β_i, i = 0, . . . , 7, be the 35-solid β_0 = α_0, the six 37-solids and the 38-solid through π_2.

Consider the planes through L of a solid β_i, i > 0. At least five of those planes through L share more than four points with K. One of those planes is π_2 which lies in β_0 = α_0. The other planes of β_i through L correspond to the intersections of the solids α_j, j > 0, with β_i. This shows that each of the solids β_i, i = 1, . . . , 7, intersects at least four of the 37-solids and the 38-solid α_i, i > 0, in a plane containing at least five points of K.

This leads again to the contradiction as obtained for 239-caps having at most 37-solids.

Consider now possibility (b), where we assume that there are no 35- solids. Recall that every 35-solid has at least one 8-plane (Lemma 3.11).

Consider a 36-solid α_0. We proceed as before, but it could happen that {|α_j ∩ K|, |α_j′ ∩ K|} = {36, 37} or that {|β_i ∩ K|, |β_i′ ∩ K|} = {36, 37}. This does not impose any problems in the arguments of the case (y, x) = (37, 37). The inclusion-exclusion principle still implies that the quadric Q would contain at least 104 points of K, which is impossible (Lemma 3.7).

So also the case (y, x) = (38, 37) does not occur for 239-caps in P G(4, 7).

This leads to the following improvement to the known upper bound on m_2(4, 7). In P G(4, 7), a 132-cap exists [15].

Corollary 3.16 132 ≤ m_2(4, 7) ≤ 238.

3.3 Bounds on m_2(N, 7)

We now present the known bounds on m_2(N, 7), N > 4.

Theorem 3.17 For 5 ≤ N ≤ 12,

m_2(N, 7) ≤ 5 · 7^{N−2} − 25 3 · 7^{N−4} + 4 3 . For 13 ≤ N ≤ 17,

m_2(N, 7) ≤

7^N · (N + 1) N^2

+ 5 · 7^{N−3} − 25 3 · 7^{N−5} + 4 3 . For N ≥ 18, m_2(N, 7) ≤

7^N · (N + 1) N^2 + 3 · N · 7^{N−1} 2 · (N − 1)^2 . Proof: The first formula arises from the formula of Hill [21]. The second formula arises from the bound of Bierbrauer-Edel on caps in affine spaces [6] plus the formula of Hill for a cap in a hyperplane of P G(N, q). The third formula is from Theorem 1.1. �

References

[1] V. Abatangelo, G. Korchmáros and B. Larato, Classification of maximal caps in P G(3, 5) different from elliptic quadrics. J. Geom. 57 (1996), 9- 19.

[2] J. Barát, Y. Edel, R. Hill and L. Storme, On complete caps in the projective geometries over F_3. II: New improvements. J. Combin. Math. and Combin. Computing 49 (2004), 9-31.

[3] A. Barlotti, Un’ estensione del teorema di Segre-Kustaanheimo. Boll.

Un. Mat. Ital. 10 (1955), 96-98.

[4] J. Bierbrauer, Large caps. Combinatorics 2002, Topics in Combinatorics: geometry, graph theory and designs, Maratea (Potenza), Italy, June 2-8, 2002, G. Korchmáros, Editor, pp. 7-38.

[5] J. Bierbrauer, Large caps. J. Geom. 76 (2003), 16-51.

[6] J. Bierbrauer and Y. Edel, Bounds on affine caps. J. Combin. Des. 10 (2002), 111-115.

[7] E. Boros and T. Szőnyi, On the sharpness of a theorem of B. Segre.

Combinatorica 6 (1986), 261-268.

[8] R.C. Bose, Mathematical theory of the symmetrical factorial design.

Sankhyā 8 (1947), 107-166.

[9] A.A. Bruen and J.W.P. Hirschfeld, Intersections in projective space II:

Pencils of quadrics. Europ. J. Combinatorics 9 (1988), 255-270.

[10] A.A. Davydov and L.M. Tombak, Quasiperfect linear binary codes with distance 4 and complete caps in projective geometry. Problems Inform. Transmission 25 (1990), 265-275.

[11] K. Drudge, Proper 2-covers of P G(3, q), q even. Geom. Ded. 80 (2000), 59-64.

[12] G.L. Ebert, The completion problem for partial packings. Geom. Ded.

18 (1985), 261-267.

[13] Y. Edel, Private communication (2003).

[14] Y. Edel and J. Bierbrauer, 41 is the largest size of a cap in PG(4, 4).

Des. Codes Cryptogr. 16 (2) (1999), 151-160.

[15] Y. Edel and J. Bierbrauer, Large caps in small spaces. Des. Codes Cryptogr. 23 (2001), 197-212.

[16] Y. Edel and J. Bierbrauer, The largest cap in AG(4, 4) and its uniqueness. Des. Codes Cryptogr. 29 (2003), 99-104.

[17] G. Faina, S. Marcugini, A. Milani and F. Pambianco, The sizes k of the complete k-caps in P G(n, q), for small q and 3 ≤ n ≤ 5. Ars Combin. 50 (1998), 225-243.

[18] J.C. Fisher, J.W.P. Hirschfeld and J.A. Thas, Complete arcs in planes of square order. Ann. Discrete Math. 30 (1986), 243-250.

[19] P. Gronchi, I blocking sets ed il packing problem. Bollettino U.M.I. (7) 7-A (1993), 227-236.

[20] R. Hill, On the largest size of cap in S_{5,3}. Atti Accad. Naz. Lincei Rend.

54 (1973), 378-384.

[21] R. Hill, Caps and codes. Discrete Math. 22 (1978), 111-137.

[22] R. Hill, On Pellegrino’s 20-caps in S_{4,3}. Combinatorial Geometries and their Applications (Rome 1981), Ann. Discrete Math. 18 (1983), 443- 448.

[23] J.W.P. Hirschfeld, Finite Projective Spaces of Three Dimensions. Oxford University Press 1985.

[24] J.W.P. Hirschfeld, Projective Geometries over Finite Fields (Second Edition). Oxford: Clarendon Press 1998.

[25] J.W.P. Hirschfeld and J.A. Thas, Linear independence in finite spaces.

Geom. Dedicata 23 (1987), 15-31.

[26] J.W.P. Hirschfeld and J.A. Thas, General Galois Geometries. Oxford University Press 1991.

[27] J.W.P. Hirschfeld and L. Storme, The packing problem in statistics, coding theory and finite projective spaces: update 2001. Developments in Mathematics Vol. 3, Kluwer Academic Publishers. Finite Geometries, Proceedings of the Fourth Isle of Thorns Conference (Chelwood Gate, July 16-21, 2000) (Eds. A. Blokhuis, J.W.P. Hirschfeld, D. Jungnickel and J.A. Thas), pp. 201-246.

[28] B.C. Kestenband, A family of complete arcs in finite projective planes.

Colloq. Math. 57 (1989), 59-67.

[29] G.P. Nagy and T. Szőnyi, Caps in finite projective spaces of odd order.

J. Geom. 59 (1997), 103-113.

[30] G. Panella, Caratterizzazione delle quadriche di uno spazio (tridimensionale) lineare sopra un corpo finito. Boll. Un. Mat. Ital. 10 (1955), 507-513.

[31] G. Pellegrino, Sul massimo ordine delle calotte in S_{4,3}. Mathematiche 25 (1971), 149-157.

[32] B. Qvist, Some remarks concerning curves of the second degree in a finite plane. Ann. Acad. Sci. Fenn. Ser. A 134 (1952).

[33] B. Segre, Sulle ovali nei piani lineari finiti. Atti Accad. Naz. Lincei Rend.

17 (1954), 1-2.

[34] B. Segre, Ovals in a finite projective plane. Canad. J. Math. 7 (1955), 414-416.

[35] B. Segre, Le geometrie di Galois. Ann. Mat. Pura Appl. 48 (1959), 1-97.

[36] B. Segre, Forme e geometrie hermitiane, con particolare riguardo al caso finito. Ann Mat. Pura Appl. 70 (1965), 1-202.

[37] G. Tallini, Calotte complete di S_{4,q} contenenti due quadriche ellittiche quali sezioni iperpiane. Rend. Mat. e Appl. 23 (1964), 108-123.

[38] J. Tits, Ovoides et groupes de Suzuki. Arch. Math. 13 (1962), 187-198.

Y. Edel, University of Heidelberg, Mathematisches Institut der Universität, Im Neuenheimer Feld 288, 69120 Heidelberg, Germany (y.edel@mathi.uni-heidelberg.de, http://www.mathi.uni-heidelberg.de/∼yves)

L. Storme, Ghent University, Dept. of Pure Maths and Computer Algebra, Krijgslaan 281, 9000 Gent, Belgium (ls@cage.ugent.be, http://cage.ugent.be/∼ls)

P. Sziklai, Eötvös University, Budapest, Pázmány P. sétány 1/c, Budapest, Hungary H-1117 (sziklai@cs.elte.hu)