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Abstract

Consider the Klein quadric Q7 (5,q) in PG(5,q). A set of points of Q7 (5,q) is
called a quadratic set if it intersects each plane 7 of Q1 (5, q) in a possibly reducible
conic of 7, i.e. in a singleton, a line, an irreducible conic, a pencil of two lines or
the whole of w. A quadratic set is called good if at most two of these possibilities
occur as T ranges over all planes of QT (5, ¢). Good quadratic sets can come into 15
possible types and in [3] we already discussed 11 of these types. The present paper
is devoted to the remaining types. We will describe several infinite families of good
quadratic sets of Q1 (5, ¢). This will show that there are examples of quadratic sets
for each of these four types and for each value of the prime power q.
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1 Introduction

This paper is a sequel to the paper [3] in which we classified (so-called) good quadratic
sets of the Klein quadric Q7 (5, ¢). Such quadratic sets fall into 15 types and in [3] we were
able to deal in a geometric and combinatorial way with 11 of these 15 types, obtaining
nonexistence results or complete classifications for 10 of the types and indicating how the
quadratics sets of one of the types are equivalent with so-called ovoids of QT (5, q).

In the present paper, we discuss the four remaining types. We do not obtain complete
classification results here, but we are able to show that there are examples for any of these
types and this for all possible values of the prime power ¢q. The techniques used here differ
from those of [3]. The main aim here is to construct several infinite families of quadratic
sets in an entirely algebraic way.

A quadratic set of a nonsingular quadric @) of Witt index at least 3 is defined as
a set of points meeting each subspace 7 of () is a possibly reducible quadric of 7. The
classical examples of such sets are the intersections of () with other quadrics of the ambient
projective space of (). This notion has some similarity with the notion of a quadratic set
of a projective space defined in [2] (see also [14, Chapter 5]) as a set of points having
similar structural properties as quadrics.



A set S of points of the Klein quadric Q7 (5, ¢) is thus a quadratic set if and only if
every plane 7 of QT (5,¢) meets S in either a singleton, a line, a conic, a pencil or the
whole of m. Here and in the sequel of this paper, we use the words “conic” and “pencil”
as abbreviations for respectively “irreducible conic” and “pencil of two lines”. We say
that the intersection 7N .S has type (S), (L), (C), (P) or (W) depending on whether 7N .S
is a singleton, a line, a conic, a pencil or the whole of 7. If all plane intersections have
the same type (X), then we say that the quadratic set S has type (X). If there are exactly
two possible types for the plane intersections, say (X) and (Y), then the quadratic set is
said to be of type (XY). A quadratic set S of Q1 (5, q) is called good if there are at most
two possible types for the plane intersections. There are thus 15 possible types for a good
quadratic set: (S), (L), (C), (P), (W), (SL), (SC), (SP), (SW), (LC), (LP), (LW), (CP),
(CW), (PW).

In [3] we gave a computer assisted classification of all good quadratic sets of the
(smallest) Klein quadric Q*(5,2), showing that there are up to isomorphism 27 of them.
In [3], we also obtained a complete classification of all good quadratic sets of QT (5, ¢)
for which the type is equal to either (L), (P), (W), (SL), (SP), (SW), (LP), (LW), (CW)
or (PW). We also noted there that the good quadratic sets of type (S) are precisely the
images under the Klein correspondence of the line spreads of the projective space PG(3, q).
The cases of good quadratic sets of types (C), (SC), (LC) and (CP) were not discussed in
[3]. These form the content of the present paper. In fact, one of these cases was already
discussed in the literature.

In [7], Glynn described for every prime power ¢ a line set £ in PG(3, ¢) that satisfies
the following two properties:

e for every plane 7 of PG(3, ¢), the set of lines of £ contained in 7 is a conic envelope
or a dual conic of 7 (i.e., a conic in the dual plane of 7);

e for every point p, the set of lines of £ containing p is a conic in the quotient projective
space PG(3,q). = PG(2,q) of PG(3,q) defined by the point x.

This set £ was obtained as orbit of a line under a Singer group of PG(3, ¢) and its image
under the Klein correspondence gives rise to a quadratic set of type (C).

In Section [5| of the present paper, we describe six families of quadratic sets of type
(LC) of Q*(5, q), three for ¢ even and three for ¢ odd. All the quadratic sets of type (LC)
are examples of so-called (¢ + 1)-ovoids, where an m-ovoid of QT (5, q) is defined as a set
of points meeting each plane of Q7 (5,¢) in exactly m points. m-ovoids of polar spaces
have been widely investigated, see e.g. [1, [I3]. We are not aware that the (¢ + 1)-ovoids
that arise from our quadratic sets of type (LC) have already occurred in the literature.

In Section [} we also describe two families of quadratic sets of type (SC) of QT (5, q)
(one for ¢ even and one for ¢ odd) and in Section |§] we describe three families of good
quadratic sets of type (CP) of Q@7 (5,¢q) (two for ¢ even and one for ¢ odd).

The proofs that we give for each family provide information on which planes of the
Klein quadric have a particular type. This information can be useful to establish non-
isomorphism between two quadratic sets of the same type (such as two quadratic sets

2



occurring in the present paper). For each of the families, we will collect some of this
information in a proposition at the end of the discussion.

The classical examples of quadratic sets of Q7 (5,q) are obtained by intersecting
Q1 (5,q) with quadrics Q of PG(5,q). It is therefore no surprise that all families of
good quadratic sets we describe later are obtained in this way. Good quadratic sets of the
types considered here are quite rare objects and probably hard to find. The only way we
were able to find these examples was via prior computer computations for the smallest
values of the prime power ¢ which suggested some candidates for the quadratic forms that
describe the quadrics Q. The number of such quadratic forms is huge and only a tiny
fraction of them seem to work. Several of the described families were ultimately found
via a trial-and-error method.

To verify that the described families of point sets are indeed good quadratic sets
of the given types, a lot of computations are necessary. We have verified each of these
computations with the aid of the Computer Algebra System SageMath [I1]. The computer
code we used can be found in [4]. Although the proofs follow a unified approach, also some
ad hoc arguments are necessary for several families to obtain the desired conclusions.

Good quadratic sets are not only rare but also very special in the sense that for all
plane intersections (and there are usually many of these), we always have the same type
or the same two types that occur. It might therefore not be surprising that such point
sets will turn out to be useful in the future for other interesting geometrical problems.
This is in fact already the case for two of such problems.

The quadratic sets we construct in Section are used in [6] to answer an open
problem from the paper [10]. The authors of [10] studied line sets in PG(3,¢q), ¢ odd,
that satisfy a list of axioms. Their main theorem states that for ¢ > 7 each such line
set is either the set of secant lines with respect to a hyperbolic quadric or belongs to
a hypothetical family of line sets. The family of quadratic sets we describe in Section
are explicitly used in [0] to provide examples of line sets in the hypothetical family,
hereby showing that this family is nonempty for every odd prime ¢. In fact, the research
on quadratic sets in [3] and the current paper was motivated by an observation (to be
found in [6]) that the line sets in the hypothetical family are related to quadratic sets of
Q1 (5,q9). We would also like to mention that the quadratic sets constructed in Section
of the present paper also play some role in [6].

The family of quadratic sets constructed in Section can be used to construct an
infinite family of hyperovals of Q7 (5, ¢) (see [3]), the first infinite family of hyperovals in
polar spaces of rank at least three with more than three points per line. The smallest
example in this family provides a computer-free description of a hyperoval of Q" (5,4)
that was already discovered in [9] by means of a backtrack search. One of the open
problems of [9] precisely asked for a computer-free description of this hyperoval. A further
investigation of these hyperovals is currently under way by the author.

Additional applications might be possible. For instance, the various examples of
quadratic sets of type (LC) constructed in Section [5| might be helpful to construct ex-
amples of (¢ + 1)-ovoids in the elliptic quadric Q~(7,¢). In this context, it is worthwhile
to mention Theorem 13 in [I] which implies that the smallest value of m > 0 for which



m-ovoids of Q7 (7,q) can exist is m = g + 1.

2 The Klein correspondence

Let V' be a 4-dimensional vector space over the finite field F, of order ¢q. Associated with
V', there is the 3-dimensional projective space PG(3,q) = PG(V). The second exterior
power /\2 V of V is a 6-dimensional vector space over F, whose associated projective
space PG(A°V) will also be denoted by PG(5,q). In this section, we will describe a
certain connection between the lines of PG(3, ¢) and certain points of PG(5, ¢). For more
background information on this correspondence, we refer to [§] and [12].

Let L be a line of PG(V). If (1) and (v,) are two distinct points of L, then we
denote by x(L) the point (7, A7) of PG(A*V) = PG(5,¢). We note here that the point
(01 A\ Ug) does not depend on the chosen points (v;) and (v2) on the line L. The map & is
thus well-defined. In fact, x defines a bijection between the set of lines of PG(3,¢) and a
certain nonsingular hyperbolic quadric Q*(5,¢) in PG(5,q) = PG(/A\* V) which is called
the Klein quadric. The bijective correspondence between the lines of PG(3,¢) and the
points of Q1 (5, q) is called the Klein correspondence.

If £ is a set of lines of PG(3, ¢), then we define k(L) := {k(L)|L € L}. If p is a point
of PG(3,¢), then we denote by £, the set of lines of PG(3,¢) through p, and if 7 is a
plane of PG(3, q), then we denote by L, the set of lines of PG(3, ¢) contained in . The
following properties are well-known.

Lemma 2.1. e For every point p of PG(3,q), k(L,) is a plane of Q1 (5,q).
e For every plane m of PG(3,q), k(L) is a plane of QT (5,q).

o If a is a plane of QT (5,q), then either a = K(L,) for some point p of PG(3,q) or
a = k(L) for some plane © of PG(3,q).

The planes of Q* (5, q) of the form x(L,) for points p of PG(3, ¢) are called Latin planes,
and the planes of Q1 (5,q) of the form k(L) for planes m of PG(3,q) are called Greek

planes. The following holds.

Lemma 2.2. (1) Two distinct Latin planes intersect in a singleton.
(2) Two distinct Greek planes intersect in a singleton.
(3) A Latin and a Greek plane are either disjoint or meet in a line.

(4) Every line of Q*(5,q) is contained in precisely two planes of QT (5,q), a Latin and
a Greek plane.

(5) Ewvery point of QT (5, q) is contained in precisely 2(q+ 1) planes of QT (5,q). Among
these planes, there are ¢+ 1 Latin planes and ¢ + 1 Greek planes.



Lemma 2.3. (1) The Latin planes are precisely the planes of PG(/\2 V') generated by
three points (01 A Uy), (U1 Avs) and (01 AVy), where (Uy, Uy, V3,74) 1S an ordered basis
of V. The Latin plane is then equal to k(L,) where p = (y).

(2) The Greek planes are precisely the planes of PG(\* V) generated by the points (o, A
U9y, (U1 A U3) and (U3 A Us3) where Uy, Ve, U3 s a linearly independent collection of
vectors of V.. The Greek plane is then equal to k(L) where m is the plane of PG(3, q)
generated by (v1), (Ug) and (U3).

Suppose now that (éj, e, €3, €4) is an ordered basis of V' and put é;; := ¢, A ¢; € /\2 V
for all 4,5 € {1,2,3,4}. Then (€12, €34, €13, €42, €14, €23) is an ordered basis of /\2 V. If
L is a line of PG(3,q), then the coordinates of k(L) with respect to this basis are
called the Plicker coordinates of L. The coordinates of a point of PG(5,q) with re-
Spect (612, 634, 613, 5427 614, égg) will be denoted by (plg,p34,p13,p42,p14,p23). The pOiIlt
(P12, P34, P13, Paz; P14, P23) belongs to Q7 (5, ¢) if and only if piopss + pi3paz + prapas = 0.

If p is a point of PG(3, ¢) with coordinates (X7, Xs, X3, X4) with respect to (€1, €2, €3, €4),
then we denote by L(X7, X, X3, X4) the Latin plane x(L£,). If 7 is a plane of PG(3,q)
with equation a1 X7 + a2 Xy + a3 X3 + a4 Xy = 0 where (ay, as, a3, a4) € Ffl‘ \ {(0,0,0,0)},
then we denote by G(ay, as, as, as) the Greek plane x(L;).

The Latin planes are thus precisely the planes L(1,z,y, z), L(0,1,z,y), L(0,0,1,z)
and L(0,0,0,1) with z,y, z € F,. The Greek planes are precisely the planes G(1,z,y, z),
G(0,1,z,y), G(0,0,1,z) and G(0,0,0,1) with z,y,z € F,. If 7 is one of these Latin or
Greek planes, then by Lemma [2.3]the points of 7 are the points p,(«, 8,7) := (Ux(c, 3,7))
with (o, 3,7) € Fi\ {(0,0,0)}. Here, Or(cv, 8,7) = - 0y Ay + 3 - Uy Ay + 7y - U3 A 3,
with o1, Wy, Vs, W, v3 and w3 the vectors of V' as mentioned in the following table.

| | L(L=zy2) | LOL=zy) [L(0,0,1x) ][ L0,0,01) ]
U1 €, + xeéy + yég + ze4 | €9+ 1763 + yé4 ég + xey €y
W1 €9 €1 €1 €1
Uy | €1+ xéo + yég + zey | €o + xes + yé4 €3 + xéy €y
Ws €3 €3 €9 €s
U3 | €1 + X€y + Yyés + 2€4 | €3 + T3 + Yey €3 + xeéy €y
w3 €4 €4 €4 €3
] G(1l,z,y,2) | G(0,1,z,y) | G(0,0,1,) | G(0,0,0,1) |
U1 —xey + €2 el ey €1
W1 —ye; + e3 —ZTeéy + €3 €9 €o
() —xe| + e9 €1 €1 €1
Wa —z€1 + €4 —yes + €4 —xeéz + €y €3
1_)3 —yél + 53 —xey + ég €9 €9
’(Dg —ze1 + ey —yéQ + €4 —Jfég + é4 53

We thus obtain the following points p,(c, 3,7).



| m | px(a, B,7) |
) | (a,=z2B+yv, B, 20 — w7, 7, —ya + 1)
) (=, —yB + a7y, —va, =, —ya, )
0,0,1, ) 0,7, —a, xf, —xa, —5)
) (07 -7, Oa B? —Q, 0)

) | o+ 28,7, —va+ 2y, =B, =z — yy, a)
0,1,$,y) (_xa_y5777057x7>ﬁay7)
0,0,1,x) (o, 0, =z, —, B, —x7)
0,0,0,1) (,0,5,0,0,7)

3 On the intersection of Q" (5, ¢) with quadrics

Recall that Q*(5,¢) is the Klein quadric of PG(5,¢) having equation X; X5 + X3X, +
X5X6 = 0 with respect to the ordered basis (€12, €34, €13, €42, €14, €23) Of /\2 V. Let Q be
another quadric of PG(5, q) described by the quadratic form @ : /\2 V —F,.

Let 7 be a plane of Q7 (5,¢). Then we define

Qr(a, B,7) == Qv (v, B,7)),
where o, (a, 8,7) is as in Section 2] Put

Qr(a,B8,7) = a110? + agB? + asy? + apaf + ajzay + ag By,

where ay1, ag, a3z, a1z, ais, agzs € Fy.
If ¢ is odd, then we define

a2 a13

aii D) 3

PR ai2 a3

Ap = 5 axn 4
ais az3

o 2 433

If A # 0, then 7N Q is a conic of w. If A, =0, then 7 N Q is either a singleton, a line,
a pencil or the whole of 7.

If ¢ is even, then we define k, = (as3, a13, a12) and D, 1= Qr(as3, a13,ar2). If D # 0,
then 7 N Q is a conic of m with kernel equal to k.. If D, = 0, then 7 N Q is either a
singleton, a line, a pencil or the whole of w. The following can also be said in case D, = 0.

Lemma 3.1. (1) If (ass,a1s,a12) = (0,0,0), then D, =0 and 7 N Q is a line.
(2) If D =0 and a;; # 0 for a certain (i,j) € {(1,2),(1,3),(2,3)}, then Q(c, B,7) =

aii(a/)? + a;/ B +a;;(8)2, where [/ B'y']7 = A-[aB~]" for a certain nonsingular
(3 x 3)-matriz A over F,.

Proof. (1) If (ag3, a1z, a12) = (0,0,0), then D, = Q.(0,0,0) = 0, Moreover, Q(«, 5,7v) =
a1 0? + ax %+ aszy? = (Vana+ /anlB+ /azzy)? and so 7N Q is the line with equation
Vana + /anfB + /azzy = 0.



(2) Suppose D, = ana%?) + OLQQGL%3 + az3a3, + aypa13a23 = 0 and a;; # 0 for a certain
(1,7) € {(1,2),(1,3),(2,3)}. Without loss of generality, we may suppose that a2 # 0. If
we put a = o + as3y, B = '+ a3y and v = a127/, then we compute that Q. (o, 8,7) =
a1 (a')? + a8 + asn(B’)? So, the claim of the lemma holds with A the inverse of the

matrix
10 923

01(1,13
00&12

]

Lemma can be useful to determine which type of quadric a certain intersection 7N Q
is. Also information about the number of roots of quadratic equations can be useful.
Still under the assumption that ¢ is even, we put ¢ = 2" with h € N* and we define
Tr(k) == k+ k> +k*+ -+ k¥ " for every k € F,. We then have that Tr(k?) = Tr(k)
and Tr(ky + ko) = Tr(k1) + Tr(ke) for all k, ki, ko € F,. We also have Tr(k) € {0,1} for
every k € F, with Tr(k) = 0 if and only if the equation X? + X + k = 0 has a root r in
[F, (the other root is then r 4+ 1). Note that if ki, ko, ks € F, with k1 # 0 # kg, then the

quadratic equation ky X? + kX + kg = 0 is equivalent with (5X)2 4 (B2) + 882 — 0 and
2

so there is a solution in F, if and only if Tr(33) = 0.
2

4 Quadratic sets of type (SC)

4.1 A first family of quadratic sets of type (SC)
Let Q be the quadric of PG(5, ¢q), ¢ odd, defined by the quadratic form

2 2 2 2
X7 + a33a44 X5 + azz X3 + agu X7,

where ass, ayy € F; such that —ags and —a44 are non-squares in [Fy.

Suppose ™ = L(1,z,y,2). Then Q.(a,3,7) = (1 + awuz?)a® + (ass + azzauz?)5* +
(a33a44Y° + aga2?)V? — (2a4472)ary — (2a33a44y2) By and Ay = azzaq(1+agq2?)(2? +aszy?).
If (z,y) # (0,0), then A, # 0 and so 7N Q is a conic. If (z,y) = (0,0), then Q. («, 5,7) =
(1+ ag42?)(a® + a3z B?) and so 7N Q is the singleton consisting of the point of 7 for which
(a, B, '7) = (07 0, 1)'

Suppose m = L(0,1,z,y). Then Q. (a, 8,7) = (1+assz?)a®+(aszasy?) >+ (azzasz®+
ag4)Y? — (2asza447y) By and A, = azza?,y*(1+ aszz?). I y # 0, then A, # 0 and so 71N Q
is a conic. If y = 0, then Q. (a, 8,7) = (1+az2?)(a®+asyy?) and so 71N Q is the singleton
consisting of the point of 7 for which («, 8,v) = (0, 1,0).

Suppose m = L(0,0,1,z). Then Q(a,,7) = asza® + (aur?)* + (asza)y? and
A, = ajsai,x®. I o # 0, then A, # 0 and so 7 N Q is a conic. If z = 0, then
Qx(a, B,7) = ass(a? + ay?) and so m N Q is the singleton consisting of the point of 7
for which (o, 8,7) = (0,1, 0).



Suppose m = L(0,0,0,1). Then Q,(c, 3,7) = awu(B* + azsy?) and so 7 N Q is the
singleton consisting of the point of 7 for which (o, 5,v) = (1,0,0).

Suppose ™ = G(1,z,y, z). Then Q. (c, B,7) = (y> +azzx?)a® + (2% + as) B + azz(as +
22y 4+ (2y2)af — (2assw2)ay and Ay = aszag(y*+azzr?) (2% +aw). If (z,y) # (0,0), then
A, #0and so 7N Q is a conic. If (x,y) = (0,0), then Q. (a, 3,7) = (22 +awu) (5% + aszy?)
and so N Q is the singleton consisting of the point of 7 for which («, 8,+) = (1,0, 0).

Suppose 7 = G(0, 1, z,y). Then Q,(c, 8,7) = (2* + azz)a? + y*% + aga(azs + )7 +
(2zy)af and A, = azzauy®(asz + x2). If y # 0, then A, # 0 and so 7 N Q is a conic. If
y =0, then Q,(c, 8,7) = (2% + as3)(a? + anuy?) and so 7 N Q is the singleton consisting
of the point of 7 for which («, 5,7) = (0,1, 0).

Suppose 7 = G(0,0,1,7). Then Q.(a,B,7) = a® + (az32?)5* + auy® and A, =
a33a44x If x # 0, then A, # 0 and so 7N Q is a conic. If x = 0, then Q. (a, 8,7) = a®* +
as47y* and so 7N Q is the singleton consisting of the point of 7 for which («, 8,v) = (0, 1,0).

If 7 = G(0,0,0,1), then Q.(a,3,7) = a* + az3f? and so 7 N Q is the singleton
consisting of the point of 7 for which («, 8,7) = (0,0, 1).

Combining all the above information, we find:

Proposition 4.1. The set S := QN QT (5,q) is a quadratic set of type (SC). There are
4(q + 1) planes of QT (5,q) that meet S in a singleton and 2(q + 1)*(¢ — 1) planes of

Q1 (5,q) that meet S in a conic. As a consequence, |S| = 2(q1+1) : (4((] +1)-14+2(qg+

DAg—1)-(q+1) = ¢ +¢*—q+1

4.2 A second family of quadratic sets of type (SC)
Let Q be the quadric of PG(5, q), ¢ even, defined by the quadratic form

X22+CL33X§ +(l44XZ +(l55X§+CL66X(?+CL35X3X5—|—CL36X3X6+(l45X4X5+CL46X4X6+(156X5X6,

. .
where as3, @44, ass, aee, 35, 36, Aa5, Aa6, 56 € Fq satisfy

2 2

_a330y5 436045 Q33045 Q35036 _ (33G36045 T a330a45 1

Q44 = —5— Q4 = ; a55 = y A56 = y Ae6 — 3 ; I— .
aszs ass ase ass ass A35036

We refer to the last condition as the trace condition
Suppose ™ = L(1,x,y, z). Then Q,(a, 3,7) = (a33a36a45y + a35a36a45Y 2 + a3307522)
o4 (a33a36a45:1: +a2saz60+a3sz —|—a33a35)52—|—a2 v (a33a360250%+ 035360457+ a35a36Y° +
a33a35a45)’y + oo (G36@459€Z + azsazsy) oS + P (@33&36(1455159 + a35a36Y + As33035045%) 0y +
P (@33G36@4596’ + a35a36% + agza3s) By and Dy = %(@33(1363/2 + assaseyz + aszassz?)?. If
(y,2) # (0,0), then the trace condition implies that D, # 0 and 7 N Q is then a conic.
If (y,2) = (0,0), then Q. (a, 8,7) = m(a33a36a45x2 + a3saz36r + aszais)(aszaseS? +
assasefy + assassy?) and the trace condition then implies that # N Q is the singleton

consisting of the unique point of 7 with («, 5,7) = (1,0,0).




Suppose m = L(0,1,x y) Then Q. (a, B,7) = _— L (ag3a3672 + assasery + azzassy?)a’ +
- (a35y + a33a36a45)5 + (a35x + aszais)y? + —(assaser + assasey)af + assyay +

a33

Ea36a4557 and D 33 (a33a36x + as5as3eLY + a330a45Y )2. If (.I,y) 7A (0,0), then the

trace condition 1mphes that D, # 0 and 7 N Q is then a conic. If (z,y) = (0,0), then
Qr(a, B,7y) = 4 (aggagﬁﬂ + assasefy + assassy?) and the trace condition then implies

that 7 N Q is the singleton consisting of the unique point of m with («, 8,7) = (1,0,0).
Suppose m = L(0,0,1,z). Then Q,(« B v) = o~ L (az3a457? + azsaser + aszasg)a® +
1 (a33a45x + a35036045T + a33a36045)0° + 7* + a(a33a45$ + agsazer + assasg)oS and
Dﬂ = a; (assausx® + assaser + aszasg)® # 0 by the trace condition. So, m N Q is then

always a conic.

Suppose m = L(0,0,0,1). Then Q.(a,,7) = “ff’s‘;“a - a33a4552 + 792 + agsa3 and
D, = ais # 0. So, 7N Q is then a conic.

Suppose ™ = G(1,x,y, z). Then Q,(, 3, 7) = %(G33a§5$2 + aZsaser + aszazeags)a? +

1 2 2 2
- (a33a35a4590 + a35a360457 + a33a36 a45)ﬁ + ——(assassy” + a3s5036Y2 +aszasez” +ase)y” +

az5ase ase (
m( 3303527 + a35a362 + G33G36a45)04ﬂ + = (a33a35xy + assasey + assasez)ay + (agsrz +
as5y) Py and D, @(aggagg)x + a35a36x —|— azzassaqs )’ # 0 by the trace condition. So,
7N Q is then always a conic.

Suppose m = G(0,1,2,y). Then Qx(a,f,7) = aga® + %2252 4 o (agaj;a” +
aszs

ase
a35a36a45$y + aszzazsassy” + a3z’ + azaf + azsyay + o - (aggass® + assassy)fy and
D, = a3s #0. So, 7N Q is then always a conic.

Suppose m = G(0,0,1,x). Then Q,(«, B,7) = m(aggagﬁxQ+a35a36x+a33a45)(a33
a3 3% + a35a3607 + aszazsassy?) and by the trace condition m N Q is then the singleton
consisting of the unique point of 7 with («, 8,7) = (1,0,0).

Suppose ™ = G(0,0,0,1). Then Q.(a, 3,7) = é(a33a§5ﬂ2 + a3saz67 + azzazsaszy?)
and by the trace condition 7N Q is then the singletoon consisting of the unique point of 7
with (e, 8,7) = (1,0,0).

Combining all the above information, we find:

Proposition 4.2. The set S := QN Q" (5,q) is a quadratic set of type (SC). There are

2(q + 1) planes of QT (5,q) that meet S in a singleton and 2¢*(q + 1) planes of QT (5,q)
that meet S in a conic. As a consequence, |S| = (2(q+ 1)-142¢*(qg+1)-(¢+ 1)) =

¢+ +1.

—1 .
2(g+1)

5 Quadratic sets of type (LC)

In this section, we describe six families of quadratic sets of type (LC) of Q*(5,q), three
for ¢ even and three for ¢ odd. As mentioned before, all the constructed quadratic sets
of type (LC) are also examples of (¢ + 1)-ovoids.



5.1 A first family of quadratic sets of type (LC)
Let Q be the quadric of PG(5, q), ¢ even, defined by the quadratic form

Xo X5 4 age X2 Xe + &33X§ + @44Xf + a66X62>

2
. a33a44a
where agg, 33, aaq, ags € Ty with Tr(=5-28) = 1.

Suppose m = L(1,z,y,z). Then Qﬁj(a,ﬁ,’y) = (agey® + anz?)a® + (ass + asrz +
age”) B + (y + aaax®)y* + (azeyz)af + (azey®)ory + (azery + 2) By and Dy = assasgy® +
agey’2? + agyzt. As Tr(%‘;“%ﬁ) =1, we have D, # 0 if and only if (y,2) # (0,0). So, if
(y,2) # (0,0), then 7N Q is a conic. If (y, z) = (0,0), then Q,(«, 8,7) = (asz+agsz?) 3>+
(aga2?)y? and so 7 N Q is a line.

Suppose 7 = L(0,1,2,%). Then Q.(«,3,7) = (as3r?)a® + (ags + axy)B> + auy? +
viaf + zyay + aserBy and D, = aszadsr + ager’y® + anyt. As Tr(%) =1, we
have D, # 0 if and only if (z,y) # (0,0). So, if (z,y) # (0,0), then 7 N Q is a conic. If
(z,y) = (0,0), then Q. (a, B8,7) = ags3* + asuy? and so 7 N Q is then a line.

Suppose m = L(0,0,1,z). Then one computes that Q.(«,3,7) = asza® + (aur® +
age) 5% + ray + axfy and D, = aux? + agex® + aszads. As Tr(%) = 1, we have
D, # 0 and so # N Q is a conic.

Suppose ™ = L(0,0,0,1). Then Q,(c, 3,7) = ass3* + ay and so 7 N Q is a conic.

Suppose = G(1, 2,5, 2). Then Q,(c, B,7) = (ass + azsz?)a® + asuB?+ (y+asz2®)y* +
asey + 2By and Dy = aszz® + ager® + asuadg. As Tr([m§+w§6) =1, we have D, # 0 and
so N Q is a conic. ”

Suppose m = G(0,1,z,y). Then Q.(c, 8,7) = azza® + (auax® + aesy® + asy)y> + By
and D, = a3z # 0, showing that 7 N Q is a conic.

Suppose T = G(0,0,1,z). Then Q. (v, 8,7) = (azsz?)B?+ (as4 + ager?)y? and so TN Q
is a line.

Suppose ™ = G(0,0,0,1). Then Q,(a, 3,7) = az3B? + agey* and so m N Q is a line.

Combining all the above information, we find:

Proposition 5.1. The set S := QN Q7 (5,q) is a quadratic set of type (LC) having
(g +1)(¢* + 1) points. There are 2(q + 1) planes of QT (5,q) that meet S in a line and
2¢%(q + 1) planes of Q*(5,q) that meet S in a conic.

5.2 A second family of quadratic sets of type (LC)

Let Q be the quadric of PG(5, q), ¢ even, defined by the quadratic form
a1 X7 + agnX; + X3Xs,

where a1, a9 € IF;.

Suppose m = L(1,2,1,2). Then Q,(a,3,7) = a110* + a922%5% + asy*y? + By and
D, = aj; # 0, showing that 7 N Q is a conic.
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Suppose m = L(0,1,z,y). Then Q,(«, 8,7) = (a11+1y)a?+axny?*B*+axr?*y?*, showing
that 7N Q is a line.

Suppose m = L(0,0,1,z). Then Q.(a, 3,7) = za? + asey?, showing that # N Q is a
line.

Suppose ™ = L(0,0,0,1). Then Q(a, 3,7) = asn~? and so m N Q is a line.

Suppose 7 = G(1,z,y,2). Then QW( B,7) = any?a® + ann2?B% + (ag + y2)v? +
r?af + ryory +x267 and D, = ag2®*. So, if x # 0, then 7N Q is a conic. If z = 0, then
Qr(a, B,7) = any?a® + a11226% + (ax + yz)y? and so 7 N Q is then a line.

If 7 = G(0,1,z,y), then Q(«, B,7) = anr®a®+any? B2 +asny*+af and D, = agy # 0,
showing that 7 N Q is a conic.

If 7= G(0,0,1,2), then Q.(c, 3,7) = a;1a* + 3% and so 7 N Q is a line.

If 7= G(0,0,0,1), then Q,(a, 3,7) = a;1a? and so 7 N Q is a line.

Combining all the above information, we find:

Proposition 5.2. The set S := QN Q" (5,q) is a quadratic set of type (LC) having
(¢ + 1)(¢*> + 1) points. There are 2(¢* + q + 1) planes of Q*(5,q) that meet S in a line
and 2¢* planes of Q*(5,q) that meet S in a conic.

5.3 A third family of quadratic sets of type (LC)
Let Q be the quadric of PG(5, q), ¢ even, defined by the quadratic form

X1 X6 + a5 X2 X5 + a33X§ + &44Xf + a56X5X6,

where ags, az3, a4, ase € F, with Tr(“25) = (a33a44“56) =1.
) =

Suppose ™ = L(1,z,y, z). Then QW( (y+a44z Yo +as3 %+ (agax® +agsy)y> +
raf+asgyay+ (agsz+aser)fy and D, = a44(a25z +aserz +2%)? + azzaqy® + (agsy) (v +
aserz + agsz?). As Tr(38) = Tr(%) =1, we have D, # 0 if and only if (z,y,2) #
(0,0,0). So, if (z,y,z) d# (0,0,0), then 7 N Q is a conic. If (z,y,2z) = (0,0,0), then
Qr(a, B,7) = azz3f? and 7N Q is a line.

Suppose 7 = L(0,1,z,y). Then Q,(a, 8,7) = azgzz’a® + awy?* + (1 + asey + assy*) S +
agsryary and Dy = agy(l + asey + asy®)? # 0. So, 7N Q is a conic.

Suppose ™ = L(0,0, 1, z). Then Q,(«, 3,7) = azgza?+ayuz’B*+ (aser)af+assray = 0
and D, = aya3sz?. If z # 0, then D, # 0 and so 7 N Q is a conic. If z = 0, then
Qx(a, B,7) = azza? and so 7N Q is a line.

Suppose m = L(0,0,0,1). Then Q.(a, 3,7) = auB* + assay and so 7 N Q is a conic.

Suppose ™ = G(1, x,y, 2). Then Q,(«, 8,7) = (y+azsz?)a®+aB*+ (asy+azsz?)y*+
(z+asex)aB+assyay~+(assr) By and Dy = asz(22+asex2+a9s57%)? +asazsy? +assy(asr? +
22 + asgrz). As Tr(3%) = Tr (%) = 1, we have D, = 0 if and only if (z,y,2) =
(0,0,0). So, if (z,y,z) # (0,0,0), then 7 N Q is a conic. If (z,y,2z) = (0,0,0), then
Qx(a, B,7) = auf? and so 7N Q is a line.

Suppose ™ = G(0, 1, z,y). Then Q.(a, 8,7) = azsa® + aur*y* + xyay + (y* + asey +
azs) By and Dy = ass(y? + asey + azs)? # 0 and so 7 N Q is a conic.
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Suppose m = G(0,0,1,z). Then Q.(a,B,7) = (az3x®)B? + auy? + ray + assxBy
and D, = assz®. So, if z # 0, then D, # 0 and 7 N Q is a conic. If x = 0, then
Qx(a, B,7) = auy? and so 7N Q is a line.

Suppose ™ = G(0,0,0,1). Then Q,(a, 3,7) = azsB* + ay and so m N Q is a conic.

Combining all the above information, we find:

Proposition 5.3. The set S := QN Q" (5,q) is a quadratic set of type (LC) having (q +
1)(¢?+1) points. There are 4 planes of Q1 (5, q) that meet S in a line and 2(¢*+q¢*+q—1)
planes of Q1 (5,q) that meet S in a conic.

5.4 A fourth family of quadratic sets of type (LC)
Let Q be the quadric of PG(5,¢), ¢ odd, defined by the quadratic form

2
X?+ %XQQ + uX3Xy — pXs5Xe,

where p € Fy.

Suppose m = L(1,z,y, 2). Then Qx(a, B,7) = (a+ 5 B+ 57)* — (nyz +2uz) f. So,
if p?yz 4+ 2ux = 0, then 7 N Q is a line and if pyz + 2ux # 0, then 7 N Q is a conic.

Suppose m = L(0,1,2,y). Then Q«(a, 8,7) = (o + &8 + 57)* — pPayBy. So, if
xy = 0, then 7 N Q is a line and if xy # 0, then 7 N Q is a conic.

Suppose m = L(0,0,1,z). Then Q(«, 5,7) = ”1—72 — (2uz)apf. So, if z =0 then 7N Q
is a line and if # # 0 then 7 N Q is a conic.

Suppose m = L(0,0,0,1). Then Q.(a, 8,7) = “24—72 and so 7 N Q is a line.

Suppose m = G(1,2,y, z). Then Qx(«, 3,7) = (yo — 206 + &51)* + 2(2yz + px)af. So,
if 2yz + pxr = 0, then 7N Q is a line and if 2yz + px # 0, then 7 N Q is a conic.

Suppose m = G(0,1,z,y). Then Q(c, 3,7) = (za —yB+ 5)* + 4xyap. So, if zy = 0
then 7N Q is a line and if xy # 0 then 7 N Q is a conic.

Suppose ™ = G(0,0,1,z). Then Q. (c, 8,7) = a® + 2uz[y. So, if x = 0 then 7N Q is
a line and if z # 0, then 7 N Q is a conic.

Suppose ™ = G(0,0,0,1). Then Q,(a, 3,7) = a* and 7N Q is a line.

Combining all the above information, we find:

Proposition 5.4. The set S := QN Q7 (5,q) is a quadratic set of type (LC) having
(g + 1)(¢*> + 1) points. There are 2(q + 1)* planes of Q*(5,q) that meet S in a line and
2q(q® — 1) planes of QT (5,q) that meet S in a conic.

5.5 A fifth family of quadratic sets of type (LC)
Let Q be the quadric of PG(5, ¢), ¢ odd, defined by the quadratic form

X12 + (122X22 + azs X3X5 + a46 X4 X,

where ags, ass, a4 € F; with agy = #3518,
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Suppose m = L(1,2,y,2). Then Q.(c,,7) = (1 — asyz)a? + a0z?B? + axny*y* +
aserzaf + aeryory + (ass — 2a22yz — aser?) By and Ay = —1(assaseyz + asex® — ass)*. So,
if assaueyz + aser? — ass # 0, then 7N Q is a conic an(Qi if assaagyz + asgr® — ass = 0, then
one computes that Q,(a, 8,7) = ag <3—f5oz +z20+ yv) , showing that 7 N Q is then a line.

Suppose m = L(0,1,z,y). Then Q.(a,B,7) = (1 + assry)a® + any?B? + anr®y* —
(2a007y + ayg6) 8y and A, = —%(1 +azszy)? If 1+ asszy # 0, then A, # 0 and so 7N Q
is a conic. If 1+ asszy = 0, then one computes that Q. («, 3,7) = az(yB + x7v)? and so
7N Q is then a line.

Suppose m = L(0,0,1,2). Then Q.(a,3,7) = aszsza® — asrf? + axny? and A, =
—agassasr’. If ©# 0, then A, # 0 and so 7N Q is a conic. If z = 0, then Q,(a, 3,7) =
asy? and so m N Q is a line.

Suppose m = L(0,0,0,1). Then Q.(c, 3,7) = axy? and so 7 N Q is a line.

Suppose 7 = G(1,7,y,2). Then Qx(, 8,7) = y?a® + 225 + (aze — azsy2)y* + (2y2 —
a6 + agsz?) o3 + agsryay — azszzBy and Ap = —Tass(assa® +4yz — asg)?. If agsa® +4yz —
ass 7 0, then A, # 0 and so 7N Q is a conic. If assax?® +4yz — aus = 0, then one computes
that Qx(c, 8,7) = (yo — 28 + “%2~)? and so 7 N Q is then a line.

Suppose T = G(0,1,z,y). Then Q,(a, 3,7) = 22a® + y? 8% + (ase + assry)y* + 22y +
ass)af and A, = —}L(Igg(ﬁll’y + ass)?. If 4oy + azs # 0, then A, # 0 and so 7N Q is a
conic. If 4xy + azs = 0, then one computes that Q. («, 8,7) = (za — yB)? and so 7 N Q
is then a line.

Suppose 7 = G(0,0,1,2). Then Q.(a,B,7) = a® — azgsx3* + asry® and A, =
—azsager®. If £ # 0, then A, # 0 and so 7N Q is a conic. If x = 0, then Q,(c, 3,7) = a?
and so m N Q is then a line.

Suppose ™ = G(0,0,0,1). Then Q(a, 3,7) = a* and so 7N Q is a line.

Combining all the above information, we find:

Proposition 5.5. The set S := QN Q" (5,q) is a quadratic set of type (LC) having
(¢ +1)(¢* + 1) points. If assass is a square in F,, then there are 2(q + 1)* planes of
Q7 (5,q) that meet S in a line and 2q(q*> — 1) planes of QT (5,q) that meet S in a conic.
If assaqg is not a square in F,, then there are 2(q* + 1) planes of QT (5, q) that meet S in
a line and 2q(q*> + 1) planes of Q1 (5,q) that meet S in a conic.

5.6 A sixth family of quadratic sets of type (LC)
Let Q be the quadric of PG(5, q), ¢ odd, defined by the quadratic form

Xo X5+ di Xo X6 + azz X3 + 2a33d2 X3 Xy + azsds X7,

where az3, di, dy € F) with —d;d a non-square in F,.

Suppose m = L(1,2,y,2). Then Q.(c,8,7) = (az3d32?)a® + (ass — dyz2)3? + (y +
azsdaz?)V? + (dyyz + 2as3dez)af — (dyy? + 2aszdixz)ay + (dixy — 2 — 2aszdex) By and
Ar = =93 (dyy® 4 dp2?)?. If (y,2) # (0,0), then Ar # 0 and so 7 N Q is a conic. If
(y,2) = (0,0), then Q,(c, B,7) = az3(8 — dezy)? and so 7N Q is a line.
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Suppose m = L(0,1,2,y). Then Q,(a, 8,7) = (assz?)a? — dyyS? + assd3y? + y*aff +
(2a33dox — wy)ay + dyxfy and A = =9 (dya® + doy?)?. If (2,y) # (0,0), then A; # 0
and so 7N Q is a conic. If (z,y) = (0,0), then Q(«a, 3,7) = azsdsy* and so 1N Q is a
line.

Suppose m = L(0,0,1,2). Then Q.(a,8,7) = assa® + (azsdax?®)B? — (2aszdoz)rff —
zay —di By and Ay = =92 (dya®* + dy)* # 0 and so 7N Q is a conic.

If 7= L(0,0,0,1), then Q,(c, 3,7) = asz3d3* + ay and so 7 N Q is a conic.

Suppose m = G(1,x,y, 2). Then Q. (c, 8,7) = (azsz?)a?® + (assd3) B + (azz2? — y)y* +
(2as3dax)aff + (dy — 2ag3x2) vy — (¢ + 2as3daz) By and Ay = —%2 (2% + dydy)? # 0 and so
7N Q is a conic.

Suppose m = G(0, 1, z,y). Then Q,(c, 8,7) = asza*+(d1y+azzdiz?)y?+(2azzdaz)ay+
By and A, = —%0,33 # 0 and so 7N Q is a conic.

If = G(0,0,1,2), then Q. (c,8,7) = asz(zf + doy)? and so N Q is a line.

If 7 = G(0,0,0,1), then Q,(a, 3,7) = az3B* and so 7N Q is a line.

Combining all the above information, we find:

Proposition 5.6. The set S := QN QT (5,q) is a quadratic set of type (LC) having
(¢ + 1)(¢> + 1) points. There are 2(q + 1) planes of Q" (5,q) that meet S in a line and
2¢*(q + 1) planes of QT (5,q) that meet S in a conic.

6 Quadratic sets of type (CP)

6.1 A first family of quadratic sets of type (CP)
Let Q be the quadric of PG(5, q), ¢ even, defined by the quadratic form

X3 + a3s X3 X5 + a6 X3 X + ass X4 X5 + a46 X4 X6 + a56 X5 X + age X,
where ags, asg, 45, A46, G56, Qg € ]F; with

36045 36056 3645

(46 = ; age = ———, Tr(—
35 35 Q5g

) =1.

Suppose m = L(1,z,y,2). Then Q.(a,B,7) = (agsy® + assyz)a® + (agsx? + aser +
22) % + (ass® + y°)7* + (asswz + asey)af + (asezy + asey + assz)ay + (as62® + azer +
azs)fy and Dy = (azgey® + aseyz + assz?)?. As Tr(%) = 1, we have D, = 0 if and
only if (y,z) = (0,0). So, if (y,2z) # (0,0), then # N Q is a conic. If (y,z) = (0,0),
then Qx(a,B,7) = —=((assw + ass)f + (as52)7)((asex) 5 + assy). As (aser + ass)ass +

ags
(as57)(azer) = (azeass)r?® + (agsass)r + a5 and Tr(%) = Tr(%) =1, 7NQis
then a pencil.

Suppose ™ = L(0,1,z,y). Then Q,(a, 3,7) = (asszy)a®+ (y? +aee) % +22v% + (asex +
asey)af + (assy)ay + aseBy and D, = (azex?® + asery + assy®)?. As Tr(%) =1, we
have D, = 0 if and only if (z,y) = (0,0). So, if (x,y) # (0,0), then 7 N Q is a conic. If
(z,y) = (0,0), then Q(«, 5,7) = 455 (as6f + as57y) and 7 N Q is a pencil.

ass
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Suppose T = L(0,0,1,z). Then Q,(c, 8,7) = (assz)a®+ (asez +ags) 5* +7> + (as57* +
ase + asze)af and Dy = (ay52% + asex + asg)?. As Tr(%) =1,D,#0and so 7N Q is
a conic.

Suppose m = L(0,0,0,1). Then Q.(c, 3,7) = 7> + agsa3 and so 7 N Q is a conic.

Suppose m = G(1,x,y,2). Then Q,(a,8,7) = (assx + ags)?® + (ass2)B* + (assyz +
1)y* 4 (ags2® + asex + ase)of + (asszy + asey + asez)ay + (asszz + assy)fy and Dy =
(azsr? + aser + asp)®. As Tr(%) = Tr(%) =1, 7N Q is a conic.

Suppose m = G(0, 1, z,y). Then Q,(a, 3,7) = (assry+assy>+1)v>+assaB+(assy)ay+
(as57 + asey) By and D, = a2 # 0. So, 7N Q is a conic.

Suppose m = G(0,0, 1, ). Then Q,(«, 3,7) = (azsx)B* + (agsx? + asez)V? + (azer?® +
aseT + ay45)By = a—;(a?,sﬁ + asery) - (a3s2f + (aser + ag5)7y). As ass(aser + ass) +
((Ig@ﬁ)(a%z) = (a35a36)x2 + (a35a56):p + (a35a45) and Tr(%) = Tr(%) = 1,
m N Q is a pencil.

Suppose ™ = G(0,0,0,1). Then Q,(c, 3,7) = agsy? + asBy = Y(agsy + aseB) and so
m N Q is a pencil.

Proposition 6.1. The set S := QN Q1 (5,q) is a quadratic set of type (CP). There are
2¢%(q + 1) planes of QT (5,q) that meet S in a conic and 2(q + 1) planes of Q*(5,q) that

meet S in a pencil. As a consequence, |S| = m <2q2(q+1)-(q+ 1)+2(g+1)-(2¢+ 1)) =
P+ ¢ +2q+1.

6.2 A second family of quadratic sets of type (CP)

Let Q be the quadric of PG(5, q), ¢ odd, defined by the quadratic form
X3 + azs X3 X5 + aze X3 Xe + as5Xa X5 + as6XaXe + a56X5 X6 + age X,

where azs, azs, @45, aaq, as6, ags € Fy such that ass = “3;*3‘;45, Qe = % and a, — 4asgays
is a nonsquare in F,.

Suppose T = L(1,z,y,2). Then Q.(c,,7) = (agsy® — assyz)a® + (agsx? + aser +
22)B% + (y* — assx)y? + (a2 — agey — 2a662y) + (as61y —2056?/ + agsz)ay + (aser —
2yz + azs — agexr?)By and A, = —%<a36y2 — aseyz + a45z2> . As a?g — dageays is a
nonsquare, A, = 0 if and only if (y, 2) = (0,0). So, if (y, z) # (0,0), then 7N Q is a conic.
If (y,2) = (0,0), then Qx (e, f,7) = é(@%lﬂ + azsy) - ((asex + azs)B — (assz)y). As
(aze)(assw) + azs(aser + azs) = (azeass)r? + (azsase)w + a2s and (assase)? — 4(azeaqs)azs =
a35(a2s — 4assays) is a nonsquare, 7 N Q is then a pencil.

Suppose 7 = L(0, 1,2, y). Then Qx(a, 5,1) = (agszy)a® + (s +age) 5+ 2% — (agea-+

asey) B+ (assy)ay— (2vy+ase) By and Ay = —711 <a36332—a5633y+a45y2> . As a2y —4azeaus

is a nonsquare, A, = 0 if and only if (z,y) = (0,0). So, if (x,y) # (0,0), then 7N Q is a
conic. If (z,y) = (0,0), then Q. (a, B,7) = %B(amﬁ — ayg5y) and so N Q is a pencil.

Suppose m = L(0,0,1,x). Then Q,(c, 3,7) = (assx)a®+ (ags — asex) 3% +7° + (asex +
aze — as5r?)af and A, = —i(a45x2 —aser +aze)?. As als —4agsass is a nonsquare, A, # 0
and so m N Q is a conic.
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Suppose m = L(0,0,0,1). Then Q.(c, 3,7) = v*> — aysa8 and so 7 N Q is a conic.

Suppose m = G(1,z,y,2). Then Q.(a,B3,7) = (ass — assx)a® + (agsx)B* + (1 —
azsyz)y> ~|— (azsz® — aser — age)af + (assry — asey + asgz)ay + (agsy — asszz)By and
Ar=—1 2 (a2,7% — azsasew + asgaus)®. As (assase)? — dadsasaus = ais(aZq — 4asgays) is
a nonsquare A, # 0 and so 7N Q is a conic.

Suppose m = G(0, 1, z,y). Then Q. (a, 3,7) = (assry+assy>+1)v>+assaB+(assy)ay+
(@457 + asey) Sy and A, = —Z—ia?ﬁ #0. So, 7N @ is a conic.

Suppose m = G(0,0,1,z). Then Q.(c,8,7) = (—assz)p% + (agxr® + asz)y? +
(a3e2”® — asex — au5)fy = ais ((assw)B + (asex + as5)7) - (—assf + (asex)y). As (assase)® —
4(assase)(assa4s) = a§5(a56 dazeays) is a nonsquare, (assr)(azer) + assase + azsass 7 0
and so N Q is a pencil.

Suppose m = G/(0,0,0,1). Then Qx(a,B,7) = agsy” + asefy = Y(aesy + asef) is a
pencil.

Proposition 6.2. The set S := QN Q1 (5,q) is a quadratic set of type (CP). There are

2¢%(q + 1) planes of QT (5,q) that meet S in a conic and 2(q + 1) planes of Q*(5,q) that
meet S in a pencil. As a consequence, |S| = )<2q (g+1)-(g+1)+2(q+1)-(2g+ 1)) =

¢ +q¢*+2q+1.

Q+1

6.3 A third family of quadratic sets of type (CP)
Let Q be the quadric of PG(5, q), ¢ even, defined by the quadratic form

X3 X5 + a3 X3X¢ + CL44X§ + ass X4 X5 + a46 X1 X6 + a56X5 X,
where asg, @44, 45, 46, A56 € IFZ such that

3
Qg6 = @, a5 — %, Tr(ag6—2a45) = 1.
Q45 ays Ay
As all elements of F, are squares, we can put a;; = b3; for all (i, j) € {(3,6), (4,4), (4,5), (4,6),
(5,6)}-
Suppose m = L(1, 2, y, 2). Then Qx(a, 8,7) = (b3sbisyz+biy2%)a” + (b367) 8% + (b3, 2° +
bisx)v? + (D3ebiswe + bgy)af + é(b§6bi5xy + b5z + by )ay + %(6361)35:1:2 + b +b5) By

and D, = bT(b§6bZ5xy + baghlszz + b3,12 + bagbusy + b352)2. Note also that
45

Qr(a, B,7)— Db ba (b36b45204+b bi5mﬁ—|—(bi4m+bi5)7)((b§6b35y+b44z)a+(b36b45)B—I—(bggbi5x)'y)
45
1 2 2 2 12 3 2 2
45

So, if b3sb3-1y + bsebisxz + b2, 22 + basbysy + bisz # 0, then 7N Q is a conic. If b3b2-xy +
bysbiswz + 034wz +bsebasy + bz = 0, then Qr (o, B,7) = Tobas b% (bsgbis zor+b3sbisz 8+ (biaa +
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D35)7) (Vgb3sy + b3a2)or + (basbas) B + (bssbisw)y). As Tr(He2ksde) = 1, we then have that
bisbisr  bisr + bis

baghas  bsbz | bssbas (bagbisx? + biuw + bis) # 0

and so 7 N Q is then a pencil.

Suppose ™ = L(0,1,z,y). Then Q.(«, B,7) = zya® + b3,7* + %(b%big,x +b3,y)ab +
bi-yay+b3sbis 3y and D, = b44 (b§6bi5x+b3@-b sy+03,y)2. So, if b2bisx+bsgbisy+ b3y # 0,
then 7 N Q is a conic. If 63617451; + bsbisy + bl = 0, then Qr(a,8,7) = o (yo +

45736
b36b45’)/)<<636bi5 + bil)yOé + bgﬁbir)ﬁ + 636b44b45’)/) and so mN Q is then a pencil.

So, m = L(0,0,1,z). Then Q«(a, B,7) = za? + (b3ghisx +b3,22) 52 + - (bisa® + 36035+

45
bix)af = %(a + 2.2 B) (b za + (b3ghas + biyx)B). As Tr(%) = 1, we then have
4

(b4)
that
1 bisw

= bl a? + b2+ bi b3 # 0
53513 b§6635 + 52437 45 44 36745 7é

and so m N Q is then a pencil.

Suppose m = L(0,0,0,1). Then Q,(«,3,7) = b3,8° + bisaf = B(bisa + b3,3) and so
7N Q is a pencil.

Suppose 7 = G(1,2,v,2). Then Qr(a,,7) = bigza® + (bisx + b3,)0° + y=y* +
2 5 (D36bls + bisa® + biyw)af + G  (b36bis2 + biswy + biyy)ay + (bisy + a:z)B'y and D

2,
%—(bgﬁb%y + b36b3s2 + bisxy + bsbyszz + b3,y)?. Note also that

Qw(a> B, 7) (bggwar + b36b455 + b45y'y)((b36bi5)a + (54214 + b45:v)5 + (b3bas2)7)

25bas

= W’}/(bgﬁ@ + b455)(b36bi5y -+ bgﬁbi%z + bi5$y + bg6b45l’2 —+ 6?149)
45Y36

S0, if byeb3sy+b2ab2s 2 +b2s vy +b3sbas 2 +b2,y 7& 0, then 7NQ is a conic. If baghly+b2:b3sz+
bisry + bashaszz + sy = 0, then Qx (e, 8,7) = 1 <b36$04 + b3gbis 8 + basyy) (D305 +
b2, + b2.2) 3 + (bsgbasz)y). As Tr M = 1 we then have that
44 45 (b3b7,)?

b36$ bg6bi5

= 2 22 3 14
b2sb3s bia + 02, | bssbis® + bygbi,x + bighis # 0

and so m N Q is then a pencil.
Suppose ™ = G(07 17 xz, y) Then Qﬂ‘(Oé7 ﬁ7 7) (b§6b45‘ry + b44‘r )f}/ + Oéﬁ =+ b36ya7 +
2
(bi,,a: + b%,y) By and D, = b4—4(b45x + bgﬁy)2 If bysx + bygy # 0, then 7N Q is a conic.

If basx + bsgy = 0, then Q. («, 5 v) = (B + basbaszy) (bsbasax + (bsghls + b3,)zy) and
so N Q is a pencil.

b45b56
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Suppose ™ = G(0,0,1,7). Then Qx(a, 8,7) = z/* + (Bebisw + b3,)7* + 7 (Bsbise® +

bis +biw) By = é(mﬁ +b57) (0158 + (b36b15 7 + b14) 7). As Tr(%) = 1, we then have
that
x bis

=202+ b+ b £ 0
B2, B+ b, 36015 14 15 7

and so m N Q is then a pencil.
Suppose ™ = G(0,0,0,1). Then Q,(a, 3,7) = b8y and so m N Q is a pencil.

Proposition 6.3. The set S := QN Q1 (5,q) is a quadratic set of type (CP). There are
2q(q® — 1) planes of QT (5,q) that meet S in a conic and 2(q+ 1)* planes of QT (5,q) that

meet S in a pencil. As a consequence, |S| = m <2q(q2—1)-(q—|—1)+2(q+1)2-(2q~|—1)> =
¢ +2¢% +2q+ 1.
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