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Abstract

A quadratic set of a nonsingular quadric ) of Witt index at least three is de-
fined as a set of points intersecting each subspace of Q) in a possibly reducible
quadric of that subspace. By using the theory of pseudo-embeddings and pseudo-
hyperplanes, we show that if @ is one of the quadrics Q" (5,2), Q(6,2), Q(7,2),
then the quadratic sets of () are precisely the intersections of ) with the quadrics of
the ambient projective space of Q. In order to achieve this goal, we will determine
the universal pseudo-embedding of the geometry of the points and planes of Q.
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1 Introduction

In [4], Buekenhout defined the notion of a quadratic set in a projective space, see also [16],
Chapter 5]. These are sets of points in projective spaces that satisfy similar structural
properties as quadrics. In [§], the notion of a quadratic set of a nonsingular quadric @ is
defined as a set of points that satisfies similar structural properties as the intersections
of () with the quadrics of the ambient projective space of (). Specifically, a quadratic
set of a nonsingular quadric ) of Witt index at least three is defined as a set of points
intersecting each subspace of () in a possibly reducible quadric of that subspace.

The authors of [13] studied line sets in PG(3,¢) that satisfy a list of axioms. Their
main theorem states that for ¢ > 7 each such line set is either the set of secant lines
with respect to a hyperbolic quadric or belongs to a hypothetical family of line sets. The
question whether this hypothetical family of line sets is nonempty was left open in [13].
Further investigations showed that these line sets are related to quadratic sets of the
Klein quadric, see [I0]. This fact urged the first author of the present paper to initiate
the study of quadratic sets of the Klein quadric in [8,Q]. In fact, one of the several families
of quadratic sets described in [9] will explicitly be used in [I0] to provide examples of line
sets in the hypothetical family.



Also the results of the present paper arose as a by-product of these investigations.
We obtain here a classification of all quadratic sets of the nonsingular quadrics Q% (5, 2),
Q(6,2) and Q~(7,2). Using the theory of pseudo-embeddings and pseudo-hyperplanes
developed in [6], we show that each such quadratic set is “standard”, i.e. obtained by
intersecting the considered quadric with another quadric of the ambient projective space.
In the theory of quadratic sets, it is often the case that a certain argument fails to work
for the smallest value(s) of the prime power ¢. In this regard, it can be important to have
a separate classification available for small values of ¢. In fact, the results of the current
paper will explicitly be used in [§] to show that a certain result remains true for ¢ = 2.

As already alluded above, our classification of the quadratic sets of the quadrics
Q7(5,2), Q(6,2) and Q(7,2) requires that we study the pseudo-embeddings of some
geometries related to these quadrics. In particular, we will determine the universal pseudo-
embeddings of the geometries of the points and planes of these quadrics. We therefore
start by defining the notion of pseudo-embedding of a general point-line geometry.

Consider a point-line geometry S = (P, L,1) having the property that the number of
points on each line is finite and at least 3. For such a geometry, we can define the notion
of a pseudo-embedding. This is a map € from P to the point set of a projective space
PG(V) defined by a vector space V over Fy = {0,1} for which the following properties
are satisfied:

(PS1) the image €(P) of € generates the whole of PG(V);

(PS2) e maps in a bijective way the point set of each line L of S to a frame of a subspace
Y of PG(V).

With a frame of a projective space of dimension n, we mean a set of n + 2 points no
n + 1 of which are contained in a hyperplane. A pseudo-embedding e as above will
shortly be denoted by € : § — PG(V). Two pseudo-embeddings ¢ : S — PG(V;) and
€5 : § — PG(13) of the same point-line geometry S are called isomorphic if there exists
an isomorphism 6 from PG(V;) to PG(V4) such that eo = 6 o €.

Suppose € : § — PG(V) is a pseudo-embedding of S = (P, £,1) and « is a subspace of
PG(V) disjoint from ¢(P) and all subspaces ¥, with L € £. Then the map = — («, €(x))
defines a pseudo-embedding of S into the quotient projective space PG(V')/a whose points
are those subspaces of PG(V') that contain « as a hyperplane. We then call €/« a quotient
of e. We write that €; > €, for two pseudo-embeddings €; and €y of § if €5 is isomorphic
to a quotient of ;.

If € is a pseudo-embedding of S with the property that € > ¢ for any other pseudo-
embedding € of S, then € is called universal. If S has pseudo-embeddings, then it also has
a universal pseudo-embedding, which is moreover unique, up to isomorphisms. The vector
dimension er(S) of the universal pseudo-embedding is called the pseudo-embedding rank.
In case |P| < oo, we have er(S) = |P| — dim(C) where C' is the binary code of length |P)|
generated by the characteristic vectors of the lines of S. This gives a link between coding
theory and the theory of pseudo-embeddings. Pseudo-embeddings were introduced in [6],



and we refer to this paper for more background information, in particular for proofs of
the above facts.

The geometries under consideration in this paper are related to nonsingular quadrics
of Witt index 3 in finite projective spaces over Fy. There are three types of such quadrics,
namely Q7 (5,2) in PG(5,2), Q(6,2) in PG(6,2) and Q@ (7,2) in PG(7,2). The maximal
subspaces of the projective space contained in each of these quadrics are planes which are
also called generators. The generators of Q7 (5,2) can be partitioned into two isomorphic
families, with two generators belonging to the same family if they intersect in a subspace of
even dimension. If @) is one of the above quadrics, then G denotes the set of generators of
Q. For every G C Gg, we define the point-line geometry Sg g as (@, G, 1), where I C Q x G
is the natural incidence relation defined by containment. We will prove here the following.

Theorem 1.1. Let Q) be one of the quadrics QT (5,2), Q(6,2), Q@ (7,2), and let G be the
set of all generators of Q or one family of generators if Q@ = Q7 (5,2). Then the geometry
S = Sgg has pseudo-embeddings. Moreover, the pseudo-embedding rank of S is equal to
20 if Q@ = Q7(5,2) and G is the set Gg of all generators, equal to 24 if Q = QT (5,2) and
G is one of the two families of generators, equal to 27 if Q = Q(6,2) and equal to 35 if
Q=0 (7,2)

If S is one of the geometries as in Theorem [1.1], then we know that the dimension
of the binary code generated by the characteristic vectors of the lines of § is equal to
|P| — er(S) with P the point set of S. These dimensions are thus respectively equal
35—20=15,35—24 =11, 63— 27 = 36 and 119 — 35 = 84. This fact is certainly known
if Q = Q7 (5,2) and G is one of the families of generators of (). Indeed, every pseudo-
embedding of PG(3,2) is an ordinary embedding and so er(PG(3,2)) = 4, implying that
the incidence matrix of PG(3, 2) has Fy-rank 15—4 = 11. Using the Klein correspondence
[2, 14], we see that this is also the Fa-rank of the incidence matrix of Sg g.

Theorem will be proved by means of the notion of pseudo-generating set. Again
under the assumption that & = (P, L,1) is a point-line geometry with the property that
the number of points on each line is finite and at least 3, a pseudo-subspace of S is defined
as a set X of points having the property that no line intersects P\ X in a singleton. Note
that the whole point set P is always an example of a pseudo-subspace. Given a set X of
points of S, the intersection [X] of all pseudo-subspaces containing X is again a pseudo-
subspace, obviously equal to the smallest pseudo-subspace that contains X. We call [X]
the pseudo-subspace generated by X. If [X] = P, then X is called a pseudo-generating set.
The smallest size gr(S) of a pseudo-generating set of S is called the pseudo-generating
rank. By [6], we know that if S has pseudo-embeddings, then er(S) < gr(S). This fact is
often an important tool for determining both er(S) and gr(S), see e.g. Proposition It
turns out that for many point-line geometries S, the numbers er(S) and gr(S) are equal.
We will prove that this is again the case for the point-line geometries under consideration
here.

Theorem 1.2. Let Q) be one of the quadrics Q*(5,2), Q(6,2) and Q= (7,2), and let G be
the set of all generators of Q or the generators of one family if Q = Q% (5,2). Then the
pseudo-embedding and pseudo-generating ranks of Sg g are equal.
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In this paper, we also give explicit descriptions of the universal pseudo-embeddings. Let
V(8,2) be an 8-dimensional vector space over Fy for which PG(7,2) is the associated
projective space. We choose an ordered basis (€1, és,...,¢és) in V(8,2) with respect to
which Q(7,2) C PG(7,2) has equation X; X5 + X3X, + X5Xs + X? + X7 Xg + X2 = 0.
Here, (X1, X, ..., Xg) = (X161 + Xoéy + - - - + Xgés) denotes a generic point of PG(7,2).
We denote by PG(6,2) and PG(5,2) the subspaces of PG(7,2) with respective equations
Xg = 0 and X7 = Xg = 0. Points (Xj, Xs,..., Xg) belonging to these subspaces will
also be abbreviated to respectively (X, Xs,...,X7) and (X, Xs,...,Xs). Obviously,
PG(6,2) N Q(7,2) is the quadric Q(6,2) of PG(6,2) with equation X; X, + X3X,; +
X5X6+ X2 =0 and PG(5,2)NQ(7,2) is the quadric QT (5,2) of PG(5,2) with equation
X1 Xo+ X3 X4+ X5 X5 =0. We put Q5 = Q+(5, 2), Qs = Q(6, 2) and Q7 = Qi(’?, 2) Let
G* be the family of generators of ()5 containing the plane with equation X; = X3 = X5 =
X;=Xg=0.

Consider a 35-dimensional vector space V35 over Iy with a basis consisting of the
vectors g; and hjy, with 4,7,k € {1,2,...,8} such that j < k and (j, k) # (1,2). The base
elements g; and ]_ljk with ¢, 7, k < 7 define a 27-dimensional vector subspace Va7 of V35 and
those with 4, 5, k < 6 a 20-dimensional subspace V5y. Let Vo4 be a 24-dimensional vector
space generated by Vo and four additional vectors which we will denote by fiss, fias, fo36
and fogs.

In the sequel, we denote by X" with n € {6,7,8} the summation ranging over all
gk € {1,2,...,n} with j < k and (j,k) # (1,2). We denote by ¥* the summation
ranging over all (i, 7, k) € {(1,3,5),(1,4,6),(2,3,6),(2,4,5)}.

Ifne{6,7,8} andl = w, then €, is the map from the point set of Q),,_1 to the

2
point set of PG(V}) sending the point (X, Xs, ..., X,,) of @, to the point (> | X;7; +

X" X, Xihjk) of PG(V,). We will prove the following.

Theorem 1.3. Let n € {6,7,8} and | = ("H)Qﬁ Then €, 1s a pseudo-embedding of
SQn_1,9q, , Which is moreover universal.

Let €55, be the map from the point set of Q5 to the point set of PG(Va4) sending the
point (X17 XQ, c. 7X6) of Q5 to the pOth <Z,?:1 ngl + 26 Xij}_ljk + Z* XZX]Xkﬁ]k> of
PG(Va4). We will show the following.

Theorem 1.4. The map €5, 15 a pseudo-embedding of Sq, g+ which is moreover universal.

In [7], we considered the point-line geometry S, n > 2, whose points and lines are the
points and planes of the projective plane PG(n, 2), with incidence being containment, and
showed that S,, has pseudo-embeddings. From the description of the universal pseudo-
embedding of §,,, we will derive the following.

Theorem 1.5. The sets of points of PG(n,2), n > 2, that intersect each plane of PG(n, 2)
i a possibly reducible conic of that plane are precisely the possibly reducible quadrics of

PG(n,2).



Using the description of the universal pseudo-embedding of the geometry Sg ¢ with @ €
{Q@7(5,2),Q(6,2),Q(7,2)} and G = G, we derive the following.

Theorem 1.6. Let QQ be one of the quadrics Q7 (5,2), Q(6,2) or Q= (7,2). Then the sets
of points of Q) intersecting each plane © of Q) in a possibly reducible conic of ™ are precisely
the intersections of () with the possibly reducible quadrics of its ambient projective space.

For nonsingular quadrics @) of Witt index 3, the quadratic sets of () are precisely the sets
of points of () that intersect each plane of () in a possibly reducible conic. Theorem
can thus be rephrased as follows.

Corollary 1.7. Let Q be one of the quadrics Q*(5,2), Q(6,2) or Q@ (7,2). Then the
quadratic sets of () are precisely the intersections of Q) with the quadrics of its ambient
projective space.

It is interesting to note that the conclusion of Corollary is not valid for the quadrics
Q71 (5, q) with ¢ > 3. Indeed, we show in [§] that each of these quadrics has quadratic sets
that do not arise as intersection of Q% (5, ¢) with another quadric.

The conclusion of Theorem is no longer valid for Q = Q™ (5,2) if we restrict to
the planes 7 of one family G; of generators of Q*(5,2). Indeed, each m € G; meets each
m € G in either a point or the whole of 7, and so in a reducible conic of 7. A plane m;
of G; however cannot be obtained by intersecting Q7 (5, 2) with a quadric of PG(5,2), as
otherwise every plane of Q7 (5,2) would have to contain a point of 7y, in particular those
planes of QT (5,2) that are disjoint from 71, an obvious impossibility.

At the very end of the paper, we will see that the conclusion of Theorem is also
no longer valid for PG(5,2) if we restrict to those planes that are totally isotropic with
respect to a given symplectic polarity of PG(5,2).

Theorems and are examples of local characterization results for which many
examples in finite geometry do exist. Such characterization theorems basically state that
a geometrical object satisfies Property X as soon as certain local substructures satisfy a
number of properties that are consistent with this Property X. One of the most known
results in this direction is due to Barlotti [I] and Panella [I2] and states that an ovoid of
PG(3, q) is a(n elliptic) quadric if and only if all plane intersections are possibly reducible
conics. In fact, by Brown [3] we know that such an ovoid is an elliptic quadric as soon as
there is one plane intersection that is an irreducible conic.

2 Preliminaries

Throughout this section, S = (P, £,1) is a point-line geometry having the property that
the number of points on each line is finite and at least 3. The following proposition is
precisely Theorem 1.5 of [6] and is often useful for determining the pseudo-generating
rank and universal pseudo-embedding of a given point-line geometry.



Proposition 2.1 ([0]). If S has pseudo-embeddings, then er(S) < gr(S). Moreover, if

there exists a psegdo-embedding €: S — PG(V) and a pseudo-generating set X of S such

that | X| = dim(\i) < 00, then the pseudo-embedding and pseudo-generating ranks of S
are equal to dim(V') and € is isomorphic to the universal pseudo-embedding of S.

A set X of points of S distinct from P is called a pseudo-hyperplane if P\ X intersects
each line of § in an even number of points. The complement of the symmetric difference
of two distinct pseudo-hyperplanes is again a pseudo-hyperplane.

Suppose € : S — PG(V) is a pseudo-embedding of S. Then H, := e '(7 Ne(P)) is
a pseudo-hyperplane of S for every hyperplane 7 of PG(V). We will say that H, arises
from the pseudo-embedding e. We denote by H. the set of all pseudo-hyperplanes of S
arising from e. We also note that the correspondence m <> H, between the hyperplanes
of PG(V) and the pseudo-hyperplanes of H, is bijective. The case where € is universal is
interesting as the following can be shown.

Proposition 2.2 ([6]). Suppose S has pseudo-embeddings, and denote by € :S — PG(V)
the universal pseudo-embedding of S. Then Hz is the set of all pseudo-hyperplanes of
S. Moreover the correspondence © <> H, = ¢ (€(P) N ) between the hyperplanes T of

PG(V) and the pseudo-hyperplanes H, of S is bijective.

3 Pseudo-generating sets of the geometries

Proposition 3.1. Let G be one of the families of generators of the quadric @ = Q7 (5,2).
Then the geometry Sg g has a pseudo-generating set of size 24.

Proof. Let z; and x5 be two noncollinear points of @*(5,2). Then x{ Nzy is a quadric
of type @1(3,2). Put X := Q(5,2) \ ((z{ Nz3) U{zy,22}). Then X is a set of size
35 — 9 — 2 = 24. We show that X is a pseudo-generating set of Spg. Denote by [X] the
smallest pseudo-subspace of Sg ¢ containing X.

Let Ky, Ky, K3, Ly, Ly, L3 be the six lines contained in zi N x5 such that K, Ko, K3
are mutually disjoint, as well as Lq, Lo, L. For every i € {1,2,3}, let «; denote the
unique plane of G containing K, and let §; denote the unique plane of G containing
L;. The planes aq, as, as, B1, B2, 3 mutually intersect in singletons. Note that for all
i,j € {1,2,3}, the planes a; and 3, intersect in the singleton K; N L; C 1 Nxy. If we
denote by k the intersection point of the planes a; and s, then as K; U Ky C k*, we
have (z{ Nxy) C k+ and so k € {z1, 72} and oy = (k, K;) for every i € {1,2,3}. In a
similar way, one proves that there exists an [ € {xy, 25} such that §; = (I, L;) for every
i€{1,2,3}. Asa;NB;=K,NL; Cat Ny forall 4,5 € {1,2,3}, we have k # [ and so
{/{5, l} = {$1, ZL’Q}.

We first prove that every point p of 21 N x5 belongs to [X]. Suppose this point p is
the unique intersection point of the lines K; and L;. Denote by 7 the unique element of
G through p not containing the line K; nor the line L;. The planes «;, 5; and v mutually



intersect in the point p, and so the points x; and x5 do not belong to . This implies that
every point of v\ {p} belongs to X and thus that p € [X].

We thus see that [X] contains all points of Q™ (5,2) with the possible exceptions of x;
and .

Now, take a plane § of G through x;, i € {1,2}. This plane § does not contain x3_;
and so d \ {z;} C [X]. This implies that also z; € [X].

We thus see that [X] = Q7 (5,2), i.e. X is a pseudo-generating set. O

Proposition 3.2. If Q = Q7 (5,2), then the geometry 8.6, has a pseudo-generating set
of size 20.

Proof. Let k and [ be two noncollinear points of Q*(5,2). Then k*+ Nt is a quadric of
type Q7(3,2). Let K and L be two intersecting lines of kX Nit. Put K N L = {u},
K = {u,v;,v} and L = {u,vs,vs}. Put {y1} = kvy \ {k,v1}, {yo} := kv \ {k, 02},
{ys} = lvg \ {l,vs} and {ys} = lvg \ {l,va}. Also, put X := Q7(5,2)\ ((kt Nnit) U
{k,,y1,92,Y3,y4}). Then X is a set of size 20. We prove that X is a pseudo-generating
set of Sgg. Denote by [X] the smallest pseudo-subspace of Sg g, containing X.

Recall from Proposition [3.1] that the planes (k, K) and (I, L) belong to the same family
G of generators of QT (5,2). If we take the unique generator m of G through w distinct
from (k, K) and (I, L), then 7 has six points in common with X and so the seventh point
u belongs to [X]. Now, put &’ := ku \ {k,u} and I’ :== lu\ {l,u}. Then l'vy, l'va, k'vs
and k'vy are lines of Q*(5,2). The unique element of G containing these lines intersect
(k, K) and (I, L) in singletons and contain six points of X. So, also the remaining points
in these planes belong to [X], i.e. vy, vq,v3,v4 € [X].

Now, the plane ([, K) intersects (k, K) in the line {u, vy, v2}, ([, L) in the line {I,I', u}
and kKt NI+ in {u, v, v9}. As {u,v1,v9,0'} C [X], the plane (I, K) already contains six
points of [X]. Hence, also the seventh point [ belongs to [X].

In a similar way, one can show that the plane (k, L) already contains six points of [X]
and that the seventh point k therefore also belongs to [X].

Now, consider the plane of QT (5,2) through {£’, y1,v2} not belonging to G. This plane
intersects (I, L) € G in the empty set and k- NI+ in {vy}. So, this plane already contains
six points of [X], implying that also the seventh point y; belongs to [X].

In a similar way, by considering the planes through {&", vy, vy}, {U,ys,va}, {U', ya,v3}
not belonging to G, one can show that the points ys, y3 and y4 must belong to [X].

We have thus already shown that all points of Q7 (5, 2) belong to [X], with the possible
exception of the four points in (k= NIH)\ {u, v1, ve, v3, v4}. If w is one of these four points,
then we can take a plane through w not containing any line of £+ NI+. This plane already
contains six points of [X] and so also the seventh point w belongs to [X].

We conclude that [X] = Q7" (5,2). O

In order to determine suitable pseudo-generating sets for the geometries Sg g,, where
Q €{Q(6,2),Q(7,2)}, we need some preparatory work.

Suppose S = (P, L,1) is a point-line geometry. A subspace of S is then defined as a
set X of points of § having the property that a line of § has all its points in X as soon as



it has at least two of its points in X. A subspace X is called singular if any two distinct
points of X are collinear. A subspace X is called a hyperplane if X # P and if every line
has at least one of its points in X. The geometry S is called a polar space (in the sense
of Buekenhout and Shult [5]) if the following three properties are satisfied:

(1) for every point x and every line L not incident with z, either one or all points of L
are collinear with x;

(2) there exists no point x that is collinear with all the remaining points of S;

(3) every strictly ascending chain X; C Xy C -+ C X}, of singular subspaces of S has
finite length.

The point-line geometry defined by the points and lines of any nonsingular quadric in a
projective space is an example of a polar space. The following proposition is well-known.
For a proof, see e.g. Shult [15, Lemma 5.2].

Proposition 3.3. Suppose S is a polar space having lines and that all these lines contain
at least three points. If H is a hyperplane of S, then the subgraph of the collinearity graph
induced on the complement of H is connected.

Lemma 3.4. Let Q € {Q(6,2),Q (7,2)}, i.e. Q = Q, withn € {6,7}. Let 1T be
the hyperplane of PG(n,2) intersecting Q in the quadric Q,—1 € {Q1(5,2),Q(6,2)}, let
p € Qu_1, let II, denote the hyperplane of PG(n,2) that is tangent to @ at the point p,
and let x be a point of Q \ Qn—1 not collinear with p on Q. Then Q,—1 U (I, NQ,) U {x}
is a pseudo-generating set of the geometry S = Sq g, -

Proof. Denote by S the pseudo-subspace generated by Q,—; U (IL, N Q,,) U {z}.

The subspace II N 1I,, which has co-dimension 2 in PG(n,2), is contained in three
hyperplanes, namely II, I, and a third one which we will denote by II".

The intersection II NII, N @ is a cone of type pQ*(3,2) if n = 6 and a cone of type
pQ(4,2) if n = 7. In any case, p is the only point in II N IL, N @ that is collinear on @
with all points of II N 1L, N Q.

We show that II" is a nontangent hyperplane. Suppose to the contrary that IT" is
tangent to () in the point p’. As I’ # II,,, we have p’ # p and so by the previous paragraph
we have p’ € IINTIL,. The tangent hyperplane II" in the point p’ would then coincide with
(p', IIN1L,), implying that pp’ is a line of @) and that p’ € IL,. So, p’ € II'NII, = IIN1IL,,
a contradiction.

So, I is a nontangent hyperplane and II N1I, is a hyperplane of II. In case n = 6,
IINTI,NQ is a cone of type pQ*(3,2) and so II'NQ is a quadric of type Q1 (5,2). In the
case n =7, IINII, N Q is a cone of type pQ(4,2) and II' N Q is a quadric of type Q(6,2).

Now, let I be the subgraph of the collinearity graph of I’ 1@ induced on the comple-
ment of its hyperplane IINII, N Q. By Proposition 3.3 we then know that I" is connected.
Recall that IINQ = @,—; and II,NQ are contained in S. In order to show that S coincides
with the whole point set, we thus still need to show that every vertex of I belongs to S.



As the vertex x of I' belongs to S, it suffices to prove that if u, v are two adjacent vertices
of I' such that u € S, then also v € S.

As u,v € I\ (IIN1L,), the line uv of @ meets IINII, in a point w. Let 7 be a plane
of @ through {u, v, w} not contained in IT" N Q. This plane intersects [INQ C S in a line
L and I, N Q C S in another line L. The two points of = not in L U L' C S are the
points v and v. As S is a pseudo-subspace, the fact that v € S thus implies that v € S,
as we needed to prove. O

Lemma 3.5. Let Q € {Q(6,2),Q(7,2)}, i.e. Q = Q, withn € {6,7}. Let II be
the hyperplane of PG(n,2) intersecting @ in the quadric Q,—1 € {Q7(5,2),Q(6,2)},
let p € Qn_1 and let x be a point of Q \ Qn_1 not collinear with p on Q. Denote by
Ly, Lo, ..., Ly the lines of Q through p not contained in Q,_1, and put L; = {p, x;,y;} for
every i € {1,2,...,k}. Then k =6 if n =6 and k = 12 if n = 7. Moreover, the set
Qn-1U{Z1,22,..., 2k, Y1, 2} 15 a pseudo-generating set of the geometry S = Sq g, -

Proof. Let II,, denote the hyperplane that is tangent to ) in the point p. Then II, N Q is
a cone of type pQ(4,2) if n = 6 and a cone of type pQ~(5,2) if n = 7. Also, II, N Q1
is a cone of type pQ*(3,2) if n = 6 and a cone of type pQ(4,2) if n = 7. As |Q(4,2)] —
Q1 (3,2)] =6 and |Q(5,2)] — |Q(4,2)| = 12, we thus see that k =6 if n = 6 and k = 12
ifn="7.

In view of Lemma [3.4] it suffices to prove that the pseudo-subspace S generated by
Qn_1U{x1,29,...,2k,y1} contains all lines Ly, Lo, ..., L. We already know that this is
the case for the line Ly = {p, x1,y1}.

Now, consider the graph I' on the vertex set U = {Ly, Lo, ..., Ly} where two distinct
lines of U are adjacent whenever the plane they generate is also a plane of (). By looking
at the quotient polar space at the point p, we see that I' is isomorphic to the subgraph
of the collinearity graph of @7 induced on the complement of Q2 C @1, where (Q1, Q2) =
(Q(4,2),Q7(3,2)) if n =6 and (Q1,Q2) = (Q(5,2),RQ(4,2)) if n = 7. As T is connected
by Proposition 3.3} it suffices to prove that if L and L’ are two adjacent vertices of T' such
that L C S, then also L' C S.

Now, the plane 7 = (L, L’) is a plane of @) intersecting @),,_; in a line L” C S. Note
that L, L' and L” are the three lines of 7 through p. As L, L” C S and (L' \ {p})NS # 0,
the fact that S is a pseudo-subspace implies that also ' C S as we needed to prove. [J

Proposition 3.6. If Q = Q(6,2), then the geometry Sqg, has a pseudo-generating set
of size 27.

Proof. Let II denote the hyperplane of PG(6,2) for which IT N Q(6,2) = QT (5,2), let
p = (1,0,0,0,0,0,0) € @"(5,2) and let II, denote the hyperplane of PG(6,2) that is
tangent to (Q(6,2) in the point p. By Lemma [3.5 there are six lines Ly, Lo, ..., Lg of
Q(6,2) through p not contained in Q*(5,2). For every {1,2,...,6}, we may put L; =

{p, xi,y;}, where z; = (0,0,0,1,1,1,1), y; = (1,0,0,1,1,1,1), x (O 0,0,0,1,1,1), yo =
(1,0,0,0,1,1,1), a3 = (0,0,1,0,1,1,1), ys = (1,0,1,0,1,1, ), = (0,0,1,1,0,0,1),
ys = (1,0,1,1,0,0,1), 75 = (0,0,1,1,0,1,1),y5:(1,0,1,1,0,1,1) =(1,0,1,1,1,0,1)
and yg = (0,0,1,1,1,0 1) Note that = = (0,1,0,0,1,1,1) is a point of Q(6,2)\ Q1 (5,2)
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not collinear with p on the quadric Q(6,2). For every point z of Q(6,2), denote by 2+
the set of points of Q(6,2) collinear with z on Q(6,2) (including z itself).

By Proposition [3.2] we know that there exists a pseudo-generating set Z of size 20 of
the geometry Sq g, with Q" = Q1 (5,2). We now show that S := ZU{x1, 29, 73, 24, T5, T,
r} is a pseudo-generating set (of size 27) of Sg g,. Denote by [S] the pseudo-subspace of
8.6, generated by S.

Since Z C S is a pseudo-generating set of Sqg,,, we have Q7 (5,2) C [S]. The fact
that [S] is a pseudo-subspace then implies the following.

Suppose u, v and w are points of Q(6,2) such that (u,v,w) is a generator
intersecting Q7 (5,2) in the line vw = (v, w) and (u,v,w) \ ({u} Uvw) C [5],
then also u € [5].

This fact allows us to prove that the three points uy, uy and y; of Q(6,2) are contained
in [S], see the following table where also the points u; and wuy are defined.

| u v, weuNQT(5,2) with w € v | (u,v,w) \ ({u} Uvw) |
o= (0,5,1,1,0,0,1) | (0,0,1,1,1,1,0),(0,1,0,0,0,0,0) To, T4, &
ws=(1,1,0,1,1,0,1) | (0,1,1,0,0,0,0),(1,0,0,1,0,1,0) Ta, To, T
v =(1,0,0,1,1,1,1) | (0,1,0,0,0,1,0),(1,0,1,0,1,0,0) s, U1, Uz

Since [S] contains Q1 (5,2) U {x1, xa, x3, T4, 5, T, Y1, T}, We know from Lemma that
the pseudo-subspace [S] coincides with Q(6,2), i.e. S is a pseudo-generating set of size
27 of SQ,gQ . ]

Proposition 3.7. If Q = Q7(7,2), then the geometry Sq g, has a pseudo-generating set
of size 35.

Proof. Let II denote the hyperplane of PG(7,2) for which IINQ~(7,2) = Q(6,2), let p =
(1,0,0,0,0,0,0,0) € Q(6,2) and let II,, denote the hyperplane of PG(7, 2) that is tangent
to @ (7,2) in the point p. By Lemma[3.5] there are twelve lines Ly, Lo, ..., L1s of Q7 (7,2)
through p not contained in Q(6,2). For every {1,2,...,12}, we may put L; = {p, x;, y;},
where #, = (0,0,0,1,1,1,0,1), 51 = (1,0,0,1,1,1,0,1), 23 = (0,0,0,0,1,1,0,1), g =

(1,0,0,0,1,1,0,1), z3 = (0,0,1,0,1,1,0,1), y3 = (1,0,1,0,1,1,0,1), 4, = (0,0,1,1,0,0,
0,1), vy = (1,0,1,1,0,0,0,1), x5 = (0,0,1,1,0 1,0,1), y5 = (1 0,1,1,0,1,0,1)7 Te =
(1,0.1,1,1,0,0,1), g5 = (0.0,1,1,1,0,0,1), z= = (0,0,0,0,1,1,1,1), y7 = (1,0,0,0, 1, 1,
1,1), z —(0,00111,1,1) y8:(100,1, ,1,1,1), 29 = (0,0,1,0,1,1,1,1), yg =
(1, 0,1,0111, 1), x 0—(0 0,1,1,0,0,1,1), y30 = (1,0,1,1,0,0,1,1), 211 = (1,0,1,1,1,
0,1,1), yn:(OO 11,1,0,1,1), 212 = (0, 0,1,1,0 1,1,1) and g2 = (1,0,1,1,0,1,1,1).
Note that = = (0,1,0,0,1,1,0,1) is a point of @~ 7,2)\@ 6,2) not collinear with p on

the quadric Q@ (7, )

By Proposition [3.6, we know that there exists a pseudo-generating set Z of size 27 of
the geometry S¢y g, with Q" = Q(6,2). We now show that S := ZU{xy, x9, 3, T4, T5, T,
r7, 7} is a pseudo-generating set (of size 35) of Sg,g,,. Denote by [S] the pseudo-subspace
of 8g g, generated by S.

10



Since Z C S is a pseudo-generating set of SQ/gQ,, we have Q(6,2) C [S]. The fact

that [S] is a pseudo-subspace then implies the following.

Suppose u, v and w are points of Q7 (7,2) such that (u,v,w) is a generator
intersecting Q(6,2) in the line vw = (v, w) and (u,v,w) \ ({u} Uvw) C [5],

then also u € [5].

This fact allows us to prove that the 18 points uq, us, ..
Q) (7,2) are contained in [S], see the following table where also the points uy, us, . ..

-, U12, Y1, T8, L9, 10, 11, T12 of

are defined.
| u | v,w € ut NQ(6,2) with w € v | (u,v,w) \ {u} Uovw) |
u = (0,1,0,1,1,1,0,1) | (0,0,0,1,0,0,0,0), (0,1,0,0,0,0,0,0) Ty, Ta, T
ug :=(0,1,1,0,1,1,0,1) | (0,0,1,0,0,0,0,0), (0,1,0,0,0,0,0,0) To, T3, T
ug :==(0,1,1,1,0,0,0,1) | (0,0,1,1,1,1,0,0), (0,1,0,0,0,0,0,0) To, Ty, T
uy :=(1,1,0,0,0,1,0,1) | (0,1,1,1,1,1,0,0), (1,0,0,0,1,0,0,0) Ty, Tgy, T
us == (1,1,0,1,1,0,0,1) | (0,1,1,0,0,0,0,0), (1,0,0,1,0,1,0,0) T3, Tg, T
ue == (1,1,1,0,1,0,0,1) | (0,1,0,1,0,0,0,0), (1,0,1,0,0,1,0,0) 1, Tg, T
ur :=(0,1,1,1,0,0,1,1) | (0,1,1,1,1,1,0,0), (1,0,1,1,0,1,1,0) T, T7, Uy
us :=(1,1,1,0,0,1,0,1) | (0,0,1,0,0,0,0,0), (1,0,0,0,1,0,0,0) T, U, Uy
ug :=(1,1,0,0,0,0,0,1) | (0,0,0,0,0,1,0,0), (1,1,1,1,0,0,0,0) Ty, Ty, Uy
uy = (1,1,1,1,1,1,1,1) | (1,1,1,1,0,0,0,0), (0,0,1,1,1,0,1,0) Ty, Ty, Uy
uy = (1,1,0,0,1,0,0,1) | (0,0,0,1,0,0,0,0), (1,0,0,0,0,1,0,0) T, Uy, Us
uip = (0,1,1,1,0,1,1,1) | (0,0,0,0,0,1,0,0), (1,0,1,1,0,0,1,0) Ug, U7, Ug
y1 =(1,0,0,1,1,1,0,1) | (0,1,0,0,0,1,0,0), (1,0,1,0,1,0,0,0) T, Uz, Us
zg = (0,0,0,1,1,1,1,1) | (0,0,0,1,0,0,0,0), (1,1,0,0,0,1,1,0) Ty, Us, U1
z9 = (0,0,1,0,1,1,1,1) | (0,0,1,0,0,0,0,0), (1,1,0,0,0,1,1,0) T, Ug, Ury
z10 = (0,0,1,1,0,0,1,1) | (0,0,1,1,1,1,0,0), (1,1,0,1,0,1,1,0) T7, Us, U
z; = (1,0,1,1,1,0,1,1) | (0,1,0,0,0,1,0,0), (1,0,0,0,1,1,1,0) T, Uz, Ul
xr12 = (0,0,1,1,0,1,1,1) | (0,0,0,0,0,1,0,0), (0,1,0,0,0,0,0,0) 10, U7, U2

Since [S] contains Q(6,2) U {z1, zo, ..

Of SQ,QQ .

4 Proofs of the main results

Let @ be one of the quadrics Q5 = Q1(5,2), Qs = Q(6,2) or Q7 = Q(7,2). In Section
, we constructed for every n € {6,7,8} a map €,; from the point set of @),,—; to the
point set of the projective space PG(V;) where [ = (
that the image of this map generates the whole projective space PG(V;). This will be a

n+2)(n—1)
2

consequence of the following lemma.

11

., T12,Y1, 7}, we know from Lemma that the
pseudo-subspace [S] coincides with Q~(7,2), i.e. S is a pseudo-generating set of size 35

. Our first goal is to show




Lemma 4.1. Let Q) be one of the quadrics Q7 (5,2), Q(6,2), Q@ (7,2), and let PG(n—1,2)
with n € {6,7,8} be the ambient projective space of Q. Also, let S be a set of points of
PG(n — 1,2) described by an equation of the form

n

Z aiXi —+ anijij == O,

i=1
with all coefficients belonging to Fo. If Q C S, then a; = by = 0 for all 4,5,k €
{1,2,...,n} with j < k and (5, k) # (1,2).

Proof. For all j,k € {1,2,...,n} with j < k and (5, k) # (1,2), put by; := bj.

Since every point (¢;) with ¢ € {1,2,...,6} belongs to @ C S, we have a; = 0 for
every i € {1,2,...,6}.

Since a; = a; = 0 and (€; +¢ex) € Q C S for all j,k € {1,2,...,6} with j < k and
(4,k) €{(1,2),(3,4), (5,6)} we have that bj; = 0 for all such values of j and k.

Since a; = a9 = -+ = Qg = b13 = 614 = bgg = b24 = b15 = b16 = b25 = b26 = O, the fact
that the points (€1 + é; + €3+ €4) and (é; + €2 + €5 + &) belong to @ C S implies that also
by = bsg = 0. At this stage, we have already proved the lemma in the case Q@ = Q7 (5, 2).
So, suppose n > 7.

We show that bj, = a, = 0 for all j,k € Nwith 1 < j <6 and 7 < k < n. Take
(7',5") € {(3,4),(5,6)} such that j, j/ and j” are mutually distinct. As a; = aj = aj» =
bjj = bjjn = by = 0, the fact that the points (; + €;» + éx) and (€; + € + €;» + éy,)
belong to @) C S implies that ay + bji + bjr, = ap + bji + by, + bjr, = 0 and hence that
bir =0. As 1 < j', 7" <6, we then also know that b, = bj»;, = 0 and so the above then
also implies that a; = 0.

At this stage, we have already proved the lemma in the case that @ is either Q7 (5,2)
or (6,2). In case Q = Q(7,2), we have already showed that all coefficients are zero
with the possible exception of bzs. However, as the point (é; + €2 + €7 + és) belongs to
Q(7,2) C S, we can then see that also byg = 0. ]

Corollary 4.2. For every n € {6,7,8}, the image of the map €,; generates the whole

. . _ (n+2)(n—-1)
projective space PG(V)) where | = 5.

Proof. Tf this were not the case, then there exists a hyperplane in PG(V}) containing all
points of the image. But the existence of such a hyperplane would contradict Lemma

41l O

For every n € N\{0, 1,2}, let S,,_1 be the geometry of the points and planes of PG(n—1, 2),
with incidence being containment. In [7], we showed that S, _; has pseudo-embeddings and
determined the universal pseudo-embedding of S,,_;. To describe this universal pseudo-
embedding, we need to consider a vector space V' of dimension @ having base elements

g; and hy with i,7,k € {1,2,...,n} such that j < k.

Proposition 4.3 ([7]). Let €, be the map from the point set of S,—1 to the point set of
PG(V’) sending the point (X1, X, ..., Xy) of Sp—1 to the point (37, XiGi+> 1 <jcpen X;
X;jz}k) of PG(V"). Then €, is isomorphic to the universal pseudo-embedding of S,_1.
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If Q= @Q, 1 with n € {6,7,8} and G is the set of all generators of () or one family of
generators if Q@ = Q5 = Q1(5,2), then Sgg is a full subgeometry of S,,_;. The pseudo-
embedding €, of S,_; will therefore induce a pseudo-embedding of S g. The following
can be proved about this induced pseudo-embedding.

Proposition 4.4. If Q = Q,_1 with n € {6,7,8} and G is the set of all generators
of @Q or one family of generators if Q = Q5 = Q1 (5,2), then the pseudo-embedding of
Sg¢ induced by the pseudo-embedding €, of S,_1 is isomorphic to the map €, defined in
Section [1.

Proof. We define g/ = g} for every i € {1,2,...,6}, ¥ := g, + h}, if n € {7,8} and
gd = gk + hiy if n = 8. We also define A, '—h’ forallz ,7€{1,2,...,n} with i < j and
(i,7) € {(1,2),(3,4),(5,6),(7,8)}, hf, == hiy + h 4y and A, = R} —|— his. We also define
hly = hiy + hig 1f n = 8. Let V" denote the hyperplane of V' = <V” ,h,) generated by
the Vectors g” and h” with 7,7,k € {1,2,...,n} such that j < k and (5, k) # (1,2). For
every point p = (Xl, X, ..., X,) of Q,_1, we then have that €,(p) is equal to the point
(i Xag! + D" XiX;hlL) of PG(V”). Taking into account Corollary , we see that
€,(Qn—1) generates the whole of PG(V”) and that the pseudo-embedding of Sg ¢ induced
by €, is isomorphic to the map €, defined in Section . O

Denote by Vag a 28-dimensional vector space over Fy generated by V57 and an addi-
tional vector his. Let V3, be the hyperplane of Vg consisting of all vectors Zzzl X;9; +
Zl§j<k§7 XijBjk for which X; = 0. Let V5 be the subspace of Vg generated by Vo
and hio. The fact that X7 4+ X7 X5 + X3X, + X5Xs = 0 for points of Q(6,2) implies that
the universal pseudo-embedding €727 of Sgq g, 18 isomorphic to the map

(X1, Xs, ..., X ZXgﬁ— > XX h)

1<j<k<7

from the point set of Q(6,2) to the point set of PG(Vy;). We now show that the map €79

(X1, X,, ..., X ngmu > XX h)
1<j<k<6
from the point set of Q(6,2) to the point set of PG(V4;) is also a pseudo-embedding of
SQ67QQ6'

Proposition 4.5. If Q = Q(6,2) and G is the set of all generators of Q(6,2), then the
map €791 s a pseudo-embedding of the geometry Sg -

Proof. The map (X1, Xs,...,X7) — (X1,Xs,...,Xs) defines a bijection between the
points of Q(6,2) and the points of PG(5, 2) mapping every generator of Q(6,2) to a plane
of PG(5,2). This map thus defines a full embedding of Sg ¢ into S5 and every pseudo-
embedding of S5 will induce a pseudo-embedding of Sg ¢. This pseudo-embedding of Sg g
is isomorphic to the map €7 ;. O
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Suppose now that @ = Q7 (5,2). Recall that G* is the family of generators of @ to
which the plane with equation X; = X3 = X5 = X7 = Xg = 0 belongs. Note that
it G = Gg,, then Sg, g~ is a full subgeometry of Sy, ¢ having the same point set. The
pseudo-embedding €6 20 of S g Will therefore induce the following pseudo-embedding €5 5
of S, g+ in PG(Vay):

6
6 _
62,20 : (X17X27 e 7X6) — < g lejz + E X]th,]k>
i=1

We will now define an additional pseudo-embedding of S, g+. The construction is based
on the following proposition which is a slight improvement of Proposition 2.1 of [I1].

Proposition 4.6. Let S = (P, L,1) be a point-line geometry having the property that the
number of points on each line is finite and at least 3, let V and V be two vector spaces
over Fy such that V is a hyperplane of V, let v € V\V, let ¢ : S — PG(V) be a
pseudo-embedding of S and let H be a pseudo-hyperplane of S. For every point x of H,
we define €(x) := e(x) and for every point y of S not contained in H, let €(y) denote the
third point on the line through e(y) and (v*). If PG(W) denotes the subspace of PG(V)
generated by the image of €, then the following hold:

(1) €: S — PG(W) is a pseudo-embedding of S;
(2) if HEZ H,, then W =V, H € He, and €, € are nonisomorphic pseudo-embeddings;
(3) if H € H., then W is a hyperplane of V and €, € are isomorphic pseudo-embeddings.

Proof. Suppose first that H ¢ H,, then by Proposition 2.1 of [I1] we know that W =V
and that € : § — PG(W) is a pseudo-embedding. By construction, it follows that
the pseudo-hyperplane H arises from the hyperplane PG(V) of PG(W) = PG(V). So,
H e H.. As H € H,., we then see that ¢ and € cannot be isomorphic.

Suppose that H € H.. Then there exists a unique hyperplane 7 of PG(V') such that
H = ¢ Y7 Ne(P)). We denote by PG(W’) the unique hyperplane of PG(V) through
7 distinct from PG(V') and (m,v*). The projection from PG(V') to PG(W’) with center
(v*) defines an isomorphism 6 between PG(V') and PG(WW’) such that €(z) = 0(e(z)) for
every point z of S. We thus have that W = W’ is a hyperplane of V and that e, € are

isomorphic pseudo-embeddings. O
Lemma 4.7. Let S be a set of points of PG(5,2) described by an equation of the form

6
Z*aiijinXk + Z bZXZ + ZGCijij = 0,
=1

with all coefficients belonging to Fy. If QT(5,2) C S, then a1z = a146 = Go36 = A5 =
b =cjr =0 foralli,j, ke {1,2,...,6} withj <k and (5,k) # (1,2).
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Proof. Since (g;) € Q@(5,2) C S for every i € {1,2,...,6}, we have b; = 0 for every
ie{1,2,...,6).

Since (€; + &) € @7(5,2) C S for all j,k € {1,2,...,6} with j < k and (j, k) ¢
{(1,2),(3,4),(5,6)}, we have ¢;;, = 0 for such values of j and k.

Since (€1 + €2 + €3 + &4) and (€ + €2 + €5 + &) belong to Q1 (5,2) C S, we then also
have ¢34 = ¢56 = 0.

Since (€1 + €3 + €5), (€1 + é4 + &), (62 + €5 + €g) and (€2 + é4 + €5) are points of
Q1 (5,2) C @, we finally have that ai35 = a146 = 236 = ag45 = 0. O

Proposition 4.8. Let G* be the family of generators of Qs = Q1 (5,2) containing the
plane with equation X1 = X3 = X5 = X7 = Xg = 0. Then the map €54, i a pseudo-
embedding of Sg, g+ in the projective space PG(Vay).

Proof. By Lemma @, we know that the image of € 5, generates the whole projective space
PG(Va4). Combining this with Proposition , we know that €5, is a pseudo-embedding
of Sg, g+ if the sets of points of QT (5,2) with equations X3 X3X5; = 0, X1 X,X¢ = 0,
XoX3Xs = 0 and XoX, X5 = 0 form four pseudo-hyperplanes of Sp, g« (we can then
apply Proposition four consecutive times). We now observe the following for an
(a,b,c) € {(1,3,5),(1,4,6),(2,3,6),(2,4,5)}.

(1) The set of points of Q@ (5,2) with equation X, = X, = X, = 0, or equivalently
XoXp X+ X Xp+ Xo X+ Xp X+ X+ Xp+ X = (X +D)( X+ D)(Xe+1)+1=0
is a pseudo-hyperplane of Sy, g+ as this set of points is an element of G* and so
meets every generator of G* in either 1 or 7 points.

(2) The sets of points of Q1 (5,2) with equations X, X, = 0, X, X, = 0, X, X, = 0,
X, =0, X; =0 and X. = 0 are pseudo-hyperplanes of Sg; g+ arising from € 5.

(3) If Hy and H, are two distinct pseudo-hyperplanes of Sg, g« with respective equa-
tions f1(X1, Xo,...,X6) = 0 and fo(Xq, Xo,..., Xs) = 0, then the set of points of
Q7 (5,2) with equation fi(Xy, X, ..., Xg)+ f2(X1, Xo, ..., Xg) = 0 is also a pseudo-
hyperplane as this set is just the complement of the symmetric difference of H; and
HQ.

The properties (1), (2) and (3) imply that the set of points of @*(5,2) with equation
XoXpX. = 0is a pseudo-hyperplane of Sg, g~ for every (a, b, c) € {(1,3,5), (1,4,6), (2,3,6),
(2,4,5)} O

Theorems and [I.4] of Section [I] are now consequences of Propositions [2.1] [3.1]
8.2 3.6] and At this stage, we also have done enough preparatory work to

prove Theorems [1.5 and [1.6]
Let S = (P,L,I) be one of the geometries S, with n > 2 or Spg, with Q €

{Q7(5,2),Q(6,2),Q(7,2)}. Note that each 7 € L is a plane of the ambient projec-
tive space of §. A set of points of odd size of 7 is either a point, a line, an irreducible
conic, the union of two distinct lines or the whole of 7, i.e. a possibly reducible conic of
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7. The pseudo-hyperplanes of S are thus precisely those sets of points of S distinct from
P that meet each m € £ in a possibly reducible conic of 7. Theorems and are
then immediate consequences of Proposition if we also take into account the algebraic
descriptions of the universal pseudo-embeddings of S (Theorem and Proposition [4.3)).

We end this paper with showing that the conclusion of Theorem is no longer valid
for PG(5,2) if we restrict to those planes that are totally isotropic with respect to a given
symplectic polarity of PG(5,2). The projection of Q(6,2) from the kernel (0,0, 0,0,0,0, 1)
of Q(6,2) to PG(5,2) defines an isomorphism 7 between the geometry of points and planes
of Q(6,2) and the geometry of points and planes of a symplectic polar space W (5,2).

The sets of points of PG(5, 2) intersecting each plane of W (5,2) in a possibly reducible
conic therefore correspond via 7 to the sets of points of Q(6,2) arising from the universal
pseudo-embedding €727 of Sg4,g,, -

On the other hand, by Theorem the sets of points of PG(5,2) intersecting each
plane of PG(5, 2) in a possibly reducible conic are precisely the possibly reducible quadrics
of PG(5,2). These correspond via 7 to the sets of points of Q(6, 2) arising from the pseudo-
embedding €791 (see also the proof of Proposition .
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