# Case I: The quads have order (q, q)
2
. The generalized octagon has order (q , 1).

;> restart,
| > with(LinearAlgebra) :
> q =g
i q=4q )
> 5= gq;t= 2-q;t2 = g,

S = q

t=2¢q

2:=gq 2
L 2 3 2, 4 3
>vi= (s+ 1) (14st+st(t—2)+st(t—12) +s5 12 (t—12));

=@+ (¢ +28+248 +24+1) &)

> M= Matrix([[o, 1,1,0,0,0,0,0,0,0], [s,s —1,0,1,0,0,0,0,0,0], [s-£,0,5s — 1,22, 1,
0,0,0,0,0], [0,s4,5-22, (1224 1)-(s — 1),0,1,0,0,0,0], [0,0,5- (£t — £2), 0,5 — 1, £2,

1,0,0,0], [0,0,0,s-(t—2), 522, (2 +1)-(s —1),0,1,0,0], [ 0,0,0,s(t—2), 0,

L

0,0,s
— 1,2, — HOOOOOS (t—12),s12, (s — 1)-(12+ 1), 0, H000000s

)

t t
([_tZ) 0 t2 (S_l) t+1_t_2]a [0,0,0,0,0,0,0,S(I_t2),s(t—|—1——), (S

2
1)

M= [[0,1,1,0,0,0,0,0,0,0], @)
[9,9—1,0,1,0,0,0,0,0,0],
[2 4% Oq 1,4,1,0,0,0,0,0],
[0,24% % (g +1) (¢g—1),0,1,0,0,0,0],
[0,0, 4%, Oq 1,4,1,0,0,0],
[0,0,0,6%. ¢, (g +1) (g —1),0,1,0,0],
[0,0,0,0,4%,0,g—1,¢,2,0],
[0,0,0,0,0,¢%, ¢ (¢ +1) (¢ —1),0,2],
[0,0,0,0,0,0,4%, 0,2 —2,2¢— 1],
[0,0,0,0,0,0,0,¢>.q (2¢— 1), (g—1) (2q+ 1)]]

[ > Jactor (CharacteristicPolynomial (M, x) );

1) (28 +g—x) (@ +g—x—1) 2g+1+x) 2g—1-x) (¢—2—x) (24

(6))




—x2—2x—1) (q4—|—2q3—2q2x—3q2—2qx—|—x2—2q—|—2x+1)

[> k= Marrix([[0, 1,1,0,0,0,0,0,0,0]]) :

\'

"V "V IIV IIV ]

v

B al = v:

[> a2 = v k[1][1]:

[ > a3 == v- Multiply( k, M)[1][1]:

| > a4 = v+ Multiply( k, M*)[1][1]:
| > a5 = v Multiply( k, M) [1][1]:
| > a6 = v Multiply( k, M*)[1][1]:
| > a7 = v+ Multiply( k, M) [1][1]:
| > a8 = v Multiply( k,M6)[1][1]:
| > a9 := v Multiply( k, M")[1][1]:
| > al0 = v- Multiply( k, M®)[1][1]:
[> 4= Matrix([[al], [a2], [a3], [a4], [a5], [a6), [a7], [a8], [a9], [al0]]) :

V = Transpose ( VandermondeMatrix(
1 1
-1 +q-22,—1 —q-22,q2+q— 1 +q-22,q2+q— 1 —q-22 D) :
J = Multiply(V", 4) :
Al = simplify (simplify(J[1][1])) :
B1 = simplify (expand (numer (A1) )) :
Cl1 = simplify(expand (denom (A1))) :

Bl
D] = szmplﬁ/( Cl J

“1.2¢*+q.4" +qg—1,-(2:q+1),2:g— 1,92,
1 1

pIi= ¢ (¢ +1) g (¢ +1) ©

A2 = simplify (simplify(J[2][1])) :
B2 = simplify (expand (numer (A42))) :
C2 = simplify(expand (denom (A2))) :

> D2 := simpllﬁ/(lé—éjé
;> A3 = simplify (simplify(J[3][1])) :
| > B3 = simplify(expand (numer(A43))) :
| > C3 = simplify(expand (denom (A43))) :
.o (B3
> D3 := szmpllﬁ/(g)é
| D3 = (q4+1)q2 6]
[> A4 = simplify (simplify (J[4][1])) :

B4 = simplify (expand (numer (A44))) :
C4 = simplify(expand (denom (44))) :



IIv IIv IIV ]

\'

IIV IIV IIv |

v

IIv IIV IIV ]

v

IIv IIV IIV ]

v

IIv IIv IIV |

\'

>

IIV |

>

B4
D4 == simplify| — |;
4 = simpli (C4 j,

D4==%(4+1)q(q2+1)2

A5 = simplify (simplify (J[5][1])) :
B5 = simplify (expand (numer (A45))) :
C5 == simplify(expand (denom (45))) :
D5 = simpliﬁ/(%}
psi= < (¢ +1) g (¢ +1)

A6 = simplify (simplify (J[6][1])) :
B6 = simplify (expand (numer (A46))) :
C6 = simplify(expand (denom (46))) :

D6 = simpllﬁ/(fj—(; );
D6 = q8

A7 = simplify (simplify(J[7][1])) :
B7 = simplify (expand (numer (A7) )) :
C7 = simplify(expand (denom (A7))) :
D7 = simpliﬁ/(%);

D7 = % (¢*+1) g (£ +1)°
A8 = simplify (simplify(J[8][1])) :
B8 = simplify (expand (numer (A48))) :
C8 = simplify(expand (denom (A8))) :
D8 = simplijfj/(%];

DS = % (¢*+1) g (£ +1)°
A9 = simplify (simplify(J[9][1])) :
B9 = simplify (expand (numer(A49))) :
C9 = simplify(expand (denom (49))) :
D9 = simpliﬁ/(fj—ZJ;

D= (£ +1) ¢

A10 = simplify (simplify(J[10][1])) :
B10 = simplify (expand (numer (A10))) :
C10 = simplify(expand (denom (A410))) :

®

(10

an

12)

13)

(14)



> DI0 = szmplﬁ/( fjll?) )

2 -

DI0=— (& +1) ¢ (15)

1

2

# The multiplicities are integral if and only if q is either odd
or divisible by 8.

# Case I1: The quads have order (q, q)
2
. The generalized octagon has order (q , q).

> restart,
> with(LinearAlgebra) :
> assume(r, positive);

> g = 2~r2;

g2 (16)
(> si=qit= (g+1)-q:12= g;
2
§ = 2~
=2(2r2+1) 7

2= 2 an
>vi=(s+ 1) (1L+sttsr(t—2)+s5t(—2) +s2 (1—2)°);
vim= 224 1) (14t Qrl2+ 1) 48522 +1) (2 (22 +1) -2 —22)  (18)

+16735 (272 41) (2272 +1) r 2 —2,2) #3229 (2 (272 + 1) 72
-2r)’)

> M= Matrix([[o, 1,1,0,0,0,0,0,0,0], [s,s —1,0,1,0,0,0,0,0,0], [s-£,0,5s — 1,22, 1,
0,0,0,0,0], [0,s4,5-22, (224 1)-(s — 1),0,1,0,0,0,0], [0,0,5- (£t — £2),0,5 — 1, £2,

1,0,0,0], [0,0,0,s:(t—12), 542, (124 1)-(s — 1),0,1,0,0], |0, 0,0,0,s-(t — 2), 0, s

t t
—1,12,5,0], [0,0,0,0,0,S-(Z—t2),S-t2, (s—1)-(2+1), 7} [o,o,o,o,o,o,s

t t d
(1= 2),0, (s = 1)t 1= — ] [0,0,0,0,0,0,0,s-(t—tZ),s-(t—I-1— 5 ),(s
—1)-(t—|—1)”);




(x

>

IIV IIV "V IIV IIV "V "V"V"V

v

M._

[[0,1,1,0,0,0,0,0,0,0],

[2 72, 2r~—101000000]

(47" (277 41),0,27 —1,27~%,1,0,0,0,0,0],

[0,47* (272 +1),47" (27 4+1) (2~ =1),0,1,0,0,0,0],

[0,0,27 (2 (27 +1) r-* —277),0,2r~ —1,27~,1,0,0,0],

[0,0,0,27* (2 (272 4+ 1) 2 —212), 47" (272 +1) (2~ —1),0,1,0,0],
[0,0,0,0,27 (2 (27" +1) " —2+7),0,2~ — 1,212,271~ +1,0],

[

0,0,0,0,0,2r~> (2 (277 4+ 1) r2 —2,2), 4" (272 +1) (27~ =1),0,2 7

+1],

[0,0,0,0,0,0,27* (2 (272 +1) > —2r2),0, (272 +1) (27~ —1),2 (212

+1)r~2—2r~2],
[0,0,0,0,0,0,0,27~* (2 (2774 1) r? —=2,2), 27 (2 (27~ +1) 1
—2r2), (22 =1) (2 (22 +1) 2+ 1) ]]

> factor ( Characterzstcholynom ial(M, x));

+1) (4r + 27 +x+1) (8r~ + a4t 2 —x) (4r~3+x+1) (4r~3—x

—1)(4rt—arl 2t —x—1) @t +4r2 4202 —x—1) (40"

2
+22 —x—1)

k == Matrix([[0,1,1,0,0,0,0,0,0,0]]) :
al == v:
a2 = v k[1][1]:
a3 = v- Multiply( k, M) [1][1]:
a4 == v- Multiply( k,Mz)[l][l]:
a5 = v- Multiply( k,M3)[1][1]:
a6 = v- Multiply( k, M*)[1][1]:
a7 == v- Multiply( k,MS)[l][l]:
a8 = v Muliiply( k, M®)[1][1]:
[

A = Matrix([[al], [a2], [a3], [a4], [a5], [a6], [a7], [a8]]) :

V := Transpose ( VandermondeMatrix(
1 1

2 2 2 2 2 2
(2q)",-1=q(29q) ¢ +q—1+q(2q) ", +q—1—q(2:q) D)
=H1,1,1,1,1,1,1,1],

ST N I A D P e B e P

— 402 r~2,4r~4+2r~2—1+4r~2\/ r~2,4r~4+2r~2— ey ],

L (F+qg+1), ¢+ +ad +g—1,-1+g¢
1 1

19)

(20)

@1



[1 (- 4r~4—2r~2—1)2 (8r +4rt+2,2) (4rt+2,2-1) (-1
2

+4r~2\/rT) (- 1—4r~2\/rT) (4rt 422 —14+ar2072) (a0
vt o1 —4r2 [ 7) ]

[—1 (<4rt—2r2-1) (8r~6+4r~4+2r~2)3 (4r212r2-1) (-1
3

a2 ) (c—ar2 72) art w2 — 1w 4r2 [72))
for2oi—a2 7))

[1,(—4r~4—2r~2—1)4,(8r~ tart 2.2 (art v 200 (4
4

+4r~2\/r~2 )4 ( l—4r~2\/r~2) <4r~ +2p 2 — 144,27 V ~2) ,(4r~4
F2r2 =142t ) ]

[ L(-4rd—2,2-1), (8rS +drl+2,2) (4rl+2-2-1), (-1
5

b a2 72 (1 —ar2 72) (art w202 — 14402 72
+2rt—1—4r2 [ 2) ]

[ (- 474 =202 —1) (8r~ +4r~4+2r~2)6 (4r~4+2r~2—1)6,(—1
6

+4r~2\/rT) (- 1—4r~2\/VT) (4,2t 12,21 44r2 [ 2) (a0
vt —1—4r2 [ 7) ]

[ L(-art—2r2-1) (8, +art+2,2) (4rt+2,2-1), (-1
7

+4r~2\/r~ ) < 1—4r~2\/r~ ) (4r~ +2rF — 1 +4rF N ~2) ,
F2r2 =1 =42t ) ”

>J Multiply(V™"', 4) -

> Al = simplify (simplify(J[1][1])) :
> Bl = simplify(expand (numer(A41))) :
> CI = simplify(expand (denom (Al))) :

BI
> DI = simplify| — |;
i 22
DI = 2048 r~** 4 1024 r~** — 256 r~'* +384 -1 =32 12 4 16~ + 167" — 41" (22)
4
+ 2 r~

(4 -t

(4 I

(4 -t

[> 42 = simplifo(simplifi(J2][1])) :
| > B2 = simplify(expand (numer (A2))) :




> C2 := simplify(expand (denom (A2))) :
B2
> D2 = simphﬁ/(gj;
D2 =256 r~'" — 128 /-0 + 64 r-' 44,0 — 20t 4 2 (23)

| > A3 = simplify (simplify(J[3][1])) :
> B3 = simplify (expand (numer(A43))) :
> C3 = simplify(expand (denom (A3))) :

B3
> D3 = Simpliﬁ/(—J;

C3
D3 =1 24
[> A4 = simplify (simplify(J[4][1])) :
| > B4 = simplify (expand (numer(44))) :
| > (4 := simplify(expand (denom (A44))) :
B4
> D4 = simplify| — |;
4 szmpllﬁ/( 4 ),
D4 = 512 r-"" + 256 ~'® + 64 r~' £ 8 92 £ 40 4 2 25)
;> A5 = simplify (simplify(J[5][1])) :
| > BS5 = simplify(expand (numer (A45))) :
| > C5 = simplify(expand (denom (A45))) :
B5
> D5 = simplify| == |;
it )
D5 = 1024 7" + 512 72 + 128 7~' + 64 -1 + 16 7~' + 8 7-10 + 290 + 1t (26)

| > A6 = simplify (simplify(J[6][1])) :
> B6 = simplify(expand (numer (A46))) :
> C6 := simplify(expand (denom (A6))) :
B6
> D6 = simplify| —— |;
6 szmplyﬁ/( 6 j, |
D6 = 1024 r"* + 512 7~ + 128 r~'% + 64 1~'¢ + 16 7' + 8 4~10 42 -0 4 p-* @27)

| > A7 = simplify (simplify(J[7][1])) :
> B7 = simplify (expand (numer (A7))) :
> C7 = simplify(expand (denom (A7))) :

> D7 := simpllﬁ/(simplify[% ] );
D7 = (40t =202+ 1) (2172 =21~ 1)2 (2% + 1)2 (4rt+4r2 +272 (28
+2r~+1)

[> 48 == simplify (simplify(J[8][11)) :
| > B8 = simplify (expand (numer(A48))) :
| > C8 = simplify(expand (denom (48))) :

B8
> D8 = simplify| == |;
8 = simpli (C8 ),

PZ Y25



DS = rt (272 42t 1) (4rt — 2,24 1) (47 — 473 1202 2 pm (29)
+1) (272 +1)°
# All multiplicities are integral.

2
# Case Il1: The quads have order (q, q )
3
. The generalized octagon has order (q , 1).

=> restart,
| > with(LinearAlgebra) :
> q=gq
i qg:=q 30)
> §i=gq;t= 2-q2;t2 = q2;
si=q
t:=2 q2
2= g @1

>vi= (s+1)-(1+st+st(t—2)+5>t-(t—12) +s*2- (1 — 12)%);
=g+ 1) (¢ +28+248+24 +1) (32)

> M:= Matrix([[O, 110,0,0,0,0,0,0],[s,s—1,0,1,0,0,0,0,0,0], [s-£,0,s — 1,2, 1,

0,0,0,0,0], [0,s4,5-22, (124 1)-(s — 1),0,1,0,0,0,0], [0,0, s (£ — £2), 0,5 — 1, 12,

1,0,0,0],[0,0,0,s-(t—2),s22, (2 + 1)-(s — 1),0,1,0,0], [oooos (t—12),0,s
t
—1,82, — ][OOOOOSt—t2),s-t2(s—1)(t2+1) 7Hoooooos
t t
(1=12),0, (s—l)z+1—5],[o,o,o,o,o,o,o,s-(z—tz),s-(t+1—E),(s
t+1H)
M:=[[0,1,1,0,0,0,0,0,0,0], (33)

[¢.4—1,0,1,0,0,0,0,0,0],

[24°, oq—lq,l,ooooo]

[0,.2¢4°, ¢, (¢ +1) (¢—1),0,1,0,0,0,0],
[0,0,4°,0,9 —1,4%,1,0,0,0],

[0,0,0,¢,¢°, (¢ +1) (¢ —1),0,1,0,0],




[0,0,0,0,4°,0,¢g — 1,4%,2,0],
[0,0,0,0,0,¢%, 4", (¢" +1) (¢ —1),0,2],
[0,0,0,0,0,0,4°,0,2¢g —2,2¢4> — 1],
[0,0,0,0,0,0,0,4%,q (24" = 1), (¢ — 1) (24" +1)]]

> factor (CharacteristicPolynomial (M, x) );

2¢—1-x) 2¢ +x+1) 2 +q¢-x) (I +q—x—1) (¢=2-x) (¢ —g+x (34
+1) (q4—4q3+2q2x+3q2—2qx+x2—2q+2x+ 1) (q6+2q4—2q3x
—4q3+q2—2qx+x2—2q+2x+1)

(> k= Matrix([[0, 1,1,0,0,0,0,0,0,0]]) :

>

j> al = v:

[> a2 = v k[1][1]:

[ > a3 = v Multiply( k, M)[1][1]:

| > a4 = v Multiply( k, M*)[1][1]:
| > a5 = v Multiply( k, M) [1][1]:
| > a6 = v+ Multiply( k, M*)[1][1]:
| > a7 = v Multiply( k, M) [1][1]:
| > a8 = v Multiply( k, M°)[1][1]:
| > a9 = v- Multiply( k, M) [1][1]:
| > al0 = v- Multiply( k, M®)[1][1]:
[> 4 = Matrix([[al], [a2], [a3], [a4], [a5], [a6), [a7], [a8], [a9], [al0]]) :

V := Transpose ( VandermondeMatrix(

> 2= 1,-(2¢"+1).2:¢ + 9.4’ +a-1Lg—2,
1 1
(¢ =g+ 1) (0 —g+ 1)+ g 2:0) (¢ —g 1) —q:(29) " g +g 1
_ +C1'(2-q)2,q3+q—1—Q'(2'61)2D)2
| > J = Multiply(V™", 4) -
| > Al = simplify (simplify(J[1][1])) :
| > Bl = simplify(expand (numer(A1l))) :
| > C1 = simplify(expand(denom (Al))) :

\'

D] = Simpll]ﬁ/(lz,—i);
pl=(¢' =g+ 1) (¢ =q+1)¢ (39)
| > A2 = simplify (simplify(J[2][1])) :
> B2 = simplify (expand (numer(A42))) :
> C2 = simplify(expand (denom (A2))) :
B2

> D2 = szmpllfj/(a);

(3m



D2i= ('~ +1) (¢ —q+1) ¢
> A3 = simplify (simplify(J[3][1])) :

(
| > B3 = simplify(expand (numer(A43))) :
| > C3 := simplify(expand (denom (A43))) :
B3
> D3 = szmplﬁ/( 3 J
D3 =1
[> 44 = simplify (simplify(J[4][1])) :
| > B4 := simplify(expand (numer (A44))) :
| > C4 = simplify(expand (denom (A44))) :
B4
> D4 = szmplﬁ/( C4 J
i Di=¢q +q
[> A5 = simplify (simplify(J[5][1])) :
| > B5 = simplify(expand (numer (A45))) :
| > C5 == simplify(expand (denom (45))) :
B5
> D5 = szmplfj/( Cs j
I D5 — qlz
[> A6 = simplify (simplify(J[6][1))
| > B6 = simplify (expand (numer(A46))) :
| > C6 = simplify(expand (denom (A46))) :

v

B6
D6 = szmplﬁ/( C6J

2
D6= (¢ +1)(¢"—¢+1) (¢ —q+1) ¢

(> A7 == simplify (simplify(J[T][1])) :
:> B7 := simplify (expand (numer (A7) ) ) :
:> C7 = simplify (expand (denom (A7))) :
i B7
> D7 = szmpljj/( C7)
D7 = % (¢' = +1) g+ 17 (F—g+1) g

A8 = simplify (simplify(J[8][1])) :
B8 = simplify (expand (numer (A48))) :
C8 = simplify(expand (denom (A8))) :

IIV IIV IIV ]

v

D8 = szmplﬁ/( Bg; ]

1 2
D8 = (¢" = +1)(g+1) (¢ —q+1) ¢

(> 49 == simplify (simplify (J[9][1])) :

2

2

(36)

37

(33%)

(39)

(40)

“1

“42)



| > BY := simplify(expand (numer (A49))) :
| > C9 = simplify(expand (denom (49))) :

B9
> D9 := simplify| —~ |;
s )

q 43)

:> A10 = simplify (simplify(J[10][1])) :
| > BI0 = simplify(expand (numer(A10))) :
| > C10 = simplify(expand (denom (410))) :

Bi
> DI0 = simpliﬁ/(—());

CI0
1l 9 6, 1 3
D]O-—2q+q+2q 44)
# All multiplicities are integral.
2
# Case 1V: The quads have order \ q, g
3 6
. The generalized octagon has order (q , q )
;> restart,
| > with(LinearAlgebra) :
> g = 2-r2;
i g=2r (45)
>s=qt=(¢"+1)¢:2=q"
s =277
t:==4(647"+1) "
2= 45" (46)

= (s+ 1) (14+st+s>t(—2)+s5t(t—2) +s2(t—12)°);
vi= (272 4+1) (1+8° (6472 +1) +16/° (642 +1) (4 (642 +1) 4 =4 @)

\%
<

+32-9 (6424 1) (4 (64724 1) —4*) 16402 (4 (642 +1) 1
—4r4)3>

> M= Matrix([[o, 1,1,0,0,0,0,0,0,0], [s,s —1,0,1,0,0,0,0,0,0], [s-5,0,5 — 1,22, 1,
0,0,0,0,0], [0,s4,5-12, (124 1)-(s — 1),0,1,0,0,0,0], [0,0,s- (¢ — £2), 0,5 — 1, 12,

1,0,0,0],[0,0,0,s(t—2), 522, (124 1)-(s — 1),0,1,0,0],10,0,0,0,s- (¢ — £2), 0, s




t
— L2 o] [0,0,0,0,0,s-(z‘—t2),s-t2, (s—1)-(t2+1),0,t7], [o,o,o,o,o,o,s
0,

t t
(t—12), s —1), z+1—5], [0,0,0,0,0,0,0,S-(t—tZ) [z+1——) (s

7(
i+ 1) D
M-—[[o,l,l,ooooooo] 48)
[2r 24 -1,0,1,0,0,0,0,0,0],
[8/° (6472 +1),0,2/% —1,4+*,1,0,0,0,0,0],
[0,8/° (6472 +1),8/° (47 +1) (22 —-1),0,1,0,0,0,0],
[0,0,2/ (4 (6472 4+ 1)+ —4+*),0,2/7 —1,4+%,1,0,0,0],
[0,0,0,2/% (4 (64r12—|—1) Y4, 8% (44 +1) (242 -1),0,1,0,0],
[
[
]
[

12

0,0,0,0,2/° (4 (6472 +1)r* —4,"),0,2/2 = 1,4/, 642 +1,0],

0,0,0,0,0,2/” (4 (64r2+1) " —4/*),8/° (4 +1) (22 =1),0,64r% +1
0,0,0,0,0,0,2/ (4 (6472 4+1)r —4,*),0, (6472 +1) (22 —1),4 (64"
+1) 4 —64r7],

[0,0,0,0,0,0,0,2/° (4 (6472 +1)r* —4,%),2/7 (4 (6477 +1) " —64r'%),

(272 =1)(4(6472 4+ 1) +1)]]

> Jactor (CharacteristicPolynomial (M, x) );

(128 2 —x—1) (256 4 +x+1) (512 48+ 22 —x) (44 (49)

—27” +x+1) (8 +27 —x—1) (6477 =2/ +x+1) (3277 +4 =2/
+x+1) (327 —arr+2/”—x—1) (327 =8 =2/ +x+1) (327 +8/°

+2/°5 —x— 1)
[> k= Matrzx([[O, 1,1,0,0,0,0,0,0,0]]) :
=> al ==
[> a2 = v k[1][1]
[> a3 = v Multiply( k, M) [1][1]:
| > a4 = v Multiply( k, M*)[1][1]:
| > a5 = v Multiply( k, M) [1][1]:
| > a6 = v- Multiply( k&, M*)[1][1]:
| > a7 = v- Multiply( k, M) [1][1]:
| > a8 = v+ Multiply( k, M°)[1][1]:
| > a9 = v Multiply( k, M")[1][1]:
| > al0 = v- Multiply( k, M®)[1][1]:
(> 4= Matrix([[al], [a2], [a3], [a4], [a5], [a6]), [a7], [a8], [a9], [a10]]) :



> V= Tmnspose(VandermondeMatrix( [qg + q3 +q,- (q2 —q+ l),— (q8 + q2 + l),— (q6

0=

—q+1),¢+q— 1,4 +q—1,-( —qg+1)+4"(29)

0=
0=

1
—¢ 29 +q-1+4-29)7. ¢ +q9-1-¢"(2:9)° Dj 3
J = Multiply( Vﬁl,A) .
Al = simplify (simplify(J[1][1])) :
BI1 = simplify (expand (numer (Al))) :
Cl1 = simplify(expand (denom (A1))) :
BI
> DI = szmpllﬁ/(a}
DI :

—_

(50)
| > A2 = simplify (simplify (J[2][1])) :
> B2 = simplify(expand (numer(A42))) :
> C2 = simplify(expand (denom (A2))) :
B2
> D2 = simplify| — |;
s 22 )
2 2 2
p2i=(64 (47" =22 +1) (2~ —2r+1) (4 +4”2 422 +2r+1) 1 (6447 (51)
—327° 48 —4” +1) (6472 =8+ 1) (4 =4 +2/7 =27
2 2
+1) (2”2 +2r4+1) (64r12+32r9+8r6+4r3+1))/((64r12—32r10
1678 =8 +4 =22 +1) (165 =8, +4/ =274+ 1))

[> 43 = simplify (simplify(J[3][1])) :
| > B3 = simplify (expand (numer(A43))) :
| > C3 = simplify(expand (denom (43))) :

B3
> D3 = simplify| — |
ot 22
2
p3= (204 =22+1) (4 +4” +2 2 +2,+1) 72 (6472 =32/ +8,° (52)

—4r”4+1) (642 =8/ +1) (4 —4r +2/72 =2, +1) (6477 432/ +8/°
+47° 4 1))/(262144 P% — 131072 % + 16384 17 — 8192 1%° + 2048 122 — 512 4'°
+128 =320 1645 =27 4 1)
| > A4 = simplify (simplify(J[4][1])) :
> B4 = simplify (expand (numer (A44))) :
> C4 = simplify(expand (denom (A4))) :
B4

> D4 = simplify| — |;

gt 22

D4 = 2097152 r** — 262144 1°° + 4096 ** — 64 1% + 8 +° (53)

| > A5 = simplify (simplify (J[5][1])) :
> B5 = simplify (expand (numer (A45))) :




| > C5 == simplify(expand (denom (45))) :
BS
> D5 = simpll'ﬁ/(a);
D5 == 536870912 r°° + 8388608 r*® + 2048 2 + 32 /12 (54)
[> 46 = simplify (simplify(J[6][1])) :

| > B6 = simplify (expand (numer(A46))) :
| > C6 = simplify(expand (denom (A46))) :

B6
> D6 = simplify| — |;
6 szmpllﬁ/( 6 J,

D6:=(4(64r2+32° 48 +4”7 +1) (4 =4 +2/7—2r+1) (6477 —8/°  (55)
+1) (6477 =327 +8/° =4 +1) A (4 +4r +27 +2r+1) (447
—2r2+l)2>/(4096r24—2048r22+256r16—64r12+16r8—2r2+1)

:> A7 = simplify (simplify(J[7][1])) :

| > B7 := simplify(expand (numer (A7))) :
| > C7 = simplify(expand (denom (A7))) :

B7
> D7 := simplify| —= |;
i 2

1 2, 9 1 T 70
4398046511104 © T 6a " T 512" (56)
_ b oes_ 3 e 1) 6a 83 & 61 60 27 s
128 512 4096 8192 16384 262144
11 76 5 71 39 sg 13 56 25 54

—irgo—lrm—l-—r - —7r + ro— r o+ r
16 16 64 64 8192 16384 131072
55 50 21 22 15 18 181 30

262144~ 8589934592 17179869184 © T 336870912 "

83 A2 71 A0 63 38 69 34 15 32
8388608 16777216 33554432 67108864 33554432

195 48 33 46 n 259 44 103 36 15 26
1048576 524288 4194304 67108864 1073741824

L9 65 a9 a3
17179869184 1073741824 1073741824 68719476736

23 10 5 8 43 16
— oo r r
549755813888 1099511627776 34359738368
3 6 1 1 12

1099511627776 * 17592186044416 * 17179869184

3 4 1 (> 1Ys( 1 5
4398046511104 )ngn(r) 3 (’" 3 j g ( 137438953472 © 17

D7 = (38685626227668133590597632 ((

86

+r

72




70 , 17 63 1 66 5 64 17 62 5 60 57T 52 . 76

7
TRt Tt T Tt T3 T e ” T
3 74, 49 sg 137 56 79 54 1 50 73 22
T T an T 208~ T 20a8 T T 256 T T 13an17728 "
5 5 7 20 171 4 363 40 165 13
— r + r— 7 ro - r
536870912 1048576 131072 524288 524288
77 34 13 2 9 48 81 46 233 44
— . __r —_ X r r - r r
2097152 4194304 32768 32768 131072
U7 a6, 123 g 4T 5 113
1048576 33554432 268435456 16777216
B 173 24 _ 9 4 9 0 _ 1 8
134217728 536870912 4294967296 34359738368
23 16 1 6 5 31 12

2147483648 4294967296 ' 549755813888 * 8589934592

2 2 2
11 4 4 1 - 1 > 1 2 1 4
137438953472ri[r 2" +4) (r +2) (r r+2) (r

2
1 1 1 1 1 1 1 1
+7"3+_1’2+_7‘+_] 714(7”12__V9+_1’6__7‘3+_j(I’lz__l’

2 2 4 2 8 16 64 8

2 2
1 4 3,1 o 1 1 2 1 2,1 o 1 4
+64)(r r+2r 2r+4)(r+r+2j[1’ +2r—|—8r

+ 11—6 P+ 6% ) J / ( (72057594037927936 ' '* — 13510798882111488 /' *
— 40532396646334464 r'°% + 28147497671065600 '°° — 14636698788954112 1%
+ 15199648742375424 +°° — 3940649673949184 1% — 2814749767106560 1>

+ 2533274790395904 +°° — 3676766883282944 ** + 2761973208973312 #°°

— 1293025674264576 r** + 725677674332160 +** — 169324790677504 *°

— 78065325572096 1 + 144860656959488 r'® — 112974819753984 '+

+ 80539226734592 1'% — 38689065402368 1’ + 17454747090944 %8

— 3298534883328 1%° — 1541893259264 +°* + 2345052143616 >

— 1717986918400 °° + 1063004405760 r°% — 482378514432 1% + 182804545536



— 29796335616 7% — 22213033984 +°° + 19964887040 +*® — 11156848640 r*°
+ 7377780736 ** — 2587885568 r** + 870318080 +** + 120586240 °°

— 126353408 1°° + 73138176 °* — 42729472 1% 4 18481152 +°° — 5079040 r*
— 114688 +*° + 581632 ** — 245760 +*% + 159744 r*° + 3072 '* + 29696 /'°

+ 7424 7' + 1280 717 + 1088 10 + 80 + 48 % + 12 + 447 + 1) csgn(r)

so 1 aa 3 a4 3 40 3 33 5 36
+ 36028797018963968 (r o == AT
b a1 s 1 a8 n I 26_ 35 n 22 _ T 20
64 512 256 512 4096 8192 32768
3 18 1 16 1 14 1 12 3 10
t 3768 T T 65536 " 32768~ T 65536 1048576
y L s S5 63 4 1 2 3 S5 (50
1048576 4194304 8388608 16777216 33554432
Y 3 18 31 30, 11 4 7 40, 3 38 1 34
5192 " T 65536 " 124" T 16" n ta’ 16 "
13 3 48 . 3 46 44 3 36 19 26 1 20 41 o3
- _2 I — N P [
* 256 " ey 2048 32768 2048
T o4 19 14 7 10 1 g 13 16
t 208 T T 262144 T T Toasste 2097152 T 131072

+ +

SR S S § S P SN S SR SUN ) (- S
4194304 " 7 524288 8388608 ' 33554432 J |" T 2

[> A8 = simplify (simplify(J[8][1])) :
| > B8 = simplify (expand (numer(A48))) :
| > C8 = simplify(expand (denom (A48))) :

> D8 = simplzﬁz(g—ij;
D= (324 —22+1) (22 +1) (4 +4°2 +22+2,+1)° F* (64,2 (57
— 327 +8° =47 +1) (6477 =8, +1) (1 + 2+ + 274877906944 17
— 68719476736 1"° + 85899345920 +°° + 77309411328 r°° — 90194313216 +**
+ 68719476736 1°% — 39728447488 °° + 3288334336 /7% + 274877906944 '°
— 687194767360 '* + 19864223744 +° — 5100273664 r°° + 134217728 r°*
— 2986344448 10 — 116736 1% — 13824 ' + 2686976 °° — 121634816 r*




— 8388608 +*° + 55574528 > + 14942208 % — 4718592 132 + 1795162112 +*8
— 838860800 +*¢ + 297795584 +** — 34865152 1°° — 385024 +2° + 22528 2°
— 360448 % + 299008 2 + 1536 #'* + 416 #'* + 2816 ' + 16 % — 576 #'* + 4 4*

— 32 csgn(r) > + 12288 csgn(r) r' | + 29884416 csgn(r) > — 12320768 csgn (r) -

— 4194304 csgn(r) 7> + 4521984 csgn(r) > — 2523136 csgn(r) 1%

+ 737280 csgn(r) * — 286720 csgn(r) r*> + 131072 csgn(r) 2> + 8192 csgn (r) 1!

— 24576 csgn(r) 7 — 3072 csgn(r) > + 512 csgn(r) ' — 384 csgn(r) !

— 16 csgn(r) ' + 2617245696 ' csgn(r) + 197132288 +*! csgn(r)
+ 274877906944 +°° csgn(r) + 16106127360 +°° csgn(r) — 96 csgn(r) 1

— 274877906944 csgn (r) ' — 171798691840 csgn(r) 7 + 85899345920 csgn (r) r*

— 42949672960 csgn () > — 4294967296 csgn(r) r®' — 19864223744 csgn(r) 1’

+ 12616466432 csgn(r) r°° — 6845104128 csgn(r) 1> — 939524096 csgn(r)

— 33554432 csgn(r) 7 + 444596224 csgn(r) > — 369098752 csgn(r) 1+

— 71303168 csgn(r) r° — 137438953472 csgn(r) > 4 1099511627776 csgn(r) r'° )

(4 — 4P 4222, +1) (6472 +32° +8/°+4,° + 1))/((1 +2/7
+ 67108864 12 — 100663296 r°° — 26624 r** — 5120 '* + 327680 +°° + 8388608 r*
— 4194304 +*° + 4718592 °% 4 1310720 ** — 327680 % 4 33554432 1**
— 16777216 *° + 12582912 #** — 2621440 °® — 81920 +*® 4 4096 +*° + 49152 /**
+ 57344 /2% 4 1024 r14 +192 710 + 1536 #'° + 16 #° — 256 #'2 + 4 * — 24 csgn(r) P
+ 4096 csgn (r) ' — 524288 csgn(r) o> — 1048576 csgn(r) > 4 524288 csgn(r) 1
— 327680 csgn(r) ? 1 98304 csgn(r ) — 57344 csgn( ) 12> + 24576 csgn(r) 1>
+ 4096 csgn (r ) b — 8192 csgn(r) r'” — 768 csgn(r) ' + 256 csgn(r) r'>
— 320 csgn(r) 't — 16 csgn(r) ’ + 10485760 r*' csgn(r) — 96 csgn(r) ¥
+ 268435456 csgn(r) 0 — 33554432 csgn (r ) ¥ — 50331648 csgn(r) 7
+ 25165824 csgn(r) > — 12582912 csgn(r) r — 4194304 csgn(r) ) (64 r12
+64r #3270 —16/ — 16 =81 =8 —4r 27 421+ 1) (64
—64r #3270 — 16 16 =8 8 —4 27 —2r41) (16r
—16r +8° =4/ 2 —2r+1) (164 + 164 +8° =4/ 27 127
+1))

[> 49 := simplify(simplify(J[9][1])) -

r
39



| > BY := simplify(expand (numer (A49))) :
| > C9 = simplify(expand (denom (49))) :

B9
> D9 := simplify| —~ |;
i 2

2 2

| ] ] ]
Dm=ﬁM%%m%mmV—7ﬂ+—Jphuq(ﬁ(—————z

4 2 " 34359738368

1 79 1 66 3 64 1 6 3 60 3

- —7r + v ——r — —==r - —r ——r52+r76+ir
8 32 64 32 256 4096 512

osa o S5 so, 1 oo 3 s T 30
1024 8192 33554432 134217728 4194304

5 42 1 A0 9 38 5 34 _ 15 32
131072 65536 524288 1048576 2097152

9 48 1 46 13 44 19 36 3 26
16384 "~ T Tessa T T essz6 © T Toasse 16777216
n 3 20 1 28 _ 19 24 4 1 14

33554432 8388608 67108864 1073741824

1 o _ 7 8 3 16 1 6

2147483648 17179869184 1073741824 8589934592

1 1 1 1
+ 2 4——)csgn(r)——(r2

+

4294967296 34359738368 274877906944 4

1 7270, 1 68 T 66, 7 64 5 @ 3 60 1
T3 ) (r TR T Tt T T s
74 1 58 3 s6 9 54 I 50 5 22
T * : 33554432 "

256 256 1024 7 7 4096 "
9 8 _ 35 30 4 5 A2 1 40 13 38
268435456 4194304 16384 65536 262144

7 34 1 324 1 48 5 A6 5 A4 3
1048576 262144 4096 8192 16384

5 26 5 20 1 28 11 24 3

+

=+

* 388608 67108864 8388608 33554432 | 268435456

S S 5 A 1 Jde_ L 6
1073741824 8589934592 67108864 8589934592

1 n 1 rlz_;}ﬁ 12 rlz_lFG
137438953472 1073741824 34359738368 8

1
+—-€Z-)j///(1 + 2% 4 67108864 % — 100663296 r°° — 26624 ** — 5120 r'®

58

524288

+ 327680 >0 + 8388608 +** — 4194304 +** + 4718592 +* + 1310720 ** — 327680 >
+ 33554432 #** — 16777216 +*° + 12582912 #** — 2621440 °¢ — 81920 2 + 4096 +*°
+ 49152 7% + 57344 77 + 1024 7' + 192 710 + 1536 410 + 16 40 — 256 712 + 447

(EL)



+ (268435456 1 — 33554432 +*° — 50331648 *7 4 25165824 *° — 12582912

+ 10485760 ' — 4194304 °° — 524288 177 — 1048576 1> + 524288 1! — 327680 *°
+ 98304 27 — 57344 #7° + 24576 17 + 4096 2! — 8192 "7 + 4096 ' — 768 12
+256 7 =320 =96 — 164" —24+°) csgn(r))

[> A10 = simplify(simplify (J[10][1])) :

| > BI0 = simplify (expand (numer (A410))) :

| > C10 = simplify(expand (denom (410))) :

.. BI0
> DI0 = szmphﬁ/( C10 j,

2 2

(P L) (Pore B) (2 e

1 6 3 6o 3 52, 3 s8 1 s
Tty 6" T Tt 64 "

DI0 == (72057594037927936 (r4-— %;;2-+ %;)

1 2
4294967296

1
+I’68—51"

64
1 54 1 50 7 22 9 18 3 30 | Y
+ g 16777216~ T 13102~ TRz

128 " 64 " T 4194304 "

1 40 9 38 11 34 15 32 T 48 19 46
32768 65536

8192 131072 " 1024 7 7 2048 "

11 44 1 36 1 26 4 19 20 L 7 28
4096 4096 524288 16777216 1048576

+
1 24 3 ey 1 10 3 8
1048576 67108864 134217728 536870912

1 16 1 6 1 1 12
67108864 | T + +

+

1073741824 T 17179869184 | 268435456

1 4 3 (2,1 66 64, 1 62 1 4o
2147483648 Jcsgn(r)*_ 4 (r 3 ) (r Tt T g

o2 13 se 7 sa 35 so_ 19 2 29 s
96 96 64 768 6291456 50331648

13 30 |y 53 40 13 33 5 34 55 32

262144~ T 312" 24576 8192 16384 7 393216

29 A48 _ 5 46 5 A4 77 36 _ 37 26 31 20
1536 768 6144 98304 3145728 25165824

+

+

1 28 43 24 1 14 1 10 1 8

t 20014 T T 6201456 | T 33554432 100663296 ' 268435456

g ey 1 e 03 1 4
6291456 1610612736 134217728 6442450944

2
1 1 e 1 2 1 2
—+§§%§%§ﬁg)J(r 8r-+64)(r-+r+ 2)1//(1+2r




+ 67108864 °% — 100663296 1 — 26624 r** — 5120 r'® + 327680 1°° + 8388608 r*>

— 4194304 7*° 4 4718592 % + 1310720 °* — 327680 °% + 33554432 #**

— 16777216 #*° + 12582912 #** — 2621440 1°° — 81920 #%° + 4096 *° + 49152 #**

+ 57344 % + 1024 7 + 19210 + 1536 710 + 1645 — 256 712 + 441

+ (268435456 r°° — 33554432 /% — 50331648 *7 4 25165824 +*° — 12582912 1

+ 10485760 r*! — 4194304 °° — 524288 °° — 1048576 1> + 524288 > — 327680 >’

+ 98304 +*7 — 57344 12> + 24576 1> + 4096 > — 8192 #'° + 4096 7 — 768 >

+256 % =320 — 96+ — 164" —24+°) csgn(r))

=> ql = numer(D2);

gl =64 (47 =22+ 1) 2R —2r+1) (444”422 42,+ 1) A (6447 (60)
—327° 48 =4 +1) (6477 =8+ 1) (4 =4 +2/7 =27
+ 1) 2R+ 2r+1) (6472 +32° + 85 +4,7° +1)

> g2 == denom(D2);

g2 = (64r7 =32/ 416/ =8+ 4, =2/ +1) (165 =8 +4 =2/ 2+1) (61

> g3=16" -8/ +4," -2/ 41,

g3 =16 =8/ +4,* =2/ +1 (62)

=> rem(ql, q3,r);

27— (63)

# The fact that the multiplicity of the second eigenvalue is

8 6 4 2
integral implies that g3=16r — 8r +4r —2r
+ 1 is a divisor of q1.
# This is however impossible as the remainder of the division

4 2 8 6 4 2
isequalto2r —r <16r - 8r +4r —2r + 1.

2 4
# Case V: The quads have order (q , q )

6 3
. The generalized octagon has order (q , q )

I:> restart,
I:> with (LinearAlgebra) :
> g = 2~r2;
g=2r (64)



>si=q50= (¢ +1)¢52:=q"

s =47
r=16 (8" +1),°
2:=16/"

= (s+1)-(14+st+st(t—2)+st-(t—12) +52-(t—12)°);
4+ 1) (146472 (875 +1) +256 70 (8/5+1) (16 (8°+ 1) 7 —16+°)

v
<

(
102472 (85 +1) (16 (872 + 1) £ — 16) + 4096 2* (16 (8 /° + 1) 1
—16/)°)

> M= Matrix(

o]

M-—[[o,l,l,ooooooo]

[4/* 4+ —1,0,1,0,0,0,0,0,0],

[64 ' (8r +1),0,4-*—1,16/°,1,0,0,0,0,0],

[0,64 "% (87°+1),64+"% (16/°+1) (4+*—1),0,1,0,0,0,0],

[0,0,4/* (16 (8/°+ 1) —16/*),0,4/*—1,16/° 1,0,0,0],

[0,0,0,4/* (16 (8/°+1)* —16+/),64+% (165 +1) (4/*—1),0,1,0,0],

[0,0,0,0,4" (16 (8 °+1) ¥ —16/*),0,4/" —1,16/°,8/° +1,0],
[0,0,0,0,0,4/" (16 (8/°+ 1) —16/°),64+2 (16/° +1) (47 —=1),0,8/° +1
]
[0,0,0,0,0,0,4,* (16 (8/°+1)* —16/°),0, (8 +1) (4, —1),16 (8/°
+1)r —Sr],
[0,0,0,0,0,0,0,4" (16 (8/°+1) /4 —16+°),4+* (16 (8 ° +1)* —8+°), (4/*
—1) (16 (87°+1) A +1)]]
> Jactor (CharacteristicPolynomial (M, x) );

—x—1) (16" =4t +x+1) (1287 + 165 +x+1) 32”7+ 165 —4/* +x

[o,1,1,0,0,0,0,0,0,07, [s,s —1,0,1,0,0,0,0,0,0], [s-£,0,s — 1,22, 1,

0,0,0,0,0], [0,51,5-12, (124 1)-(s — 1),0,1,0,0,0,0], [0,0,s- (£ — £2),0,5 — 1, 12,

(5127 464, 44/ —x) (8 =4/ +x+1) (320444 —x—1) (6472 + 4/

(65)

(66)

1,0,0,0],[0,0,0,s- (£ —£2), 512, (124 1)-(s —1),0,1,0,0] [ ,0,0,5-(1—12),0, s

— 1,2, — 2 Hooooos t—t2),s-t2(s—1)(t2+1)oiz] [oooooos
t t

(1 —12),0, 2 (s =D+ 1— ] [0,0,0,0,0,0,0,s-(t—t2),s-(t+1— t2)’(s

(68)



+1) 32/ =16/ +4/ —x—1) (647 =32/ + 4,  —x—1) (647 +32/°

+ 44 —x— 1)
:> k :== Matrix(][0, 1, 1,0,0,0,0,0,0,0]]) :
| > al = v:
| > a2 = v-k[1][1]:
| > a3 = v- Multiply( &, M)[1][1]:
| > a4 = v+ Multiply( k, M*)[1][1]:
| > a5 = v Multiply( k, M) [1][1]:
| > a6 = v Multiply( k, M*)[1][1]:
| > a7 = v+ Multiply( k, M) [1][1]:
| > a8 = v+ Multiply( k, M°)[1][1]:
| > a9 := v Multiply( k, M")[1][1]:
| > al0 = v- Multiply( k, M®)[1][1]:
| > 4 := Matrix([[al], [a2], [a3], [a4], [a5], [a6], [a7], [a8], [a9], [a10]])
> V= Transpose(VandermondeMatrix( q6 + q2 —1, q5 + q2 —1,- (q7 q4 + 1), q9 + q6
1
+q2,-(q4—1q2 +1).-(¢ = + 1),-1(q4—q2 +1) +4"(2:9) 12,- ¢ —q+1)
L —q4~(2-q)2,q6+q2—1+q4~(2-q)2,q6+q2—1—q 2]))
| > J = Multiply(V™", 4) :
| > Al == simplify(simplify(J[1][1])) :
| > Bl = simplify(expand (numer (A1))) :
| > C1 = simplify(expand (denom (AI))) :
>

. (BIY.
DI = szmphﬁ/( Cl j,

2
—327+8°—4r” +1) (4 +a4” +2 2+ 2r+1) A (4 -2/

+1) (64772 =8/°+1)

DI = 536870912 °° + 8388608 r** + 2048 /** + 32 /2 (69)
[> A2 == simplify (simplify(J[2][1])) :
| > B2 = simplify (expand (numer(A42))) :
| > C2 = simplify(expand (denom (A42))) :

B2
> D2 =
szmpljj/( IS )
2

D2:=16 (4" —4r +2/2 =2r4+1) (642 +32/” +8/°+4,° +1) (64,7 (70)

[> 43 = simplify(simplify(J[3][1])) :
| > B3 = simplify (expand (numer(A43))) :
> C3 = simplify(expand (denom (A3))) :



B3

> D3 = szmplljﬁi(gj;

D3=(4(4r—4r 122 —2r+1) (6472432 +85 +4,° +1) (6412

2
—327”7+8/° =4 +1) (4 +a4r + 2+ 20+ 1) A (4 =207

+1)

| > A4 = simplify (simplify(J[4][1])) :
> B4 = simplify (expand (numer (A44))) :
> C4 = simplify (expand (denom (A4))) :

B4
> D4 = simplify| — |;
4 = simpli (C4 J,

D4 :=1
[> 45 = simplify (simplify(J[5][1])) :
| > B5 = simplify (expand (numer(A45))) :
| > C5 = simplify(expand (denom (A45))) :
> D5 = simpliﬁ/(%J;
D5 = 1 (16 (22 —2r+1) (44 =42 +2/2— 2

16/ —8°0 +4r =22 +1
1) (64242 48 4”1 1) (2R 42, +1) (642320 48/
a4l ) (4l AR 22+ 1) 0 (4 =2 1) (642 — 8

+1))

:> A6 = simplify (simplify (J[6][1])) :
| > B6 = simplify(expand (numer (A46))) :
| > C6 = simplify(expand (denom (46))) :

B6
> D6 = simpliﬁ/(a);
D6 = 32768 r° (262144 °° — 32768 " + 5127'° — 80 + 1)

[> 47 == simplify (simplify(J[T][11)) :
| > B7 = simplify (expand (numer(A7))) :
| > C7 = simplify(expand (denom (A7))) :

B7

> D7 = simplify| == |;

simp lfj/( c7 ]

5 1\? 5 5 181 30

D7 = (2361183241434822606848 [V —r+ 2) ([2147483&48 r+ 131072 r

271 28 85 26 209 24 41 22 25 20

r r — - r — T - r + — 7
262144 524288 1048576 1048576 1048576

+1) (6472 -8/ + 1))/(4096r24—2048r22+256r16—64r12+ 16/° — 242

(71)

(72)

(73)

(74)

(75)



11 16 19 14 19 5 19 50 95 43

_ D ey WL ose Do Do, 5
8388608 32 64 64 256

8388608 =
39 46, 17 56, 62, 7T 60, 15 ss 1 a4 3 4 7T 40
sz Tttt 256 128 " T 4096 "
3 38 5 36 113 34 19 3 35 10 53 18

128 T 4006 " 32768 s192 "~ T 7108864~ T 2007152 ”

1 7 . 21 s 3 6

t 1294967296 8388608 1073741824 '~ 536870912
1 2 7 30 23 o3

17 5
- _2 e
268435456 Jcsgn(” ( 536870012 © 131072 " ' 32768 "

39 26 71 24 61 22 1 20 4 27 16
131072 1048576 1048576 524288 8388608

17 14, 3 54, 9 5o 3 50 17 48 | 75 46
672167 "6 tTea T T’ 512
S5 s8 3 aa 21 4 5 40 95 33 109 36
Tty g T 2006 " TRz 7 T Teasa !

8 512 2048

25 34 _ 123 32 4 5 A0 79 18 35 12
16384 65536 33554432 4194304 33554432

! 4y > 64 17 e 3 A
536870912 ' 536870912 ' 134217728 4294967296 )
2

3,1, 11 2, o, e, b 5, 1Y (2
r+2r 2r+4](r +2r+8r+16r+64)(r+r
2

s e_ 1o e L 5, 1y(a,3, 12 1

+2J[r 2r+8r 16r+64][r+r+2r+2r

2 2 2
1 (a4 1 o 1 >, 1 2l e 1
+4)r(r 2r+4J(r+2)(r 8r+64
( (274877906944 +’* + 1168231104512 r'* + 1099511627776 +'° + 893353197568 r°°
+ 68719476736 %% — 94489280512 r%* + 94489280512 +°% + 194347270144 %°
+ 130996502528 % — 34628173824 r°% — 60934848512 1°* — 4831838208 2
+ 24226299904 °° + 14126415872 ¥** — 4395630592 +*¢ — 5859442688 r**

— 159383552 *2 + 1940914176 +*° + 856686592 r°% — 315359232 °% — 297271296 **

— 19333120 2 + 73793536 °° + 22773760 r** — 7634944 +*¢ — 6778880 **



D8

+ 122880 2% + 1170432 *° + 273408 '® — 119296 +'® — 52224 '* + 5760 /'?

+ 7488 10 + 256 #° — 480 1° — 96 * + 241 + 1) csgn(r) — 824633720832 [r36

_irls_i_irm_i_er ;rlz Lrlo 1 8
512 1024 384 4096 24576 24576

1 6 1 4 1 2 1 36 , 34, 3 32 1 o
T e384 T T 32768 7 T 196608 | 786432 ) (r L i

126, T o4 7 22 5 20 1 o33 15 14 7T 12
T Tea” Tam T T T e T T 2006

—110—18+1r6+14+12—1)r)

2048 2048~ T 8192 16384 " 65536 | 131072

[> 48 == simplify (simplify (J[8][11)) :
| > B8 = simplify (expand (numer(A48))) :
| > C8 = simplify(expand (denom (48))) :

BS
cs

> D§ = simplijsz(—);

2
= (8 (4 —4r +2/”2 =2, +1)" (14 14,7 + 3145728 °° — 344064 /**

— 1335296 2% — 368640 ** + 233472 %% + 152576 20 — 33536 !¢ — 6784 !4
— 83886080 +** — 75497472 1% — 41943040 +** + 23068672 +** + 25165824 *°
— 1048576 % — 13369344 °% — 5373952 °* + 4784128 1% + 1792 +'° — 3072 /'3

+ 3392 712 + 100663296 +*7 csgn(r) + 33554432 csgn(r) r*° + 58720256 csgn(r) r*

+ 8388608 csgn () 7 — 29360128 csgn () 1 — 14680064 csgn (r) 1"

+ 12582912 csgn(r) > + 10223616 csgn(r) > — 786432 csgn(r) 1>

— 4718592 csgn(r) > — 1409024 csgn(r) r° + 1392640 csgn(r)

+ 835584 csgn(r) ¥ — 8192 csgn(r) > — 247808 csgn(r) P — 57344 csgn(r) 7
+ 31744 csgn(r) 7 420736 csgn(r) F° — 1024 csgn(r) r? = 3072 csgn(r) !

— 448 csgn(r) ¥ + 336 csgn(r) ¥’ + 104 csgn(r) > — 327 — 208 r° — 256 /°
—8csgn(r)r —6esgn(r) r) (6472 +327° +8,°+4,° +1) (6477 —32/°
+88 — 4P ) (4t 4l 12 2, 1) A (4 =22 1) (24

+1)° (64112 — 845 + 1))/((1 + 4% + 98304 0 + 49152 % — 81920 /2°

— 32768 12 — 2048 2% + 17408 20 — 3840 ' — 2048 ' — 786432 1% — 262144 %

(76)



D9

— 262144 % + 416 #'° + 4608 +'® — 192 #'% + 524288 csgn(r) 1’

+ 524288 csgn () > + 393216 csgn(r) 1> — 65536 csgn(r) r°° + 32768 csgn (r) 1
+ 57344 csgn(r) r*> 4 28672 csgn(r) - — 20480 csgn(r) > — 8192 csgn(r) 1

=+ 3840 csgn(r) ¥ + 896 csgn(r) r3 =256 csgn(r) P —256 csgn(r) 7

+ 64 csgn(r) r 432 csgn(r) P =24, —48/° 4325 +8 csgn(r) P —4 csgn(r) r)
(164 +167 +8° —4ar* +2/ 2 +2r+1) (16/° =16/ +8,° —4,* + 2,2
—2r+1))

:> A9 = simplify (simplify (J[9][1])) :
| > BY := simplify(expand (numer (A49))) :
| > C9 := simplify(expand (denom (A49))) :

B
> D9 = simpliﬁ/( 4 J;

9

— 1 > 21 30 5 ag 7 2
- (140737488355328 ( 33554432 | 2006~ ®192 " T To3sa

3 24 3 22 4 13 20 17 16 27 14 3 s
32768 65536 65536 524288

1048576 2 "

50

1 48 1 46, 5 a4 3 a 15 40 1 38, 21 36
—r—4r+ r —

T TmT T e T
5 34 23 324 19 0 3 A8 7 12 1 4
256 2048 4194304 65536 2097152 8388608

13 6 3 . 1

2 17 30
16777216 © T 83883608 | 134217728 1" ( 33554432 7 2048

7o 1 96 3 o | ) 3 20 1 16
T YT 1024 " T Te3sa T 32768 " 32768 T 260144 "

21 14, 52, 50, 48 1 46 5 a4 1 a4 3 40, 5 33
toags Yt g " 16 n Tt Tl

13 36 17 34 1 3 13 10 9 18 1 12

256 312" T2 T 2097152 " 65536~ T 131072 "

! + 3 4 + 3 6 2 8| csgn 2
r - .V — —————_r r r —r
33554432 ' 8388608 4194304 4194304 en(r)
2 2 2 2
1 2 1Y (a4 1 , 1 2, 1 2 1 ¢ 1
+2J(r+r+2)r (r 2r+4j(r+2j(r 8r+64)
/ ((524288 17 + 524288 1°° + 393216 1°° — 65536 12 + 32768 1*" + 57344 1>

+ 28672 %2 — 20480 2! — 8192+ + 3840 '° + 896 1° — 256 #1 — 25617 + 64 '
+32° 487 —4r) csgn(r) — 786432 °° — 262144 7% — 262144 1% + 98304 1°

an



+ 49152 2% — 81920 12° — 32768 ** — 2048 2> + 17408 *° + 4608 r'® — 3840 ,'°
—2048 7' — 192712 + 416 40 + 325 — 48/ — 24, + 447 +1)

[> 410 = simplify (simplify(J[10][1])) *
| > B10 := simplify(expand (numer (A410))) :
| > C10 = simplify(expand (denom (410))) :

BI0
> DI0 = simplify| = |;
0 szmplzjj/( C10 ),
12 1 2 27 30 63 28
D10 := | 140737488355328 —

( : (536870912 T T 368 T T 3072 (78)
n 73 26 T o4 45 22 _ 1 20 4 5 16

262144 131072 524288 2097152 2097152
17 e 3 se s AL so 1 as 0 9 46 3 e

8388608 8 32 32 128 128 2

29 a4 19 4 13 40 11 33 37 36 17 34
TSR T T2 T a0 Tt aoe T T Te3sa "

1T 3 19 10 61 18 31 12 5 4
— ——____ r - . r + - r — ... . r R &

4096 67108864 4194304 33554432 268435456

1 6 + 3 8 + 1 + 3 2 33 30

- r r r r r

268435456 33554432 2147483648 536870912 16384
o1 28 _ 1 26 _ 9 24 13 22 21 20

16384 2048 131072 131072 524288

1 16 5 14 1 osa 1 sp 11 50 5 a8 5 46

31072 Tesseos . s’ & TmT tTmT Tam’

60 , 58 11 44 | ) 1T 40 15 38 33 36 45 4
T T s T T 256 T T as6 " T 20a8 T T a006 T mio2 !
31 3 33 18 17 12 3 4 1 6

r — .- r T 4 r — r
16384 2097152 8388608 134217728 33554432

B 13 8 1 cson 4 1 2+i2 2_|_i2 12
67108864 536870912 ) SEI |\ Ty b\ m ) T

1 1
BRI ) J / ((524288 7 + 524288 1 + 393216 > — 65536 1>

8 64

+ 32768 127 + 57344 1% + 28672 1% — 20480 ' — 8192 #'° + 3840 r'° + 896 /'
—256 -1 =256 + 6417 +32/° 4+ 81 —4r) csgn(r) — 786432 °° — 262144 *
— 262144 1°? + 98304 °° + 49152 2% — 81920 +*° — 32768 ** — 2048 %2

+ 17408 #*° + 4608 +'® — 3840 '® — 2048 #'* — 19242 + 416 10 4+ 32/° — 484°
— 24  +477+1)




> gl := numer(D35);
ql =16 (2r2—2r+1)2 (4’”4_4V3+21”2—21”+1)2 (64}’12—1—32}’9—1-81”6—1-4}”3 (79)
F1) (2R 42, 1) (6452 =32 48/ — 42 +1) (444 + 47 + 2/
+2r 1) A0 (4 =22 1) (642 -85+ 1)
> q2 = denom (D5);
g2 =16r" -8+ 4, —2,7 +1 80)
=> rem(ql, q2,r);

47 =27+ (81)
# The fact that the multiplicity of the fifth eigenvalue is

8 6 4 2
integral implies that g2=16r — 8r +4r —2r

+ 1 is a divisor of q1.
# This is however impossible as the remainder of the division

6 4 2 8 6 4 2
isequaltodr -2r +r <l6r - 8r +4r —2vr
+ 1.



