# Case I: The case where (s, t', t) is equal to (r,r,2r)

> s = r; t2 := r;alpha := r;

si=r
2:=r
o=r aQ
> Eigl = o + 52 + s; Multl = 1;
Eigl =27+
Mult] =1 @
> Fig2 =s+o—1t2— 1;Mult2 :==
simplify 1 (oc2+0c+1)(oc —oc+1) st2+1)(oc2+st2)oc2s
implify| — 3 ;
2 (oc +ocs+s)(0c —oct2+t22)
Fig2 :=r—1
1
Mulz2:=?(r +r+1)(r —r+1)(r2+1)r A3
> FEig3 =5 —0o —t2— 1; Mult3 :==
! (oc2+oc+1)(ocz—oc+1)(st2+1)(oc2+st2)oc2s
simplify > 5 3 3 > ;
(oc —ocs—i—s)(oc +oct2+t2)
Eig3 == -r — 1
1
Mulz3==?(r +r+1)(r —r+1)(r2+1)r “
§ 2 2 2
—a+1 2+ 1 + st
> FEigd == s-t2 + s — o — 1; Mult4 :== simplify ((x & 5 )2(S )(a 25 )a ;
25712 —2o0s2+ 2
Eigd == 1> — 1
Multd == * (©* +1) 6
§ 2 2 2
+oa+1 2+1 + 522
> FEigh = 512 + s + o — 1; Mult5 == simplify (a ¢ 5 )2(S )(a 2S )0( ;
2572 +2ast2+ 20
Eigs=r"+2r—1
Mults == »* (r2+1) (6)

2
12
> FEigh = simpliﬁ/[— (a s +S)
s

J;Mult6:=
2 2 6
Sl,mphfy[ (" +o+1) (o —a+1) (s2+1)s ];

(oc4 —I—oc2 52 +S4> (s +12)
Eigb = -2r —1

Q)



Mult6==%(r +1+1)(r —r+1)(r2+1)r @)
I (o + 512 —12)
> FEig7 = simplify 2 ; Mult7 ==
5 2 2_
simplify t22s(0c +o+1) (;x o+1) (s2+1) |
(o +o2+2%) (0 —a2+2?) (s +12)
Eig7 -=2r—1
Mult7==%(r +1+1)(r —r+1)(r2+1)r ®
i 2 0y iy 2 4 2 5 .55
> FEig8 = simpliﬁ/[ (s Losz-o ) ; Mult8 == simplify (oc +a2+ l)s t24 ;
S22 sttt o P2t +a
Eig§ ==r—2
Mult8 = r° )
# All multiplicities are integral.

2 2
# Case II: The case where (s, t', t) is equal to <r, r,2r )
2
.Weputr=u withu > 1.

> 5= uz;tZ = u4; alpha := u3;

s=u
2= 4
o= 10)
> Figl = oc2 + 5122 + 5; Mult]l = 1;
Eigl == 2 u® + 0’
Multl == 1 an
> Fig2 = =s+o—12—1;Mult2 :==

simplify % (oc2+0c+1)(0c —0c+1) st2+1)(oc2+st2)oc

(oc +ocs+s)((x2—oat2+t22) ,
Eig2 = R+ -1

! 16 10 4
Mult2 — +2u " 4+2u +u

12
(u2+u+1)(u —u—i—l) (12)



> Eig3==s—0o — 12— 1, Mult3 :=
(oc2+0c+1) (ocz—oH—l) (s2+1) (oc2+st2)oc2s ]
(ocz—(strsz) (0(2+oct2+t22) ’

FEig3 = = -1

1
simplify >

22 16 10 4
2 2
Mult3 = u2 +2u + 2u +u a3)
(u +u+1)(u —u—i—l)

2 2 2
—o+1 2+1 + 52
> Eigd == 512 + s — o — 1; Mult4 := simplify (a ¢ ) (s ) (a 2 )a J;

208222 —2as2+2d
Figd = u =P+t =1
Multd == u'* + u° 14

2 2 2
+o+1 2+ 1 + st
> Eigh = s-t2+s+ o —1; Multh == simplifj/[ (a & ) (s ) (a s ) & ];

282 +2as2+2d
Eig5 = L+t -1
Mults = ulz + u6 15)

(Oc2 + 512 +s>
s

> FEigh = simpliﬁ/[ - j;MuZt6 =

(a2+(x+1) (a2—a+1) (st2-|—1)s6 ]
((x4+062S2+S4> (s +12) ’
Eig6 = -2u* — 1
W’ (u4—u2+1) (u6—u3+1) (u6+u3+1)

simplifj/[

Mult6 = — (16)
u +u +1
B 2
12— 12
> FEig7 = simpliﬁ/[ (a +St2 ) s Mult7 =
2 2
simplify 2s (0 +o+1) (0 —a+1) (s2+1) |
(o +oz+?) (—a2+2®) (s+2) )
Eig7 = 2u* — 1
4 2 6 3 6 3 8
—P+1 —u+1 +ud+1
M7 = L 2) ( ~ u > J (4 1) a7
(u —u+1)(u —I—u+1)
I (2= 52— o) (' + o’ +1) 52
> FEig8 == simpliﬁ/[ 5 ; Mult8 == simplify W 25 o ik
st s+ T2+ o
Eig8§ = u =2
Mult§ = u'® (18)

> rem(u18 +2u?+2u° + 1,u4 +u + l,u);
6 19)




# All multiplicities can be written as a rational function

in the variable r =u (not true for the eigenvalues)
. The GCD of

4 2
#u andu +u + 1is 1. So, Mult? is integral if and only
18 12

6 4 2
if u 2u +2u + lisdivisiblebyu +u + 1.The
# latter is however not true as the remainder of the division is
4 2
equalto6 <u +u + 1.

2
# Case Il1: The case where (s, t', t) is equal to (r, v, r(r

+1)).

> 5 = r;t2 = r; alpha := r2;

-
2:=r
o =7 (20)
> FEigl = 0c2 + 5122 + 5; Mult] = 1;
Figl = 4
Mult] = 1 1)
> Eig2 =5+ o —12—1; Mult2 :=
(1 (o’ +a+1) (e’ —o+1)s2+1) (o’ +s2)a’s )
simplify| - 2 2\ (2 2 :
(oc +os+s ) (oc —oct2+t2)
Eig2 = -1
1 2
Muli2 = — (F=r+1) (A +1) 7 (22)
> Eig3i==s—0o— 12— 1; Mult3 =
2 2 2 2
1 1 — 1 2+ 1 12
simpli]jz[; (oc + o+ )2(0c o+ )(s + )(oc + s )oc S

(oc —ocs+s2) (0c2+(xt2+t22) ],
Eig3 = -r* — 1



Mult3 = % (r4 — 4 1) (r2 + 1)2 r 23)

> FEigd == s-t2 + 5 — o — 1; Mult4d == simplify 5
25222 —2as2+2a

(8 —a+1) (s2+1)(+s2)d ]
Eigd - =r—1

Multd = % (F—rPs1) (R+1) 2 24

2 2 2
1 2+ 1 2
> Eigh =522+ s+ o — 1; Mult5 == Simpliﬁ/[ ((x tot ) (se2+1) (oc s )oc ];

2
2722 42052 +20
Eig5 =2/ 4 r—1

Mult5 = % (r4 +7 4 1) (r2 + 1)2 r (25)

2
12
> FEigh = simpliﬁ/[— (0( s +S)

N

J ; Mult6 =

(0c2+0c+1) (ocz—oc+1) (st2+1)s6 ]
(a4+a2s2+s4) (s +12) 7
Eig6 = P —r—1

simpliﬁ/[

Mult6 = %r(rz-l-l) (= +1) (26)

2
+s5-2—12
> Fig7 = simpliﬁ/[ (a > )

2
s (ot +o+1) (0 —a+1) (s2+1) J
(o’ +an+?) (X —an+2®) (s+2) )
Eig7 = P =1

s Mult7 ==

Simplzﬁ;[

Mult7 = %r(rz—i- 1) (r4—r2+1) 27

4 2 5 .5

2 4
s4t24+(x s2t22+oc

§212 — 512 — 062)
s-12

b

; Mult§ = Simphﬁ/[
Eig8 = =1

Mult8 = — (PP 4+ +1) 7 (28)

1
3

# All multiplicities are integral.



2 2(3
# Case IV: The case where (s, t', t) is equal to (r, r,r (I"

| +1)).

> 5=t = rz;alpha = r3;

s i=r
12 = r2
o= 29

> Eigl == o +s-22 + s; Multl = 1
Eigl = R 4
Multl = 1 (30)
> Fig2  =s+o—1t2— 1;Mult2 :==
(o +a+1)(d—a+1) s2+1) (o +52) s ]

(ocz—i-ocs—i-sz) (ocz—oat2+t22)
Eig? := P =1

1
simplify >

6 3 6 3 2 4
1 — 1 1
Mult? — (r +r + )(;’ r+ )(r—i— ) r 31
2r+2r+2
> FEig3==s—0o —t2—1; Mult3 :=
o1 (o’ +a+1) (0’ —a+1) s2+1) (o’ +s2)a’s )
simplify 2 2 2 2 2 ’
(oc —ocs-l—s)(oc +oct2+t2)
Eig3 = P = =1
1 222 427 2B 20 0T
Mult3 = — yE— 5 (32)
2 (r —r +1)(r +r+l)
| (" —a+1) (s2+1) (+s2) o
> Figd == 512 + s — o — 1; Mult4 = simplify 3 ;
25°12° —20s2+ 20
Eigd .= r—1
1
Mult4 = 51”3 (r12+r9+r3+1) 33)

2 2 2
1 2+1 2
> Eigd =522+ s+ o — 1; Mult5 == Simphﬁ/[ ((x tat ) (se2+1) (a s )a ];

2
2322 +2as2+20
Eig5 =27 +r—1

Mult5 = % (r6 +° + 1) (r3 + 1)2 - (34)



(0(2 + 512 +s>
s

> FEigh = simplify[ - ; Mult6 ==

Simpliﬁ/[ (a2+0c+ 1) (ocz—oc+ 1) (st2 + l)s6 J

(o' + 0’ s> +5%) (s +12)
Eig6 = P = =1
(r6+r3+1) (ré—r3+1)r

Mult6 = ; 5 3 35)
r+r—r+r+1
B 2
+ 582 —12
> Fig7 = simpliﬁ/[ (a St2 ) s Mult7 =
2 2
implif 2s (0 +o+1) (0 —a+1) (s2+1) |
2 2 ’
(o +on2+2?) (0 —a2+2%) (s+12)
Eig7 == r* +r —1
6 3 6 3 2
— 1) (r 1
Mult? — (r r +2) (i +r + )r 36)
r+r+1
[~ 2 2 4 2 5 .5
2 — 512 — +o +1 L2
> FEig8 == simpliﬁ/[ (S S2 & ) s MultS = simplify Sa4 0(2 5 )2S 2
st s 4o s 2+ o
Eig8 = P4 r—1
1
Mult$ = — P+ 41) R 37
> rem(r12+r6+ 1,r2+r+ l,r);
3 (3%

2 2
# The GCDof r andr + r + lis 1. So, Mult 7 is integral

12 6 2
if and only ifr +r + 1isdivisiblebyr +r + 1.
# The latter is however not true as the remainder of the

2
divisionis equal to 3 <r +r + 1.

# Note that Eig5=FEig7 for r=2. Since Mult5 is always
integral, the above conclusion remains valid for r=2.



# Case V: The case where (s, t', t) is equal to (r, r, r(r

+1)).

> s = r; 12 == r;alpha := r4;
s=r
2:=r
o:=r

2
> FEigl = o + -2+ s; Mult]l == 1;
Eigl = Pt
Mult] = 1

> Eig2=s+o—12—1;Mult2 :

(1 (CHa+1) (P —at+1) s2+1) (o +s2) s
Szmplzjj/? 5 5 3 > ;
(oc +ocs+s)(oc —oc12+t2)
Eig2 == r* — 1
8§ 4 8§ 4 2 7(.6
MultZ:zi (r +r -1-12)(1’3 r +11(r3+1)r (r -l—l)
2 (r +r —I—l)(r —r —i—l)

> Figd=s—o— 12— 1;Mult3 ==
o 1(0c2+0c+1)(ocz—oc+1)(st2+1)(0c2+st2)0c2s
simplify| — 5 5 5 > ;
2 (oc —ocs+s)(0c +at2+t2)
Eig3 = -7 — 1
8 , 4 8 4 2 706
Vg e L (r° +7 —i—ll(r} r +ll(r3+l)r (»**+1)
2 (r +r —I—l)(r—r +1)

(ocz—oa+1) (s2+1) (0c2+st2)0c2

6

> Figd == s-2 +s — o — 1; Mult4 = simplify

2
2572 —20as2+20
Eig4 = A =1

Multd = % (rz + 1)2r6 (r8 — 1)

(0 +a+1) s2+1)(+s2)d

J;

> Eigh == 512 + s + o — 1; Mult5 := simplify T 2
252" +2o0s2+ 2

Eig5==r4+r2+r—1

Mult5 = % (r2 + 1)2 (r4 — 4 1)2r6

(39

(40)

@“n

“42)

“44)



(0(2 + 512 +s>
s

> FEigh = simplify[ - ; Mult6 ==

Simpliﬁ/[ (a2+0c+ 1) (ocz—oc+ 1) (st2 + l)s6 J

4 2
(o + o 2 +5*) (s +2)
Eig6 = ¥ —r=1
P P

Mult6 =
22 42/ 42
B 2
o +s-2—-1
> Fig7 = simpliﬁ/[ ( St2 ) s Mult7 =

s +a+1) (0 —a+1) (s2+1) J
(o +o2+2?) (& —a2+2®) (s+2) )
Eig7:=r7+r—1
19, 17 . 11, 9 3
Mult7 — 1 r 6+r3 +r +6r +3r +r
2 (r +r +l)(r —r —i—l)

Simpli]j/[

4 2 5 .5
> Elg8 = Slmpllﬁ/[ ( (OC + o + I)S 2

2 4
s4t24+06 52t22+0c

s 2 — 512 — 0(2)
s-12

s Mult8 == simplify

b

Eig8 = - tr—1
Mult8 = r* (r8 — 4 1)

> rem(r18 + r16 + rlo + rg + r2 + 1,1/6—r3 + l,r);

rs—r4—|—2

6 3
# The GCDof randr —r + 1isl. So,
18 16
if Mult 7 is integral thenr +r +r

6 3
+ 1 is divisible byr —r + 1.
# The latter is however

10 2

8
+r +r

5

CS)

(46)

“n

48)

4

not true as the remainder of the division is equal tor — r

6 3
+2<r —r +1.

2 2(9
# Case VI: The case where (s, t', t) is equal to (r, r,r (r



+1))

> 5=t = rz;alpha = r6;

2
> Figl == o + 52 +s; Mult]l = 1,
Eigl = 12 + ” +r

> Fig2 =s+o—1t2— 1;Mult2 :==

s =7
t2:=r2
o= r°

Multl == 1

1
simplify >

1
Mult2 = —
" 2

(o +a+1) (X —a+1) s2+1) (o +52) s ]

(oc2+ocs+s2) (ocz—oct2+t22)
Eig? := = =1

(r12+r6+1) (}’12—}’6—1-1) (r3+1)r10 (r9—|-1)

> Fig3i=s5—0o—t2—1; Mult3 :=

(r10+r5+1) (r8—r4+1)

simplijfj/[ %

(o +o+1) (o —a+1) (s2+1) (0 +52) o’ s ]

(Ocz—cxs+s2) (oc2+oct2+t22)
Eig3 = =P -1

B 1) (F = 1) (1)

r —r

2 10

Mult3 ==

1
2 (r4—r2+1) (r +r+1) (r8+r7—r5—r4—r3+r+l)

(P47 +1) (

> Figd == s5-2 +s — o — 1; Mult4 = simplify

((xz—oa+1) (s2+1) (0c2+st2)0c2

28227 —2as2 420

Eig4 = A

Mult4 = % (r3 + 1)2 r (r12 — 0+ 1)

> Eigh = s-t2+s+ o —1; Mult5 == Simplify[

(0 +o+1) (s2+1) (o +52) o

2
222 +2as2+20

Eig5==r6+r3+r—1

(oc2 + 512 +s)

> FEigb = simplify| -

N

j s Mult6 =

Mult5 = % (r9+1)r9 (r3+1) (r6—r3+1)

J
|

“9)

(30)

(531

(32)

(33

(34)



o ((Pra+1) (0 —at+1) s2+1)s°
simplify 1 25 3 ;
(oc +o s+ ) (s +12)
Eigb = R
25 13
+0 4
Mult6 = e (55)

17 15 14

rls—i-r —r - —r +r12+r”—r9+r7+r6—r4—r3+r+1

2
‘22— 12
> FEig7 == simplify[ (Oc s )

2
s +a+1) (0 —a+1) (s2+1) j
(o +oz+?) (o —a2+2®) (s+2) )
Eig7 = r'" +r—1

s Mult7 =

simplijﬁ/[

26 14 2
r4+r o +r
Mult7 = (56)
(r8—r4+1) (1”6—1—1”5—}”3—1-}’—1—1)

(oc4+0c2+ 1)55 2°

2 4
s4t24+oc Szt22+(x

5SS 12 — 512 — 0L2)
512

s Mult8 == simplify ;

> FEig8 == simpliﬁ/[ (

Eig8 = -r +r—1
. 3 12 6
Mult8 == r (r'“- —r°+1) 57

26 14 2 8 4
> rem(r°+r 07,0 =+ 1,r);

r (58)

26 14 2 8
# If Mult 7 is integral thenr +r + r isdivisible by r

4
—r + 1.
# The latter is however

2 8
not true as the remainder of the division is equal tor <'r

4
—r + 1.



