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Abstract

In [9], two of us classified line sets in PG(3,¢), ¢ odd, that satisfy a certain list
of properties. It was shown there that if ¢ > 7, then each such line set is either the
set of secant lines with respect to a hyperbolic quadric of PG(3,¢q) or belongs to a
certain “hypothetical family” of line sets (for which no examples were known in [9]).
In the present paper, we achieve two goals. On the one hand, we extend the mentioned
classification result to all odd prime powers q. On the other hand, we study the
hypothetical family of line sets and show that they are related to quadratic sets of the
Klein quadric. This will allow us to show that such line sets exist for every odd prime
power gq.

MSC2020: 05B25, 51A50, 51E20
Key words: line sets in projective spaces, secant line, hyperbolic quadric, Klein quadric,
quadratic set

1 Introduction

If Q is a quadric of a projective space PG(n, ¢), then a line L of PG(n, q) is called an external,
a secant or a tangent line according to as [LN Q| =0, |[LNQ|=2or |[LNQ| € {1,¢+ 1}.
From Theorem 1.1 and Lemmas 3.1, 4.4 of [9], the following characterization result for the
set of secant lines to a hyperbolic quadric in PG(3, g) follows.

Proposition 1.1. Let S be a set of lines of PG(3,q), ¢ > 7 odd, for which the following
properties hold:

(P1) There are %q(q + 1) or ¢? lines of S through a given point of PG(3,q). Further, there
exists a point which s contained in %q(q +1) lines of S and a point which is contained
in ¢* lines of S.

*The author would like to thank the National Institute of Science Education and Research, Bhubaneswar,
for the kind hospitality provided during his visit to the School of Mathematical Sciences in January 2020.



(P2) Every plane © of PG(3,q) contains at least one line of S and one of the following two
CASES OCCUTS:

(P2a) every pencil of lines in m contains 0 or q lines of S;

(P2b) every pencil of lines in m contains (¢ — 1), 3(¢+ 1) or q lines of S.
Then S is one of the following:
(1) the set of all secant lines with respect to a hyperbolic quadric in PG(3,q);

(2) a hypothetical family 0f%(q4—|—q3+2q2) lines such that the set of points that are incident
with ¢* lines of S is a line L € S and the planes w for which (P2a) holds are precisely
the planes containing L.

The question whether line sets as in (2) of Proposition can exist remained open in [9)].
In this paper, we achieve the following two goals.

(1) We extend Proposition to all odd ¢, i.e. we show that Proposition is also valid
for g € {3,5}.

(2) We study the hypothetical families of £(¢* 4+ ¢* 4 2¢*) lines of PG(3, ¢) alluded to in
Proposition [1.1(2). In particular, we show that such line sets exist for every odd prime
power q.

The first goal will be realized in Sections [3] and [ and the second goal in Sections [5 [6] [7]
and 9 In both treatments, we need to make use of an observation about dual conics which
we will derive in the following section.

2 An observation on dual conics

If C is an irreducible conic of PG(2, ¢), ¢ odd, then every point = of PG(2, ¢) \ C is contained
in either two or zero tangent lines. The point z is called exterior or interior according to as
the former or the latter case occurs. A dual conic of PG(2,q) is a set of lines of PG(2, q)
forming an irreducible conic in the dual plane PG(2, ¢)* of PG(2, q).

Lemma 2.1. (1) A set of lines of PG(2,q), q odd, is a dual conic if and only if it is the
set of tangent lines with respect to an irreducible conic of PG(2,q).

(2) A set of lines of PG(2,q), q odd, is the set of exterior points with respect to an irre-
ducible conic of PG(2,q)* if and only if it is the set of secant lines with respect to an
irreducible conic of PG(2,q).

(3) A set of lines of PG(2,q), q odd, is the set of interior points with respect to an irre-
ducible conic of PG(2,q)* if and only if it is the set of external lines with respect to an
irreducible conic of PG(2,q).



Proof. Suppose C is an irreducible conic in PG(2, ¢), ¢ odd. There are g+1 tangent lines with
respect to C and no three of these lines are concurrent, i.e. the set C* of these tangent lines
is a dual conic by Segre [I1] (it is also possible to show this directly by using coordinates).
As each of the ¢ + 1 points of C is contained in a unique tangent line, C is the set of points
of PG(2, q) corresponding to the tangent lines of the dual conic C*.

Now, a line L of PG(2,¢) not belonging to C* is a secant line with respect to C if and
only if it contains two points of C, i.e. if and only if L & C* regarded as a point of PG(2, ¢)*
is contained in two tangent lines with respect to C*, in other words if and only if L is an
exterior point with respect to C*. B

By the above, Claims (1), (2) and (3) will be valid if any dual conic C* of PG(2, ¢)*
consists of the tangent lines with respect to a conic of C. But this follows by the same
argument as in the first paragraph of this proof (with C replaced by C*). O]

3 Sets of class [1(¢ — 1),3(¢ +1),q] in PG(2,q), ¢ odd

Before we can achieve the first goal of this paper, we need to derive some results regarding
certain sets of points in PG(2,3) and PG(2,5).

If mq, mg, ..., my are k mutually distinct integers satisfying 0 < mq < mg < --- < my <
g+ 1, then a set of points of PG(2, q) is said to be of class [m1, ma, ..., mg] if it meets every
line in either mq, mo, ..., or my points.

3.1 Sets of class [1,2,3] in PG(2,3)

If C is an irreducible conic in PG(2,3) and &: denotes the set of exterior points of PG(2, 3)
with respect to C, then every tangent line meets & in three points, every secant line meets
&c in one point and every external line meets & in two points. So, & is a set of class [1, 2, 3].
Note also that the complement of any set of class [1,2,3] in PG(2,3) is again a set of class
1,2,3)].

Lemma 3.1. Fvery set of class [1,2,3] in PG(2,3) is either the set of exterior points with
respect to an irreducible conic or the complement of such a set. Equivalently, a set of class
[1,2,3] in PG(2,3) is either the set of points on the sides of a triangle except for the vertices,
or the complement of such a set.

Proof. Let X be a set of class [1,2,3] in PG(2,3). Then X is either a set of class [1,2, 3]
with |X| < 6 or the complement of such a set of points.

Suppose therefore that | X| < 6. If there are no lines intersecting X in three points, then
|X| <4 and X must be a subset of an irreducible conic, implying that there are lines disjoint
from X, a contradiction.

So, there exists a line L meeting X in precisely three points x1, o and x3. Let y denote
the unique point of L, not belonging to X. Through y, there are three lines L, Lo and L3
distinct from L.

Each of these three lines contains an extra point of X. As |X| < 6, we thus see that
each of these three lines contains precisely one point of X. Put L; N X = {y;} for every
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i € {1,2,3}. The points yi, 4o, y3 cannot be collinear, otherwise the line containing these
points would be entirely contained in X as this line also contains a point of L \ {y}. Each
y; with i € {1,2,3} is now contained in two lines meeting X in exactly three points, namely
the lines y;y; with j € {1,2,3} \ {i} and one line meeting X in exactly one point, namely
y:y. So, each y;, i € {1,2,3}, is contained in a unique line meeting X in exactly two points.
Repeating the above argument with L replaced by either y;y, or y;,y3, we then also see that
every point of L N X is contained in a unique line meeting X in exactly two points.

There are thus three lines Uy, Uy and Us that contain exactly two points of X, resulting
in the 6 points for X. Moreover, any two of these lines intersect in a point outside X. If
U, Uy and Us go through the same point, then the fourth line through that point would be
disjoint from X, which is impossible. So, the lines Uy, Us and Uz form a triangle and

X =0 Ul UU) \ (UiNnUs) U (Ui NU3) U (U UU3)). (%)

Conversely, every set of 6 points of PG(2,3) obtained as in (*) is a set of class [1,2,3]. So,
there exists up to isomorphism only one set of class [1,2, 3] having 6 points. Such a set
of class [1,2, 3] thus necessarily is the set of exterior points with respect to an irreducible
conic. =

3.2 Sets of class [1,3(¢+ 1), 3(¢+ 3)] in PG(2,¢), ¢ > 5 odd
We take the following result from Theorem 4.6 of [7].

Proposition 3.2 ([7]). Let K be a set of class [1,3(q + 1), 3(q + 3)] in PG(2,q), ¢ odd and
q > 5. Then one of the following cases occurs:

(1) ¢ =5 and K consists of all points on the sides of a triangle, except the vertices;

(2) K consists of an irreducible conic and its interior points.

3.3 Two consequences
From Lemma [3.1] and Proposition [3.2] the following can be derived.

Corollary 3.3. Let K be a set of class [3(q — 1), (¢ + 1), q] in PG(2,q) where q € {3,5}.
Then IC is one of the following:

(1) the set of exterior points with respect to an irreducible conic;

(2) a set of the form (PG(2,q) \ (L1 ULy U L3)) U (Ly N L) U(Ly N L) U (LyN L3), where
L1, Ly and L3 are three nonconcurrent lines.

Proof. For q = 3, this is a consequence of Lemma For ¢ = 5, this is a consequence of

Proposition if we take into account that the complement of a set of class [1, %(q+ 1), %(q—l—

3)] in PG(2,q), q odd, is a set of class [5(q¢ — 1), 2(¢ +1),4]. ]
From Proposition [3.2] and Corollary [3.3] the following can be derived.

4



Corollary 3.4. Let X be a set of class [5(q — 1),3(q + 1),q] in PG(2,q), q odd, having
exactly %q(q + 1) points. Then there exists an irreducible conic C in PG(2,q) such that X
coincides with the set of points of PG(2,q) that are exterior with respect to C.

Proof. If ¢ € {3,5}, then one of the cases (1) or (2) of Corollary must occur. As
| X| = 1q(q+ 1), the former case must occur.

If ¢ > 7, then as the complement of X is a set of class [1, 5(¢+1), 5(¢+3)], we know from
Proposition that X is the set of exterior points with respect to an irreducible conic. [J

4 Proof of Proposition for all odd ¢

Let S be a family of lines of PG(3, ¢) with ¢ odd satisfying the properties (P1) and (P2) of
Proposition [I.1} A plane of PG(3,¢) is said to be tangent or secant according as it satisfies
the property (P2a) or (P2b). For a given plane 7 of PG(3,¢), we denote by S, the set of
lines of S contained in 7.

4.1 Recollection of some results from [9]

The following three results are respectively Lemma 2.1, Lemma 2.2 and Corollary 2.3 of [9].
The proofs of these results in [9] work for all odd g.

Lemma 4.1. If 7 is a tangent plane, then |S;| = ¢°.

Lemma 4.2. Let © be a tangent plane. Then there are exactly q*> + q points in 7 each of
which is contained in q lines of S;. FEquivalently, there is only one point of m that is not
contained in any line of Sy.

For a tangent plane m, we denote by p, the unique point of = which is contained in no lines
of S; (Lemma and call it the pole of T.

Corollary 4.3. Let m be a tangent plane. Then the q + 1 lines of ™ not contained in S, are
precisely the lines of w through the pole p.

The following is an immediate consequence of property (P2b).

Lemma 4.4. If 7 is a secant plane, then S; is a set of class [%(q —1), %(q +1),q] in the
dual plane of m.

The following is precisely Lemma 2.5 of [9]. It is a consequence of Proposition and
Lemmas , , taking into account that the complement of a set of class [%(q—l), %(q+1), q|
is a set of class [1, (g + 1), 3(¢q + 3)].

Corollary 4.5. If ¢ > 7, then for every secant plane mw, the set S, consists of all secant lines
with respect to an irreducible conic of .



Using Corollary , the authors of [9] were able to complete the proof of Proposition
without making further use of the restriction that ¢ > 7. Although they never stated this
explicitly in their paper, the authors of [9] have thus shown the following.

Proposition 4.6. Suppose that for every secant plane w, the set S, consists of all secant
lines to an irreducible conic of m. Then S is one of the following:

(1) the set of all secant lines with respect to a hyperbolic quadric in PG(3,q);

(2) a set of 3(¢* + ¢* + 2¢®) lines such that the set of points that are incident with ¢* lines
of S is a line L ¢ S and the planes 7 for which (P2a) holds are precisely the planes
containing L.

4.2 Completion of the proof

The following is a consequence of Lemmas [2.1] [4.4] and Corollaries 4.5

Corollary 4.7. One of the following cases occurs for a secant plane 7:
(1) S, consists of all secant lines with respect to an irreducible conic;

(2) there exist three noncollinear points x1, o and xs such that S, consists of the lines
1o, T1X3, Tox3 and all lines disjoint from {xy,xo, x3}.

Case (2) cannot occur if ¢ > 5.

If case (1) occurs, then we call m a secant plane of type (1). If case (2) occurs (and so
q € {3,5}), then we call 7 a secant plane of type (2). Every point of PG(3, q) is contained in
¢ or %q(q + 1) lines of S by property (P1). We call a point of PG(3, q) black (respectively
white) if it is contained in ¢* (respectively $¢(¢ + 1)) lines of S.

Lemma 4.8. Suppose x is a black point. Then there exists a unique plane m, through x
such that the lines of S through x are precisely the lines through x not contained in mw,. This
plane m, 1s a tangent plane.

Proof. We will reason in the quotient projective space PG(3,¢),. There are ¢ + 1 lines
through z not belonging to S. Each line of PG(3, ¢), contains at least one element of this
collection of ¢ + 1 lines. By Theorem 1 of [2], we then know that the ¢ 4+ 1 lines through =
not belonging to S are the ¢ + 1 lines through = contained in a certain plane 7. As no line
of 7, through = belongs to S, 7, is a tangent plane. O

Consider the map 6 between the set of black points and the set of tangent planes mapping
T to m,.

Lemma 4.9. The map 0 is injective.

Proof. Let m be a tangent plane. If 7 = 6(z) for some black point x, then we know that x
necessarily coincides with the pole of 7. So, 6 is injective. O
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Lemma 4.10. (1) The map 0 is bijective.

(2) There are no secant planes of type (2).

Proof. Consider now the following numbers:

e B is the number of black points;

e IV is the number of white points;

e N, is the number of tangent planes;

e N, is the number of secant planes of type (1);

e N3 is the number of secant planes of type (2).
By Lemma we have B < Nj, with equality if and only if 8 is bijective.

We count in two different ways the triples (x, L, 7), where x is a point of PG(3,q), L a
line of S through = and 7 is a plane of PG(3, ¢) through L.

Counting according to the sequence x, L, 7 yields that the number A of such triples equals

+1
A= (Bq2 + W%)(q +1). (1)
Counting according to the sequence 7, L, x yields that the number A of triples also equals
+1
A= <N1q2+NQQ(q2 )+N3(q2—2q+4))(q+1). (2)
By equations and (2)), we find
+1 +1
Be® + Wq<q2 ) N+ 1\f2q(q2 ) i — 20+ ).
Replacing W by ¢* +¢* +q¢+1— B and N, by ¢+ ¢* + ¢+ 1 — N; — N3, we find
-1 +1 -1 +1
Bq(q2 ), (¢ + @ +q+ 1)q(q2 ) _ qu(q2 ), (@ + ¢ +q+ 1)q(q2 )
+1
—I—N3<q2 —2q+4- %)
v 1 1 3 2) + 2
Bq(qQ— ) _ qu(q2— N C )(q2— )+2
We thus find that B > N;. Hence, B = Ny and N3 = 0. As B = N, the map 6 must be
bijective. n

Theorem 4.11. The conclusion of Proposition|1.1| is valid for all odd prime powers q.

Proof. For g > 5, this was shown in [9], see also Proposition and the remark prior to
that proposition. For ¢ € {3,5}, this now follows from Proposition , Corollary and
Lemma 4,10 ]

For each prime power ¢, we denote by H(q) the set of all line sets in PG(3, ¢) that satisfy the
properties (P1), (P2) of Proposition and which correspond to case (2) of that proposition.
The question whether H(q) is non-empty was left open in [9]. In the following sections, we
show that H(q) is non-empty for every odd prime power. We also obtain some classification
results for the line sets in #(g), some of which have been obtained by means of computer
computations.



5 Alternative descriptions for the line sets in H(q)

Consider the following properties for a set S of lines of PG(3,¢), ¢ odd:
(P3) S is not the set of secant lines with respect to a hyperbolic quadric of PG(3, q).
(P1’) One of the following two cases occurs for a point p of PG(3, ¢q):

(P1a’) there exists a plane 7 through p such that the lines of S through p are precisely
the lines through p not contained in 7;

~

(P1b') there exists an irreducible conic C, in the quotient projective space PG(3,¢q),
PG(2, q) such that the lines of S through p are precisely the points of PG(3, q),
that are exterior with respect to C,,.

(P2’) One of the following two cases occurs for a plane 7 of PG(3, ¢):

(P2a’) there exists a point p in 7 such that the lines of S in 7 are precisely the lines in
7 not containing p;

(P2b') there exists an irreducible conic C, in 7 such that the lines of S in 7 are precisely
the secant lines with respect to C;.

(P3’) There exists a line L* ¢ S in PG(3, ¢) such that the points p of PG(3, ¢) for which case
(Pla’) occurs are precisely the points on L* and the planes 7 for which case (P2a’)
occurs are precisely the planes through L*.

We hereby note that property (P3') is only defined for line sets that also satisfy properties
(P1") and (P2').

Recall that the members of H(q) are precisely the line sets satisfying properties (P1),
(P2) and (P3). We now show that the members of H(q) can also be described by means of
the properties (P1’), (P2') and (P3').

Proposition 5.1. A set S of lines of PG(3,q), q odd, satisfies properties (P1), (P2) and
(P3) if and only if it satisfies properties (P1"), (P2') and (P3').

Proof. Suppose S satisfies properties (P1), (P2) and (P3). By Proposition Corollaries
[4.3 [£.7 and Lemma [£.10] we then know that the following properties hold:

(1) The set S consists of 3(¢* + ¢* + 2¢*) lines.

(2) There exists a necessarily unique line L* with the property that every point of L* is
incident with exactly ¢? lines of S and every point not incident with L* is incident with
exactly 3¢(g + 1) lines of S.

(3) The line L* does not belong to S.

(4) Every plane 7w through L* contains a unique point p, € L* with the property that the
lines of & in 7 are precisely the lines of m not containing the point p,.
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(5) The map 7w + p, defines a bijection between the set of planes through L* and the set
of points on L*.

(6) For every plane 7 not containing L*, there exists an irreducible conic C, in 7 such that
the lines of § in 7 are precisely the lines of 7w that are secant with respect to C;.

For every point = of PG(3, q), let S, denote the set of lines of S through x. Then S, is a set
of points of the quotient projective space PG(3, q),. By the above properties (4) and (5), we
know that the following holds:

(7) If x € L*, then S, is the complement of a line of PG(3,¢)..

If z is a point of PG(3,¢q) \ L* and if 7 is the plane (z, L*), then with exception of xp, all
lines of 7 through x belong to S. If 7’ is another plane through z, then by (P2b) there are
either %(q - 1), %(q + 1) or ¢ lines of 7’ through = that belong to S. So, S, is a set of class
[2(g—1),3(g+1),q] of PG(3,¢),. In combination with Corollary [3.4] and property (2), this
implies the following:

(8) If x is a point of PG(3,¢q) not belonging to L*, then S, is the set of exterior points
with respect to an irreducible conic C, of PG(3, q),.

Note also that if  is a point of PG(3,¢) \ L* and if 7 is the plane (x, L*), then the fact that
with exception of zp, all lines of 7 through x belong to & implies that 7 is a tangent line of
PG(3,q), to the conic C, with tangency point xp,.

Properties (P1’), (P2') and (P3') are consequences of the above properties (3), (4), (6),
(7) and (8).

Conversely, suppose that S satisfies the properties (P1’), (P2') and (P3'). Let L* be the
line of PG(3, ¢) such that property (P3’) holds.

If x € L*, then the fact that property (Pla’) holds for x implies that x is incident with
q? lines of S. If x € PG(3,q) \ L*, then the fact that property (P1b’) holds for x implies that
z is incident with 1¢(g + 1) lines of S. We conclude that S satisfies (P1).

If 7 is a plane through L*, then the fact that property (P2a’) holds for 7 implies that
every pencil of lines in 7 contains 0 or ¢ lines of S. If 7 is a plane of PG(3, ¢) not containing
L*, then the fact that property (P2b’) holds for 7 implies that every pencil of lines in 7
contains (¢ — 1), 3(¢ + 1) or ¢ lines of S. So, property (P2) holds.

If S were the set of secant lines with respect to a hyperbolic quadric Q7 (3, ¢) of PG(3, q),
then the planes of PG(3,¢) for which (P2a’) holds are the tangent planes with respect
to @7(3,¢q). As these planes do not intersect in a line (as required by (P3')), we have a
contradiction. So, property (P3) must hold. ]

We now give another alternative description of the elements of H(gq) by using the so-called
Klein correspondence.

Suppose PG(3,q) = PG(V), where V is a 4-dimensional vector space over the finite
field F,, and denote by /\2V the second exterior power of V. The map « which sends
each line L of PG(V) through two distinct points (1) and (v2) to the point (v; A vs) of
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PG(5,q) = PG(A? V) is well-defined. It moreover defines a bijection between the set of lines
of PG(3,¢) and the set of points of a hyperbolic quadric in PG(A? V') which we will denote
by @7 (5,¢). The map & is also called the Klein correspondence and the quadric Q7 (5, q) the
Klein quadric. We recall some known properties of the Klein quadric. For more background
information, we refer to [§ and [12].

(1) For every point x of PG(3,¢q), we denote by L, the set of lines of PG(3,¢) through
x. The set k(L,) is a plane of Q1 (5, q) which is called a Latin plane.

(2) For every plane 7 of PG(3, ¢), we denote by L, the set of lines of PG(3, ¢) contained
in m. The set k(L) is a plane of Q1 (5, q) which is called a Greek plane.

(3) Every plane of Q7 (5, ¢q) is either a Latin or Greek plane.

(4) For every incident point-plane pair (x,7) in PG(3, ¢), let £, , denote the line pencil
consisting of all lines through = contained in w. Then x(L, ) = k(L;) N K(L;) is a line of
Q1 (5,q). Every line of Q7 (5, ¢q) can be obtained in this way.

(5) Every automorphism or duality 6 of PG(3,¢) maps lines to lines and induces an

automorphism 6 of Q*(5,q) via the relation x(L) = x(L)? for lines L of PG(3,q). If 0

is an automorphism, then 6 maps Latin planes to Latin planes and Greek planes to Greek
planes. If 0 is a duality, then ¢ maps Latin planes to Greek planes and Greek planes to Latin
planes. Conversely, every automorphism of Q7 (5, ¢) is of the form 6 for some automorphism
or duality 6 of PG(3, ¢q).

(6) If (x, L) is a non-incident point-line pair of QT (5, ¢), then either one or all points of
L are collinear with = on the quadric Q*(5,q).

(7) If (z,7) is a non-incident point-plane pair of Q1 (5, ¢q), then there is a unique plane
of Q7 (5,q) through z intersecting 7 in a line.

Consider now the following properties for a set X of points of Q™ (5, ¢), ¢ odd:

(P1”) For a plane 7 of Q7 (5, q), the intersection X N7 is either the complement (in 7) of a
line L, C 7 or the set of points in 7 that are exterior with respect to a (necessarily
unique) irreducible conic C, of 7.

(P2") There exists a point x* & X such that the planes 7 of QT (5, ¢q) for which 7 N X is the
complement of a line are precisely the planes through z*.

(P3") If x is a point noncollinear with z* on Q*(5,¢) and 7y, m, are two planes of Q* (5, ¢)
through z, then x € C,, if and only if x € C,,.

We hereby note that property (P2”) is only defined for point sets that also satisfy property
(P1”) and that property (P3") is only defined for point sets that also satisfy properties (P1”)
and (P2”). If X satisfies properties (P1”) and (P2"), then z* € L, for every plane 7 of
Q7 (5, q) through z*.

If X is a set of points of QT (5, ¢) satisfying (P1”), (P2”) and (P3”), then Ay denotes the
union of all lines L, for planes m of Q% (5, q) through z* and By denotes the set of all points
x of QT (5, ¢) noncollinear with z* on Q*(5, ¢) such that x € C, for any plane 7 of Q* (5, q)
through x. Note that Ax N Bx = () and that X is disjoint from Ax U By.
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A set X of points of QT (5, q) is called a quadratic setif it intersects each plane of Q7 (5, q)
in a possible reducible conic of that plane. A quadratic set is said to be of type (LC) if each
plane of Q7 (5,q) intersects it in either a line or an irreducible conic. A quadratic set X is
said to be of type (LC*) if the planes of @7 (5,¢) that intersect it in a line are precisely the
planes of QT (5, q) through a given point of X.

Suppose X is a quadratic set of type (LC*) of @*(5,q), ¢ odd, and let z* denote the
unique point of X such that the planes of QT (5, ¢) intersecting X in a line are precisely the
planes of Q7 (5, q) through z*. For every plane m of QT (5,¢) not containing z*, we denote
the irreducible conic 7 N X also by C,. We call X a nice quadratic set of type (LC*) if the
following property is satisfied:

If x is a point of Q1 (5,q) noncollinear with x* and m;, m are two planes of
Q7 (5,q) through x, then z is an exterior point with respect to the irreducible
conic C,, if and only if it is an exterior point with respect to C,,.

If this is the case, then C'x denotes the set of points of Q@ (5, ¢) not contained in X that are
collinear on Q% (5, ¢) with z* and Dy denotes the set of all points = of @* (5, ¢) noncollinear
with z* on Q*(5,¢) such that x is an exterior point with respect to C, for any plane 7
of @7(5,q) containing the point z. Note that Cx N Dx = () and that X is disjoint from
CX U Dx.

Lemma 5.2. Let p be a point and m a plane of PG(3,q), q odd. Let C, and C, be irreducible
conics in respectively PG(3, q), and 7. If 0 is a duality of PG(3,q) mapping p to m and C, to
the dual conic in 7 consisting of all tangent lines to C, (recall Lemma , then the set of
exterior points of PG(3, q), with respect to C, is mapped by 6 to the set of secant lines with
respect to C.

Proof. Since there are as many exterior points with respect to C, as there are secant lines
with respect to C,, namely %q(q + 1), it suffices to prove that § maps every exterior point
L with respect to C, to a secant line with respect to C;. Note that L is a line through p.
Let a denote a line in PG(3,¢), that contains L and is tangent to C,. Then « is a plane
through L containing exactly one line that belongs C,. We denote this line by K. In the
line pencil £, o, there is thus one line belonging to C,, namely K. That implies that the line
pencil (£,,)? = Lo 0 = Ly o only contains one tangent line to C,, implying that a? € C,
and L0 0 \ {K’} contains ¢ secant lines with respect to C,. In particular, L? is a secant
line with respect to C,. O]

The following is an immediate consequence of Lemma [5.2]

Corollary 5.3. Let 6 be a duality of PG(3,q) mapping a point p to a plane w. Then a set
S of lines of PG(3,q) satisfies property (P1') with respect to p if and only if 8% satisfies
property (P2') with respect to w. In fact, if property (P1a’) (respectively, (P1b')) holds for
the point p, then property (P2a’) (respectively, (P2b')) holds for the plane 7.

Proposition 5.4. Let S be a set of lines of PG(3,q), q odd, and X a set of points of
Q1 (5,q) such that X = k(S). Then S satisfies properties (P1'), (P2") and (P3') if and only
if X satisfies properties (P1”) and (P2").

11



Proof. We show the following:

(A) Property (P1’) holds for a point p of PG(3,¢q) if and only if property (P1”) holds for
the Latin plane x(L,).

(B) Property (P2’) holds for a plane 7 of PG(3, ¢) if and only if property (P1”) holds for
the Greek plane x(L;).

(C) Property (P2”) is equivalent with (P3’). The line L* of PG(3,¢) and the point z* of
Q% (5,q) occurring in these properties are related to each other via the Klein corre-
spondence, i.e. z* = k(L*).

We start by proving (A). Let p be a point of PG(3,¢) and 7 a Latin plane of Q" (5, q) such
that 7 = k(L,). If ais a plane of PG(3, ¢) through p, then x maps £,\ L,  to k(L,)\k(Lp.a),
i.e. to the complement of the line k(L,,) in m = k(L,). So, it suffices to prove that x maps
the sets of lines of PG(3,¢q) through p that arise as sets of exterior points with respect to
irreducible conics of PG(3, ¢), to sets of points of 7 that arise as sets of exterior points with
respect to irreducible conics of .

Let (01,09, U3,74) be an ordered basis of V' such that p = (;). Then © = (v A 0y, 701 A
V3,01 A 74). There is now a natural bijective correspondence between quadratic forms @ on
(U9, U3, 04) and quadratic forms @ on (01 A Ug, 01 A U3,01 A Ug) given by

Q()\g UL ATy + A3 - U1 AU+ Ay - U1 A @4) = Q()\g@Q + A3Us + )\4174)

for Ao, A3, Ay € F,. Suppose now that () and @ give rise to irreducible conics which we will
respectively denote by Co and Cg. If we denote by S and NN the set of nonzero squares and
nonsquares in F,, then we denote by 7" the unique set in {5, N'} such that there are %q(q +1)
points (v) in (vg, v3,04) for which Q(v) € T. These are then precisely the exterior points of
(Dy, U3, 4) with respect to Co. As Q(01 A 0) = Q(0) for all & € (by, U3, 74), we then also see
that the set of all points (2, A #) of 7 for which Q(; A ©) € T is the set of exterior points
with respect to C@. Now, if we denote by C, the irreducible conic of PG(3, g), obtained by
connecting p with all points of Cg, then the map (1, 0) — (03 Av) = k((v1, 7)) maps the set
of points of PG(3, ¢), that are exterior with respect to C, to the set of points of 7 that are
exterior with respect to C@.

We now prove (B). Let @ be an arbitrary duality of PG(3,¢). Then there exists a unique
automorphism 6 of Q*(5,¢) interchanging the Latin and Greek planes such that x(Lf) =
H(L)g for lines L of PG(3, q).

By Corollary , S satisfies property (P2’) with respect to 7 if and only if S? satisfies
property (P1’) with respect to the point p := 7%. By (A), we know that this precisely
happens if property (P1”) holds for the Latin plane x(£,) = (L) = k(LY) = /ﬁ(ﬁﬂ)g with
respect to the set x(S?) = 5(8)5, i.e. if and only if property (P1”) holds for the Greek plane
k(L) with respect to the set X = r(S).

Property (P1”) which we defined above holds for a plane 7 if precisely one of the following
two properties holds:
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(P1a”) the intersection 7 N X is the complement (in 7) of a line L, C ;

(P1b”) the intersection mN X consists of the points in 7 that are exterior with respect to
a given irreducible conic C; of 7.

From the discussion above, we know that property (Pla’) holds for a point p of PG(3,q)
if and only if (P1a”) holds for the Latin plane x(£,) and that property (P2a’) holds for a
plane 7 if and only if property (P1a”) holds for the Greek plane x(L,). Claim (C) follows
from this and the fact that for every point-line-plane triple (p, L*, ) of PG(3,¢q), we have
p € L* < k(L*) € k(L,) and L* C 7 < k(L) € K(Ly). O

By Propositions , and , we thus know that every set X of points of Q1 (5,¢), ¢
odd, satisfying (P1”) and (P2”) has size 1(q* + ¢* +2¢*). This can also be found directly by
double counting the pairs (z,7) with 7 a plane of Q*(5,¢) and x € X N .

In the following proposition, we show the equivalence between nice quadratic sets of type
(LC*) of @"(5,q), q odd, and sets of points of QT (5,q) satisfying properties (P1”), (P2")
and (P3").

Proposition 5.5. Suppose X is a set of points of Q*(5,q), q odd, satisfying properties (P1"),
(P2"), (P3") and Y is a nice quadratic set of type (LC*) of QT (5,q). Then the following
hold:

o Ax U Bx is a nice quadratic set of type (LC*).
e Cy U Dy satisfies properties (P1"), (P2") and (P3").
e We have Y = Ax U Bx if and only if X = Cy U Dy..

Proof. Suppose the point set of Q7 (5,¢q) can be partitioned in three sets X;, X, and Xj
such that the following three properties are satisfied with respect to a certain point z* of

Q" (5,9):

e Every plane m of Q7 (5, ¢q) through z* is contained in X; U X5. Moreover, 7 N X is a
line of 7 through z*.

e If 7 is a plane of QT (5,¢) not containing z*, then 7 N X; is an irreducible conic of
7 whose set of exterior points coincides with 7 N X5 and whose set of interior points
coincides with © N X3.

If these properties hold, then we call (X, X, X3) a nice triple with respect to x*. If this is
the case, then z* € X;. The following properties obviously hold:

(A) If (X1, Xo, X3) is a nice triple with respect to z*, then X, satisfies properties (P1”),
(P2”) and (P3”) (with respect to the same point z*). If this is the case, then Ax, U
BX2 = X1 and X3 = Q+(5,q) \ (Xl U XQ)
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(B) If X3 is a set of points of QT (5, ¢) satisfying properties (P1”), (P2”) and (P3”) (with
respect to the same point z*), then the triple (X, X5, X3) with X; := Ay, U Bx, and
X3 :=Q7(5,¢) \ (X1 UXy) is a nice triple with respect to x*.

(C) If (X3, Xy, X3) is a nice triple with respect to z*, then X is a nice quadratic set of type
(LC*) (with respect to the same point z*). If this is the case, then Cx, U Dx, = X5
and X3 = Q% (5,¢) \ (X1 U Xz).

(D) If X is a nice quadratic set of type (LC*) with respect to 2*, then the triple (X7, Xs, X3)
with X5 := Cx, U Dx, and X3 := Q" (5,q) \ (X7 U X5) is a nice triple with respect to

*

xT.

The claims then follow from the above properties (A), (B), (C) and (D). O

6 Examples of quadratic sets of type (LC¥)

With respect to a reference system in PG(5, ¢), the quadric Q1 (5, ¢) has equation X; X, +
X3X4+ X5X6 = 0. For all z,y, z € F,, we define the following sets of points of Q™ (5, q):

L,y 2) = {(o,—28+yy, B, 20 —x7v,7, —ya+zB)| (o, 8,7) € F2 \ {(0,0,0)}},
L(0,1,2,y) {(—o, —yB + a7y, —va, =y, =y, B) | (a, B,7) € F2\ {(0,0,0)}},
L(0,0,1, ) {(0,7, =, 28, —za, —ﬁ) | (e, B,7) € Fo \ {(0,0,0)}},
L(0,0,0,1) {(0,=7,0,8,—,0) | (a, 8,7) € F2\ {(0,0,0)}},
G(1,2,y,2) {(yor+ 28,7, —za + zv, =B, —xB — yv,a) | (o, B,7) € F3\ {(0,0,0)}},
G(0,1,2,y) {(—za —yﬁ v, 0,2y, B,y7) | (e, B,7) € F2\ {(0,0,0)}},
G(0,0,1,x) {(a, —, B, —27) | (a, B,7) € Fy \ {(0,0,0)}},
G(0,0,0,1) := {(a 0 ﬁ,O 0,7) | (v, B,7) € Fo\ {(0,0,0)}}.
Also, put
£ = {L(,z,y,2),L(0,1,z,y),L(0,0,1,2), L(0,0,0,1) | z,y, 2 € F,},

g = {G(,z,y,2),G(0,1,z,9),G(0,0,1,2),G(0,0,0,1) | x,y, 2 € F,}.

The following was proved in Section 2 of [4].

Proposition 6.1. The planes of Q7 (5,q) are precisely the elements of L*UG*. In fact, the
reference system in PG(5,q) can be chosen in such a way that L* is the set of Latin planes
and G* 1s the set of Greek planes.

The verification of the following lemma is straightforward.

Lemma 6.2. Let z,y,z € F, and let p be the point (1,0,0,0,0,0) of Q*(5,q). Then the
following hold:
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The point p belongs to L(1,x,y, z) if and only if (y,z) = (0,0).

The point p belongs to L(0,1,z,y) if and only if (z,y) = (0,0).

e The point p never belongs to L(0,0,1,z), L(0,0,0,1), G(1,z,y,2) and G(0,1,x,y).

e The point p always belongs to G(0,0,1,x) and G(0,0,0,1).
If ¢ is even, say ¢ = 2" with h € N*, then we define Tr(z) := z + 22 + 2* + - + 22" for
every « € F,. The following was proved in Section 6.1 of [4].
Proposition 6.3 ([4]). Let Q be a quadric of PG(5,q), q even, with an equation of the form
Xo X5 + axe X2 X6 + a33 X3 + a1aX; + ageX§ =0,

where agg, a3, Gy, ags € Ty with Tr(%f:+a§6) = 1. Then S := QN Q"(5,q) is a quadratic
66

set of type (LC'). Moreover, the planes of Q*(5,q) intersecting S in a line are precisely the
planes L(1,2,0,0), L(0,1,0,0), G(0,0,1,z) and G(0,0,0,1) with x € F,.

The following was proved in Section 6.6 of [4].

Proposition 6.4 ([4]). Let Q be a quadric of PG(5,q), q odd, defined by an equation of the
form

Xo X5+ di XoXe + azs X3 + 2a33d2 X3 X4 + azads X7 = 0,
where azz, dy, dy € Fy with —dydy a non-square in Fy. Then S := QNQ*(5,q) is a quadratic
set of type (LC). Moreover, the planes of Q1 (5,q) intersecting S in a line are precisely the
planes L(1,2,0,0), L(0,1,0,0), G(0,0,1,z) and G(0,0,0,1) with v € F,.

The following is a consequence of Lemma [6.2] and Propositions [6.1] [6.3], [6.4]

Corollary 6.5. The quadratic sets described in Propositions [6.5 and [6.4) are quadratic sets
of type (LC*) with respect to the point (1,0,0,0,0,0).

7 The set H(q) is non-empty

By Propositions|5.1} [5.4and [5.5] we know that nice quadratic sets of type (LC*) in QT (5, ¢), ¢
odd, give rise to line sets in H(g). The following theorem provides a method for constructing
nice quadratic sets of type (LC*).

Theorem 7.1. Let q be odd. Then every quadratic set X of type
intersecting Q (5, q) with a quadric Q of the ambient space of PG(5, ¢

LC*) that arises by
18 nace.

(
)
Proof. Let V be a 6-dimensional vector space over [, for which PG(5, ¢) = PG(V'). Suppose
X = Q1 (5,¢)NQ where Q is a quadric of PG(5, ¢) defined by a quadratic form @ : V — F,,
ie.

Q= {(v)|v € V\ {0} and Q(v) = 0}.
Let x* be the unique point of Q1 (5,¢) N Q for which the following hold:
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(I) every plane m of @7 (5,¢) through x* intersects Q in a line L, through x*;

(IT) every plane 7 of @7 (5,¢) not containing z* intersects Q in an irreducible conic C, of
TT.

The set PG(5,¢) \ Q can be partitioned in two subsets S and N such that for a point (o) of
PG(5, q), we have (v) € S if and only if Q(v) is a nonzero square and (v) € N if and only if
Q(v) is a nonsquare. The following fact holds, see e.g. [5], Section 2].

If L is a line containing a unique point of Q, then L\ Q is contained in either S
or N.

Let U denote the set of points of Q*(5,q) collinear on Q" (5, ¢) with z* but not contained
in Q. We can prove the following.

PROPERTY 1. The set U s contained in either S or N.

PROOF. Let G be the point-line geometry whose points and lines are the lines and planes of
Q1 (5,q) through z*, with incidence being containment. Then G is a (¢ + 1) x (¢ + 1)-grid
and the set of lines though z* contained in Q is an ovoid O of G, i.e. a set of points of G
intersecting each line of G in a singleton.

By the above fact, we know that if z € U, then xa* \ {z*} is contained in either S or N.
So, it suffices to show that if L; and Ly are two distinct lines through z* not contained in
Q, then (Ly U L) \ {z*} is contained in either S or N. Since the complement of O inside G
is connected, it suffices to prove this in the case that L; and L, are contained in a plane 7
of @7 (5,q). As 7 intersects Q in a line through z*, every line joining a point x; € Ly \ {z*}
with a point x5 € Ly \ {z*} is a tangent line to Q, implying that {zi, 2>} is contained in
either S or N. Hence, also (L; U Lo) \ {z*} is contained in either S or N. (qed)

Let E € {S,N} such that U C E and let I denote the other set in {S, N}. The following
property implies that the quadratic set X = Q7 (5,¢) N Q is nice.

PROPERTY 2. Let w be a plane of QT (5,q) not containing x*. Then m N E consists of all
points in w that are exterior with respect to C, and m N I consists of all points in m that are
interior with respect C.

PROOF. Let 7’ be the unique plane of Q" (5,¢) through z* meeting 7 in a line L. Then
7' N Q is a line of 7’ through z* that meets L in a point xy. The line L is therefore a tangent
line to the conic C, with tangency point xy. All points of L\ {z} belong to U C E and are
exterior with respect to C,. The claim then follows from the fact that among the sets SN,
N N, one corresponds to the set of points of 7 that are exterior with respect to C, and the
other corresponds to the set of points of 7 that are interior with respect to C,, see e.g. [,
Section 2]. O

In Proposition [6.4] we constructed for every odd prime power ¢ a family of quadrics of
PG(5, ¢) which intersect Q7 (5, ¢) in quadratic sets of type (LC*), see Corollary . If Qis
such a quadric, then £~(Cy U Dy) with Y := QT (5, ¢) N Q belongs to H(q) by Theorem

and Propositions [5.1]
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8 The case of nice prime powers

Let V' be a 2-dimensional vector space over the finite field IF,, where ¢ is an odd prime power.
We denote by B the set of nonzero squares in F, and by O the set of nonsquares in F,. For
every basis (v1,72) of V, we define

P(l_)l,’l_lg) = {(1_)1 + /\1_)2> | A € .}

Then P(v1,02) is a set of (¢ — 1) points of the projective line PG(1,q) = PG(V). We
obviously have that P(v1,02) = P(v2,71) for every basis (01, 7,) of V. We also see that if
(01,7,) and (0}, 04) are two bases of V' such that {(v1), (v9)} = {(v}), (¥5)}, then P(vy,vs)
and P (v}, vy) are either equal or disjoint. We say that ¢ is a nice prime power if the following
property holds:

For any two bases (01, 72) and (07, 05) of V such that {(v1), (02)} # {(77), (v5)},
the sets P(vy, v2) and P(v], v4) are distinct and not disjoint.

We will now classify all nice odd prime powers. In order to achieve this goal, we first need to
mention another result from the literature. The following proposition is implied by Theorem
2.2 of [3].

Proposition 8.1 ([3]). Let g be a prime power and e a positive divisor of ¢ — 1 distinct
from 1. Then the subgroup of the multiplicative group of F, consisting of all nonzero eth
powers has e cosets in F, which we will denote by Cy,Cs,...,Ce. Let m € N*. If ¢ >
(U + VU +4em1m)? where U = 37", (7) (e — 1)"(h — 1), then for all mutually distinct
ar,ag,. .., 0y € Fy and for all iy,iq,... 0, € {1,2,...,e}, there exists a y € F, such that
y—a; € Cy; for every j € {1,2,...,m}.

Lemma 8.2. If ¢ > 47, then q is a nice prime power.

Proof. Let (v1,72) and (0], v%) be two ordered bases of V' such that {(v1), (v9) } # {(v7), (0v5)}.
Then there exist a,b,c,d € F, with ad — bc # 0 and (a,d) # (0,0) # (b,c) such that

v} = avy + bvy and vy = cvy + dvy. Then
P (01, 09) := {{0y + A\vp) |\ € B},

P (07, 705) :={{(a+ Xc)vy + (b+ Ad)v) | A € B}

Note that (a,b) # (0,0). As P(v1,02) = P(v2,71), we may without loss of generality suppose
that b # 0.

Suppose first that ¢ = 0. Then a, b and d are distinct from 0. As g > 7, there exists by
Proposition (with e = m = 2) A;, Ay € B such that A\; + g € Oand \y + C% € . It then
follows that P (v, v2) # P (v, v4) and P(v1,09) NP (v}, Th) # 0.

The case d = 0 is completely similar. Then a, b and ¢ are distinct from 0. As ¢ > 7, there
exists by Proposition (with e =m = 2) A\;, A, € Bsuch that \; +% € Oand A\, + ¢ € R
So, we then also have that P(vy,7,) # P(0}, 05) and P(vy, v2) NP(v},0h) # 0.
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Suppose next that e¢d # 0. As 0 # g # 2 and q > 47, we know by Proposition (with
e=2,m=23ifa#0and m=2if a =0) that there exist A\;, \, € B such that \; + ¢ € I,
Xo+2 el A +5cBand Ay + % € O It then follows that P(vy,7) # P(v}, 7)) and
P(v1,02) NPV, 05) # 0. O

Proposition 8.3. An odd prime power is nice if and only if it is distinct from 3, 5 and 9.

Proof. By Lemma 8.2 we know that each odd prime power ¢ > 47 is nice. We have verified
by computer that every odd prime power ¢ < 47 distinct from 3, 5 and 9 is nice. We now
show that the prime powers 3, 5 and 9 are not nice. Let (€7, é5) be an ordered basis of V.

If g =3, 0, =éy, U9 =é and w = & — é, then P(vy,w) = {(é1 + é2)} is equal to
P(v1,02) = {(€1 + é2)} and P(vg,w) = {(€1)} is disjoint from P(vy, vs).

If g =05,0 =é, 0g = €y, V] = €1 + 263 and vy = €; + 3€y, then one computes that
P(v7,05) = {(€1), (€2)} is disjoint from P(vy,v3) = {(€1 + &2), (€1 + 4&s) }.

If g =9, we put Fg = F3(a) where a is a root of the irreducible polynomial X? — X —1 €
F3[X]. If we put v, = €1, Uy = €, U}, = & + aéy and Uy = & + a’é,, then one computes that
P(vy,74) = {(&1), (€2), (€1 + a3Ea), (€1 + a"ey)} is disjoint from P (v, 0s) = {(€1 + &), (€1 +
a’es), (e1 + aley), (e + aley)}. O

Lemma 8.4. Let C be an irreducible conic in PG(2,q), q odd, described by a quadratic form
Q of the vector space V (3, q) that defines PG(2,q). Let L be a line of PG(2, q) that is secant
with respect to C. Put L NC = {p1,p2}. Then there exist vectors vy,v5 € V(3,q) such
that p1 = (v1), pa = (U2) and the set of points of L that are exterior with respect to C is
{{(v7 + A\og) | A € R},

Proof. The quadratic form () is uniquely determined up to a nonzero factor. So, without
loss of generality, we may suppose that @) is such that the set of points of PG(2,¢q) that
are exterior with respect to C coincides with {(v)|v € V(3,¢) and Q(v) € B}. For all
uy,us € V(3,q), we define B(uy, 1) = Q(uy + ug) — Q(u1) — Q(ug), i.e. B is the bilinear
form on V' (3, q) associated with Q. Now, choose vy, 72 € V (3, q) such that p; = (1), p2 = ()
and B(v1,7;) € M. Then a point (0; + Avp), A € Fy, of L'\ {p1,p2} is exterior with respect
to C if and only if

Q(ﬁl + )\172) = Q(’Ul) + )\2Q<1_)2) + )\ . B(T_)l, 172) == )\ . B(T_)l, 172)
is a square, i.e. if and only if A is a square. m

Proposition 8.5. If q is a nice prime power, then every set X of points of QT (5, q) satisfying
properties (P1") and (P2") also satisfies property (P3").

Proof. Suppose X satisfies properties (P1”) and (P2”) with respect to the point z*. Every
plane 7w of @7 (5,¢) not containing x* then intersects X in the set of exterior points with
respect to a unique irreducible conic C,. In order to prove that X also satisfies property
(P3"), we need to prove that for every point = € Q*(5, ¢) noncollinear with z* on Q7 (5, q)
and any two planes 71, mo of Q7 (5,¢q) through x, we have x € C,, if and only if z € C,,.
Note that if m N7y = {x}, then there is a plane 73 of QT (5, ¢) through x meeting m; and
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in lines. So, it suffices to prove the claim in the case that 7 N7y is a line L. There are now
three possibilities according to whether L is a tangent, external or secant line with respect
to Cyry:

(1) [LNX]|=g;
(2) ILNX|=13(g+1);
(3) [LNX|=3(qg—1).

Suppose case (1) occurs. Then L has precisely ¢ points which are exterior with respect to
Cr, (namely the points in L N X) and precisely ¢ points which are exterior with respect to
Cr, (namely the points in L N X). The line L is therefore a tangent line to both C,, and C,.
In both cases, the tangency points coincide with the unique point in L \ X. The claim thus
obviously holds in this case.

Suppose case (2) occurs. Then L has precisely (g + 1) points which are exterior with
respect to C,, (namely the points in L N X) and precisely %(q + 1) points which are exterior
with respect to C,, (namely the points in L N X). The line L is therefore an external line
to both Cy, and Cr,. The (¢ + 1) points in L \ X are interior with respect to both C,, and
Cry- The claim again holds.

Finally, suppose that case (3) occurs. Then L has precisely %(q — 1) points which are
exterior with respect to C,, (namely the points in LN X) and precisely %(q — 1) points which
are exterior with respect to C,, (namely the points in L N X). The line L is therefore a
secant line to both Cr, and Cr,. By Lemma 8.4 there exist points (v1), (w1), (vs), (ws) on
L such that C;, N L = {(v1), (w1)}, Cxy N L = {(0g), (w9)} and

LNX ={{v;+ A wy) | A€ B} = {(Ua+ A\wg) |\ € B},

Since ¢ is a nice prime power, we necessarily have {(v1), (w1)} = {(0s), (w2)}, i.e. Cry N L =
Cr, N L. The claim thus also holds in this case. O

The following is a consequence of Propositions [5.1] [5.4] and [8.5]

Corollary 8.6. Suppose q is an odd prime power distinct from 3, 5 and 9. Then the line
sets belonging to H(q) are precisely the sets of the form k=1 (Cy U Dy) where Y is a nice
quadratic set of type (LC*) of QT (5,q).

The computer results described in the following section will show that the conclusion of
Corollary remains valid for ¢ = 3 (see Corollary [9.7).
9 Some computer classification results

Recall that an ovoid of a point-line geometry is a set of points having a unique point in
common with each line of the geometry. Let z* be a point of Q1 (5,¢) and let £ be a set
of lines of Q*(5, q) through z* which is an ovoid of the local geometry G, at the point z*.

19



This local geometry G, is the point-line geometry whose points and lines are the lines and
planes of Q*(5,¢q) through z*, with containment as incidence relation. Note that G, is a
(¢+ 1) x (¢ + 1)-grid and so has (¢ + 1)! ovoids. If there is some hyperplane II through z*
such that £ consists of all lines through z* contained in the intersection IT N Q7 (5, ¢), then
L is called a classical ovoid of Gu«.

Put A:=J,., L. Let £; denote the set of lines of Q*(5,¢) not contained in (z*)* that
contain a (necessarily) unique point of A. Let Ly denote the set of lines of Q7 (5,¢q) not
contained in (z*)* that are disjoint from A. For every i € {1,2}, let S; be the point-line
geometry with point set Q*(5,q) \ (z*)*, line set £; and containment as incidence relation.

Lemma 9.1. Suppose q is odd or q € {2,4}. Then the quadratic sets of type (LC*) contain-
g A are precisely the sets of the form AU O, where O is an ovoid of S that meets every
line of Sy in at most two points.

Proof. The following obviously holds:

The quadratic sets of type (LC*) containing A are precisely the sets of the form
AU O where O is a set of points of QT (5,¢) \ (z*)* such that every plane 7 of
Q% (5,q) not containing z* intersects O U A in an irreducible conic.

Note that an irreducible conic is an example of an owal, i.e. a set of ¢ + 1 points no three
of which are collinear. If ¢ € {2,4} or if ¢ is odd, then also the converse is true. For these
values of ¢, every oval of PG(2, q) is necessarily an irreducible conic by Segre [I1]. We thus
need to impose that 7N (O U A) is set of ¢ + 1 points intersecting each line of 7 in at most
two points. If we denote the line (z*)* N« by L and the unique point in L N A by z, then
L must also be a tangent line to the conic 7 N (O U A) with tangency point 7.

The lines of £; contained in 7 are precisely the lines of m through x, distinct from L and
these are secant lines to the conic 7N (O U A) and so they must meet O in exactly one point.
As every line of £; is contained in a plane of Q¥ (5, ¢) not containing z*, we thus see that
every line of £; must meet O in exactly one point, i.e. O is an ovoid of §;. Note that the
condition that every line of £; meets O in exactly one point implies that |[tN(OUA)| = g+1.

The lines of L5 contained in 7 are precisely the lines in 7 meeting L in a point distinct
from xy. Each of these lines must meet the conic 7 N (O U A) and hence O in at most two
points. As every line of £, is contained in a plane of @7 (5, ¢) not containing z*, we thus see
that every line of £ must meet O in at most two points.

The requirement that every plane m of Q% (5,¢) not containing x* intersects O U A in
an irreducible conic is thus equivalent with demanding that O is an ovoid of &; that meets
every line of Sy in at most two points. m

Lemma 9.2. Suppose ¢ = 3 and let X be a set of points of QT (5,3) satisfying properties
(P1") and (P2") with respect to x* such that A = (x*)*\ X. Then X \ (z*)* is an ovoid of
S that also meets every line of Sy in at most two points.

Proof. Put Y := X \ (z*)%. We need to prove that [L; N Y| =1 and |L, NY| < 2 for every
Ly € £y and every Ly € Ly. As every line of £1 U L, is contained in a plane of QT (5, ¢) (not
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containing x*), we may suppose that L; and L, are contained in a plane 7 of Q7 (5, ¢) that
has been chosen arbitrarily. As z* & 7w, 7 N X is the set of exterior points with respect to a
conic Cr. Put L := (z*)* Nmand let LN A= {zr}. As L\ {21} C X is a set of exterior
points with respect to C,, L is tangent to C, with tangency point z; € C,. The points in 7
that are exterior with respect to C, are the points in Y N7 and the points in L\ {z}.

The lines of £; contained in 7 are precisely the lines of 7 through x, distinct from L
and as these are secant lines with respect to C,, they contain exactly one exterior point with
respect to C,, i.e. one point of Y.

The lines of L5 contained in 7 are precisely the lines of 7 that meet L in a point distinct
from x. As L\ {zp} consists of exterior points with respect to C., such a line contains
3—1=2,2—1=1o0r1—1=0 points of Y depending on whether it is a tangent, external
or secant line with respect to C;. O]

Lemma 9.3. Let A be the full automorphism group of Q*(5,q). Then the following proper-
ties hold:

(1) A acts transitively on the points of QT (5,q) and A.« acts transitively on the ordered
triples (L1, Lo, L3) of three lines of Q" (5, q) through x* no two of which are in the same

plane of Q1 (5,q).

(2) If L1, Ly and L3 are three lines of Q1 (5,q) through x* no two of which are in the same
plane of Q" (5,q), then there is a unique classical ovoid of G« containing Ly, Ly and
Ls.

(3) Ay acts transitively on the classical ovoids of Gy« .

(4) If q € {2,3}, then every ovoid of G, is classical. If ¢ > 4, then G,+ has nonclassical
ovoids.

(5) If q € {4,5}, then A, acts transitively on the nonclassical ovoids of G« .

(6) Letq=>5, let L be a classical ovoid of G, and let w be a plane of Q1 (5,5) not containing
the point x*. Let x be the unique point in m N (ULec L), let T be the line (z*)* N7

(through x) and let Q be the set of all irreducible conics of ™ containing x for which T
is a tangent line. Then the stabilizer of z*, L and 7 inside A acts transitively on Q.

Proof. Properties (1) and (2) are well known properties of the Klein quadric Q% (5, ¢). Prop-
erty (3) is a consequence of properties (1) and (2).

As to property (4), we note that every set of three lines of Q7 (5, q) through * with the
property that no two of them are contained in the same plane of Q7 (5, ¢) extends in a unique
way to a classical ovoid of G,«, while it extends in a unique way to an ovoid of G, only if
q € {2,3} (recall that G, is a (¢ + 1) x (g + 1)-grid).

We prove property (5) for ¢ = 4. Every set of three lines of Q7 (5, ¢) through x* with the
property that no two of them are contained in the same plane of Q% (5,¢) extends in two
ways to an ovoid of G,«. By (2) we know that precisely one of these two ovoids is nonclassical.
The claim then follows from (1).
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Property (5) for ¢ = 5 and property (6) have been verified by means of computer com-
putations, see [6]. O

Lemma 9.4. Let S be the stabilizer of A in the full automorphism group of Q*(5,q).

(1) If g € {2,3}, then L is a classical ovoid of G,» and there is only one S-orbit of ovoids
of 81 that meet each line of Sy in at most two points.

(2) If g € {4,5} and L is a classical ovoid of G+, then there is only one S-orbit of ovoids
of 81 that meets each line of Sy in at most two points.

(3) If g € {4,5} and L is a nonclassical ovoid of G,«, then there are no ovoids in Sy that
meet each line of Sy in at most two points.

Proof. Suppose ¢ € {2,3,4,5}. Using the Computer Algebra System GAP [13], we have
implemented computer models of the geometries S; and Sy for the various cases. By (1),
(3), (4) and (5) of Lemma [9.3, we can take for z* any point of @ (5,¢) and for £ any
classical /nonclassical ovoid of G,.

In Section 4 of [I], computer code in SageMath [I0] can be found for classifying ovoids
of point-line geometries. With the aid of this code, we have classified all ovoids of &; for
q € {2,3,4}. Subsequently, we determined which of these ovoids also intersect each line of
S, in at most two points, and showed that either there were no remaining ovoids (case (3) of
the lemma) or that the remaining ovoids were all equivalent under the group S (cases (1) and
(2) of the lemma). In fact, we applied the same procedure for ¢ = 5 with one difference in
the case where L is a classical ovoid. In order to make the computations feasible we assumed
that the ovoid in &; already contained a fixed set K of five points in a plane 7 of QT (5,5)
not containing z* such that K U (AN ) is an irreducible conic of 7. By Lemma [0.3|(6) we
were allowed to make that assumption. All our computations can be found in [6]. O

In Propositions , and Corollary , we showed that Q7 (5,¢) has quadratic sets of
type (LC*) for each prime power q. By Lemmas , and , we now know the following.

Theorem 9.5. If q € {2,3,4,5}, then there is up to isomorphism a unique quadratic set of
type (LC™) in Q7(5,q).

Theorem 9.6. The set H(3) contains up to isomorphism a unique element.

Proof. Let A denote the full automorphism group of Q*(5,3) and denote by A the subgroup
of index 2 of A consisting of all automorphisms in A that map Latin planes to Latin planes
and Greek planes to Greek planes. As before, let k denote the Klein correspondence between
the lines of PG(3,3) and the points of QT (5, 3).

By Propositions and , we know that the elements of H(3) are precisely the line
sets of the form k™' (X), where X is a set of points of QT (5, 3) satisfying Properties (P1”)
and (P2”). If X; and X, are two such sets of points of Q*(5,3), then the line sets £~ *(X;)

and k~!(X5) are isomorphic if and only if X; and X, are equivalent under the group A.
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By Section [7, we know that QT (5,3) has a set of points satisfying Properties (P1”) and
(P2"). Indeed, if Y is a quadratic set of type (LC) of Q7 (5,3) as obtained in Proposition
[6.4], then by Corollary [6.5] Theorem [7.1] and Proposition [5.5 we know that Cy U Dy satisfies
Properties (P1”) and (P2").

By Lemmas and [9.4)(1), we then know that @™ (5,3) has up to isomorphism a unique
set of points of Q7 (5, 3) satisfying (P1”) and (P2”), i.e. there is a unique A-orbit of sets of
points in Q1 (5, 3) satisfying Properties (P1”) and (P2”). In order to prove that all elements
in H(3) are isomorphic, we need to prove that there is only one A-orbit of such sets of points
of @7 (5,3).

As there exists up to isomorphism a unique set of points in Q7 (5, 3) that satisfies (P1”)
and (P2"), we know that each such set has the form Cy U Dy for some quadratic set Y of type
(LC*). In order to prove that there is only one A-orbit of sets of points of Q1 (5, 3) satisfying
(P1”) and (P2"), it thus suffices to prove that there is only one A-orbit of quadratic sets of
type (LC*). As there is only one A-orbit of quadratic sets of type (LC*) by Theorem it
thus suffices to show that there exists a quadratic set Y of type (LC*) and an automorphism in
A\ A that stabilizes Y. If Y is the quadratic set of type (LC*) as obtained in Proposition
with as3 = d1 = dg = 1, then the map (Xl,XQ,Xg,X4,X5,X6) — (Xl,XQ,X4,X3,X5,X6)
belongs to A \ A and indeed stabilizes Y . O

Corollary 9.7. Every line set contained in H(3) is of the form k1 (Cy U Dy), where Y is
a (necessarily nice) quadratic set of type (LC*) in Q*(5,3).
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