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Abstract

Let V' be a 4-dimensional vector space over a field F equipped with a nondegen-
erate alternating bilinear form f, and let Sp(V, f) = Sp(4,F) denote the symplectic
group associated with (V, f). We consider a 16-dimensional submodule Wi¢ of the
24-dimensional Sp(V, f)-module V ® /\2 V', and show that this Sp(V, f)-module is
irreducible if and only if char(F) # 5. If char(IF) = 5, then there is a unique non-
trivial submodule, and the dimension of this submodule is equal to 4. These results
will have some consequences to full projective embeddings of generalized octagons.
The projective space PG(Wig) admits a full projective embedding for the general-
ized octagon which arises as flag geometry of the symplectic quadrangle associated
with (V, f). We show that this embedding is polarized and also homogeneous, un-
less [F| > 2 and F is a perfect field of characteristic 2. Other properties of this
embedding will also be investigated.
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1 Introduction

Let V be a 4-dimensional vector space over a field F equipped with a nondegenerate
alternating bilinear from f. An ordered basis (€1, f1, &, f2) of V' is called a hyperbolic basis
of (V. f)if f(en, fi) = f(ea, f2) = 1 and f(é1,€2) = f(€1, fo) = f(f1,82) = f(f1,f2) = 0.
We denote by Sp(V, f) = Sp(4,F) the symplectic group associated with (V| f), i.e. the
subgroup of GL(V) consisting of all § € GL(V) such that f(¢,9) = f(v1, ) for all
01,09 € V. The group Sp(V, f) consists of precisely those elements of GL(V') that map
hyperbolic basis of (V, f) to hyperbolic basis of (V, f). Now, put

W24 =V & /\2‘/,

where /\2 V' is the second exterior power of V. Then Wy, is a 24-dimensional vector
space over F. For every § € GL(V), there exists a unique # € GL(Ws4) such that
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(01 @ Do A 63)5 = 99 @ 0§ A 0§ for all vy, s, 93 € V. By abuse of notation, we will denote

0 also by 6. By looking at the subgroup Sp(V, f) of GL(V'), we thus see that the vector
space Wy, can be regarded as an Sp(V, f)-module.

Let (&1, f1, €, f2) be a hyperbolic basis of (V, f) and let Wy denote the 16-dimensional
subspace of Wy, generated by the following 16 vectors:

X1:= €1 ® e ey, X2 = €1 ®e N fo, X3 = [1® f1 \e, Xa:=[1® fi A fa,
Xs =@ Q& AE, Xe=QaAfl, xr=hLoLAa,  xsi=[LO kLA,
Xo =@Q@hAa+hOea e, xo=2QhAh+hoeAf,
Xu=e®fihea+ [1 ®é Ne, Xtz =@ ®fiANfat i®er A fo,

X3 =6 Q@EBAf—a Qe Afi+eQe A f,
XYuui=fiKeaAf—fiverAfi— @ fiAeé,
Xi5=@@&Nfi—@®@e&NAf+e®eAf,
Xi6:=F2o@eaANfi—fh@eaAf—fi®f e
We will show that Wi is stabilized by Sp(V; f), implying that the subspace Wi is inde-

pendent of the chosen hyperbolic basis (€1, f1, €2, f2). We will prove the following.

Theorem 1.1 The Sp(V, f)-module Wig is irreducible if and only if char(F) # 5. If

char(F) = 5, then Wig has a unique nontrivial submodule, namely the subspace

(X9 + 2X13, 2X10 + X145 X11 + 2X15, 2X12 + X16)-
Define now the following point-line geometry W (F):
e the points of W(IF) are the 1-dimensional subspaces of V;

e the lines of W (IF) are the 2-dimensional subspaces of V' which are totally isotropic
with respect to f;

e incidence is containment.

Then W (F) is a generalized quadrangle ([5]) meaning that for every line L and every
point x not incident with L, there exists a unique point on L collinear with x. The
generalized quadrangle W (F) is called symplectic. The flag-geometry F(W (F)) of W (IF)
is the following point-line geometry:

e the points of F(W (F)) are the flags of W(IF), that is the unordered point-line pairs
{z, L}, where L is a line of W(IF) and z is a point of W (F) incident with L;

e the lines of F(W(IF)) are of two types, the points of W(F) on the one hand and the
lines of W (F) on the other hand,;

e incidence is reverse containment.



The geometry F (W (FF)) is a so-called generalized octagon of order (|F|, 1), see [12].

For every flag F' = {(v1), (v1,09)} of W(IF), let e*(F') be the point (v; ® U1 A v9) of
PG(Wa4). The point e*(F) is well-defined. Indeed, if 07, 05 are other vectors of V' such
that (v1) = (v}) and (v, v3) = (v}, %), then (U1 ® U1 A Vg) = (V) ® U} Avy). We will prove
the following (see Theorem 4.3).

Theorem 1.2 The map e* defined a full projective embedding of F(W (F)) into PG(Wis).

With a full projective embedding of a point-line geometry into a projective space PG(W),
we mean an injective mapping e from its point set to the point set of PG(W'), mapping
lines to full lines of PG(WW) such that the image of e generates the whole projective
space PG(IV). K. Coolsaet (unpublished) also observed that the flag geometry F (W (F))
admits a full projective embedding into a 15-dimensional projective space. Projective
embeddings of generalized octagons and flag geometries of projective planes have already
been studied in the literature, see [2, 3] and [7, 8, 9, 10, 11]. Projective embeddings
of F(W(F)) in a 15-dimensional and a 24 dimensional projective space were already
described in [2, 3], in case the underlying field F satisfies additional restrictions. The
description of the 15-dimensional embedding described here is essentially different from
the one given in [2]. In [2], the embedding space is of the form PG(Q ® @), where @ and
Q' are two 4-dimensional vector spaces, while here the embedding space is a subspace of
PG(V ® U) where dim(U) > 4. (Note that we can take for U the 5-dimensional subspace

<él A\ éQ, él A fz, fl A ég, fl A fz, él A fl — ég N f2> of /\2 V)

In this paper, distances between points of F(W(F)) will always be measured in the
collinearity graph of F(W(IF)). The maximal distance between two points of F(W (F))
is equal to 4. The set of points at distance ¢ (at most i) from a given point x will be
denoted by I';(z) (I'<;(x)). For every point p of F(W(F)), we define H, := I'<s3(p). A
full projective embedding e of F(W(IF)) into PG(W) is called polarized if for every point
p, there exists a hyperplane II, of PG(W) such that H, = e !(e(Pr) N1I,), where Pr
denotes the point set of F(W(F)). We will also show the following.

Theorem 1.3 For every point p of F(W(F)), there exists a unique hyperplane 11, of
PG(Wy) such that H, = e '(e*(Pr) N1L,). As a consequence, the embedding e* is
polarized.

We will also determine the dimensions of all subspaces (¢*(I'<;(p))), where p € Pr and
i€{0,1,2,3,4}.

Suppose e : F(W(F)) — PG(W) is a full projective embedding of F(W (F)) and G is a
group of automorphisms of F(W (F)). Then e is called G-homogeneous if for every g € G
there exists a (necessarily unique) automorphism g of PG(W) such that eog =goe. A
G-homogeneous full projective embedding where G is the full automorphism group is also
called a homogeneous full projective embedding. We will show the following.



Theorem 1.4 If G is the group of automorphisms of F(W (IF)) preserving the line types,
then e* is a G-homogeneous embedding. The embedding e* is homogeneous, unless |F| > 2
and F is a perfect field of characteristic 2.

Suppose e : F(W(F)) — PG(W) is a full projective embedding of F(W(F)) and
7 is a subspace of PG(W) disjoint from the image of e. We denote by PG(W) /7 the
quotient projective space whose points are those subspaces of PG(W) that contain 7 as a
hyperplane. The function e/7 which maps each point p of F(W (IF)) to the point (e(p), )
of PG(W) /7 is then a full projective embedding of F(W (F)) into PG(W) /7. We call e/7
a quotient of e.

The subspace (xo+ 2x13, 2X10 + X14, X11 + 2X15, 2X12 + X16) determines a subspace « of
PG(W3g) which is disjoint from the image of e*, implying that the embedding € := e*/«
is well-defined. We will show the following.

Theorem 1.5 The embedding é is polarized and homogeneous.

2 Preliminaries

We continue with the notation introduced in Section 1. If (€1, fi, &, f2) is a hyperbolic

basis of (V, f), then
1) for every A € F* :=T\ {0}, also (\ey, %, €, f2) is a hyperbolic basis of (V, f);
2) for every A € IF, also (€1 + Aéy, f1, &, —Af1 + f2) is a hyperbolic basis of (V, f);

3) for every A € F, also (€1, f1, € + Afa, f2) is a hyperbolic basis of (V, f);

(1)
(2)
(3)
(4) for every A € F, also (€1, fi1, €2, fo + Aé2) is a hyperbolic basis of (V, f);
(5) also (s, fo, €1, f1) is a hyperbolic basis of (V, f);

(6) also (—fi,€1,€, f2) is a hyperbolic basis of (V, f);

(7) also () + &y, f1, €2, f» — f1) is a hyperbolic basis of (V, f).

For every i € {1,2,...,7}, let ; denote the set of all ordered pairs (B, Bs) of hyperbolic
bases of (V) f) such that By can be obtained from B as described in (i) above. The
following was proved in [4, Lemma 2.1]:

Lemma 2.1 If B and B’ are two hyperbolic bases of (V, f), then there exist hyperbolic

bases By, By, ..., B of (V, f) for some k > 0 such that By = B, By = B' and (B;_1, B;) €
D UQU...UQ5 for everyi € {1,2,...,k}.

We shall make use of the following improved version of Lemma 2.1.



Lemma 2.2 If B and B’ are two hyperbolic bases of (V, f), then there exist hyperbolic
bases By, By, ..., By of (V, f) for some k > 0 such that By = B, By = B" and (B;_1, B;) €
QU Q5 U Qe UQy for every i € {1,2,...,k}.

Proof. In view of Lemma 2.1, it suffices to prove this in the case where (B, B’) € O U
Qo UQ3UQ,UQ;5. We leave the verification in each of these five cases as a straightforward
exercise to the reader. "

Lemma 2.2 implies the following.

Proposition 2.3 Let B = (&, f1, €, f2) be a hyperbolic basis of (V,f). Let 6, be the
element of Sp(V, f) mapping B to (€, fa, €1, f1), 02 the element of Sp(V, f) mapping B to
(—f1, 81,82, f2), O3(\) with X\ € F* the element of Sp(V, f) mapping B to (&1, f1, &2, fo +
\és), and 0, the element of Sp(V, f) mapping B to (é1+ €y, f1, €2, f2— f1). Then the group
G = (01, 05,05(N), 04| A € F*) coincides with Sp(V, f).

Proof. Let 6 be an arbitrary element of Sp(V, f). By Lemma 2.2, there exist hyperbolic
bases By, By, . .., By, of (V, f) for some k > 0 such that By = B, By = BY and (B;_1, B;) €
QU Q5 U Qg UQ; for every i € {1,2,...,k}. We prove by induction on k that 6 € G.
This clearly holds if £ € {0,1}. So, we will suppose that & > 2 and that the proposition
holds for smaller values of k. Let 6’ be the element of Sp(V, f) mapping the hyperbolic
B to the hyperbolic basis By_;. By the induction hypothesis, 8/ € G. Now, there exists
a #” € G mapping the hyperbolic basis B = Bg’:f to the hyperbolic basis Bz/_l. Then
0’ 0 0" maps B to By, and hence coincides with . Since #',6” € GG, also 0 € G. .

Now, let (&}, ff, &5, f3) be a fixed hyperbolic basis of (V, f). For every h € F*, let 0} be
the element of GL(V) mapping the ordered basis (€%, fi, €5, f5) of V to the ordered basis
(het, ff, hes, f3) of V, and for every automorphism a of F, let 6% be the element of TL(V)
defined by
MET+ pufT 4 Aol 4 piafy = ATy + i T+ A58 + g fy.

Every 6 € Sp(V, f) will induce an automorphism Ay of W (F), every 6; with h € F*
will induce an automorphism A, of W(F), and every 0% with a € Aut(FF) will induce an
automorphism A, of W(IF). In fact the following holds.

Proposition 2.4 Every automorphism of W(F) is induced by an element of TL(V) of
the form 65 o 0o @, where 8 € Sp(V, f), h € F* and o € Aut(F).

The following result is also known.

Proposition 2.5 The generalized quadrangle W (F) is isomorphic to its point-line dual
WP(F) if and only if F is a perfect field of characteristic 2.

Every automorphism A of W (F) induces an automorphism A of F(W (F)) that does not
alter the types of the lines. If [ is a perfect field of characteristic 2, then every duality D
of W (F) will induce an automorphism D of F(W (F)) which interchanges the line types.
In fact, we have the following:



Proposition 2.6 o [fF is not a perfect field of characteristic 2, then every automor-
phism of F(W(IF)) is induced by an automorphism of W (F).

o [fTF is a perfect field of characteristic 2, then every automorphism of F(W (F)) is
induced by an automorphism or a duality of W (IF).

We follow the convention that distances in W (F), WP (F) and F(W (F)) are measured in
their respective collinearity graphs. We denote by d(-,-), §(-,-) and 62 (-, -) the respective
distance functions in F(W (F)), W (F) and WP (F). We have the following:

Proposition 2.7 If{xy, L1} and {xs, Lo} are two flags of W (FF), then d({x1, L1}, {x2, La})
= 5(1’1, IL’Q) + 5D(L1, LQ)

Two points p; = {x1, L1} and py = {x9, Ly} of F(W(F)) are said to be opposite if they
lie at maximal distance 4 from each other, i.e. if z; and x5 are two noncollinear points of
W(F) and if Ly, Ly are two nonintersecting lines of W (F).

3 The embedding and generating ranks of F (W (2))

If F is a finite field with ¢ elements, then we denote W (F) and F(W(F)) also by W(q)
and F(W(q)). The generalized octagon F(W(2)) is, up to isomorphism, the unique
octagon of order (2,1) and for this reason, we will also denote it by GO(2,1). By [6,
Corollary 4, p.184], the geometry GO(2,1) has full projective embeddings and hence
admits an absolutely universal embedding ¢ : GO(2,1) — PG(W) (meaning that every
full embedding of GO(2,1) is isomorphic to a quotient of €). The dimension dim(W) of
W is called the embedding rank of GO(2,1) and is equal to v —rankp, (N), where v = 45 is
the total number of points of GO(2,1) and N is an incidence matriz of GO(2,1), that is
a 0-1 matrix whose rows are indexed by the points and whose columns are indexed by the
lines, where an entry equals 1 if and only if the corresponding point-line pair is incident.
We will now determine rankg(/N). To achieve this goal, we will make use of the known
spectrum of the collinearity graph of GO(2,1). This spectrum can easily be derived from
Table 6.4 on page 203 of [1].

Lemma 3.1 The collinearity graph of GO(2,1) has spectrum (—2)1%(—1)91193%4".
Lemma 3.2 We have rankg(N) = 29.

Proof. Let A denote the adjacency matrix of GO(2, 1), where the ordering of the points
used to label the rows and columns of A is the same as the ordering of the points we used
to label the rows of N. We then have N - NT = A + 21, where I is the (45 x 45)-identity
matrix. So, by Lemma 3.1 we have

rankg (N) = rankg(N - N7) = rankg (A +21) =9+ 10+ 9+ 1 = 29.

Lemma 3.2 allows us to determine a lower bound for the embedding rank of GO(2,1).
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Lemma 3.3 We have dim(W) > 16.

—~

Proof. We have dim(W) = 45 — ranky, (N) > 45 — rankg (N) = 16. .

We will later show that for any field F, the generalized octagon F (W (F)) admits a full
projective embedding into a 15-dimensional projective space over [F. The next goal in this
section will be to show that dim(W) = 16. To achieve this goal, we will make use of the
notion of generating rank and of another model of W (2).

A subspace of a point-line geometry S is a set X of points containing all the points
of a line if this line has at least two of its points in X. Obviously, the whole point set
is an example of a subspace. If X is a nonempty set of points, then the intersection of
all subspaces containing X is the smallest subspace that contains X and is denoted by
(X). If (X) coincides with the whole point set, then X is called a generating set of S. In
general, (X) is called the subspace generated by X. The smallest size of a generating set
of § is called the generating rank of S and denoted by gr(S). If e : § — PG(W) is a full
projective embedding of S, then dim(WW) < gr(S).

In particular, we thus have that dim(W) < gr(GO(2,1)). In order to show that
dim(W) = 16, it thus suffices to show that GO(2,1) has a generating set of size 16. We
achieve this goal by using another model of W (2). The generalized quadrangle W (2) is
isomorphic to the point-line geometry

e whose points are the subsets of size 2 of {1,2,3,4,5,6},
e whose lines are the partitions of {1,2,3,4,5,6} into three subsets of size 2,
e whose incidence relation is containment.

This model is called Sylvester’s model of W (2).
If z is a point of GO(2, 1), then:
o [To(z)| =1, [Ty(x)] = 4, [Ta(x)] =8, [T5(x)] = 16 and [F4(x)| = 16;

e there are two lines containing x, four lines meeting I';(z) and I'y(x), eight lines
meeting ['y(x) and I'3(x), and sixteen lines meeting I'3(x) and Ty(x).

Lemma 3.4 If z is a point of GO(2,1), then:

(1) The graph defined on Ty(x) by the collinearity relation has two connected compo-
nents. Each connected component is a cycle of length 8.

(2) If yo, Y1, ---,Ys = Yo is a cycle of length 8 contained in T'y(x), then each line y;_1y;
with i € {1,2,...,8} meets a unique line L; of GO(2,1) for which L; NTy(x) # 0 #
L;NTs(x). The eight lines Ly, Lo, . .., Ly are mutually distinct and are all the lines
meeting I's(x) and T's(x).



Proof. We will use Sylvester’s model of W (2). Without loss of generality, we may

suppose that
v ={{1,2}, {{1,2},{3,4},{5.6}}.

[4(x) is a regular graph of degree 2 and hence is the disjoint union of a number of cycles.
Since the stabilizer of x acts transitively on the set of points opposite to x, all these cycles
will have the same length k. We now determine the length of such a cycle starting from
a point yo € I'y(z). Without loss of generality, we may suppose that

Yo = {{17 3}7 {{17 3}7 {27 6}’ {4’ 5}}

The first step we take is along the line {1,3}. The cycle which then arises will be denoted
by Yo, Y1, - -, Y = yo. We find:

Y1 = {{17 3}7 {{17 3}7 {27 5}7 {4’ 6}}}a Y2 = {{2’ 5}7 {{17 3}’ {2’ 5}7 {47 6}}}7

Yz = {{27 5}7 {{174}7 {27 5}7 {3’ 6}}}a Ya = {{1’4}7 {{17 4}’ {27 5}7 {37 6}}}7
ys = {{1, 41, {{1,4},{2,6}, {3,5}}},  we={{2,6}, {{1,4},{2,6}.{3,5}}},
yr = {{2,6}, {{1,3},{2,6}, {4.5}}},  ys={{1,31, {{1,3},{2,6}, {4.5}}}.

Thus k& = 8. Now, for every i € {1,2,...,8}, put {z;} := y;i1y; N T3(x), and let L;
denote the unique line through z; containing a point at distance 2 from z. Then one
easily computes:

1 = {{1>3}’ {{173}’ {274}7 {576}}} Ly = {{173}7 {274}7 {576}}

R = {{476}7 {{173}’ {2’ 5}7 {476}}} Ly = {4a 6}

23 = {{275}7 {{176}7 {2’ 5}7 {374}}} Ly = {{176}’ {2’ 5}7 {374}}

R4 = {{376}7 {{174}7 {27 5}7 {3’6}}} Ly= {3a 6}

zs = {{1,4}, {{1,4},{2,3},{5,6}}} | Ls = {{1,4},{2,3},{5,6}}

z = {{3,5}, {{1,4},{2,6},{3,5}}} Ls = {3,5}

zr = {{2,6}, {{1,5},{2,6},{3,4}}} | Lr = {{1,5},{2,6},{3,4}}

zg = {{475}’ {{173}’ {276}7 {475}}} Ly = {4a 5}
Note that Ly, Lo, ..., Lg are precisely the eight lines meeting I's(x) and I';(z). This shows
the validity of the lemma. "

Lemma 3.4 has the following corollary.

Corollary 3.5 Let L be a line meeting IU's(x) and I's(xz). Then the number of connected
components of T'y(x) defined by the lines meeting U'y(x) and I's(z) \ L is also equal to 2.

Proposition 3.6 The generalized octagon GO(2,1) can be generated by 16 points.



Proof. Let z be a fixed point of GO(2,1). Put u; := z, and let uy, ug € I'1(z) such that
xue and zug are the two lines through x.

There are four lines meeting I'y(z) and I's(z). On each of these four lines, we take a
point not contained in I';(x). In this way, we obtain four points which we will denote by
Uy, Us, Ug and uz.

There are eight lines meeting I's(z) and I';(z). We denote by L one of these eight
lines. On each of the seven other lines, we take a point not contained in I'y(z). In this
way, we obtain seven points which we will denote by usg, ug, . .., u14.

By Lemma 3.4(1), we know that I';(x) has two connected components C; and Cy. We
take an arbitrary point u;5 € C7 and an arbitrary point ug € Cs.

We now show that {uy,us,...,u1s} is a generating set of GO(2,1). Obviously, the
following hold:

<U1> = {JZ}, <U1, Ua, U3> = Fgl(l‘), <U1, Uug, . .. ,U7> = F<2(l’),

<U1,U2, e ,U14> = F§3<I') \ (L N Pg(l‘))

By Corollary 3.5, we also know that €', and C5 are the two connected components of
[4(x) defined by the lines meeting I'y(z) and I's(z) \ L. So, the smallest subspace of
GO(2,1) containing I'c3(z) \ (L N I'3(x)) and uy5 contains C; and the smallest subspace
of GO(2,1) containing I'«3(x) \ L and w6 contains Cy. We conclude that (uy, us, ..., us)
also contains C; U Cy = I'y(x) and hence the whole point set of GO(2,1). Indeed, every
point of L N I'3(z) is contained in a line that contains two points of I'y(x). ]

By Lemma 3.3 and Proposition 3.6, we have:

Corollary 3.7 The embedding and generating ranks of GO(2,1) are equal to 16.

We also have the following:

Proposition 3.8 Lete: GO(2,1) — PG(W) denote the universal embedding of GO(2,1).
Then:

(1) € is polarized. For every point x of GO(2,1), there is a unique hyperplane 11, of
PG(W) such that H, = ¢ '(e(P)N1L,). Here, P is the point set of GO(2,1).

(2) For every point x of GO(2,1), the subspace of PG(W) generated by e(H,) is a
subspace of co-dimension 2 of PG(W).

Proof. If 11 is a hyperplane of PG(W), then Hy := ¢ Y(&(P) N1I) is a hyperplane of
GO(2,1), i.e. a set of points distinct from P meeting each line in either 1 or 3 points. By
[6, Corollary 2, p.180], every hyperplane H of GO(2,1) is equal to Hy for a (necessarily
unique) hyperplane IT of PG(W).

For every point x of GO(2,1), the set H, is a hyperplane of GO(2,1). Such hyper-
planes are called singular. Applying the previous paragraph to the singular hyperplanes
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6] 6 [ 60 | by

X1 X5 X3 X1 X1— X5

X2 || Xe X4 X2 + Ax1 X2 — X6 T X13 — X15
X3 X7 X1 X3 X3

Xa || X8 X2 X4+ A3 X4

X5 X1 —Xe6 X5 X5

X6 X2 X5 X6 X6

X7 || xs —Xs X7+ Ao +Axs | X3+ X7+ X1+ Xae
Xs || x4 X7 Xs + Ax10 + A X6 X4+ Xs

Xo || X11 —X10 Xo + 2AX5 Xo + X6 + X15 + X11
X10 || X12 X9 X10 + 2Ax6 X3 + X10

X11 || Xo —X11 X11 X11 — X6

X12 || X10 —X12 X12 + AX11 X12 T X3 + X14 — X10
X13 || X15 | —X14 T X10 X13 — AXs X13 — 3X6 — 2X15
X14 || X16 | X13 + Xo X14 + AXe X14 + 3X3

X15 || X13 | X15 + X11 X15 X15 + 3X6

X16 || X14 | X16 — Xi2 | X16 + AX15 + AX11 X16 + 2x14 + 3x3

Table 1: The actions of 0y, 05, 03(\) (A € F*), 6, on Wis.

of GO(2,1), we see that Claim (1) of the proposition is valid. Applying the previous
paragraph to the hyperplanes containing a given hyperplane H,, x € P, we see that the
number of hyperplanes of GO(2,1) containing H, is equal to 2° — 1, where § is the co-

dimension (in PG(W)) of the subspace generated by e(H,). By Lemma 3.4(1), we know
that there are three hyperplanes containing H,, namely H,, H, UC} and H, U Cs, where
C4 and Oy are the two connected components of I'y(z). It follows that § = 2. "

4 A 16-dimensional Sp(V, f)-module hosting a full pro-
jective embedding of F(W (IF))

We continue with the notation introduced in Section 1.

Proposition 4.1 The subspace Wi is stabilized by Sp(V, f).

Proof. With the notation of Proposition 2.3, we have that
Sp(V, f) = (01, 02,05(\), 0, | X € F).

So, it suffices to show that each of 6y, 0, 65(\) (A € F*), 6, stabilizes Wyg. The actions of
01, 02, 05(N\) (A € F*) and 64 on W3¢ are summarized in Table 1, and from this information

it indeed follows that each of 0y, 05, O5(\) (A € F*), 6, stabilizes Wig. ]
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Lemma 4.2 Suppose U is a subspace of Wig containing x1 that is stabilized by Sp(V, f).
Then U = W16.

Proof. Since y; € U, the following vectors also belong to U:

=X e =0 Xe= X2, xr=x0L e =Xgh, X=X Xs = X7,
03(1 03(1
Xo= X7 —xr = x5 x0=xg" —xs = X6, X1 =x0,  xi2 = X0

X14 = X% — X2+ X0 — X3 Xi5= Xg4 — X9 — X6 — X11, X13 = X?157 X16 = X?Z
Hence, W16 = <X1,X2, N ,X16> g U, ile. U= Wlﬁ. ]

Theorem 4.3 The map e* defines a full projective embedding of F (W (F)) into PG(Wis).

Proof. We first show that e¢*(F') is a point of PG(Wys) for every flag F' = {(v1), (01, U2) }
of W(IF). Let 0 be an element of Sp(V, f) mapping é; to v; and é; to v5. Then v, R0, AV =
(é1 X ea A\ ég)e = X? € Wis.

The latter also implies that the subspace of PG(Wy4) generated by the image of e*
coincides with the subspace of PG(Wys) generated by all points (x) where 6 € Sp(V, f).
By Lemma 4.2, we then know that this subspace coincides with PG(Wi).

It remains to show that e* maps every line L of F(W (F)) to some line of PG(Wig).
There are two cases to consider for such a line L.

Suppose there exist linearly independent vectors oy, U9, ¥4, such that L consists of all
flags of the form {(v1), (01, AoUo + Ny05)} where Ag, A) € F with (A9, \y) # (0,0). Then
e*(L) consists of all points of the form (v; ® v1 A (AgDg + Ny05)) = (Ao - 01 ® U1 A Uy + A -
U1 ® U A Uy), where Ay, Ay € F with (A2, \y) # (0,0), i.e. e*(L) is a line of PG(Wy).

Suppose there exist linearly independent vectors v; and v, such that L consists of all
flags of the form {(A\101 + Aa¥a), (U1, U2)} where A, Ay € F such that (A, A2) # (0,0).
Then e*(L) consists of all points of the form ((A17; 4+ Aata) @ U7 AVg) = (A1 - U1 ® U A Uy +
Ay U @1 A 772), where )\1, Ay € F with (/\1, /\2) 7é (O, 0), ie. e (L) is a line of PG(WIG) ]

Theorem 4.4 If |F| = 2, then the embedding e* is absolutely universal.

Proof. This follows from the fact that dim(WWi5) = 16 equals the embedding rank of
F(W(2)), see Corollary 3.7. .

5 The (ir)reducibility of the Sp(V, f)-module Wig

We continue with the notation introduced in the previous sections.
Proposition 5.1 If char(F) =5, then the subspace
(X0 +2X13, 2X10 + X14, X11 + 2X15, 2X12 + X16)

is stabilized by Sp(V, f).
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L6 | 02 | 03(\) | 2

|

Xo +2x13 || X11 +2x15 | —2(2x10 + X14) X9 + 2X13 (x9 + 2x13) + (x11 + 2x15)
2x10 + x14 || 2x12 + x16 | 3(x9 + 2X13) 2X10 + X14 2X10 + X14
X11 +2x15 || Xo + 2x13 X11 + 2X15 X11 + 2Xx15 X11 + 2x15
2x12 + X16 || 2Xx10 + X14 2X12 + X16 (2x12 + x16) + 3N - (x11 + 2x15) | (2xa2 + x16) — (2x10 + X14)

Table 2: The actions of 61, 62, 03(\) (A € F*), 64 on the subspace (x9 + 2x13,2X10 +
X14, X11 + 2X15, 2X12 + X16)-

Proof. This follows from Table 2, where the actions of 1, 0, 03(\) (A € F*), 6, on the
subspace (x9 + 2X13, 2X10 + X14, X11 + 2X15, 2X12 + X16) have been described. n

Lemma 5.2 Let U be a subspace of Wig stabilized by Sp(V, f), and leti,j € {1,2,...,8}.
If U contains a vector having a nonzero component in x;, then U also contains a vector
having a nonzero component in x;.

Proof. The property mentioned in Lemma 5.2 that we need to prove is called Property
(P;;) here. Let I' be the graph with vertex set {1,2,...,8}, where two distinct vertices ¢
and j are adjacent whenever Property (P;;) holds. By using the fact that x € U if and
only if Y € U, we see that {1,5}, {2,6}, {3,7} and {4,8} are edges of I. By using the
fact that xy € U if and only if x*2 € U, we also see that {1,3}, {2,4}, {5,6} and {7,8}
are edges of I'. These edges already turn I' into a connected graph, proving the validity
of the lemma. n

Lemma 5.3 Let U be a subspace of Wig stabilized by Sp(V, f). If U contains a vector x;
with i € {1,2,...,8}, then U = Wis.

Proof. As there exists a § € Sp(V, f) such that x? = x1, we must have U = W4 by
Lemma 4.2. "

Lemma 5.4 Let U # Wig be a subspace of Wig stabilized by Sp(V, f). Then U C
(X9, X105 - - - s X16) -

Proof. We first deal with the case |F| = 2. Let x = a;x1 + asxa2 + - - - + aigx16 denote an
arbitrary vector of U. Then also the following vectors belong to U (with 65 = 65(1)):

—x, xP =) B = () @ W= (@) — )

¥ = (X(4))917 ¥ = (X(5))93 —x®, XD .= (X(ﬁ))94 — 9.

One computes that

(1) 03

X=X

° X(l) = asX1+asxs+ (a7 +a13) x5+ (as+ais) X6 +arxo+asxio+ (@12 +ai6) x11 +a16X15,

[ X(2) = a9 X5+ asX7+ (a7 +aiz)x1+ (as+a14) X2 +arx11 +asxi2+ (a12+a16) Xo +a16X13,
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as + a14)x1 + (a4 + a16) X5 + aaXo + asxii,

as + ais)Xs + (a4 + as)xe + asx11 + asx1s,

X® = (
X = (
x® = (as + a14)x1 + (as + as)x2 + asxo + asX1s,
X = (

as + ag)X1 + asxs,
[ ] X(7) = (a4 + as)X5.

Since U # Wi, we have by Lemma 5.3 that none of y1, x5 belongs to U. Since x(©, x(7)
U, we then have that ay + ag = a4 = 0, i.e. a4 = ag = 0. Since xy was an arbitrary vector
of U, Lemma 5.2 then implies that a; = ay = -+ =ag =0, i.e. U C (xo, X10,- - -, X16)-

From now on, we assume that |F| > 3. Again, let x = a;x1+aax2+- - +aigx16 denote
an arbitrary vector of U. Since |F| > 3, we can take two distinct elements Ay, Ay € F*. The
fact that A (x”>2) —x) = Ao (X —x) € U then implies that A Aa(Aa— A1) (arxs+asxs) €
U, ie. arxs + asxs € U. By Lemma 5.3, we also know that y5 and yg do not belong to
U.

Suppose |F| > 3. Then we can take A\ € F* such that A\* # 1. Let 6 be the element
of Sp(V, f) mapping (€1, f1, €, f2) to (Aey, L, &, f>). The facts that x5 & U, x6 € U,
arxs + asxe € U and Aarxs + Sxe = (arxs + agxs)? € U then imply that a; = ag = 0.
Since x was an arbitrary vector of U, Lemma 5.2 then implies that a; = a, = --- = ag =0,
ie. U C (x9,X105- - -+ X16)-

Suppose F = F3. The facts that x5 € W, x¢ € W, arxs+asxs € W and agxs —arxe =
(a7xs + asxs)? € U, then imply that a2 + a2 = 0, i.e. a; = ag = 0. Since x was an
arbitrary vector of U, Lemma 5.2 then again implies that a; = ay = --- = ag = 0, i.e.
U C (X9, X10,- - -5 X16)- n

Proposition 5.5 Let U be a subspace of Wig stabilized by Sp(V, f). If {0} # U # Wi,
then char(F) =5 and U = (x9 + 2X13, 2X10 + X14, X11 + 2X15, 2X12 + X16) -

Proof. By Lemma 5.4, we know that U C (xo, X10,---, X16)- Let x = Egg a;x; be an
arbitrary vector of U.

The fact that x%(!) — y € U has no components in x5 and yg imply that 2a9 = a3
and 2a;9 = —ais. These facts and the fact that y”* € U imply that 2a;; = a5 and
2a19 = —a16. S0, we have that U is a subpace of

(X9 + 2x13, X10 — 2X14, X11 + 2X15, X12 — 2X16)-
Now,

o (xo+2x13)% = (xo + X6 + X15 + X11) + (2x13 — 6X6 — 4X15) = (X0 + 2X13) + (11 +
2x15) — 5(x6 + X15);

e (x10 — 2x14)" = (x10 + X3) — 2x14 — 6X3 = (X10 — 2X14) — DX3,

e (x11 +2x15)" = (xa1 — x6) + 2x15 + 6x6 = (x11 + 2X15) + 5X6»
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o (x12— 2X16)04 = (x12 + X3+ X14 — X10) — 2X16 — dx14 — Ox3 = (12 — 2X16) — (X120 —
2x14) — 5(x3 + X14)-

Since U% = U C (x9 + 2x13, X10 — 2X14, X11 + 2X15, X12 — 2X16)s (X35 X6: X6 + X15: X3 +
X14) N (X9 + 2X13, X10 — 2X14> X11 + 2X15, X12 — 2X16) = {0} and the vectors xs + X15, X3,
X6, X3 -+ X14 are linearly independent, we necessarily have that char(F) = 5. In this case,
we also have

U C (xo + 2x13, 2X10 + X14; X11 + 2X15, 2X12 + X16)-

An arbitrary vector y can thus be written as a linear combination of the vectors yo+2x13,
2x10 + X14, X11 + 2x15 and 2x12 + x16. By considering the linear transformation 6;, we see
the following:

(a) U has a vector having a nonzero component in yg + 2x13 if and only if U has a
vector having a nonzero component in 11 + 2x15;

(b) U has a vector having a nonzero component in 2x19 + x14 if and only if U has a
vector having a nonzero component in 2x12 + X16-

By considering the linear transformation 5, we see the following:

(c) U has a vector having a nonzero component in yg + 2x13 if and only if U has a
vector having a nonzero component in 2x19 + X14-

From (a), (b) and (c), we can then see that U contains a vector having a nonzero com-
ponent in 212 + x16. Since Y — x € U, we then see that yi; + 2x15 € U. Hence, also
Xo + 2x13 = (x11 + 2x15)" € U, 2x10 + x4 = —5(x0 + 2x13)" € U and 2x12 + x16 =
(2x10 + x14)" € U. Tt follows that U = {xo + 2x13, 2X10 + X14, X11 + 2X15, 2X12 + X16)- ®

By Propositions 5.1 and 5.5, we have

Corollary 5.6 The Sp(V, f)-module Wi is reducible if and only if char(F) = 5, in which

case there is a unique nontrivial submodule. This submodule has dimension 4.

6 The embedding e* is polarized

Consider again the 24-dimensional subspace Ws,. The following 24 vectors determine a
basis of Way,:

by ==& R A ey, by = f1® fi A fo by :=ée1®é A f, b= fi®eé A fo,

bsi=er@eANfo, bo=fioanfi, b=aeaAfi, b:=H0aA/f,
by := &1 ® & A fo, bio:=fi®e A fi, bii = ® fiAfa, by == fL ® &1 A &,
biz i= &y ® & A &, by = fa® fi A fa, bis ==& @6 A fi, big = fa®@e A fo,
bir == e @& A fa, bis = fa @ A fi, big == @& A fi, boo := fo @ &1 A fa,
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byt i= €y @ Ey A fo, by i= fa®eéL A fi, byz i= &y @ f1 A fo, boy i = fa @& N éy.

Consider now the nondegenerate alternating bilinear form fof Wy, for which the following
ordered basis is a hyperbolic basis:

(615 _627 637 647 657 _665 577 _587 697 6107 6117 _6127 6137 _6147 6157 6167 6177 _6187 6197 _B2Oa 6217 6227 6237 _624)-
Then the following holds.

Lemma 6.1 Leti,j € {1,2,...,24}. Then

bi =0, ®Uy A3 and bj = ) ® Wy A\ W3,

where U1, U2, V3, W1, Wa, W3 € {él,f_l,ég,f_é?ég,f_g}. Put a := f('l_Jl,U_Jl) and let b € T such

th(ltb'él/\‘]El/\ég/\]%:@?/\@g/\wz/\wg. Thenf(bz,gj):ab

Proof. The above-mentioned hyperbolic basis has been defined in such a way for this to
be true. .

Lemma 6.2 If vy, 0o, 03, W1, W, w3 € V. Then

f(01 @ Ty A T3, 0, @ Wy A W) = ab,
where a := f(v1,w;) and b € F such that b-& A fi A& A fo = Ua A3 A Wy A W3.

Proof. We first show that the number ab is well-defined. Suppose 0; @ U2 AUz = V] ULV,
and W, @WeAw3 = Wi @w5Aw} for certain vectors vy, v, Us, Wy, Wa, W3, Uy, Uy, Uy, W}, Wh, Wh €
V. We may suppose that the vectors vy, g, U3, W1, We, Ws, U}, Uy, Vg, W), Wh, w4 are dis-
tinct from 0. Then there exist unique ay, s € F* such that v, = ay?], w; = auw],
Uy ATy = =Ty ATy and Wy A3 = -y Ay Then o' = f(0], @) = S f(01,01) = 7%
er N fiNea A fa,

/

Since b-&; A fi Aéy A fo = Ty ATg Ay A5 = T Uy AT AWy N Yy =
we have @'t/ = —2— - ayasb = ab.

ajag

ajag

Now, let A denote the set of all 6-tuples (v, Uy, U3, Wy, Wa, w3) € VO such that f(v; ®
Uy A3, W1 @ W AWs) = ab, where a := f(vy,w,) and b € F such that b-&; A fiAex A fo =
Vg N3 ANy ANws. If 09,0 € V| k, k' € F and ~, 7, are two (possibly empty) sequences of
vectors of V whose lengths add up to five, then the facts that f and FxF — F : (a,b) — ab
are bilinear imply the following:

() If (71,0,72) and (y1,7',72) belong to A, then also (v, kv + k'0’, v2) belongs to A.

Lemma 6.2 now follows from Lemma 6.1 and Property (x). ]

Lemma 6.3 FEvery 6 € Sp(V, f) leaves the form ]7 invariant.
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Table 3: The values f(xi, X;), i, € {1,2,...,16}.

Proof. Since fis bilinear, it suffices to prove that
F((01 @ 02 A T3)?, (07 @ Wy A3)?) = f(01 @ Ty A T3, By ® s A W3),
i.e., that B B
F@ @09 A5y, 00 @ @ A1l = f(0y @ Ty A Ts, 0y ® Wa A D).
Put a := f(vy,w;) and let b € F such that oy A U3 AWy AWg = b-& A fi A& A fo
Then f(of,w{) = f(v1,w1) = a and 0§ A 0§ A @ A w§ = det() - 0y A U3 A 1wy A Ws =

Vg ANUg ANwg ANwg =b-e; A fi ANéa A fo. Indeed, every 6 € Sp(V, f) has determinant 1. It
follows that

F @09 A0S, w8 @ wh Awh) = ab= f(D; ® by ATy, 0y @ Wy A Ws3).

Definition. Let f denote the restriction of f to Wi x Wig.
From
X1 = 1_91, X2 = 1_75, X3 = _56, X4 = 1_72, X5 = —513, X6 = 1_719, X7 = —620,
Xs = —bia, Xo=—bir—ba, Xio=—boz+big, x11=—br+bia, xi2=0bu +bs,
X13 =byg — b3+ biz,  X1a =bs—bio+bis, x15=bis — bar + bz, X16 = bas — big + bs,

all the values f(xi,xj), i,j € {1,2,...,16}, can easily be computed. They have been
listed in Table 3. From this table, we easily deduce the following:
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Proposition 6.4 The alternating bilinear form f of Wy is nondegenerate if and only if
char(F) # 5. If char(F) = 5, then

Rad(f) = (xo + 2X13, 2X10 + X14, X11 + 2X15, 2X12 + X16)-
Proof. From Table 3, we see that f is nondegenerate if and only if det(M) # 0, where

0 2 0 1

-2 0 1 0
M= 0 -1 0 =3 |~

-1 0 3 0

i.e., if and only if char(F) # 5. If char(F) = 5, then M has rank 2, implying that Rad(f)
is 4-dimensional. A straightforward calculation shows that

Rad(f) = (xo + 2x13, 2X10 + X14: X11 + 2X15, 2X12 + X16) -

Let ¢ denote the possibly degenerate symplectic polarity of PG (W) induced by f.

Proposition 6.5 For every point x of F(W(F)), e*(z)¢ is a hyperplane of PG(Wye)
containing all points e*(y), where y is a point at distance at most 3 from x, and none of
the points e*(z), where z is a point of F(W(F)) opposite to x.

Proof. Choose vectors vy, Uy, 0}, U5, 0], 04 € V such that

= {<T)l>7 <@1752>}7 Yy = {<61>’ <77,17@é>}’ Z = {<6¥>7 <@¥’1—}g>}'

If d(z,y) < 3, then f(v1,9]) = 0 or (vq,09) N (v],05) # {0}. In any case, we have
f (01 ® vy A U, ¥ @ ) A 0h) =0 by Lemma 6.2.

If d(x, z) = 4, then f(vy,0]) # 0 and (01, 02) N (0], 04) = {0}, i.e. vy Ava AT AT 0.
In this case, we have f(0; ® v A ¥y, 0 @ 0 AY) # 0 by Lemma 6.2.

The claims of the proposition follow. "

The following is an immediate corollary of Proposition 6.5.

Corollary 6.6 The projective embedding e* is polarized.

If char(F) = 5, then we denote by € the embedding e*/a, where « is the subspace of
PG(Wyg) corresponding to Rad(f) = (xo + 2X13, 2X10 + X14, X11 + 2X15, 2X12 + X16). Note
that « is indeed disjoint from the image of e*. Indeed, for every point x there exists
a point y of F(W(F)) opposite to x, and for each such point y the hyperplane e*(y)¢

contains « but not e*(z), implying that e*(z) cannot be contained in «a.
Proposition 6.7 If char(F) = 5, then the embedding € is polarized.

Proof. By Proposition 6.5, we know that for every point x of F(W (F)), H, = e*~*(e*(Pr)N
I1,), where II, is the hyperplane e*(z)¢ of PG(Wg). The proposition now follows from
the fact that o C I1,. "
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7 Further properties of the embedding ¢

Let us define the following subspaces of Wig:

Zy = (x1)s Zy = (X1, X2: X5), Zy = Wis.

If |F| > 3, then we define

Z2 = <X17 X2, X5, X65 X75 X9, X135 X15>7

Z3 = <{X17 X2;- - - 7X16} \ {X4}>-
If |F| = 2, then we define

Z2 = <X17 X2, X5, X6y, X75 X9, X13 + X15>7
Zs = ({X1,X2s - - -» X165 X14 T+ X16, X2 + X6} \ {X4, X12, X145 X16})-

Proposition 7.1 If x is the point {{(€1), (€1,€2)} of F(W(F)) and i € {0,1,2,3,4}, then
(e"(P<i(w))) = PG(Z)).

Proof. We identify the subspaces (e*(I'<;(x))) here with their corresponding subspaces
of Wig. Obviously, (e*(T'<o(z))) = (e*(x)) = (€1 ® €1 A e2) = (x1) = PG(Zp). There
are two lines through the point x = {(€;), (é1,é2)}. The line (¢;) contains the points
v = {(&1),(€1,&)} and 2, = {(&1), (€1, f>)} and the line (&1, &,) contains the two points
x = {(€1),(€1,62)} and 2y = {(2), (€1,€2)}. This implies that (e*(I'<1(z))) = (&1 ® &1 A
€2,61 ® €1 ® fr,82 ® €1 A €E2) = (X1, X2, X5) = PG(Z1).

f

We now determine a generating set of (e*(I'<a(x))). Points at distance 2 from x are
of one of the following two types:

(1) {{a1éy + agéy + fo), (anéy + fo,€1)} with ay, ay € TF;
(ii) {{ae; + &), (ae; + &9, Bey + fi — afo)} with o, 8 € F.
We determine the contribution of both parts to (e*(I'<a(x))). We compute that
(181 + 28y + fo) @ (s + f2) A&
= Q10 QENE -1 R o NE +Q2 By DBy NEL + g B2 D fa AL+ ta- faRENE + 2@ faAEy

= —Q1QoX1 — Q1X2 + Of%X5 + X7 + a2Xo9.

Besides x1, x2 and x5 which are already present in (e*(I'<;(z))), we also add the vectors
X7 and X to the generating set for (e*(I'<a(z))).

We compute (aé;+¢&)®(aéy+e2)A(Ber+fi—afy). The part (ae;+&)R(ae;+eéx)Ae; =
—ax1+ X5 contributes no extra vectors to the generating set for (e*(I'<a(x))). We therefore
compute the part (aé; + &) ® (aé; + &) A (fi — afz). This is equal to

a2-61®él/\f1+a-él®ég/\f1—a3-él®él/\f2—a2-él®ég/\f2
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ta-e@aAfita@eahfi—-a aRaAf—a- QA f
= aRaAfhtaaAfita-(BREAfi—EReEAf
+e1@EAfi)—dt(E1@EaAfr—a@EAfitE®eE A f)
=—a’ xa+ X6+ x15— " xu3.
So, we conclude that:

o if |[F| > 3, then (e*(I'<2(x))) = (X1, X2, X5 X6 X7 X9: X13, X15);

o if [F| = 2, then <e*(F§2(x))) = (X1, X25 X5, X6> X7 X9, X13 + X15)-

We now determine a generating set of (e*(I'<3(z))) by enlarging and modifying the
generating set for (e*(I'<a(z))) that we just determined. Points at distance 3 from x are
of one of the following types:

(1) {{fo + a1 + Bes), (fo + aéy + PEy, fi +vE1 + a&y)} for some a, 3,7 € F;
(ii) {(fi + ey + ey +7fo), (fi + ae, + Béy + v fo, 761 — €2)} for some «, 8,7 € F.

We first consider (fy + aé; + &) ® (fa + aéy + &) A (fi +7é1 +aés), where o, 3,7 € F.
By the above, we know that the part (fo + aé; + 882) @ (fa + aé; + B&) AN e = fo @
fohel+ B -fa@eaAei+ta-e@faher+aB-e,Q@eaAe+B- 8@ fahe + B2
€2 ® e ANer = x7+ Bxo — axa — afxi + B%xs is contained in (e*(<a(z))). The part
(f2 + @1 + B63) @ (fo + a1 + BE2) A (fi + aey) is equal to

X8+Oé'(X16—X12)+5'X10—CY2'(X9+X13)+52'X6+045'X15+043'X1—0425'X5-

We already know that x1, x5, X6 and xg belong to (e*(I'<a(z))). So, we know that for all
a, B € IF, the vector

Xs + (X16 — X12) + X105 — )(13042 + afxis

belongs to (e*(I'<s(z))). This implies that xs, x10 belong to (e*(I'<s(x))) and hence also
the vector (x16 — X12) — axi3 + Bxi5 for all a, f € F with o # 0. This implies that

e x15 and hence also x13 = (x13 + X15) — X15 belong to (e*(I'<3(2)));

® X16 — X12 belongs to (e*(I'<3(7))).
The expression (fi + aé; + Bés +vfo) ® (f1 + ae; + Bés +vf2) A (ye1 — &) is equal to
—Xz— - x1+B-Xe+7 X1 —a - x1=7* - X16— B X1y (Xo+x13) = B7- (X11+x15)+ 577 X5

3 xr —aBy - x1 —av? x4+ By - Xo.
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We already know that the vectors x1, X2, X5, X6, X7, X9, X13, X15 are contained in (e*(I'<3(x))).
So, we know that for all «, 3, ~, the vector

—X3 — ax11 + VX114 — ’YQX16 — Byxu

is also contained in (e*(I'<3(z))). Putting v = 0, we see that all vectors of the form
—x3 — axi1 are contained in (e*(I'<3(x))), i.e. x3 and x1; are contained in (e*(I'<3(x))).
This implies that for every v € F*, the vector x14 — 7x16 is contained in (e*(I'<3(x))).
If |F| # 2, then also the vectors x14 and xi6 are contained in (e*(I'<3(z))) and hence
also the vector x12 = x16 — (x16 — x12)- If |F| = 2, then we can only conclude that the
vector x14 + X16 is contained in (e(I'<3(z))). The claims of the proposition should now be
obvious. n

Proposition 7.1 has the following corollary.

Corollary 7.2 (1) If |[F| > 3, then for every point x of F(W(F)), the subspace of
PG(Wie) generated by e(H,.) is a hyperplane.

(2) If |F| = 2, then for every point x of F(W(F)), the subspace of PG(Wys) generated

by e(H,) is a subspace of co-dimension 2.

Proof. Since Wig is an Sp(V, f)-module, we can take the point = to be equal to
{(e1), (€1, €2)}. The claims then follow from Proposition 7.1. ]

Note that Corollary 7.2(2) was also proved in Proposition 3.8(2). By Proposition 3.8(1),
Proposition 6.5 and Corollary 7.2(1), we have:

Proposition 7.3 For every point x of F(W(F)), there ezists a unique hyperplane of
PG(Wig) containing all points e*(y), where y is a point at distance at most 3 from x, and
none of the points e*(z), where z is a point of F(W (F)) opposite to x.

We finish this section by proving the following result.

Proposition 7.4 The points and lines contained in the image of e* define a point-line
geometry isomorphic to F (W (FF)).

Proof. Suppose x and y are two noncollinear points of F(W (F)). It then suffices to
prove that the unique line of PG(Wg) through e*(z) and e*(y) intersects the image of e*
in precisely two points. We may suppose that the hyperbolic basis (¢1, fi, &, f2) has been
chosen in such a way that one of the following cases occurs:

(1) 2= {(&1), (e, &2)}, y = {(&2), (€2, [1)},
(2) == {(e), (e, @)}, y = {{fa), (f1, fa) },
(3) x = {(er), (&1, &)}, y = {(f1), (fr,e2)},
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(4) = = {(&1), (er, &)}, y = {(f1), (Frs fa) }-
From A\ € F*, it is obvious that none of the points
@@anetA-a®alf), (@eaiet+l L fLAFLR),

E@@aNe+A i fine), (E@eAea+A fi@fiAf)

belong to the image of e*. So, the unique line of PG(Wis) through e*(z) and e*(y)
intersects the image of e* in precisely two points. "

8 The homogeneity of the embedding e*

Theorem 8.1 Let A denote the group of automorphisms of F(W(FF)) preserving the line
types. Then e* is A-homogeneous.

Proof. Let 6 be an element of Sp(V, f), an element of the form 6; with h € F* or an
element of the form 0% with a@ € Aut(FF) (as defined in Section 2). Then 6 can be regarded
as an element of I'L(Wis) such that (97 ® 9, A 02)? = 99 ® 0§ A 4 holds for every totally
isotropic 2-space (v1,0s) of (V, f). The map {(vy), (v1,02)} — {(89), (¥, 05)} for totally
isotropic 2-spaces (U1, U2) also induces an automorphism of F (W (F)). Theorem 8.1 then
follows from Proposition 2.4. "

Proposition 2.6 and Theorem 8.1 has the following corollary.

Corollary 8.2 If F is not a perfect field of characteristic 2, then e* is a homogeneous
embedding.

We also have:

Theorem 8.3 If char(F) =5, then € (as defined in Section 6) is a homogeneous embed-
ding.

Proof. The embedding € is obtained by taking the quotient of e* by the subspace of
PG(Wig) determined by

(X9 + 2x13, 2X10 + X14, X11 + 2X15, 2X12 + X16)-

This subspace is stabilized by the induced actions of the elements of Sp(V f), the elements
g7 with h € F* and the elements 6% with a € Aut(IF), showing that € is also homogeneous.
]

We already know that e* is absolutely universal (see Theorem 4.4) and hence homogeneous
if |F| = 2. We are now going to show this directly by using our explicit description of e*.
We start from the following element 6* of GL(We):

X1 X1, X272 X5, X372 X8 X4 X4, X5 X2, X6 7 X7, X777 X6, X8 7 X3,
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X9 > X131+ X15, X10 /> X14 T X165 X11 — X9+ X12 + X13+ X165, X12 — X10+ X11 + X14 + X15;

X13 7 X13, X14 7 X14, X15 7 X9 + X13, X16 > X10 + X14-

It is straightforward to verify that 6* o * = 1, i.e. 6* is an involution of GL(Ws). We
show the following;:

Lemma 8.4 Suppose [F| = 2. For every 6 € Sp(V, f), there then exists a 6" € Sp(V, f)
such that 000" = 0. Here, 0 and ' are the induced actions of 0 and ¢ on Wis.

Proof. With the notation of Proposition 2.3, we have that Sp(V, f) = (01, 62,05(1),0,).
So, it suffices to prove the proposition in the case 0 € {0y, 0s,05(1),0,}. The verification
is straightforward if one uses the 8’ mentioned in the following table:

10 Sp(V, f) | 0" € Sp(V, f) |
th (€1, f1, €2, f2) = (€1, f1, f2,€2)
2 (€1, f1, €2, f2) = (f2, €2, f1,€1)
05(1) (€1, f1, €2, f2) = (€1, f1 + fo, €1 + &9, fo)
04 (€1, f1, €2, fo) — (61,f1,é2+f27f2)

Proposition 8.5 Suppose |F| = 2. Then 0*(Im(e*)) = Im(e*).

Proof. Since 6* is an involution, it suffices to show that 0*(Im(e*)) C Im(e*). Let
(01 ® U1 AU2) be an arbitrary point of Im(e*), where (0y, U2) is a totally isotropic subspace
of (V, f). We must show that <271 Ry A13)0 € Im(e*). Now, there exists a 0 € Sp(V, f)
such that o, = &/ and oy = ). By Lemma 8.4, §*06* = @ for some ¢ € Sp(V, f). Now,
Im(e*) contains the point

*

@ we Nel)=(a@e ne)! = (@ e ne)! " = (6 @e A = (B, @0, AT,
which is precisely what we needed to prove. "
Theorem 8.6 If |F| = 2, then the embedding e* is homogeneous.

Proof. Since 0*(Im(e*)) = Im(e*), Proposition 7.4 implies that 6* € GL(Wig) is the
lifting of an automorphism of F (¥ (2)). By Proposition 2.6 and Theorem 8.1, it suffices
to prove that this automorphism corresponds to a duality of W (2).

Consider the line (€;) of F(W(2)). The image of this line under e* is equal to (&; ®
E1NEy, e RE A fr). Now, (61 ®é Aég, e ®e A o) = (61 ®é; Aéy, ey ® e Aey), which
is the image under e* of the line (€;, é;) of F (W (2)). Since #* interchanges the line types,
it must be associated with a duality of W (2). n

Theorem 8.7 Suppose F is a perfect field of characteristic 2. Then e* is homogeneous if
and only if |F| = 2.
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Proof. In view of Theorem 8.6, it suffices to prove that |F| = 2 if e* is homogeneous.

Since F is a perfect field of characteristic 2, there exists an automorphism of F (W (F))
arising from a duality of W(IF). Since the automorphism group of F (W (F)) preserving
the line types acts transitively on the set of opposite points of F(W(F)), there is an
automorphism of F(W(IF)) arising from a duality D of W (F) that fixes the points z; =
{{e1), (€1,82)} and w3 = {{f1), (f1, f2)}. Since e* is homogeneous, the automorphism D
of F(W(F)) lifts to an automorphism A of PG(W4). Since field automorphisms induce
automorphisms of F(W(IF)) fixing x1, x2 and preserving the line types, we may without
loss of generality suppose that A € PGL(Wg).

Since 2P = x; and x) = 5, we are able to determine the action of D on additional
points of F(W (F)). Since 2 = 1, the map D swaps the lines (¢;) and (&;, &) and hence
should swap the unique points of (¢;) and (€, é&;) at distance 3 from 5. It follows that

= {<62>7<61752>}7 (1)
{(e2), (e1,e2)}" = {(en), (1, fo)}- (2)

Similarly, since 22 = x,, the map D swaps the lines (f;) and (f1, f2), and hence also the
unique points on these lines at distance 3 from x;. It follows that

{(f) ()}’ = {(f), (Fi, )} (3)
{({f >a<f1,f2>} = {(f1), (1, e2)}. (4)

Now, put 3 = {(&2), (€1, 2)} and x4 = {(f2), (f1, f2)}. Then x5 and 24 are two opposite
points, as well as the two points 22 = {(&), (¢, fo)} and zP = {<f1> (fi,e2)}. The line
(5) through 23 must be mapped by D to the line (1, fo) through 2. It follows that the
unique point of () at distance 3 from x4 must be mapped by D to the unique point of
(€1, fo) at distance 3 from 2. Hence,

=
—~
[
—-
~
—~
[
—-
oo
<
——

{(e2), (2, 1)} = {{f2), (&1, f) }. (5)

Similarly, the line (f5) through x4 must be mapped by D to the line (f;, &) through x4
It follows that the unique point of (f5) at distance 3 from x3 must be mapped by D to
the unique point of (fi, &) at distance 3 from x¥. Hence,

{(F2)s (Faen)}? = {(&), (1, )} (6)
Equations (1)-(6), and the facts that 2 = z, 2P = x, then imply that
() = (), (xa)® = (xa), (x2)® = (xs), (xs)® = (xa),

<X3>A = (Xs), <X8>A = (x3), <X6>A = {x7), <X7>A = (Xe)-
Suppose 0* is the element of GL(Wig) inducing A. Let ky, ko, ..., ks € F* such that

XU =kixi, X5 =kaxs, X5 =ksxs, X34 = kaxa,
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Xg* = ks5Xx2, 2* = ke X, ? = krXe, 2* = kgxs.

Now, let A be an arbitrary element of F*, and let 6 be the element of Sp(V, f) mapping
the hyperbolic basis (e, f1, €, f2) to the hyperbolic basis (& A f1, €2, f2). Identifying 0
with the induced action on W4, we have

ox(f—“@el/\eg

w

e X5=5®FNf=13,

° x§ = (A1) @ (A1) Aea = A2y,

o Xi= 1)@ AA)A 2= Nxa,

-ﬁ=@®@A%=§m,

o o= e A (A1) = Axe,

. Xg:ﬁ@ﬁ/\éyl:%:

o Xb=F2® fa A (A1) = AXs.
Now, put 0 = (0*)~'00* € GL(W3s). We compute

o i =) =) =%

o 8 = () =GR =%,

o x§ = (1) = (32)" = M\,

* 2 *
o X = (1) = ()7 = N

o = () = () = 3,
X = (D" =G =

o = ()7 = (3) = M
o = ()" = ()7 = N,

Since 0, 0* stabilize I'm(e*), also € stabilizes I'm(e*) and hence by Proposition 7.4 corre-
sponds to an automorphism of F(W(IF)) that does not alter the line types. We denote
by 6” the element of GL(V) that induces this automorphism of F (W (F)) (note that the
field automorphisms corresponding to the actions of ” on V and of 6/ on W4 are the
same and so both of them are trivial)

Since (61 ® &1 A &) = (x1)? = (x1) = (& © e A €g), We have (e,)" = (). In
a similar way, the facts that (x3)? = (xs), (x5)" = (xs) and (x7)? = (x7) imply that
(f)"" = (fi), (€2)"" = (@2) and (f2)"" = (fo).
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This implies that there exist h, k € F* such that 6” ~ 6y, where 6}, is the element of
G L(V) that maps the hyperbolic basis (¢1, f1, €, f2) to the ordered basis (&1, hf1, kéy, %ﬁ)
The notation 6” ~ 6, means here that 8” and 6y, induce the same element of PGL(V),
i.e. they are equal up to a nonzero factor. By looking at the induced actions on W4, we
see that there exists an n € [F* such that:

(1
(11

1

0 _
2= X1

=n(e1 ® e; A kés) = nkxi,

nh
& X2

)
)
) Axs = x4 = n(hfi @ hfi Akea) = nh*kxs,
)
)
)

'

=5 =n(E1 ®@é A %ﬁ)
(111

(Iv

>

/ = = = 3
Xxa= x4 =n(hfi @ hfi A %f2) = ﬂZ—XzLa

(V = Xgl = ’I'/(k’ég & kég A\ él) = nk2X57

s

(VI

>

= XY = n(key ® kéy A hfi) = nk*hxe,
(VID) Az =8 =n(tf® tfy Aéy) = Loxr,
(VIII) A2xs = x§ = n(Ef @ 2fy Nhfr) = Z’,,ChT?’Xs-

From (I) and (V), it follows that nk = nk?, i.e. k = 1. Equation (I) then implies that
n= % Combining this with Equation (II), we find h = A. By Equation (III), we then
know that A = % -A2.1 = 1. Since X\ was an arbitrary element of F*, we must have that
|F| = 2, as we needed to prove. .
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