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Abstract

We classify finite near hexagons that satisfy the following three properties for
certain s,ty € N\ {0, 1}: every line contains precisely s+ 1 points; every two points
at distance 2 have either 2 or ¢ + 1 common neighbours; if @) is a quad of order
(s,t2), then I'y(Q) does not contain lines. As a consequence of our treatment, we
are able to complete the classification of all finite dense near hexagons and octagons
with four points on each line.
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1 Introduction

This paper is concerned with the classification of certain near polygons. As we will see in
Section [2] for classification purposes we may often assume that the near polygons under
consideration have a constant number of points on each line. We will also make this
assumption here. Specifically, we classify finite near hexagons that satisfy the following
three properties for certain numbers s,t; € N\ {0, 1}:

(P1) Every line contains precisely s + 1 points.
(P2) Every two points at distance 2 have either 2 or ¢t + 1 common neighbours.

(P3) If @ is a quad of order (s,ts), then I'y(Q)) does not contain lines.

For the definitions of the basic notions and notations that occur in this introductory
section, the reader is referred to Section [2] We already note here that Properties (P1)
and (P2) imply that S has an order (s,t) and that every two points at distance 2 are
contained in a unique quad, which is either an (s + 1) x (s + 1)-grid or a quad of order
(s,ta). If one of the quads of order (s,ty) is big, then necessarily all quads of order (s, t2)



are big. In the following theorem, which is our first main result, we make use of the
following sets of tuples:

Ti = {(4,77),(5,10), (5,146), (8,569), (11,1442), (12,171), (14, 11), (14, 56), (18, 6139),
(21,365), (23,12674), (32, 33761), (53, 151634), (56, 92), (65, 65), (99, 66),
(129, 1861), (158, 3969119), (204, 1683)};

T, = {(8,4,68),(8,13,221),(9,3,57), (12,6,195), (14,7, 287), (17,7, 623),
(20,40, 14705), (22, 6,930), (26, 52, 2756), (35,7, 1085), (41, 7,623), (41, 7, 659),
(41,7,1289)}.

Theorem 1.1 Suppose S is a finite near hexagon satisfying Properties (P1), (P2), (P3)
for certain s,ts € N\ {0,1}, and let (s,t) denote the order of S. Then the following hold.

(1) If s <500 and all quads of S are grids, then either S = Ky, S is a Hamming near
hexagon H(3,s+ 1) or (s,t) € T;.

(2) If s < 50 and S contains non-big quads of order (s,t3), then either S = Ey or
(S,tg,t) < 75

(3) If S contains big quads of order (s,ts), then S is one of the following:

(a) a dual polar space DW (5,q), DQ(6,q), DQ~(7.q), DH(5,q¢*), DH(6,¢*) for

some prime power q;

(b) a product near hexagon of the form Ly X Q, where Ly is a line of size s+ 1
and Q is a generalized quadrangle of order (s, t3);

(¢) a glued near hexagon of type Q1 ® Qa, where Q1 and Q2 are two generalized
quadrangles of order (s,ts);

(d) the near hexagon Hs.

No example of a near hexagon is known for each of the possibilities for (s,t) and (s, s, )
mentioned in Theorem . In fact, among the thirteen mentioned possibilities for (s, to,t)
there are only two for which there exists a (currently) known generalized quadrangle of
order (s,t2), namely (8,4,68) and (9,3,57). For each of the mentioned possibilities for
(s,t2,t), there also exists a constant b such that every point is contained in b quads of
order (s,ts), see Section [10]

As we will see in Section 2 Property (P3) is satisfied if @ does not admit a partition in
(induced) ovoids, an induced ovoid being a set of points of @) of the form I'y(z) N Q) where
x € T'9(Q). This is for instance the case when @ is a generalized quadrangle isomorphic to
W(q), q odd, or Q(5,q). It is also the case if the generalized quadrangle @ is isomorphic
to H(3,¢*) or Q(4,q) with all induced ovoids being classical. We refer to [21, Chapter 3]
for the definitions of the mentioned generalized quadrangles and for proofs of these facts
about ovoids.



Classification results in the direction of Theorem have already been obtained in
the papers [5, 10]. In Sections [3] till [0 we derive all kinds of restrictions (equalities,
inequalities, divisibility conditions) involving the parameters of near hexagons satisfying
(P1), (P2), (P3) and having non-big quads of order (s,t3). In fact, several of these
restrictions are generalizations of arguments already given in [5] [10], but we will also
derive several new restrictions. In generalizing some of the arguments in [, [10], we try
to optimize the obtained bounds with the aim of excluding as many cases for (s,ts,t) as
possible. And indeed, as we can see in Theorem there are not many possibilities for
(s,t2,t) that will ultimately survive all these restrictions.

In [I0], we classified finite dense near hexagons with four points per line. This clas-
sification was “almost complete” in the sense that only four open cases remained with
specific information about s, ¢t and some other parameters. In recent work, we excluded
three of these four cases (one in [17] and two in [14]), resulting in one case still being open.
The elusive near hexagons corresponding to this final case are in fact near hexagons of
order (3,27) satisfying (P1), (P2), (P3) with s = ¢, = 3 and all quads of order (3, 3) being
non-big and isomorphic to Q(4,3). The nice thing is that one of the new restrictions we
derive here will allow us to kill this final case (see Section , resulting in a complete
classification of all finite dense near hexagons with four points per line, almost twenty
years after the original incomplete classification was obtained in [I0]. The following is
thus our second main result.

Theorem 1.2 Suppose S is a finite dense near hexagon with four points per line. Then
S is one of the 10 near hexagons described in Section 1 of [10)].

In Proposition 1.1 and Theorem 1.2 of [12], we obtained an incomplete classification of the
finite dense near octagons with four points per line. In that paper, we described an explicit
list of 28 near octagons, and showed that any other example must contain an “exceptional
near hexagon” as subgeometry. Such an exceptional near hexagon corresponds to one of
the four open cases in the classification of the finite dense near hexagons with four points
per line as obtained in [I0]. In view of Theorem we thus have:

Theorem 1.3 Suppose S is a finite dense near octagon with four points per line. Then
S is isomorphic to one of the 28 near octagons mentioned in Proposition 1 of [12].

Theorems and thus complete existing results from the literature. In fact, with
these results available, we now have a complete classification of all finite dense near 2d-
gons with three or four points per line if the diameter d is at most 4. Indeed, disregarding
the trivial cases d = 0 and d = 1 (where the near polygons are points and lines), we may
assume here that d > 2. The dense near 2d-gons with three points per line have been
classified in [5] for d = 3, in [16] for d = 4 and in [21], Section 6.1] for d = 2 (although the
latter classification was already folklore long before [21] was published). The classification
of the finite generalized quadrangles with four points per line was obtained in [I§], see
also [21) Section 6.2].



2 Preliminaries

A point-line geometry S = (P, L, 1) with non-empty point set P, line set £ and incidence
relation I C P x L is called a near polygon if every two distinct points are incident with at
most one line, and if for every point-line pair (z, L), there exists a unique point 7 (x) on
L that is nearest to x with respect to the distance in the collinearity graph I' of §. This
is the graph whose vertices are the points of S, with two distinct points being adjacent
whenever they are incident with the same line. If d € N is the diameter of I, then the
near polygon is called a near 2d-gon. A near 0-gon is a point and a near 2-gon is a line.
Near quadrangles having two disjoint lines are also known as generalized quadrangles [21].

If 1 and zo are two points of a near polygon, then d(z;,z3) denotes the distance
between x; and x5 (in the collinearity graph). If x is a point and Y a non-empty set of
points, then d(z,Y’) denotes the smallest distance between = and a point of Y. If Y} and
Y, are two non-empty sets of points, then d(Y;, Y2) denotes the smallest distance between
a point of Y7 and a point of Y. If % is a point or a non-empty set of points, then I';(x)
with ¢ € N denotes the set of points at distance ¢ from *. For every point x, we denote
Lo(z) UT () also by zt.

A set X of points of a point-line geometry S is called a subspace if every line having
two of its points in X has all its points in X. For every non-empty subspace X, we denote
by X the subgeometry of S defined on the point set X by all those lines of S that have all
their points in X. A set X of points of § is called convez if every point on a shortest path
between two points of X is also contained in X. If X is a non-empty convex subspace of a
near polygon S, then X is also a near polygon. If X is moreover a generalized quadrangle,
then X is called a quad of S. Two distinct quads of a near polygon intersect in either

a singleton, a line or the empty set. If %, %o,..., %, is a collection of objects of a near
polygon (like points, lines and non-empty sets of points), then (xj,*s, ... %) denotes the
smallest convex subspace containing i, *s,...,%;. This new object is well-defined as it

equals the intersection of all convex subspaces containing the mentioned objects.

A near polygon is called dense if every line is incident with at least three points and
if every two points at distance 2 have at least two common neighbours. If S is a dense
near polygon, then every two points at distance 2 are contained in a unique quad, as well
as any two distinct intersecting lines.

If §; and S are two near polygons with respective collinearity graphs I'y and I'y, then
a new near polygon §; X Sy can be constructed whose collinearity graph is isomorphic to
the cartesian product I'y x I'y of T'; and 'y, see [T, p. 146] or [I3] Section 6.6]. The near
polygon &; X Ss is called the direct product of S; and S, and its diameter is the sum of the
diameters of §; and Sy. If S;, Sy and S3 are three near polygons, then §; X S; =2 S x S
and S X (Sy X 83) = (81 x 83) X 83 and so the direct product §; X Sy X « -+ X S of
k > 2 near polygons Si,Ss,...,S, is well-defined. The direct product of a number of
lines is called a Hamming near polygon. If there are d lines of size s + 1 involved in this
construction, then the Hamming near polygon is denoted by H(d, s + 1).

If § is a near polygon having the property that every two points at distance 2 have
at least two common neighbours (as it is the case for dense near polygons), then by [7,



Theorem 1] (see also [I3], Corollary 6.17]) we know that S is isomorphic to some product
near polygon &1 X S X --- X 8, where each &; is a near polygon having a constant
number of points on each line. For this reason, when classifying near polygons, we may
often assume that there is a constant number s+ 1 of points on each line. A near polygon
with two points per line is nothing else than a bipartite graph ([I3, Theorem 6.3]). Such
near polygons are usually excluded from classification purposes as there are too many
such graphs.

A line spread of a point-line geometry S is a set of lines partitioning the point set.
If Q; and Q, are two generalized quadrangles having line spreads S; and S, satisfying
certain nice properties, then by [9] (a) new near hexagon(s) S can be constructed from
(Q1, Qa, 51, 52). Any such near hexagon is said to be glued of type Q1 ® Qo. By [9], glued
near hexagons of type Q; ® O, are characterized by the following properties:

e for every ¢ € {1,2}, S has a partition R; in quads isomorphic to Q;;

e every quad of R intersects every quad of R, in a line;

e every line is contained in a quad of Ry or a quad of Rs.

Suppose z is a point and () a quad of a near polygon such that d(z, Q) = i. The point
x is called classical with respect to () if there exists a unique point mo(z) in @ at distance
i from x, in which case it holds that d(z,y) = d(z, mg(z)) + d(mg(x),y) for every y € Q.
The point z is called ovoidal with respect to @ if T';(x) N Q is an ovoid of CNQ (or shortly
of @). This is a set of points of @ meeting each line of @ in a singleton. If the latter
case occurs, then the set I';(z) N Q is called a subtended ovoid. For every point-quad pair
(z,Q) in a dense near polygon, the point z is classical or ovoidal with respect to @, see
[23, Proposition 2.6] (or [13, Theorem 6.24]).

Suppose () is a quad of a dense near hexagon S. Then the maximal distance from a
point of § to @ is equal to 2. Points of @ UT'1(Q) are classical with respect to @), and
points of T'5(Q) are ovoidal with respect to Q. If T'5(Q) = (), then @ is called big. By [7,
(b)] (see also [13, Theorem 6.25]), one of the following cases occurs for a line L of S:

(i) L C Q.

(ii) L intersects () in a unique point.

(iii) L is contained in I';(Q). In this case, mo(L) := {mg(x) |z € L} is a line of Q.

(iv) L contains a unique point y;, € I'1(Q)) and all remaining points of L lie in [',(Q). If
zr, denotes the unique point of () collinear with yr,, then the subtended ovoids determined
by the points of L\ {y.} all contain z; and partition the set of points of @ NTs(zy).

(iv) L C I'y(Q). In this case, the subtended ovoids determined by the points of L form
a partition of Q).

We thus see that Q UT'1(Q) is a subspace of S.

A near polygon is called classical if every two points at distance 2 are contained in
a quad and if every point is classical with respect to any quad. It follows from [§] that
classical near polygons are so-called dual polar spaces, a class of point-line geometries
closely related to the polar spaces of Tits [24]. In the finite case, it follows from Tits’
classification of polar spaces (see e.g. [13, Sections 7.7, 7.9, 8.2]) that every classical dense
near hexagon is isomorphic to one of the following geometries:



e a product near polygon £ x Q, where L is a finite line and Q is a finite generalized
quadrangle, each having at least three points on each line;

e the symplectic dual polar space DW (5, q) for some prime power g;

e the orthogonal dual polar space DQ(6, q) for some prime power ¢;

e the elliptic dual polar space DQ~(7,q) for some prime power g;

e the Hermitian dual polar space DH (5, ¢*) for some prime power ¢;

e the Hermitian dual polar space DH (6, ¢*) for some prime power gq.

A near polygon is said to have order (s,t) if every line is incident with precisely
s + 1 points and if every point is incident with exactly ¢ + 1 lines. A near hexagon is
said to be regular with parameters (s,t,ts) if it has order (s,t) and if every two points
at distance 2 have precisely t; + 1 common neighbours. If S is a regular near hexagon
with parameters (s,t,t3), s > 2, then an inequality of Haemers and Mathon [19] states
that ¢ < s® + ty(s? — s + 1), see also [7, (i)], [20, p. 207] or [13, Theorem 6.48]. The
near hexagons E; and E,; mentioned in Theorem are regular near hexagons whose
parameters (s,t9,t) are respectively equal to (2,1,11) and (2,2,14) (and so for each of
them, we have equality in the Haemers-Mathon bound). They were constructed in [23]
from the extended ternary Golay code and the Witt design S(5,8,24). By [3] and [4],
these near hexagons are uniquely determined (up to isomorphism) by their parameters.

Suppose now again that S is a regular near hexagon with parameters (s,t,ty). It is
then known, see e.g. [22], [7, (i)] or [13, Theorems 3.13, 6.46 and 6.48] that the collinearity
graph T" of S has exactly four distinct eigenvalues A\ = s(t + 1), Ao, A3, Ay = — (¢t + 1),
where A\; > Ay > A3 > A4 and A, \3 are the roots of the quadratic polynomial

22— (s =1ty +2)z + (s> — s+ 1)ty — st + (s — 1)* € R[a].

We have
/\_(5—1)(162+2)+\/E )\—(8_1)<t2+2)_\/5
2 — 9 5 3 — 9 )
where D = (s — 1)%t3 + 4s(t — t5). Putting
s2(t+ 1)t S3t(t — to)
ko=1, k =s(t+1 ky = ————, k3=——"
0 ’ 1 S( + )7 2 t2+1 ) 3 t2—|—1 )

we have that |I;(x)| = k; for every ¢ € {0,1,2,3} and every point « of S. The total

number of points of S is then equal to

sS2(t+ 1)t $3t(t —to)
to+1 to+1

s2t(t — to)
ta+1

v=1+s(t+1)+ =(s+1)(1+st+ ). (1)
We denote by m;, i € {1,2,3,4}, the multiplicity of the eigenvalue \; of S. Since T is a
connected graph, its valency \; = s(t + 1) has multiplicity m; = 1. The multiplicity my
of —(t + 1) can be computed from Biggs’ formula [I] (see also [6, Theorem 4.1.4] or [13]

Theorem 3.19]). We have

v _ g (t2 + 1) + s(to + 1)t + $*t(t — t2)
S ks $2(ta+ 1) + st(ta+ 1) + t(t — ta)

(2)

my =

6



As my + my + m3 + myg = v and A\ymy + Aemg + Agms + Aymy = Tr(A) = 0, where A is
the adjacency matrix of I', we have

Mo+mMm3 = V—mM1 —Mmy =0—1—my,
/\ng + )\3m3 = —/\1m1 — )\4m4 = —S(t + 1) + (t + 1)m4
We deduce that
A3(v—1—my)— (t+1)(mg — s) A(v—1—my)— (t+1)(my — s)
meo = s ms = .
)\3 — )\2 >\2 - >\3

It follows that

((s = Dty +2) + VD) (v — 1 —my) — 2(t + 1)(my — 5)
2v'D '
The multiplicities my, ms, mz and my should all be integral. This is the case if and only
if m3 and my are integral. We note that if D is not a square, then mgs is integral if and
only if v — 1 — my is even and
(s=1)(ta+2)(v—1)+2s(t+ 1)
20+ 1)+ (s —1)(t2 +2)

ms =

(3)

my =

Lemma 2.1 Ifs > 2 and ty = 1, then D must be a square.

Proof. Suppose to the contrary that D is not a square. Equating the values of my
obtained in (2)) and (3] (and using ), we see that ¢ must satisfy the equation SST’St(t +
)(at* + bt +¢) = 0, i.e. at> + bt +c = 0, where a = 3s, b = 25> —9s+ 2 and ¢ =
—(2s®> — 10s + 2). The discriminant d = b? — 4ac = 4s* — 12s% — 31s? — 125 + 4 must
therefore be a square. If s > 21, then one verifies that

(252 —35—11)? = 45" ~125*—355*4665+121 < d < 45*—125*—~315*+60s+100 = (25*—35—10)?

and so d cannot be a square. For s € {2,3,...,20}, one verifies individually that d is
only a square if s = 5. In this case, t € N satisfies the quadratic equation at? + bt + ¢ =
15¢% + 7t — 2 = (5t — 1)(3t + 2), which is impossible. n

In the following proposition, we prove the first claim of Theorem [L.1]

Proposition 2.2 If 2 < s < 500 and ty = 1, then either S = E;, S = H(3,s+ 1) or
(s,t) € Ty.

Proof. We have t >ty + 1 = 2. If ¢ = 2, then no two (grid-)quads can intersect in a
singleton, implying that every (grid-)quad is big. So, the near hexagon is classical and
necessarily isomorphic to the Hamming near hexagon H(3,s + 1). So, we may assume
that ¢t > 3. By the Haemers—-Mathon inequality, we also have t < s3 + ty(s? — s+ 1) =
s34 s> —s+1. With the aid of a computer, see [15], we have determined all (s,¢) € Nx N
for which 2 < s < 500, 3 < t < §* + s2 — s + 1 such that the numbers VD, ms
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and my are integral. This turned out to be the case if (s,t) is equal to (2,11), (3,9),
(3,34) or to one of the elements of 7;. As mentioned before, any regular near hexagon
with parameters (s,t,t3) = (2,11,1) must be isomorphic to E;. By [2], no regular near
hexagon with parameters (s, t,ty) = (3,9, 1) exists, and by [I7, Proposition 4.7] no regular
near hexagon with parameters (s,¢,t2) = (3,34, 1) exists. n

3 Basic inequalities and divisibility conditions

Suppose § = (P, L,]) is a finite near hexagon that satisfies the Properties (P1), (P2),
(P3) of Section |l| for certain s,t, € N\ {0,1}. Then & is a dense near polygon and by
[7, Lemma 19] (see also [13 Theorem 6.26(3)]), there exists a t € N\ {0, 1} such that S
has order (s,t). Let v denote the total number of points of S. The following lemma is
precisely Theorem 1(2) of [I4]. It gives an extremely restrictive divisibility condition not
available at the time of the writing of [5, [I0]. (In fact, the treatments given in [5], [10] can
often be simplified if one would rely on this condition.)

Lemma 3.1 ([14]) The number

551)

(s+1)2(s—1)(s?2+1)+st(s—1)(s+1)2+v

15 integral.

For every point x of §, let £, denote the set of lines through x. For every incident
point-quad pair (z, @Q)), we denote by L, o the set of lines through « contained in @). The
linear space S, defined on the set £, by all sets £, ¢, where @ is a quad through z, is
called the local space at x. Put

SV

— 1+ 5%t —st, 05:= — 5 — s%t.
s+1

do:=1, 0;:=s(t+1 09 1=
0 , 6i=s(t+1), b S

The following lemma is a special case of Lemma 3 of [I1].
Lemma 3.2 ([I1]) For every point x of S and every i € {0,1,2,3}, we have |I';(x)| = J;.

Sa(ta+1)  t(t+1
82(25271) to—1

Lemma 3.3 FEvery point of S is contained in a := ) grid-quads and b :=

—tQ(t;_l) (t(t +1)— %) quads of order (s,ts).

Proof. Let = be a given point of S. We denote by A,, respectively B,, the number of
grid-quads, respectively quads of order (s, t;), through z. As two distinct lines through x
are contained in a unique quad, we have

24, + tao(te + 1)B, = t(t + 1). (4)



Every grid-quad through z contains s? points of I'y(z) and every quad of order (s,ts)
through z contains s%t, points of I's(z). As any two points at distance 2 are contained in
a unique quad, we have

S2Az -+ SZtQBm = ’Fz(&?)‘ = (52 (5)
by Lemma From and , we find A, = a and B, = b. "

In view of Theorem (which we need to prove) and Proposition [2.2] we may assume
that quads of order (s, ty) exist, i.e. that b > 0. Lemma then implies the following.

Corollary 3.4 We have v < (s + 1)(35%(t — 1) + st + 1).

Corollary 3.5 The total number of grid-quads is equal to ﬁ and the total number of

vb :
GID (BT As a consequence, these numbers are integral.

Proof. This follows from Lemma [3.3|and the facts that each grid-quad contains (s + 1)?
points and that each quad of order (s,t3) contains (s + 1)(st + 1) points. .

quads of order (s, ts) is equal to

Lemma 3.6 Let QQ be a quad of order (s,t2) and x € T'1(Q). Then the number of lines
through x contained in I'1(Q) is bounded above by ta(ta + 1).

Proof. Suppose L is a line through z contained in I'y(Q)). The unique quad through
the lines L and xmg(x) then contains the line mo(L) C @ through mg(z). Now, there are
ta + 1 quads through zmg(z) intersecting () in a line, and each of these quads contains at
most to lines through x contained in I';(Q). The required number is thus bounded above
by to(ts + 1). .

Put
Ag = (s+1)(sta+1), Ay :=s(s+1)(sta+1)(t—ts), Ag:=v—(s+1)(sta+1)(1+s(t—ts)).

Lemma 3.7 Let Q) be a quad of order (s,t3). Then d(x,Q) < 2 for every point x of S.
Moreover, |T';(Q)| = A; for every i € {0,1,2}.

Proof. Suppose d(z,Q) > 3 for some point z of S. Then every line L of @) contains a
point at distance at least d(x, Q)+1 > 4 from z, an obvious contradiction. So, d(z, Q) < 2
for every point = of S.

Obviously, [I'h(Q)] = |Q] = (s + 1)(sta + 1) = Ay. As every point of I'1(Q) is
collinear with a unique point of @, we have |I'1(Q)| = |Q] - s(t — t2) = A;. Hence,
To(Q) =v—|To(Q) = T1(Q)] =v—(s+1)(sta+1) = (s+ 1)(sta + 1)s(t —t3) = Ay. m

Corollary 3.8 If a quad of order (s,ts) is big, then every quad of order (s,t3) is big.
Proof. A quad and thus all quads of order (s,ty) are big if and only if Ay = 0. n

The case where none of the quads of order (s,ty) is big will be treated in Sections 4] till
[10] The case where all quads of order (s,5) are big will be treated in Section [11]



4 Basic restrictions in case no quad of order (s,t) is
big
In this section, as well as Sections [5| till , we assume that no quad of order (s, ty) is big,

or equivalently, that Ay > 0. Recall that if @ is a quad of order (s,t3) and x € T'y(Q),
then I'y(z) N @ is an ovoid of Q.

Lemma 4.1 If Q is a quad of order (s,t3) and x € T'9(Q), then every line through x
contains a unique point of I'1(Q) (besides s points of T'y(Q) ).

Proof. If this were not the case, then there exists a line L through x contained in I'y(()),
in contradiction with Property (P3). .

Lemma 4.2 Let Q be a quad of order (s,t3) and x € I'y(Q). Then x is contained in v, :=
st3+ta+sta—t t—2sto—1

P grid-quads and o 1= ]

quads of order (s,ts) meeting Q) in singletons.

Proof. We show that every line L through z is contained in a unique quad (z,y), where
y € O, := I'y(z) N Q. Indeed, if y; denotes the unique point on L contained in I';(Q),
then y necessarily is the unique point of () collinear with y;,. Now, suppose there are M,
respectively Ms, grid-quads, respectively quads of order (s, t), through x meeting @ in a
singleton (necessarily contained in O,). Then

M1+M2: ‘OI‘ :St2+1. (6)

As each grid-quad through = meeting ) contributes 2 lines to £, and each quad of order
(s,t2) through = meeting @ contributes t5 + 1 lines to £,, we have

OMy + (ty + 1) My =t + 1. (7)

2 _
From (@) and , it follows that M, = % and M, = t=2sta=1 n

to—1
Corollary 4.3 We have st3 +ty + sty —t < (ty — 1)a and t — 2sty — 1 < (t5 — 1)b.
Proof. Lemmas [3.3] and 4.2 imply that v; < a and v, < b. n

The following is another consequence of Lemma [4.2]

Corollary 4.4 We have
(1) 2(sta+1) <t+1<(ta+ 1)(sta+ 1),

(2) ty — 1 is a divisor of t —2s — 1.

The following lemma says something about the structure of § if ¢ attains the upper bound

in Corollary [4.4{1).

Lemma 4.5 Ift = (ty + 1)sty + to, then S is a regular near hexagon with parameters
(s,t,ts), i.e. S has no grid-quads.

10



Proof. If t = (to+ 1)sty +to, then we know from Lemma that there are no grid-quads
that meet a quad of order (s,?3) in a singleton.

Now, let = be an arbitrary point of S, let @ be a quad of order (s,ts) through z,
L a line through x not contained in @ and y a point of L\ {z}. By Lemma [3.6] there
are at most (t2 + 1)ty < t lines through y contained in I';(Q). So, there is some line M
through y meeting I'y(Q). As the quad Q' := (L, M) intersects ) in a singleton, it has
order (s,ts). Now, consider another line L’ through = not contained in Q U Q" and let
y' € L'\ {x}. Through ¢/, there are at most 2t5(ts + 1) < t lines contained in I'y(Q) or
['1(Q') and so there exists a line M’ through 3’ containing points of I';(Q) and T'y(Q").
The quad Q" := (L', M") meets each of @, Q" in the singleton {z}. Now, there cannot
exists a grid-quad through x as such a grid-quad would intersect @), ' and Q)" in lines,
but there are only two lines through a point in a grid-quad. "

Based on the above divisibility conditions and inequalities, we now define a set F(s,t2)
consisting of all possible values for (¢,b). For given s and t5, we know that 2sto +1 <t <
(ta 4+ 1)sty + to by Corollary (1) As b > 1 and 2a + t5(t2 + 1)b = t(t + 1), we have
1<b<| Hetl) | and a = t(t;d - t2(t§+1)b. Also the number v can be expressed in terms

— t2(t2+1)
of s, ty, t and b. We have

1 1 1 1
52 = 82t2b + 5261 = SQth + 582t<t + 1) — 58%52(?52 + 1)b = 582t<t + 1) — §S2t2(t2 — 1)b

and hence
1 1
v=(s+1)(6a+1—s*+st)=(s+ 1)(532t(t —1) — 552t2(t2 —1)b+ st + 1).
Note that the condition Ay > 0 is equivalent with ¢(t — 1) — to(ta — 1)b > 2t5(t — ta).

Let F(s,ts) denote the set of all (t,b) satisfying
25t2+1§t§(t2+1)8t2+t2, 1§b§|_

for which
° Zf(t — 1) — tg(tg — 1)b > th(t — tQ),
o si2 +ty + sty — t < (ty — 1)a,
ot —2sty — 1< (ty —1)b,

—2s—1
o =251 o1 S N, i
o (s%)Q(g—lﬁ%suf)ist(s—1)(s+1)2+u cN,
ez €N
vb
* eiea €N
where t(t+1 to(t 1
0= (t+1) to(ta+ )b,
2 2
and

1 1
v=(s+1) <§szt(t -1)— 5s2z52(752 —1)b+ st + 1).

11



For a given s € N\ {0, 1}, we know that /s <ty < s? and s+1ty | sta(s+1)(t2+ 1) by
[21, 1.2.2 & 1.2.3]. Asno quad of order (s, t5) is big, every quad of order (s, t5) has induced
ovoids, implying that ¢, < s — s by [21, 1.8.3]. We also know that {s,t,} # {3,6} ([18],
[21], 6.2.2]). For a given s € N\ {0,1}, we denote by F(s) the set of all triples (t2,t,b),
where t satisfies the just-mentioned restrictions and (¢,b) € F(s,ty). We computed F(s)
for 2 < s <50, see [15]. We found that

F(2) ={(2,9,12),(2,10,9),(2,13,15), (2,14, 35)},

F(3) = {(3,21,22), (3,23,5), (3,25,8), (3,27,43), (3, 35,83), (3,39, 35)},
F(4) = {(2,17,16), (2,20, 46), (2, 22, 20), (2, 25, 56), (2, 25, 65),
(2,26,115), (4,51, 65), (4, 66, 170), (6,99, 225), (8, 233,582)}.

The sizes of the sets F(s) for s < 50 have been mentioned in the following table.

FGI [ s [IFGI] s [IFG] s [IFG] s [IFGI] s [IFG] s [[F)]]
4 [ 9] 104 16| 32 23] 274 [30] 96 [37] 7 |44 311
6 | 10| 54 | 17| 273 |24| 84 |31| 4 | 38| 74 | 45| 657
10 11| 206 | 18| 90 || 25| 69 | 32| 271 | 39| 75 | 46| 37
177 | 12| 110 [ 19| 17 [ 26| 232 | 33| 188 |40| 196 | 47| 112
62 | 13| 34 [20] 302 |[27| 78 | 34| 86 | 41| 938 | 48| 40
13 |14 739 || 21| 187 | 28| 272 [ 35| 1670 | 42| 88 | 49| 84
196 | 15| 159 || 22| 51 | 20| 182 | 36| 282 | 43| 17 | 50| 1009

O J| | U = W N ®»

For 2 < s < 50, there are thus 10259 possibilities for (s, ts,¢,b). Sections [5| till [10| have
as goal to show for as many of these quadruples as possible that they cannot occur as
parameters of a near hexagon satisfying (P1), (P2), (P3) and having non-big quads of order
(s,t2). And indeed, as we can see from Theorem , from the 10259 original possibilities
for (s,ts,t,b) there are only |T2| + 1 = 14 that will survive the various restrictions that
we will derive in these sections. We also note that an example is known only for the case
(s,ta,t,0) = (2,2,14,35), in which case it is even unique and isomorphic to E,.

Remark. Lemma seems to be the most restrictive among all the above restrictions.
E.g., without this divisibility condition |F(7)| would be equal to 149694 instead of 13.

5 Restrictions arising from the mutual position of
two quads

Lemma 5.1 Let Q) be a quad of order (s,t3). Then the number of grid-quads meeting Q

in a singleton is equal to P = Aj;l and the number of quads of order (s,ty) meeting @

in a singleton is equal to &y 1= S22

s2ty °
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Proof. If x is one of the Ay points of I'3(Q), then by Lemma , x is contained in 7y,
grid-quads and 2 quads of order (s, ) meeting () in a singleton.

Conversely, for every grid-quad R meeting @) in a singleton {u}, we have [['23(Q)NR| =
ITo(u) N R| = s* and for every quad S of order (s,ty) meeting @ in a singleton {v}, we
have |T9(Q)N S| = |T2(v)N S| = s*t5. The numbers stated in the lemma now easily follow
from straightforward counting. "

Lemma 5.2 Let Q) be a quad of order (s,ty). Then the number of grid-quads meeting Q)

in a line is equal to ) := (sty + 1)a Sféfl) and the number of quads of order (s,ts)

meeting Q in a line is equal to ®y = (sto + 1)(b — 1) — SQtAQ?gjl). As a consequence,
A A A A :

a > W&m, b—1> WY&QH) and the numbers SQéfl) and 82t2?;2r1) are integral.

Proof. Through each of the (s + 1)(sty + 1) points of @, there are a grid-quads. The
grid-quads that meet () in a singleton are counted only once in this way, but the grid-
quads that meet ) in a line are counted s + 1 times. Invoking Lemma [5.1, we thus see
that the total number of grid-quads meeting () in a line is given by

_ Aom
s2(s+1)

A similar argument applies to the quads of order (s,ts) if we take into account that
through each of the (s + 1)(sty 4+ 1) points of @, there are b — 1 quads of order (s,t2)
distinct from Q). "

o] <(s + 1)(sto + 1)a — CI>/1> = (st + 1)a

Lemma 5.3 Let Q be a quad of order (s,ty). Then the number of grid-quads disjoint

from Q is equal to P} = ﬁ — % — (sty + 1)a and the number of quads of order
(s,t2) disjoint from @ is equal to ®3 := (S+1)1()St2+1) — stf(ifn — (sta + 1)b + sts.

Proof. As the total number of grid-quads is equal to (Sfﬁ)g (Corollary . it follows
from Lemmas [5.1] and [5.2) that the number of grid-quads disjoint from @ is equal to
S — B — @ — B,
As the total number of quads of order (s,t3) is equal to m (Corollary [3.5)), it
follows from Lemmas and that the number of quads of order (s,t3) disjoint from
: vb _
leequaltom—él—q)g—l_q)g. n
Lemma 5.4 We have ® < (to+ 1)(sty + 1) 52|, with equality if and only if every line
is contained in either 0 or [ ] quads of order (s ta). If this is the case, then the number

|51 is a divisor of b(ty +1).

Proof. Let @ be a given quad of order (s,t;). By Lemma [5.2] there are ®; quads
of order (s,t2) meeting @ in a line. On the other hand, each of the (¢t + 1)(sty + 1)
lines of @ is contained in at most || quads of order (s,t,) distinct from Q. So,
Dy < (ta+ 1)(st2 + 1) 5 t2J, with equality if and only if every line of ) is contained in
precisely [%J quads of order (s,t3). The first claim of the lemma now follows from the
fact that () was an arbitrary quad of order (s, s).

13



As to the second claim, consider a point z. A standard double counting then gives
that the number of lines through x that are contained in some quad of order (s,t9) is
equal to bty + 1) ] .

Remark. A similar reasoning as in the proof of Lemma would show that &) <
(to + 1)(sta + 1)(t — to). However, this inequality already follows from earlier results.
Indeed, it can be shown from earlier derived formulas (see e.g. the remark at the end of
Section [7)) that @) + t,®y = (o + 1)(sty + 1)(t — ta).

Lemma 5.5 Let Q be a quad of order (s,ts) and R a quad disjoint from Q. Then I'1(Q)N
R is either R or a hyperplane of R (i.e. a proper subspace of R meeting each line of R).

Proof. Astheset I'((Q)UI'1(Q) is a subspace of S, the intersection (I'g(Q)UT'1(Q))NR =
I'1(Q)NR is a subspace of R. As every line L of R meets I';(Q) (Lemmal4.1)), this subspace
is either R or a hyperplane of R. "

The following are two consequences of Lemma and [21, 2.3.1].

Corollary 5.6 Let Q) be a quad of order (s,ts) and R a grid-quad disjoint from Q). Then
precisely one of the following cases occurs:

(1) RCT1(Q);
(2) RNT'1(Q) is the union of two intersecting lines;
(3) RNT1(Q) is an ovoid of R.

As a consequence, |[RNT2(Q)] < s(s+1).

Corollary 5.7 Let Q) be a quad of order (s,t3) and R a quad of order (s,t3) disjoint from
Q). Then precisely one of the following cases occurs:

)

2) RNTy(Q) =N R for some point v € R;

3) RNTI1(Q) is a sub(generalized)quadrangle of order (s, %2) of R;
) )

4) RNT1(Q) is an ovoid of R.

As a consequence, [RNT2(Q)] < s(stay + 1).

Lemma 5.8 Let QQ be a quad of order (s,ty). Then the number of grid-quads disjoint

from @ is at least %;17)1) and the number of quads of order (s,ty) disjoint from Q is at
A (b—2)
least 5(25t2 Jf) .
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Proof. By Lemmas , and each of the Ay points x € I'y(Q) is contained in a —
grid-quads disjoint from ). Conversely, every grid-quad R disjoint from () contains at
most s(s + 1) points of I'y(Q)) by Corollary It follows that the number of grid-quads
disjoint from () is at least %

A similar reasoning can be applied to obtain a lower bound for the number of quads

of order (s,ts) disjoint from ). This time one needs to rely on Corollary . "
The following is an immediate consequence of Lemmas|5.3/and (and the latter’s proof).

Corollary 5.9 We have

va Apm Ag(a — )
_ — l)a > ————=
G san Gkt Daz =T
vb Aoyo Ag(b—72)
— — (st b tg > ———~
GiDGh Tl shist1) (St lbtst= iy

FEquality holds in the first (respectively, second) inequality if and only if every grid-quad
(respectively, quad of order (s,ts)) disjoint from a quad Q of order (s,ty) meets I'1(Q) is
an ovoid of that quad.

Taking into account that Ay = v — (s + 1)(st2 + 1)(1 + s(t — t3)), the first inequality of
Corollary [5.9 reduces to the following.

Corollary 5.10 We have v < (s+1)*(sta+1)(1+s(t —ta— 1)), with equality if and only
if every grid-quad disjoint from a quad Q of order (s,ty) meets I'1(Q) in an ovoid of that
quad.

In certain cases, the second inequality of Corollary can be improved as follows.

Lemma 5.11 Let Q be a quad of order (s,t3). Suppose no ovoid of Q) intersects a sub-
tended ovoid of () in precisely to + 1 points. Then

vb Ayyy

- Ba(b —72)
(s+1)(sta+1) sta(s+1)

$2t2

- (Stg + 1)b + sto Z

I

with equality if and only if for every quad R of order (s,t3) disjoint from @, we have
RNQ =zt N R for some point x € R.

Proof. Let R be an arbitrary quad of order (s, t2) disjoint from (). We show that RNI';(Q)
cannot be an ovoid of R. By Corollary [5.7, we then know that |[R N I'»(Q)| < s, and
the inequality would then follow from a similar reasoning as in Corollary

So, suppose RN T'1(Q) is an ovoid Og of R. Then O, := Q@ NI'1(R) is an ovoid of @,
and every point of Oy is collinear with a unique point of Og (implying that every such
point is classical with respect to R). Now, take a point = € R\ Og. As z is collinear
with precisely t5 + 1 points of Og, the subtended ovoid I's(x) N @ of @ would intersect
the ovoid Og of () in precisely t; + 1 points, a contradiction. "
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Remark. The conditions on the quad ¢ mentioned in Lemma are valid if (s,t9) =
(2,2), in which case Q = W (2).

Lemma 5.12 The case b =1 cannot occur.

Proof. Suppose b = 1. Then no two distinct quads of order (s,t3) can intersect, and so
by Lemma {4.2] we have v = 0, or equivalently, ¢t = 2st; + 1.

Let @ be a quad of order (s,t3). If R is a grid-quad of S, then [T'y3(Q) N R| €
{0, 5% s(s + 1)} by Corollary . Let M;, i € {0,5% s(s + 1)}, be the number of grid-
quads R for which |[R N Ty (Q)| = 1.

The grid-quads R for which |T'y(Q) N R| = s(s+1) are precisely the grid-quads disjoint
from @ for which I';(Q) N R is an ovoid of R. Now, through each point z of I'1(Q), there
is one line meeting @) and ¢, + 1 lines contained in I';(Q). Indeed, as each quad through
xmg(x) is a grid (as b = 1), there are t5 4+ 1 such grids that meet @) in a line, and each of
these t5 + 1 grids determines a line through = contained in I'y(Q). Conversely, every line
through = contained in I'1(Q) is contained together with the line xmg(x) in a grid-quad
that intersects @ in a line. So, through z, there are t—t;—1 lines meeting I'y(@Q) in s points.
Hence, My(sy1) < o7 |T1(Q)|-5(t—ta—1)(t—t3—=2) = §5(sta+1)(t—ta)(t—to—1)(t—12—2).

As b = 1, there are t—t, grid-quads through each line of () and so there are (t,+1)(sto+
1)(t — t5) grid-quads that meet @ in a line. The grid-quads R for which RN T5(Q) =0
are precisely the grid-quads that meet @ in a line or are contained in I'1(Q).

As b =1, there are %(t —t9)(t —ty—1) grid-quads through each point of () that meet Q)
in a singleton, and so there are (s 1)(sty +1)(t —t2)(t —to — 1) grid-quads that meet Q
in a singleton. The grid-quads R for which |T'5(Q) N R| = s? are precisely the grid-quads
meeting @) in a singleton and the grid-quads disjoint from ) for which the intersection
with I'1 (@) is the union of two intersecting lines.

Now, counting triples (R, L1, L), where L1, Ly C I'1(Q) are two distinct intersecting
lines and R is a grid-quad through L; and Ls (necessarily disjoint from @), we find:

(s + 1)2 (Mo — (ts + 1)(sts + 1)(t — t2)) + (Mg — %(s 1) (st + D)t — o) (t — £ — 1))

(to + 1)to

(to + 1)to
5 = 7

< I'i(Q)] - 9

It follows that

=s(s+ 1)(sto + 1)(t — t2)

My — (ta + 1)(sta + 1)(t —t2) + Mg — %(s + 1)(sta + 1)(t —to)(t —ta — 1)

(t2 + 1)ty

< s(s+1)(stg+ 1)(t —ta) 5

Invoking Corollary [3.5] we thus see that

va
(s+1)2

1
= M0+M52 +M82+8 S (t2+1)<8t2+1)(?5-152)—|—5(8+1)($t2+1)(t—t2)(t—t2—1)
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-I—%s(s + 1) (sty 4+ 1)(t — to)(ty + 1)ty + %S(Stz F1)(t—to)(t —ty — 1)(t — Ly — 2).

We denote by 21, 29, 23, 24 the four terms occurring at the right hand side of the last
inequality. Then

1 — > 0. 8
(s +1)(21+ 22+ 23+ 21) 112 (8)
Now,
b o= 1,
t = 28t2+1,
tt+1)  ta(ta+1)
= - b
“ 2 2
v 1, 1,
= —S%(t—1)— =s°ty(to — 1)b+ st + 1.
S+1 28 ( ) 28 2(2 ) + st +

So, we see that each of the numbers 21, 25, 23, 24, 5+L1 and a can be expressed as polynomials
in s and t,. Equation (8] is then equivalent with

1 1
—1(455 — 25" —10s” + 5s%)t; — 5(255 + 28t — 45% — 75* + 35)t5
1

4
The latter inequality is never satisfied. "

1
(65 + 45% — 17sH)132 — §(53 + 5% — 3s)ty > 0.

6 Further restrictions in the case ¢t = 2st5 + 1

In Corollary 4.4 we derived a lower and upper bound for ¢. In case ¢ attains the upper
bound, we provided structural information about & in Lemma [£.5] In this section, we
derive further information in the case t attains the lower bound 2st, + 1. For every line
L of S, we denote by ay, the number of quads of order (s,t3) through L.

We now define a certain number k. This number is equal to u + 1, where u =
unless one of the following conditions is satisfied, in which case k is equal to 1:

o u¢N;

o {s,u} ={3,6};

eucN\{0,1} and u? < s;

euecN\{0,1} and s* < u;

ouGN\{O,l}and%g{N.

t2
P

Lemma 6.1 [Ift = 2sty+1, then the following hold:
(1) No two quads of order (s,t3) intersect in a singleton.

(2) b < max(2s,t3 +ty+1).
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(3) If max(2s,2ty) < b, then for every line L of S, we have ay, <k or oy =ts + 1.
(4) If max(2s,ty) < b, then for every line L of S, we have ay, <k or ay € {ta,ts + 1}.

(5) If max(2s,2ts) < b# 3+t + 1, then [PHU2tDR] < 4,

Proof. (1) Suppose Q1 and Qs are two quads of order (s, t5) that intersect in the singleton
{z}. Let y € Qo NT(z). Then y € I'y(Q1) and so by Lemma [£.2] there exists no quad
of order (s,ty) through y intersecting ()7 in a singleton. This is a contradiction as @ is
such a quad.

(2) Let  be a point of S. In the local space S,, there are only lines of size ¢, + 1 and
2. There are b lines of size t5 + 1 and by part (1), we know that any two such lines of size
ta + 1 meet.

Suppose now that b > 2s and let L, Lo be two distinct lines of size t5 + 1 in S,. Put
{p} = LiNLy. Through p, there are at most | ;- | = 2s lines of size ty+1. As b > 2s, there
exists a line M of size t3 + 1 in S, not containing {p}. As any line of size ¢, + 1 through
p meets M, there are at most ¢ + 1 such lines. Any line of size t5 + 1 not containing p
meets L; \ {p} and L, \ {p} and so there are at most 2 such lines. We conclude that if
b > 2s then there are at most (t + 1) + #3 lines of size ty + 1 in S,.

(3) Let  and y be two distinct points of L. The line L is contained in at most
Léj = 2s quads of order (s,t3). As b > 2s, there exists a quad @ of order (s,t2) through
x not containing L. Any quad of order (s,ty) through L meets @ in a line and so we have
ap <ty + 1. Suppose | := ay, € [k + 1,%3]. Denote by @1, Qs,...,Q; the [ quads of order
(s,t2) through L (necessarily intersecting @ in a line), and by Ry, Ra, ..., Ry,+1-; the grid-
quads through L intersecting ) in a line through z. For every i € {1,2,...,to + 1 — I},
let K; denote the unique line of R through y distinct from L. Any quad S of order
(s,t2) through y not containing L intersects I'1 (@) in a set that contains the [ > k lines
QNS QNS ....,0;NS. By Corollary and [21], 1.2.2) 1.2.3, 6.2.2], every line of S
through y is contained in I'; (@), implying that the line K is contained in S. As any quad
of order (s, ) through K7 intersects @)1 in a line through y distinct from L, there are at
most ¢y such quads. So, the number of quads of order (s, ;) through y is bounded above
by [ 4ty < 2t5. As b > 2t,, this is a contradiction. It follows that [ < k or [ = t5 + 1.

(4) The proof is similar to the proof of part (3). Here, we assume that | := ay €
[k + 1,5 — 1]. Following the same notational conventions as in (3), we must have that
K, and K, are contained in S. Every quad of order (s,ty) through y not containing L
should therefore coincide with (K5, Ks), implying that the number of quads of order (s, t5)
through y is bounded above by [ + 1 < t5. As b > t5, this is a contradiction. It follows
that | <k or [ € {ta,t2 + 1}.

(5) If max(2s,2ty) < b # t3 + t5 + 1, then we know from (2) that b < 3 + t5 + 1.
Suppose to the contrary that (W} > k+ 1. Let = be a point of S and consider
a line U of size t5 + 1 in the local space S,. By (3) we know that o, < k or o, = t5 + 1
for every point u of U. Let N; denote the number of points u € U for which a,, =t + 1.
Then there are t5 + 1 — Ny points u of U for which «, < k. Since any two lines of size
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to + 1 of S, meet, we have > _, «, = b+ ty and hence

ueU
Ni(ta+ 1)+ (ta+1— Ny)k > b+ 1o,

ie.
b+ty— (t2+ 1)k
12> )
to+1—k

This implies that
b+ty— (t2+ 1)k
to+1—k

Since >,y = b+ 1ty < 13+ 2ty + 1 = (to + 1)?, there exists a point uy € U for which
ay, < k. As Ny > k+ 1, there also exists a point u; € U for which «,, = t3 + 1. Let
U’ be a line of size t3 + 1 through u; distinct from U. As a,, < k, there exists a point
v € U\ {uy} such that vu, is a line of size 2. As N7 > k+ 1, there are at least k+ 1 lines
of size ty 4+ 1 through v, i.e. o, > k + 1. But this would imply that o, = t5 + 1 which is
impossible as vusy is a line of size 2. "

N> 1> k+1.

7 Derivation of some other constants
The following lemma is an improvement of one of the claims of Lemma [5.1]

Lemma 7.1 Let Q be a quad of order (s,ts). If v2 # 1, then through every point x of Q,

there are ¢p := % quads of order (s,ty) that meet Q) in the singleton {x}.

Proof. For every point u of @, let N, denote the number of quads of order (s, ) that
meet ) in the singleton {u}. If u; and wus are two noncollinear points of @), then counting
in two different ways the number of pairs (R;, R2), where R; and Ry are two quads of
order (s,ty) satisfying R1 N Q = {w1}, Ro N Q = {uz} and |Ry N Ry| = 1, we find by
Lemma [4.2 that N, - (72 — 1) = Ny, - (72 — 1), i.e. N, = N,,. Now, since the collinearity
relation defined on the point set of () gives rise to a connected graph (as s > 2), we see
that all N,’s are equal, necessarily to I%ll = ¢1. "

For every line L, we denote by «ay, respectively 5y, the number of quads of order (s,ts),
respectively grid-quads, through L. As any two intersecting lines are contained in a unique
quad, we have tyay, + 8 = t. Hence, ap < [ L].

to
Lemma 7.2 (1) We have

D, 2 t 0, 1
(P 1= meas ) (P 8-l - 5o meas0) S Greas D

P1
(2) If GIeeTD © N and

d, s 1t D, Db
(b_ (5+1)(st2+1))<b+1_t2_ LEJ a (s—l—l)(stg—l—l)) T A D(sta+ 1)
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P,

then through every point x of a quad Q) of order (s,ty), there are ¢ = (S

quads of order (s,ty) meeting Q in the singleton {x}.

Proof. For a quad @ of order (s,?3) and a point x € @, let N, o denote the number of
quads of order (s,t5) that intersect @ in the singleton {z}. By Corollary and Lemma
[.1] we have

CI)ﬂ)b
;%Nx’nggNm’ngq)l: (s+ 1) (st + 1) 9)

where the summation ranges over all points z and all quads @ of order (s, ) such that
x € Q. Now, let x be a fixed point and consider the local space S,. For a line L of size
ty + 1 of S, we define Ay := ZpeL a,. Let M be one of the A — (t2 + 1) lines of size
to + 1 meeting L in a singleton, say {pi1}. There are at least > ;.\, 1(p — (f2+1)) =
Ap — oy, —to(ta+1) > AL — L%J — to(to + 1) lines of size to + 1 disjoint from M. Hence,

2

S Neg> (Ar—(t+ 1) (4r - Ltij ~ bt + 1) (10)
Q

for every line L of size t; + 1 of S,.
For a line L of size ty + 1 of S,, there are b — (Ap — (to+ 1)) — 1 = b+ 1ty — Ap lines
of size t5 + 1 disjoint from L. Hence,

Y Neg=) (b+t—Ap), (11)
Q L

where the latter summation ranges over all lines L of size t5 + 1 of S,.

Suppose now that

(I)l 2 ¢ CI)I CI)lb
(P15 ) (8- 5 - roees ) > 590 T 0

) t )
displayed inequality in combination with ([10)) implies that if z is a point such that S, has a

line L of size t,+1 for which A; > b+t2_(s—‘,—1)?—sltg—&-l) (ie. Ap > [b+t2—(s+1;?—;t2+1)1), then
ZQ Nyg > %. On the other hand, if = is a point such that A; < b+t2—(s+1)?—slt2+1)

for every line L of size t5 + 1 of S,, then implies that ZQ Nyg > %. This
allows us to conclude that

élbv
N, o > ,
;%: QT s+ 1) (sta+ 1)
in contradiction with (9). So, Part (1) of the theorem is certainly valid.

20



Suppose now that € N and

s+1)(st +1)

1 2 t (I)l ©1b
(b_ (54 1)(sty + 1)) <b+ L=t~ LEJ (s + 1) (sts + 1)> T A )+ 1)

Then b— m > 0 and b+1—t%— I_éj _(S—&-l)‘:}m > 0. Also 1mphes that if z is

a point such that S, has a line L of size t, + 1 for which A; > b—i—tg +1-— (SJFI)‘I()TJFI), then

> Neg > L On the other hand, if x is a point such that Ay < b+ty—

(s+1)(st2+1) (S+1)(st2+1)
for every line L of size 3 + 1 of S, then (11)) implies that >, Ny q > %. As
> e ZQ % we thus see that for every point x and every line L of size
t2+10f8x,wehaveAL_b+t2— 21

(s+1)(st2+1) "
Now, let @ be a quad of order (s,ts) and z € Q. Let L be the line of size t5 + 1 of S,

corresponding to (). Then the fact that Ay, = b+ 1ty — m implies that there are
b—1— (erl)(?—slterl) quads of order (s,t;) that meet @) in a line through x. So, there are
m quads of order (s, ;) that meet @ in the singleton {z}. ]

Remark: In view of Lemma [7.1 Lemma [7.2(2) only offers new information in the case
Yo = 1.

Lemma 7.3 Let Q be a quad of order (s,ts). Suppose that the number of quads of order
(s,tz) meeting Q in a singleton {x} C Q is independent from x. Then through every point
x € Q, there are

o= % quads of order (s,ty) that meet @Q in the singleton {x},
o @) = SQ(SJFAS% grid-quads that meet Q in the singleton {z},

e )y =b—1— % quads of order (s,ty) that meet Q) in a line,

o Oy i=a— % grid-quads that meet Q) in a line.

As a consequence, these numbers are integral. In particular, this holds if v # 1 or

[
e € N and

®, ) P, 1b
<b_ (s+1)(st2+1)><b+ 1=t~ LEJ (54 1)(8t2+1)> ~ (s+1)(sta+1)

Proof. For every point u of (), we denote by
e N, the number of quads of order (s, ) meeting @) in the singleton {u},
e N/ the number of grid-quads meeting @ in the singleton {u},
e M, the number of quads of order (s,t3) meeting @ in a line through u,
e M! the number of grid-quads meeting @ in a line through u.

Then we have N, + M, =b—1, N/ + M, = a and M, + toM, = (t + 1)(t — t2) (as any
two distinct lines through a point are contained in a unique quad). The fact that all N,’s
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are constant thus implies that also all M,’s, N/’s and M]’s are constant. For every point
u € @, we thus have

(I)l o r (I)ll
(s+1)(sta+1) o M= (s+ 1)(sty + 1)

My=b-1-N,=b—1—¢1=¢y, M, =a—N.=a—¢,=d),.

N’LL: :¢/17

Remark: Making use of Lemma [7.3] we compute that

Aom Axy2
Oy +tady = a-+tyb—ty — $2(s + 1)th2+1) B 32(8+1)29t2+1)
0 As(71 +72)
o2 2(s+1)(sta+ 1)
1/ w B2
v— (s + (ot — 1) + st + 1)

1 v
= = — 14 % — t)—t -
52(5—1—1 +s s 2

= (ty+1)(t —ty).

s2(s+1)

This inequality also follows from a double counting of the pairs (Lq, L), where L; and Lo
are two lines through a given point x of a given quad @ of order (s, t3) such that L; C @
and Lo is not contained in ().
As ¢l 4+ tay = (ta + 1)(t — t2), the condition that ¢, is integral thus implies that also
|, ¢ and ¢} are integral.

8 Restrictions arising from the «a;’s

If Q is a quad of order (s, t»), then in Lemmas [7.1]and[7.2|2), we gave sufficient conditions
for the number of quads of order (s,ty) intersecting ) in a given singleton {y} C @ to be
independent from y. We need the fact that these numbers are constant in the following
two lemmas.

Lemma 8.1 Let Q) be a quad of order (s,t3). Assume that the number of quads of order
(s,t2) intersecting Q in a given singleton {y} C Q is independent from the point y. Then
for every x € @), we have

AVRP
bty — .
Z o T $?ta(s 4+ 1)(ste + 1)

Proof. The number of quads of order (s, t) that intersect ) in a line through z is equal

to ZLE@’Q (ap — 1) = ZLQLQ arp — (ta +1). By Lemma , this number is equal to

1 Ay
b 1 Sztg(s-i—i)(zstg—i-l)' ]
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Lemma 8.2 Assume that for any quad Q) of order (s,ts), the number of quads of order
(s,t2) intersecting Q in a given singleton {y} C Q is independent from the point y. Let
be a point of S. Summing over all points p of the local space S,, we find:

Y1 o= t+1,

p
da, = (+1)b,
p

Agys
2 = p(b+ty— 2 :
;ap ( T 82t2(8+1)(8t2—|—1)>

As a consequence, (ty + 1)b and b(b + 1y — %) have the same parity and

Aoy >7

(ta + 1% < (t+1) (b e e T Dot + 1)

with equality of and only if the oy ’s are constant, in which case ay, = (t2+1)b for every line

t+1
L of § (implying that this number is then integral).

Proof. The number Zp 1 is the number of points of S, i.e. ¢+ 1. The number Zp ayp 1s
the number of flags (p, L) of S, where L is a line of size to+ 1. As there are b lines of size
to + 1 in S,, there are b(ts + 1) such flags. The number Zp ag is the number of triples
(p, L1, Lo), where p is a point of S, and L, Ly are two not necessarily distinct lines of
size to + 1 through p. Now, there are b possibilities for L, and for given L; there are by

Lemma b+ty— % possibilities for (z, Ls). Hence,

Asya
2—p(b+ty— 2 .
Zap ( th 32t2(s+1)(3t2+1)>

p

Now, the Cauchy-Schwartz inequality (30, a,,)* < (35, 1) - (35, a7) reduces to the in-

equality mentioned in the lemma. Obviously, we have equality in this inequality if and
only if all a,’s are constant, in which case all «,’s are equal to their average value

_ b
Qp = (Zp %)/(Zp 1) = (tiii) : ]
We now show that the inequality of Lemma [8.2| always holds.

Lemma 8.3 We always have

(ts+1)% < (t+1)<b+t2— Bas )).

S%to(s+ 1)(sta + 1

If equality holds, then for a given quad Q of order (s,ts), the number of quads of order
(s,t2) intersecting Q in a given singleton {y} C @ is independent from the point y (and
so the additional conclusions of Lemma[8.9 are also valid.)
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Proof. Let x be a point of §. Summing over all points p of the local space S, =

(Py, L4, 1), we find
dl=t+1, > oy =(+ 1),

PEPy PEPy
and hence ZpE’P a > % Invoking Corollary (3.5 and Lemma we then have
ty +1)2
ey Yol o 1) Y
TEP pEP, LeL

=(s+1)

bo ((t2 +1)(sty + 1) + <I>2> = b (b Yty — A >)

(s+1)(sta +1) ?to(s+ 1)(sta + 1
from which the stated inequality readily follows. In case of equality, we have that

Zpe% ai — ([P0 g every point x of §. Just as in the proof of Lemma we

1
then know that «,, is independent from p € P,, and so that a = (tii—l)b for every hne L

of §. But then for every quad @ of order (s, ;) and every point x € ), the number of
quads of order (s, ;) intersecting @) in the singleton {x} is equal to

b—l—(t2+1)<w—l>

and thus constant. "

9 Further restrictions arising from the a;’s

Lemma 9.1 Let Ly and Ly be two disjoint lines contained in a grid-quad R. If v5 # 0,
then ar, = ar,.

Proof. Let K be a line meeting L, and Ls, say in the points x; and x,. For every
i € {1,2}, the number «a; of quads of order (s, ;) through z; meeting R in a line is equal
to ax +ay,. It thus suffices to prove that ay = ay, or equivalently, that the number b— oy
of quads of order (s, ;) intersecting R in the singleton {z;} equals the number b — ay of
quads of order (s, %) intersecting R in the singleton {xs}. For every point u of R, let N,
denote the total number of quads of order (s, ?2) meeting R in the singleton {u}.

Let u; and uy be two noncollinear points of R. We count in two different ways the
pairs (Ry, Rs), where Ry and Ry are two quads of order (s, ) such that R N Ry = {u4},
RN Ry = {us} and |R; N Ry| = 1. By Lemma [£.2] the number of such pairs is equal to
Ny, - 72, but also to N, - 72, implying that N,, = N,,.

Now, since the noncollinearity relation defined on the point set of R gives rise to a
connected graph, we see that all V,’s are equal. In particular, we have N,, = N,,. "

Now, let @Q* be a given quad of order (s,t3). We then count the number Q of pairs (L, R),
where R is a quad of order (s, t2) disjoint from Q* and L is a line contained in I'1 (Q*) N R.
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Lemma 9.2 We have Q = (t + 1)(sty + 1)@3 — 2L A (b — 7).

Proof. Let U denote the set of quads of order (s, ty) disjoint from Q*. For every @ € U,
let Mg denote the number of lines of () contained in I'y(Q*). Through each point of
[2(Q*) N Q, there are ty + 1 lines contained in @) and each of these t3 + 1 lines contains
s points of I'>(Q*) N @ and one point of I'1(Q*) N Q. Hence, there are 2 - [[,(Q*) N Q)
lines in @ meeting I'y(Q*) and

"l ne)na

lines in @ contained in I'1(Q*). By Lemmas 3.3 and [5.3] we thus have

MQ = (tQ + 1)(8t2 + 1) —

ty+1 .
Q= Mg=(t+1)(stz + 1) - U] — =" [I(Q") N Q)
Qeu Qeu
to +1
= (ty + 1)(sty + 1) D5 — 25 As(b— ).

For every line L C I'i(Q*), there exists a unique quad (namely (L, mg-(L))) through L
intersecting * in a line. We denote by €2, respectively s, the number of pairs (L, R)
where R is a quad of order (s, ty) disjoint from @* and L is a line contained in I'1(Q*) N R
such that (L, mg«(L)) is a grid-quad, respectively a quad of order (s,t2). Then © = Q4.

Let £* denote the set of lines contained in Q)*.

Lemma 9.3 If v # 0, then Qy = ), _,. sap(t — taayr).

Proof. Let L € L* be fixed. It suffices to prove that the number of pairs (K, R), where R
is a quad of order (s, t2) disjoint from @Q*, K is a line contained in RNI"y (Q*), mo«(K) = L
and (K, L) is a grid-quad is equal to say (t —teay). Indeed, there are f, = t—tsay, choices
for the grid-quad S = (K, L), and for each such grid-quad S, there are s choices for the
line K. As every quad of order (s,t2) through each such K is disjoint from Q*, we know
from Lemma that there are ax = ap choices for R for each such K. Hence, the
requested number is equal to (t — teary) - say. "

Lemma 9.4 We have ), p. ap = (sta +1)(b+t3) — %.

Proof. Wehave ), .. oy = (sto+1)(ta+1)+> ;oo (ap—1), where Y, _ .. (o —1) equals
the number of quads of order (s, t;) meeting Q* in a line. By Lemma[5.2} >=, .. (e, —1) =
By = (sta +1)(b— 1) — 5225 "
Lemma 9.5 Suppose that the number of quads of order (s,ts) meeting a given quad Q
of order (s,ty) in a singleton {x} C @Q is independent from the point © € Q). Then the
number Qg is equal to

<(5t2+1)(b—1)—%).<s(t2_1)(b Aoy ))—stQ)—i—Z sar(ap—1).

s2ty(s + 1) 82y(s + 1)(sty + 1 =
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Proof. Let @ be a quad of order (s,t,) intersecting Q* in a line U. Let £; denote the
set of lines of () disjoint from U and let £, denote the set of lines of () meeting U in a
singleton.

We count the number Ng of pairs (L, R), where R is a quad of order (s,t2) disjoint
from Q* and L = @ N R is a line.

Since Y cp Q(aL —-1)=b—-1- % for every z € ) (Lemma|7.3)), we have
dorerylar —1) = (s+1)(b—1~— m) — (s +1)(ay — 1). We also have that

Si=2cow ZLEQ’Q (ap, — 1) is equal to

Agys _ AVRE:
(b -1 s%to(s + 1)(ste + 1)) RA\UT= <b -1 ?ta(s 4+ 1)(sta + 1)>(8 +1)sts.

On the other hand, S is also equal to

S (s+1)(ar—1)+ Y slaz—1) = (s+1)No-+s(s+1) (b

Lely LeLls

_ Aoy
s?ty(s + 1)(ste + 1)

>—s(s+1)aU.

Combining both expressions for S, we deduce that

VP
$?ta(s 4+ 1)(ste + 1)

Let Q denote the set of all quads that meet @* in a line. Summing over all ®, =
(sta+1)(b—1) — SAQ—W quads of Q, we find that Qs = > "5, Ng is equal to

2t2(5+1)
AQ’V? AQ’}/Q

222 ) (1,1 (b— o)+ Y .

s*ta(s + 1)> <$( 2= 1 $%to(s + 1)(sty + 1)) i 2> +Le£* sofer=1)

No =s(ta —1)(b— ) — sta + say.

<(st2+1)(b—1)—

Lemma 9.6 Suppose o # 0 and that the number of quads of order (s,ts) meeting a given
quad @Q of order (s,t3) in a singleton {x} C Q is independent from the point x € Q. Then
Q=Q —s(ty—1) Y, o o, where

= ((st2 +1)(b—1) A;'yg)) : <S(t2 — 1)<b ~ 2 A 1)> - st2>

C Sty(s+ 1 s+ 1)(sty +
Ago
t—1 ( to+1)(0+ts) — —)
ot = 1) (st + Db+ 1) = - 2
Proof. By Lemmas [9.3 and we know that = Q; + Q5 is equal to
Asys Aoyo
D01~ 2 (=1 (- ) =)
((st2+ 10— 1) e y) M GG e rwpan sy Bulk e
—s(ty — 1) - Z a2+ s(t—1) Z ar,.
LeLr LeLr
By Lemma this is equal to Q' — s(to — 1) >, ., 7. .

The following is an immediate consequence of Lemmas [9.4] and [0.6]
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Corollary 9.7 Suppose v2 # 0 and that the number of quads of order (s,ty) meeting a
given quad Q of order (s,t2) in a singleton {x} C Q is independent from the point x € Q.
Then

As a consequence, the latter number is integral and has the same parity as the number

(Stg + 1)(b + tz) — 5212?;—7—1) .

Lemma 9.8 Suppose o # 0 and that the number of quads of order (s, ty) meeting a given
quad Q of order (s,t2) in a singleton {x} C @Q is independent from the point x € Q). Then

O —-Q

((stg + 1)(b+t2) — sta—1)

Agys 2
%ty (s + 1)) < (t2+1)(st2 +1)

with equality if and only if every line is contained in either 0 or ﬁ <b+t2— %)

quads of order (s,tq). If this is the case, then the numbers

Agys ) b(ty +1)?

?ta(s 4+ 1)(sty + 1) bty — Asya

(b +ty —
s2ta(s+1)(sta+1)

to+1

are integral.

Proof. The stated inequality is precisely the Cauchy-Schwartz inequality
2
(o) =(X21)- (X 1)
LeL* LeL* LeL*
We have equality if and only if every line of * is contained in precisely

ZLeL"* aL _ 1
£

B AVLD ) _.
Pto(s + V(sta+ 1))

quads of order (s,t2). Since Q* was an arbitrary quad of order (s,t3), we thus see that
equality occurs if and only if every line of § is contained in either 0 or n quads of order
(s,t2). We now also see that the first number should be integral. A standard counting
yields that the total number of lines through a point that is contained in a quad of order
(s,t2) is equal to @ So, also the second number should be integral. "

Lemma 9.9 Suppose vo # 0 and that the number of quads of order (s, ty) meeting a given
quad Q of order (s,ts2) in a singleton {x} C Q is independent from the point v € Q. If L
denotes the set of lines of S, then

s+ 17

LeL
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vb(ts + 1
ZaL = (2 )7

= s+1
2 vb (b Ay, )
= fo —
I;QL s+1 T $%to(s+ 1)(sta + 1)/
Za3 B Q—-Q ) vb
o~ L s(ta—1) (s+1)(sta+1)

Proof. The first equality follows from the fact that the total number of lines of § is equal

to % The number ), . ay, is equal to (t; +1)(sty + 1) times the number of quads of
order (s,tz), i.e. equal to (t2 +1)(sta +1) (s+1)7(’i’t2+1) = ”b(ﬁ;rl). The third equality follows

from the third equality of Lemma (by summing over all points p of §). The fourth
equality follows from the equality in Corollary (by summing over all quads Q* of order
(s,t2) of S). .

Corollary 9.10 Suppose vo # 0 and that the number of quads of order (s,ty) meeting a
given quad Q of order (s,t3) in a singleton {x} C @ is independent from the point x € Q.

vb(t2+1) Y vb
s and SGoD) I (shED) e congruent modulo 6.

Then the numbers

Proof. For every L € L, the numbers oy and o3 are congruent modulo 6. The claim
then follows from Lemma [0.9 .

10 The surviving possibilities

We have used a computer ([15]) to determine which of the original 10259 possibilities for
(s,ta,t,0) survived all conditions mentioned in Sections 5| till |§| In Appendix , we list
the number of cases killed by each of these conditions.

Although we see that Lemma and the divisibility conditions of Lemma do
not kill any of the possibilities, it is still possible that they do for s > 51. In fact, if
we disregard the strong divisibility condition mentioned in Lemma [3.1] these conditions
actually kill possibilities. In fact, at the time of the writing of [I0] the divisibility con-
dition mentioned in Lemma |3.1] was not yet available and the nonexistence of the case
(s,ta,t,0) = (3,3,19,1) was proved in [I0] using the ideas mentioned in the proof of
Lemma [5.12] We also note that although Lemma “only” looks like a small improve-
ment of the second inequality of Corollary [5.9] it is essential as it gives the only restriction
in this paper that would kill the case (s, ts,¢,b) = (2,2,10,9).

From the 10259 possibilities for (s,t,t,b) mentioned in Section , the following 16
survive all restrictions mentioned in Sections [l till [Ot

(2,2,14,35), (3,3,21,22), (8,4,68,33), (8, 13,221, 25), (9, 3,57, 30), (12, 4, 244, 2989),
(12,6, 195,397), (14,7, 287, 750), (17,7, 623, 5781), (20, 40, 14705, 124413), (22, 6, 930, 20615),

(26,52, 2756, 1107), (35, 7, 1085, 15590), (41, 7,623, 1245), (41, 7,659, 1851), (41, 7, 1289, 22206).
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We see that the possibility (s,t2,¢,0) = (3,3,27,43), which is the remaining open case
in the classification of the finite dense near hexagons with four points per line, is no
longer among these possibilities. In fact, it is only the very last condition (Corollary
9.10) which is responsible for its elimination. At the end of this section we give an
alternative proof for the nonexistence of the case (s, ts,t,b) = (3,3,27,43) still relying on
ideas of Section [J] (actually this was the first proof we found). In this section, we also kill
two additional possibilities, namely (12,4, 244, 2989) and (3, 3,21,22), and note that the
possibility (2,2, 14, 35) corresponds to the near hexagon E,. In this way, we have proved
the second claim of Theorem [L.1l

The case (s,ts,t,0) = (2,2,14,35)

By Lemma , we know that S is a regular near hexagon with parameters (s, t,ty) =
(2,14, 2). By [], we know that there exists up to isomorphism a unique such near hexagon,
namely the regular near hexagon E, related to the Witt design S(5,8,24).

The case (s,ty,t,0) = (12,4,244,2989)

By Lemma [£.5, we know that S is a regular near hexagon with parameters (s,t,t5) =
(12,244,4). The eigenvalues and multiplicities can be computed with the aid of the
techniques mentioned at the end of Section [2] The near hexagon S has four eigenvalues,
namely Ay = s(t + 1) = 2940, Ay, = —(t + 1) = —245 and the two roots Ay = 91 and
A3 = —25 of the quadratic polynomial 22 — (s —1)(ta +2)z + (s —s+ 1)ty — st + (s —1)? =
2?2 — 662 — 2275 = (x + 25)(x — 91). If m; with ¢ € {1,2, 3,4} denotes the multiplicity of
the eigenvalue \;, then

24(t — 1)
v = (s+1)(1+st+s 2): 062041,
1 2¢(t —
. s(ta+1) +s(ta + )t—l—st(t ts) 197469,
§2(ty + 1) + stty + 1) + t(t — to)
my — Ao(v—1—my)— (t+1)(m4—3)€N.

A2 — A3

The case (s,ty,t,0) = (3,3,21,22)

This case was in fact already treated in [I0], but with what we have derived so far, the
treatment is very short. For this reason, we have decided to include it. By Lemmal7.2(2),
we know that through every point x of a quad @ of order (s,t3) = (3,3), there are ¢; = 3
quads of order (3,3) meeting ) in the singleton {z}. So, for each line L = {y1, 2, Y3, Y }
in the local space S,, there are three lines of size 4 disjoint from L and 18 lines of size 4
meeting L in a singleton. Suppose M is a line of size 4 meeting L in the singleton {y; }.
Then there are at least (v, —4)+ (qy, —4) + (ay, —4) = oy, + oy, + vy, — 12 lines of size 4
disjoint from M, implying that ay, +ay, +oy, < 15. As oy, +ay, oy, + oy, = 18+4 = 22
and a,, < L%J = 7 for every ¢ € {1,2,3,4}, we have oy, = 7, and there are at least
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(1,7,9,9) [ 212 [ (3,7,7,9) [ 188 [ (5,5,7,9) | 180
(1,88,9) | 210 || (3,7,8.8) | 186 | (5,5,8,8) | 178
(2,6,9,9) | 202 || (4,4,9,9) | 194 || (5,6,6,9) | 178
(2,7,8,9) | 198 || (4,5,8,9) | 186 | (5,6,7,8) | 174
(2,8,8,8) | 196 || (4,6,7,9) | 182 | (5,7,7,7) | 172
(3,5,9,9) | 196 || (4,6,8,8) | 180 || (6,6,6,8) | 172
(3,6,8,9) | 190 || (4,7,7.8) | 178 | (6,6,7,7) | 170

Table 1: The possibilities for (o, , ar,, ar,, ar,)

three ¢ € {1,2,3,4} for which «,, > 2. Without loss of generality, we may suppose that
Quyy, Qi Qi > 2. Repeating the above argument for lines My and M of size 4 intersecting
L in the singletons {y»} and {ys}, we see that oy, = ay, = 7. So, o, = 1, i.e. every line
of size 4 of S, contains a unique point y for which o, = 1. As b =22 =1¢+1, all points y
of S, satisfy oy, = 1, an obvious contradiction.

Another treatment for the case (s,ts,t,0) = (3,3,27,43)

In both Sections [§] and [9] we derived a number of conditions that must be satisfied by
the ay’s. It might be possible that contradictions can be obtained by combining these
two sets of conditions. We illustrate this principle here by giving a nonexistence proof for
the case (s, t2,1,b) = (3,3,27,43) (which is also excluded by Corollary [9.10)). In fact, the
proof presented here was our first nonexistence proof for this case.

By the classification of all finite generalized quadrangles with four points per line ([18];
[21], Section 6.2]), we know that there are up to isomorphism two generalized quadrangles
of order (3,3), namely Q(4,3) and W(3). As W(3) does not have ovoids ([2I, 3.2.1 and
3.4.1]) and no quad of order (3, 3) is big in S, we know that all quads of order (3,3) of S
are isomorphic to Q(4, 3).

IfQisa@(4,3)-quad and x € @), then we know from Lemmathat ZLE@’Q oy = 26.
As ap, < L%J =9 for every line L of S, we then know the following.

Lemma 10.1 Let x be a point of a Q(4,3)-quad Q, and put L, o = {L1, La, L3, Ly} such
that ap, < ap, < arp, < ar,. Then (ap,,ar,,an,,ar,) is equal to one of the J-tuples
mentioned in Table 1.

If x is a point of a Q(4,3)-quad @ and L, = {L1, Lo, L3, Ly} such that ar, < ag, <
ar, < ag,, then we put n(z, Q) = of +ai, +aoj, +aj,. Foreach of the possibilities for
(ap,,ar,,ar,, ar,), we have also mentioned the corresponding value of n(z, @) in Table

M If {21, 22,..., 210} is an ovoid of @, then by Corollary

10 o
;U(%,Q) R 2090. (12)
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By Lemma [10.1}, we know that
n(x;, Q) € {170,172,174,178,180, 182, 186, 188,190, 194, 196, 198, 202, 210, 212}

for every i € {1,2,...,10}. Let I; denote the set of all i € {1,2,...,10} for which
n(z;, Q) > 209 and put I, = {1,2,...,10} \ ;. Equation implies that

> (0, Q) —209) = 3~ (209~ (a1, Q).

€l i€ls
As n(z;,Q) — 209 < 3 for every i € I; and 209 — n(z;, Q) > 7 for every i € I, we have
3L >7 L =7 (10 . |11\>. This implies that 10 - |I,]| > 70, i.e. [I;]| > 7.

So, every ()(4, 3)-quad contains at least seven lines L for which ay = 1. On the other
hand, every line L for which o = 1 is contained in a unique Q(4,3)-quad. As there

are m = 8944 (4, 3)-quads, the number of lines L for which oy = 1 is at least
8944 - 7 = 62608. But this is impossible as there are only ““2) = 58240 lines.

11 Proof of Theorem in case there are big quads
of order (s, t5)

In this section, we suppose that S is a finite near hexagon satisfying the properties (P1),

(P2) and (P3) for some s,ty € N\ {0,1}. We moreover assume that there exist big quads

of order (s,ts). In particular, we have b > 0. The following sequence of lemmas proves

the last claim of Theorem [1.1 We note that each of the near hexagons mentioned in (a),
(b), (¢), (d) of Theorem [1.1] satisfies Properties (P1), (P2) and (P3).

Lemma 11.1 If S is a classical near hexagon, then S is one of the following:

e a dual polar space DW (5,q), DQ(6,q), DQ~(7,q), DH(5,¢*), DH(6,4*) for some
prime power q;

e a product near hexagon of the form LLg,1 X Q, where Q) is a generalized quadrangle
of order (s,t3).

Proof. This follows from Tits’ classification of polar spaces, taking into account that S
is a classical dense near hexagon, see Section n

Since every quad of order (s,t;) is big, the following is a special case of Theorem 6.10 of
[13].

Lemma 11.2 If Q is a quad of order (s,t3), then every other quad intersects Q) in the
empty set or a line.

Lemma 11.3 There exist two quads intersecting in a singleton. Any two such quads are
grids.
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Proof. Since S is not classical, there exists a nonclassical point-quad pair (x, (). Then
d(z,Q) = 2. If y € I'y(z) N Q, then the quads (z,y) and @ intersect in the singleton {y}.
The second claim follows from Lemma [11.21 .

Lemma 11.4 We have b € {1,2,3,4}.

Proof. By Lemma [11.3] there exist two grid-quads R; and R, intersecting in a singleton
{z}. By Lemma [11.2] each of the b quads of order (s,?s) through z intersects R; and Ry
in lines and so there are at most four of them. n

Lemma 11.5 The case b =1 cannot occur.

Proof. Let R; and R, be two grid-quads intersecting in a point x. Denote by @ the
unique quad of order (s,ts) through x. Let L; with ¢ € {1,2} denote the unique line of
R; through x not contained in ). Then L; # Ly and by Lemma , the quad (L, Ls)
must intersect ) in a line through x. As (Lj, Ls) has at least three lines through z, it
must be a quad of order (s,ts), in contradiction with b = 1. n

Lemma 11.6 If b = 2, then S is a glued near hexagon of type Q)1 ® Q2, where Q1 and
Q2 are two quads of order (s,ts).

Proof. Consider a point z and let ()1, Q2 denote the two quads of order (s, ;) through
x. Then L = Q1 N Q5 is a line by Lemma [11.2

We show that t = 2t,. If this were not the case, then there exists a line K through x
not contained in Q)1 U @Qs. Let K’ be a line of Q3 through x distinct from L. As the quad
(K, K') meets ()1 in a line, there are at least three lines through x contained in (K, K”)
and so (K, K') is a quad of order (s,ts) distinct from (7 and @5, in contradiction with
b = 2. Hence, t = 2t,.

As t = 2ty and any point is contained in precisely b = 2 quads of order (s, ), every
local space should be isomorphic to the unique linear space on 1 + 2¢5 points having two
lines of size t; + 1 and 3 lines of size 2. This implies by Theorem 7.2 of [9] that S is a
glued near hexagon, necessarily of type ()1 ® Q)s. "

In view of Lemmas|11.4] [11.5/ and [11.6] we may assume that b € {3,4}.

Lemma 11.7 Let x be a point of S. Then there exists no line L through x such that
every quad of order (s,ts) through x contains L.

Proof. Suppose to the contrary that this is the case. As b € {3,4}, there then exist
three quads @1, @2 and Q3 of order (s,t9) through L. Let R be a quad through x not
containing L. Then R must be a grid-quad containing the three distinct lines R N @1,
RN @y and RN Q3 through the point z, a contradiction. "

Lemma 11.8 There exists a constant o such that every line is contained in « quads of
order (s,ts).
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Proof. Let L be a line and denote by [r, respectively ay, the number of grid-quads,
respectively quads of order (s,ts), through the line L. By Lemma [I1.7] there exists a
quad @ of order (s,t;) meeting L in a singleton {x}. As every quad through L intersects
@ in a line, we have

ap+ B =ty + 1. (13)
As the quads through L partition the set of lines through z distinct from L, we have
tQOéL + 5[/ =1. (14)
From and (14)), we have
t—1ty— 1 (15)
ap = ————.
-
So, the a’s are constant. "

Lemma 11.9 We have o = 2.

Proof. As b > 2, there exist two quads of order (s,t;) intersecting in a line and so we
have o > 2.

Now, let R be a grid-quad and L a line meeting R in a singleton. Each of the o quads
of order (s,t2) through L intersects R in a line and so we also have a < 2. n

Lemma 11.10 We havety =2, b=4 and t = 5.

Proof. Let Q) be a quad of order (s,t3) and x € Q). Each line of @ through x is contained
in @« — 1 = 1 quads of order (s, t) distinct from (). As every quad of order (s, t3) through
x distinct from ) meets @) in a line, we have b = t5 + 2. As t5 > 2 and b < 4, we have
to, = 2 and b = 4. Equation then implies that t = 5. "

Lemma 11.11 FEwvery local space is isomorphic to the Fano plane in which one point has
been removed.

Proof. Every local space has six points and four lines of size 3. There is only one such
linear space, namely the Fano plane in which one point has been removed. "

Lemma 11.12 We have s € {2,4}.

Proof. As there exists a quad of order (s,t3) = (s,2) with s > 1, we have s € {2,4}
since s < 3 and (s + t2) | sta(s + 1)(t2 + 1) by [21, 1.2.2 & 1.2.3]. .

Lemma 11.13 If s = 2, then S = Hi;.

Proof. This follows from the classification of the finite dense near hexagons with three
points per line obtained in [5]. n

Lemma 11.14 The case s = 4 cannot occur.

Proof. Let Q be a quad of order (s,t3) = (4,2). Then |Q| = 45 and v = |Q| - (1 + s(t —
ty)) = 585. As the number ((s+ 1)%(s — 1)(s* + 1) + st(s — 1)(s + 1)? + v) "'(s°v) is not
integral, a contradiction follows from Lemma (3.1 n
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A Number of cases killed by the various conditions

] Result \ Type of condition \ # cases killed ‘
Lemma [5.2 Divisibility conditions 6595
Lemma [5.2 Inequalities 9786
Lemma [5.4 Inequality 2466
Lemma [5.4 Divisibility condition 3
Corollary 5.9| Second inequality 7233
Corollary [5.10) Inequality 7245
Lemma [5.11) + Remark | Inequality 2
Lemma [5.12 b#1 0
Lemma [6.1{(2)+(5) Inequalities 35
Lemma [7.2{1) Inequality 5507
Lemma [7.3] + Remark | Divisibility condition 8172
Lemma [8.2 Parity argument 3326
Lemma 8.3 Inequality 7666
Lemmas |8.2 and Divisibility conditions 0
Corollary (9.7 Divisibility condition 9098
Corollary (9.7 Parity argument 4685
Lemma [9.8 Inequality 374
Lemma [9.8 Divisibility conditions 42
Corollary 9.10| Divisibility condition 7203

References

[1] N. Biggs. Intersection matrices for linear graphs. pp. 15-23 in “Combinatorial Math-
ematics and its Applications (Proc. Conf., Oxford, 1969)”. Academic Press, 1971.

[2] A. E. Brouwer. The nonexistence of a regular near hexagon on 1408 points. Report
ZW163. Stichting Mathematisch Centrum, 1981.

[3] A. E. Brouwer. The uniqueness of the near hexagon on 729 points. Combinatorica 2
(1982), 333-340.

[4] A. E. Brouwer. The uniqueness of the near hexagon on 759 points. pp. 47-60 in
“Finite geometries (Pullman, Wash., 1981)”, Lecture Notes in Pure and Appl. Math.
82. Dekker, 1983.

[5] A. E. Brouwer, A. M. Cohen, J. I. Hall and H. A. Wilbrink. Near polygons and
Fischer spaces. Geom. Dedicata 49 (1994), 349-368.

6] A. E. Brouwer, A. M. Cohen and A. Neumaier. Distance-reqular graphs. Ergebnisse
der Mathematik und ihrer Grenzgebiete (3) 18. Springer Verlag, 1989.

34



[7]

8]
[9]

[10]
[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

A. E. Brouwer and H. A. Wilbrink. The structure of near polygons with quads. Geom.
Dedicata 14 (1983), 145-176.

P. J. Cameron. Dual polar spaces. Geom. Dedicata 12 (1982), 75-85.

B. De Bruyn. On near hexagons and spreads of generalized quadrangles. J. Algebraic
Combin. 11 (2000), 211-226.

B. De Bruyn. Near hexagons with four points on a line. Adv. Geom. 1 (2001), 211-228.

B. De Bruyn. Dense near polygons with two types of quads and three types of hexes.
J. Combin. Math. Combin. Comput. 57 (2006), 113-128.

B. De Bruyn. Dense near octagons with four points on each line III. Ann. Comb. 15
(2011), 19-35.

B. De Bruyn. An introduction to incidence geometry. Frontiers in Mathematics.
Birkh&user /Springer, 2016.

B. De Bruyn. On the adjacency algebras of near hexagons with an order. Graphs
Combin. 33 (2017), 1219-1230.

B. De Bruyn. Computer computations for “The completion of the classification of the
finite dense near 2d-gons, d € {3,4}, with four points on each line”. Online available
document, http://cage.ugent.be/geometry

B. De Bruyn and P. Vandecasteele. The classification of the slim dense near octagons.
European J. Combin. 28 (2007), 410-428.

B. De Bruyn and F. Vanhove. On @-polynomial regular near 2d-gons. Combinatorica
35 (2015), 181-208.

S. Dixmier and F. Zara. Etude d’un quadrangle généralisé autour de deux de ses
points non liés. Unpublished manuscript, 1976.

W. H. Haemers and R. Mathon. An inequality for near hexagons. Unpublished
manuscript, 1979.

A. Neumaier. Krein conditions and near polygons. J. Combin. Theory Ser. A 54
(1990), 201-209.

S. E. Payne and J. A. Thas. Finite generalized quadrangles. Second edition. EMS
Series of Lectures in Mathematics. European Mathematical Society, 2009.

S. Shad and E. E. Shult. The near n-gon geometries. Unpublished manuscript, 1981.
E. Shult and A. Yanushka. Near n-gons and line systems. Geom. Dedicata 9 (1980),
1-72.

35



[24] J. Tits. Buildings of spherical type and finite BN-pairs. Lecture Notes in Mathematics
386. Springer Verlag, 1974.

Address:

Bart De Bruyn

Ghent University

Department of Mathematics: Algebra and Geometry
Krijgslaan 281 (525), B-9000 Gent, Belgium

Email: Bart.DeBruyn@Ugent.be

36



	Introduction
	Preliminaries
	Basic inequalities and divisibility conditions
	Basic restrictions in case no quad of order (s,t2) is big
	Restrictions arising from the mutual position of two quads
	Further restrictions in the case t=2st2+1
	Derivation of some other constants
	Restrictions arising from the L's
	Further restrictions arising from the L's
	The surviving possibilities
	Proof of Theorem 1.1 in case there are big quads of order (s,t2)
	Number of cases killed by the various conditions

