> restart,

> with(linalg);

[ BlockDiagonal, GramSchmidt, JordanBlock, LUdecomp, QRdecomp, Wronskian, addcol, 6}
addrow, adj, adjoint, angle, augment, backsub, band, basis, bezout, blockmatrix, charmat,
charpoly, cholesky, col, coldim, colspace, colspan, companion, concat, cond, copyinto,
crossprod, curl, definite, delcols, delrows, det, diag, diverge, dotprod, eigenvals,
eigenvalues, eigenvectors, eigenvects, entermatrix, equal, exponential, extend, fleausselim,
fibonacci, forwardsub, frobenius, gausselim, gaussjord, geneqns, genmatrix, grad,
hadamard, hermite, hessian, hilbert, htranspose, ihermite, indexfunc, innerprod, intbasis,
inverse, ismith, issimilar, iszero, jacobian, jordan, kernel, laplacian, leastsqrs, linsolve,
matadd, matrix, minor, minpoly, mulcol, mulrow, multiply, norm, normalize, nullspace,
orthog, permanent, pivot, potential, randmatrix, randvector, rank, ratform, row, rowdim,
rowspace, rowspan, rref, scalarmul, singularvals, smith, stackmatrix, submatrix, subvector,
sumbasis, swapcol, swaprow, sylvester, toeplitz, trace, transpose, vandermonde, vecpotent,

vectdim, vector, wronskian |

> 5= §;ta = ta;th = tb;

s =5
ta = ta
th=tb Q?)

>

> M0 = Matrix([[1,0,0,0,0,0,0,0], [0, 1,0,0,0,0,0,0], [0,0,1,0,0,0,0,0], [0,0,0, 1,0,
0,0,0][0,0,0,0,1,0,0,0], [0,0,0,0,0,1,0,0], [0,0,0,0,0,0,1,0], [0,0,0,0,0, 0,
0,1]]);

(©))

S O O O O o = O
S O O O o = O O
S O O O = O O O
S O O = O O O O
S O = O O O O O
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_ 0 O O O O O O

> MI == Matrix([[0,1,1,1,0,0,0,0], [s-ta,s — 1,0,0,a,0,1,0], [s-h,0,s — 1,0, 0, b, 1,
0], [s,0,0,s—1,1,1,0,0], [0,sta,0,sta, (s —1)-(ta+1),0,0,1], [0,0,s-tb, s-th, 0,
(s—1)-(b+1),0,1],[0,sth,51a,0,0,0,2-(s —1),ta+ b —1],[0,0,0,0,s-th, s




> el

> e2

> e3

[
[
[
[
[
[
[

‘fa,s-(ta+th—1), (ta+t+1)(s—1)]]);

MI:=1[[0,1,1,1,0,0,0,0],

sta,s —1,0,0,1,0,1,0],

sth,0,s —1,0,0,t,1,0],

5,0,0,s —1,1,1,0,0],

0,sta,0,sta, (s—1) (ta+1),0,0,1],

0,0,sth,sth,0, (s —1) (th+1),0,1],
0,sth,sta,0,0,0,25 —2,ta+th—1],
0,0,0,0,sth,s ta,s (ta+th—1),(ta+th+1) (s—1)]]

> eigvals] := eigenvalues (M1);
eigvalsl = ~ta—th—1,s —2,2s—1,sth+s—1,-th—1+s,sta+s—1,-ta—1+s,

sta+sth+s

_> Il = -ta—1th—1;
i ll:=-ta—th—1
_> 2= -th—1+s;
i R2=-th—1+s
_> B3:=-ta—1+s;

B=-ta—1+s
_> 4 =5 —2;
i 4:=5—2
_> [5:=2-5—1;
i 5=2s—1
_> 16 :=sta+ s —1;

6 =sta+s—1
_> [7:=sth+s—1;
i [7=sth+s—1
_> I8 == sta+ s-tb+ s,

[8=sta+sth+s
= (s+ 1) (stat+ 1) (stb+1);
el =(1+s)(stat+1)(sth+1)
= 0;
e2:=0
:= expand(evalm ([0, 1,1,1,0,0,0,0]MI)[1] - el);
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)
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®
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(12)

13)

(14)

15)

(16)



e3=s"ta"th+ s tath* +s tath+sta* th+s tath® +s5 > +3s tath+ s th° + 5 ta (16)
+5°th+sta + 25 tath+ St +2s ta+25 th+s> +sta+sth+s

> e4d == expand(evalm([O, 1,1,1,0,0,0, 0].M]2)[1] . e]);

ed=s"td’th+s tath +s tath+s ta® +2s tath+s't* —s>tdd th— s> tath®* + s* ta an
+stth—SPatb+sa+sSSth— 1 =25 ath— s+ 5 — s
—sth—=s

ta—sztb—sta

> ef = expand(evalm([O, 1,1,1,0,0, 0,0].M]3)[1] . e]);

eS=s b+ ath +C b+ L tath’ +35° 1@ th+ 65 ta’ th + 35 tath 18)
+sttat th+stat +sCath+ 25 @ +25° tath® + st + 45t b
+ostt +astu +5 0+t 425 tath+ st + 35t + 115" ta* th
+ st a? +3s* P+ W Sl S a +5 0+ a4 5" b+ 25
tastam+2s 0 +45 W@ 1057 W@ b+ 105 ath® +45 b + s a+s" b
+55 @+ 11 tath+ 55t +5°ta® +s5°th +s" +25° ta+25 th+ 45t
+8s2tath+4s> > +3s°ta+3s"th+sta+sth+s

> e6 = expand(evalm([O, 1,1,1,0,0, 0,0].M]4)[1] . e]);

6=t th+sCtath® +55%ta h+55Ltat +s > th+s tath® +95°ta’ th a9
+205% i t0* + 958 tath® +s°ta +s ta th+s tatht +5° 0 — st th— st ta b’
+s'tatb+ 555t th+55Ctath’ +55° tat +55° b+ 55 tath® +55° 1"
—s5stut b —55tta +5 i + 250 tath+ O +95° ta® + 295 ta* th
+295 tath” +95 th + 5" ' — 95 1@’ th— 205 ta® b — 95  ta b + 5" 1b*
— P =Lt —stat -+ L+ 5+ 105 b+ 55 th°
+55' =5t —5stat + 550 — 552t — 555 W@ th— 55 tath’
— 58 v ta s h+9s5 tat +20s tath+ 95Tt — 95 ta© —305° ta” th
—30s  tath® —9s° th° —s*tat — s+ +55 ta+5s b —55 1 — 115 tath
— 55t =557t =557t — 1057 ta> — 2257 tath — 105> th* — 6 5> ta — 6 57 th

—sta—sth—s

> e7 = expand(evalm([0,1,1,1,0,0,0,0].MI°)[1] - el);

e7=s ta®th+s tath®+6s tath+6s tath +15s ta’ th+ 155" tath® + s° ta° 20)
+ 1550 1 0 +205° 1> b + 15 5% 1a® ib* + s° b° + 5* i b + 5° ta b
+ 195 > th+ 505 > B> + 195" tath® + 65° ta” + s° ta* th +255° 1 1b*
+255° Wi’ +sCtah +65° 0 — 5w b+ 155 ta* th* +205° ta” b




+155° b = tath +s5 b+ s tah® +sStath+95" 1 th+ 95" tath
+155%w  + 65% 1 th — 3050t * + 65 tath® + 155° bt +95° tat b

+60s ta’ th* + 605  ta® th° + 95 tath* + 65 ta> th+ 65 tath® + 5" ta® +25 tath
+5 t* +195° 1 + 645 > th+ 645 tath® +195° 1t + 5% ta’ + 115° ta’ th
1205 ta* tb* + 115 tath’ +5° tb* — st ta® + 295 ta* b + 35 5% ta® 1h*

+3550 >t + 295 tath —sP 0 + 5P Wl S+’ +5° 0+ ta
+5"th+950 1> +185°tath + 9" th* + 65 ta® — 44 5° ta* th — 44 5° ta tb”

+65°th —6sttat +545 b+ 1205 > B + 5451 ah’ — 65t ' + 657 10
+6s5ttb+65ta +65°th +s%ta+sSth+ 145 ta* + 405> tath + 14 s> th*
— 145t =55 Wb — 55w’ — 145 i’ + 145 @ +305° @’ b

+205° @’ th* + 305 tath’ + 145> tb* + 57 1@’ + 57 th + 5"+ 95 ta+ 95" 1

— 145t — 405" wih — 145’ + 145 1@ + 955 1’ th+ 955 tah® + 145 b
+65°ta +6s57 =55t -5 b — 117 ab+15 1@ +155°th° — 55 ta
— 55 th+205"ta* + 525 tath+ 205> th* + 105> ta+ 10s° th+sta+sth+s

> 8 = expand(evalm([0,1,1,1,0,0,0,0].M1°)[1] - el);

e8=s"td th+sStath +755 b+ 755 tar® +215 @ o +215 e’ + 5" td’ 21
+21s ta® h* +35s ta* b’ + 355 1 b + 215" P b+ 5" b +355° 1 b
+355° aeb* + 75" 10 +1055" @’ 0° + 1405 1@’ b’ +1055" 1a® ' + 75" °
+s5 @ h+5 b’ +345 1@ b+ 11255 @ ib* + 3455w’ + 215" @ + 5 w0 b
+1195" 1@’ > + 1195 @ b + 5" ab* + 2157 ° +205° 1@’ tb + 56 5° ta* b
+705% 1> b° + 56 5% ta® " + 205 tath’ +5° ta® b — 215" ta th* — 355" ta” b’
—355° @t =215 Pt + s  tath® —stta h—sttath +5° tath + 14 5% ta® b
+ 1452 tath* +355 ta* + 75 ta’ th— 1405  ta® th* + T s tath® + 355 th°*
+ 9850 ta* th + 245 1a® h* +2455° 1® tb® + 98 L ta b + 75 ta” 1h
— 1055 ta* th* —1405° 1’ b — 1055 ta” b* + 75 tath® — 75" 1a® th — 75" ta 1b°
+58 255 tath+ S * + 345" tad + 1325  ta’ th + 1325 tath® + 345
+ 581 + 995 ta® th + 238 0t th* + 9950 tath® + O bt —$* ta® + 415" b
— 845t th — 845 P ) + 415" tath — 5 + 5t 1a® — 415" 1 1h
— 565t * — 705"t 0’ — 565 ta” 't — A1 st tath + 5P ° — 5Pt — 5 ta® 1b
— s =+t o+ 145 0d + 285 b+ 145" ' +75° i’
—1685° t” th — 168 s tath” +75°tb* —75° ta* +1335° 1 th + 280 5° ta” 1’
+ 1335 tath’ — 75 + 75" ta® — 133 5" ta® b — 245 5" 1a® * — 245 5 1 b’




— 13357 tat* + 75 =75 =1 W =T a’ =75 + s ta+ s b
6,62 6 6 42 5.3 5. 2 5 2

+20s ta” +84s tath+20s tb™ —20s ta + 133 s ta” th + 133 s tath

— 205> th° + 205" ta* — 13351 ta® th — 350 st ta® th* — 133 s ta b’ + 20 5* 1b*

—205°ta® — 257 ta* th — 3557 1> th® — 355 ta> th° — 42 5° tatht — 205" th

— Pt =+ 1455 ta+ 1455 b — 285 ta® — 1405 tath — 28 5° th°

+ 285 td® + 1545 td® th + 154 5% tath® + 28 s 0° — 28 5% ta* — 140 5> ta® b

— 1405 ta? th? — 1405 tath® — 28> b — T 5% ta> — T s° th° — 145 ta— 145 th

+ 145 1 +28s tath + 145  th° — 145 ta° — 266 5° ta° th — 266 s° ta th*

—14s3tb3—21s2ta4—21s2tb4-|-14s3taz-|-111s3tatb—|-14s3tbz—35s2ta3
2 43 3 3 2.2 2 2 42 2

— 355"t +14s ta+14s th—35s"ta” — 114s  tath—35s" tb" — 155" ta

—15S2tb—sta—slb—s

> V= transpose(vandermonde([l1, 12, 13,14, 15,16,17,18]));
v=\[[1,1,1,1,1,1,1,1],
[-ta—th—1,-tb—1+s,-ta—1+s,s—2,2s—1,sta+s—1,stb+s—1,sta
+sth+s],
[(-ta—th—1), (-th—14s)% (-ta—1+s)% (s—2), 2s—1)% (sta+s
—1)2, (stb+s—1)2, (sta-l—stb—i—s)z],
[(<ta—th—1), (-thb—1+s), (-ta—1+s), (s—2)", 2s— 1), (sta+s
—1)3, (sth+ s — 1)3, (Sta+stb+s)3],
[(cta—tb—1)", (~tb—1+5)", (ca—1+5)" (s—=2)", 2s =1 (sa+s
—1)4, (sth+s— 1)4, (Sta+slb+s)4],
[(-ta—th—1), (-tb—14s), (-ta—1+5), (s—2),(2s—1)°, (sta+s
—1)5, (stb—i—s—l)S, (sta-l—stb—i—s)s],
[(cta—tb—1)° (-tb—1+5)° (-ta—1+5)° (s—2)% 2s—1)° (sta+s
—1)6, (sth+s — 1)6, (sta+stb+s)6],
[(<ta—tb—1), (~tb—1+s), (~a—1+s),(s—2),2s—=1), (sta+s
—1)7, (sth+s— 1)7, (Sta+stb—|-s)7”

> W = simplify(evalm ( inverse(V).transpose(Matrix([el, e2, e3, e4, €5, eb6, e7,e8]))));

(22)



5> (sztatb+sta+stb+l)
s>+ sta+sth+tath

(sztalb—i-sta—i-stb—i-l)szta
s’ +sta+sth+tath

(sztatb+sta+stb+l)s2tb
s> +sta+sth+iath

s2 ta tb

(sztatb+sm+stb+1)Stbta
s>+ sta+sth+tath

s th
s ta
1
_>
_>
_>

(23)

> MI == Matrix([[0,1,1,1,0,0,0,0], [s-ta,s — 1,0,0,,0,1,0], [s-ta, 0,5 — 1,0,0, ta, 1,

0], [s,0,0,s—1,1,1,0,0],[0,sta,0,sta, (s —1)-(ta+1),0,0,1], [0,0,s"ta,s-ta, 0,
(s—1)(ta+1),0,1],[0,5-ta,5ta,0,0,0,2-(s —1),ta+ta—1],[0,0,0,0,s-ta,s

‘ta,s (ta+ta—1), (ta+ta+1)-(s—1)]]);

M1 =1[[0,1,1,1,0,0,0,0],

[sta,s —1,0,0,1,0,1,0],

[sta,0,5s —1,0,0,ta,1,0],

[5,0,0,s —1,1,1,0,0],

[0,sta,0,sta, (s —1) (ta+1),0,0,1],

[0,0,sta,s ta,0, (s —1) (ta+1),0,1],

[0,sta,s ta,0,0,0,2s —2,2ta— 1],

[0,0,0,0,sta,s ta,s (2ta— 1), (2ta+1) (s —1)]]

> eigvals] := eigenvalues (M1);
eigvals] = -2ta—1,s —2,2s — 1,2sta+s,sta+s—1,-ta—1+s,sta+s—1, -ta
—1+s
> []:=-2-ta—1;
[1:=-2ta—1
> 2= -ta—1+s;
2=-ta—1+s

24

(25)

(26)
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> [3:=5—2;
3=5—2
> 4:=2-5—1;
4=2s—1
> =sta+s—1;
I5=sta+s—1
> [6:=2 sta+s;
6 =2sta+s

> el = (S+1)-(s-ta+1)2;
el =(1+s) (sta+1)

> e2 =0,
e2 =0

> e3 = expand(evalm([0,1,1,1,0,0,0,0].MI1)[1]-el);

e3:=254ta3+s4taz+2s3tc13+553 z‘a2+2s3ta+4s2ta2+4s2ta+s2+25ta+s

> e4 := expand(evalm([0,1,1,1,0,0,0, 0].M12) [1]-el);
ed =25 ta3 + 5 ta2 +4s4 tat2 —253 z‘a3 —|—2S4ta—s3 ta2 —f—2s3 ta —4s2 ta2 +s3

—2s2ta—2sla—s

> e5 = expand(evalm([0,1,1,1,0,0, O,O].M13)[l] cel);

e5=25t +25°@ + 125"t + 250t + 5%t + 457 1’ + 1650 1t + 450 1d
+285° i a4 W +25° ta+ 851t + 2857 1 + 25t ta+ 215t + 257 ta
+s'+asu+ 1655+ 65 ta+2sta+s

> e6 = expand(evalm([O, 1,1,1,0,0,0, O].M14)[1] . e]);

e6=25"1®+10st’ +25 1t +385°ta* +45° 10 — 25" ta® + 5" ta* +105° ta®
+205° ta" — 105t + 4% 1® +765° ta° — 365" ta" — 45> 1 +25% ta+ 205 ta”
— 205 ta" + 25  ta+ 385 ta* — 785> ta> — 257 ta" + 5 + 105t ta — 21 5° ta”

—10S2ta3—42S2ta2—12S2ta—25ta—s

> V= transpose(vandermonde([l1, 12, 13,14,15,16]));

(28)

(29)

(30)

31

(32)

(33)

(34)

(335)

(36)

37
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1 1 1 1 1 1
-2ta—1 -ta—1+s s —2 2s —1 sta+s—1 2sta+s
(—Zta—l)2 (—ta—l—i—s)2 (s—2)2 (2s—1)2 (sta—f—s—l)2 (25ta+s)2
Ve (2ta—1) (-ta—1+s) (s—2)° 2s—1) (sta+s—1)° Q2sta+s) 38)
(—2ta—1)4 (—ta—1+s)4 (s—2)4 (2s—1)4 (Sta+s—1)4 (2sta+s)4
| (2ta—1)° (~ta—1+5) (s=2)° 2s—1)° (stats—1)° 2sta+s)

> W = simplify(evalm ( inverse(V).transpose(Matrix([el, e2, e3, e4,e5,¢e6]))));

5> (szta2+2sta+ 1)
s>+ 2sta+ta

2 (s2 ta® + 2 s ta + 1) ta s”
s+ 25 ta+ td*
W= ta252 39

(szta2+2sta+ l)tazs
sS+2sta+ta

2sta
1
=>
_>
_>

> M1 = Matrix([[0,1,1,0,0,0], [2-s-ta,s — 1,0,1a,2,0], [5,0,s —1,1,0,0], [0, s-7a, 2-s
‘ta, (s —1)-(ta+1),0,2],[0,52a,0,0,2-(s —1),2-ta—1],[0,0,0,s-ta,s- (2 ta
— 1), (s = 1) (2-ta+ 1)]]);

0 1 1 0 0 0
2sta s—1 0 ta 2 0

s 0 s—1 1 0 0

MI 0 sta 2sta (s—1)(ta+1) 0 2 “0)
0 s ta 0 0 25 —2 2ta—1
0 0 0 s ta s(2ta—1) (2ta+1) (s—1)

_> eigenvalues (M1);

2ta—1,5s—22s—1l,sta+s—1,-ta—1+s,2s5ta+s 41







