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1 Constructions of hyperovals of Q" (5, q), ¢ even, from
quadratic sets of type (SC)

Let X be a quadratic set of type (SC) of @7 (5,q), ¢ even. We then define the following
sets of points of Q7 (5, q):

e Ay is the set of all points x € X that are contained in a plane of type (S) with
respect to X;

e A, is the set of all kernels of all conic intersections 7N X, where 7 is a plane of type
(C) with respect to X.

Note that A; € X and A, N X = (. Suppose the following hold:
(1) Every plane of Q*(5,¢q) through a point of A; has type (S).

(2) Every plane m of QT (5, q) through a point x € A, has type (C) and x is the kernel
of the irreducible conic 7 N X of 7.

Note that A; C X and A, N X = 0.
Lemma 1.1. No two points of A1 U Ay are collinear in Q7 (5, q).

Proof. Tt suffices to prove that no plane of @ (5, ¢) contains two points of A;UAy. Suppose
to the contrary that 7 is a plane of QT (5, ¢) containing two distinct points of A; U As,.
If m has type (S) with respect to X, then by properties (1) and (2), we know that
x1,T9 € Ay, As 1,29 € X N7, we then know that | X N7| > 2, an obvious contradiction.
If 7 has type (C) with respect to X, then by properties (1) and (2), we know that
x1,T9 € Ag. Property (2) also implies that both x; and x5 must then be equal to the
kernel of the irreducible conic m N X of 7, again a contradiction. [

Lemma 1.2. A; U Ay is an ovoid of Q7 (5,q).

Proof. Let m be an an arbitrary plane of Q% (5, ¢). By Lemma , we need to prove that
(AjUAy) N # 0. If w has type (S) with respect to X, then 7N X is a singleton contained
in A;. If # N X is an irreducible conic of 7, then the kernel of this conic belongs to A,.
In any case, we have (A; U Ay) N # (). O



Lemma 1.3. (X \ 4;) U Ay is a hyperoval of QT (5,q).

Proof. As there are planes of type (C), we have Ay # () and hence also (X \ A1) U Ay # 0.

Let 7 be an arbitrary plane of Q™ (5, q). If 7 is a plane of type (S) containing a unique
point of Ay, then (N X)\ A; = 7N Ay = 0 by Lemma and so 7 is disjoint from
(X \ A1) U Ay, If 7 is a plane of type (C), then X N7 is an irreducible conic of 7 and
Lemma implies that 7 N A; = () and 7 N A, is a singleton consisting of the kernel k
of the irreducible conic X N7 of 7. We then have that (X \ A;) U A, intersects 7 in the
hyperoval (X N7) U {k} of . O

Lemma 1.4. We have |As| = ¢*+1—|A;|, | X| = (*+1)(¢+1)—q|A1| and [( X\ A;)UA,| =
(¢ + 1= [Ai)(g +2).

Proof. Note that through each point of Q% (5,q) there are exactly 2(¢ + 1) planes of
Q% (5,q). Property (1) thus implies that the total number of planes of type (S) is equal
to 2(q + 1)|A;]. Hence, the total number of planes of type (C) is equal to 2(q + 1)(¢* +
1) —2(qg+ 1)|A1| =2(qg + 1)(¢*> + 1 — |Ay]). By property (2), we then know that

|As| = 2@+ D(P+1—|A]) =@ +1— A

2(g+1)
We then also find that

| X =

o (2 DAL L 200+ D@+ 1= 4D (04D) = (@4 Dla+ D =l

and
(X \ A1) U Ay| = | X] = Ay + 42| = (¢* +1 — A1) (g + 2).

]

2 A family of hyperovals of size ¢*(q+2) of Q" (5,¢), ¢
even

Let V' be a 6-dimensional vector space over the finite field F, = GF(q), ¢ even, and @
a quadratic form on V such that the set of all points (v) of PG(V') for which Q(v) = 0
is a hyperbolic quadric Q*(5,¢) in PG(5,q) := PG(V). Let B : V. x V — F, denote
the bilinear form associated with @, i.e. B(v1,02) = Q(v1 + 02) — Q(v1) — Q(v2) for all
v1,09 € V. With B, there is associated a symplectic polarity ¢ of PG(5,q). For every
point x € Q*(5,q), x° is the tangent hyperplane T, in the point x € Q*(5,¢). This
tangent hyperplane T, intersects Q1 (5,¢) in a cone of type Q" (3,q). For every line
L C Q*(5,q), LS intersects Q*(5,¢) in the union of two planes through L. So, there
cannot be 3-dimensional subspaces of PG(5, ¢) that meet Q*(5,¢) in a single line K as
this 3-dimensional subspace would otherwise need to coincide with K¢, but as said above
K¢NQ*(5,q) is the union of two planes.



Now, let @ (3,¢q) be an elliptic quadric obtained by intersecting @7 (5, ¢) with a 3-
dimensional subspace a. Then a¢ is a line. This line is disjoint from Q% (5, q) as for every
point y € a* N QF(5,q), we would have Q(3,q) C a C y* = T, which is impossible as
said above.

Let p* = (v*) be an arbitrary point of ()~ (3, ¢) and for every point (7) of PG(V) \ T+,
we define

A(p) == B(v*,9)"°Q(v) € F,.
Note that this is well-defined as

B(v*, \0)73Q(M\v) = N B(v*,0)Q(v) = B(v*,0)Q(v)

for all (A\,v) € F; x V.

Now, consider a point p € Q7 (5,¢) \ Q@ (3,¢) not collinear with p* on the quadric
Q" (5,q), i.e. not contained in the tangent hyperplane T« at p* € Q7 (5,¢). As the line
a¢ is disjoint from QT (5,¢), we have p & o and so « is not contained in p¢ = T),. So,
T, intersects « in a plane 8, not containing p*. If 5, C «a is a tangent plane to the
elliptic quadric Q™ (3, ¢) with tangency point w, then the 3-dimensional subspace (p, f,)
would intersect Q@ (5, ¢) in the line pu, an impossibility. So, [ intersects Q~(3,¢) in an
irreducible conic C, of 3, with kernel k,. The tangent lines through £, contained in « are
precisely the lines through k, contained in 3,. As p* & 3,, k,p* is not a tangent line and
so k, & T,~. We then define B(p) := A(k,).

For every A € Iy, let Hy be the set (Q7(3,¢) \ {p"}) U G\, where G} is the set of all
points p € Q7 (5,q) \ (Q~(3,¢) UT,+) for which B(p) = A\. We prove the following.

Theorem 2.1. For every A € F, H, is a hyperoval of size (q+2) of Q*(5,q). In fact,
if v is a plane of QT (5,q) then yN Hy = () if p* € v and v N Hy is a hyperoval of ~y if
prE.

Proof. Let v be a plane of Q7 (5, ¢) through p*. Then 7 is disjoint from both @~ (3, ¢)\{p*}
and G and so is disjoint from H.

Let v be a plane of Q* (5, ¢) not containing p*. Then ~ intersects @~ (3,¢) \ {p*} in a
point z. For every p € v\ {z}, the irreducible conic C, = T,NaNQ~(3,q) of B, =T, N«
contains x and so the kernel £, of this irreducible conic is contained in the tangent plane
7, through z to the elliptic quadric @~ (3, q). We show that the map

p—kyifpevy\{z}, T,

defines an isomorphism between the planes v and 7,. This follows from the following
observations:

(i) For every y € ~, T, contains . The map y — T}, defines an isomorphism between
the projective plane v and the dual projective plane of the quotient projective space
PG(5, q), (whose points and lines are the 3-dimensional and 4-dimensional subspaces
of PG(5, q) through ~).



(ii) Because of (i), the map y — T, N« defines an isomorphism between the projective
plane 7 and the dual projective plane of the quotient space «, (whose points and
lines are the lines and planes of a through x).

(iii) The map which associates with each tangent plane w C « with respect to Q= (3, q)
its tangency point and with each secant plane w’ C « with respect to Q~(3,¢q) the
kernel of the irreducible conic w’ N Q~(3,¢q) is induced by a duality of a (which is
even a symplectic polarity of «). This duality maps 7, to .

Now, let G denote the set of all points p € 7, \ {z} for which A(p) = A. In view of the
above isomorphism between 7 and 7, we need to prove that {x} U G} is a hyperoval of
Tz, Or equivalently |L NG| = 1 for every line L of m, through = and |[K N G| € {0,2}
for every line K of m, not containing x.

The line L intersects T),» in a point (ws). If we put & = (wy), then L\ ({z} U T))
consists of all points of the form (w, + pw;) with u € F;. Note that

_ g3
B(0*, Wy + pvy) 2 Qs + pvy) = B(0*,w01)1 Q) = Q(w2>BLU2 @) .

As every element of F, is a square and Q(wy)B(v*, ;)73 # 0, there is a unique p € F
for which w =\

Again the line K contains a point (ws) of T)+, and we denote by (w;) any other point
of K. As m, N Q1 (5,q) = {z}, B(wy,w2) # 0. The points of K \ T,+ are then the points
(w1 4 pwy) with p € F,. Note then that

B(0*, Wy + pi2) Qw1 + pvz) = B(0*, 1)1 (Q(01) + pB(w1, w2) + 11 Q(Ws)).

This value is equal to A if and only if

Q(ws)* + B(wy, wa)p + Q(wy) — S S = 0.

B(v*,w, )13
As B(wq,ws) # 0 and Q(ws) # 0, this equation in p € I, has 0 or 2 solutions.
Since every plane of Q* (5, ¢) intersects H, in either the empty set or a hyperoval of
that plane, Hy must be a hyperoval of Q" (5, q).
As there are 2(q + 1) planes of Q" (5,¢) disjoint from H, and 2¢*(¢ + 1) planes of
Q71 (5,q) meeting Hy in exactly ¢ + 2 points, the fact that each point of Q1 (5,q) is
contained in 2(q + 1) planes of Q*(5,¢q) then implies that

2(g+1)-0+2¢*(qg+1)-(¢+2)
2(g+1)

|H,| = = ¢*(q +2).



Some special cases

(1) The case ¢ = 2. Then F, = F; = {0,1} and A = 1. In this case, H; = (Q(3,¢) \
{p*}) U Gy is precisely the complement of T,» N Q*(5,2). This is obviously a hyperoval
of Q7(5,2). In fact, the hyperovals of Q*(5,q) are precisely the complements of the
geometric hyperplanes of Q(5,2), and there are two such geometric hyperplanes, the
intersections of QT (5,2) with the tangent hyperplanes and the intersections of Q% (5,2)
with the nontangent hyperplanes.

(2) The case ¢ = 4. Then we obtain a hyperoval of size 96 of @*(5,4). This hyperoval
was found in [7] by means of a backtrack search. A computer free construction was left
as an open problem in [7].

We now give an algebraic description of the hyperovals. Let w € F, such that the
polynomial X?+wX +1 € F,[X] is irreducible. We choose a coordinate system in PG(5, q)
such that Q7 (5, q) consists of all points (X7, X, X3, Xy, X5, X¢) satisfying X7 Xo+ X3X,+
X5X = 0. We suppose that Q~(3,¢) is the elliptic quadric obtained by intersecting
Q7 (5, q) with the 3-dimensional subspace « with equations X5 = X5, X3 = X3 + wX;.
Let p* be the point (1,0,0,0,0,0) of Q@ (3,q9). If p = (y1,¥2,Ys, Ys, Ys, Ys) is a point of
QT (5,¢)\ (Q(3,9) UT,), then T, N v has equations

X¢ = X5, Xy = Xg+wXs,

Yo X1+y1 Xo+ys Xs+ys Xa+ys X5 +ys Xe = yoXa+y1 Xo+(ys+ys) Xs+(ys+ys+wys) Xs = 0.

The point p’ = (wy1, Wy, ¥s + Y6 + WY3, Y5 + Yo + WYa, Y3 + Ya, Y3 + y4) belongs to T, N a.
Moreover, (p')* M« has equations

Xe = X, Xy = X3+ wXs,
wyr Xo + wya X1 + (ys + ye + wys) Xa + (Y5 + yo + wya) Xs + (ys + ya) Xo + (y3 + y4) X5
= w<y2X1 + 11 Xo + (ys + 1) Xs + (y5 + 6 + wyg)X5> =0.

So, T,Na=Ty Na and p' = k,.
We thus see that H, consists of all points (X7, Xa, ..., Xs) of Q7(5,¢) satisfying

e X¢ = X;5and Xy = X3+ wX5, with exception of (1,0,0,0,0,0),

L4 (X5+X6,X3+X4 +wX5) 7é (0,0), X2 7£ 0 and (ng)q_g«le)(u)Xg)+(X5+X6+
WX3)<X5 —f- X6 + CUX4) —I— (X3 —f- X4)2) = /\

The latter equation is equivalent with
Mo X3+ X3+ X7+ X2+ X+ wX5 X6 + w( X3 + X4) (X5 + Xg) = 0. (1)

The hyperoval H, is thus obtained from a quadratic set of type (SC) by adding an elliptic
quadric Q@ (3, ¢) and removing a point p*. In fact, if we denote by X the quadratic set of
Q7 (5, q) that arises by intersecting Q" (5, q) with the quadric with equation , then by
the above, we know that the following hold:



e Every plane of QT (5, ¢) through p* intersects X in {p*}.

e Every plane of Q7 (5, ¢) not containing p* intersects X in an irreducible conic. More-
over, the kernels of all the irreducible conics that arise in this way are precisely the

points of @~ (3,¢) \ {p*}.

We thus see that X is a quadratic set of type (SC) satisfying the properties (1) and (2)
of the previous section. Using the notation of the previous section, we have

Ay o= {p'},
Ay = Q 3,9\ {p}

The hyperoval thus arises as described in the previous section.

3 Constructions of hyperovals of Q" (5, ¢), ¢ even, from
ovoids of W (q)

Let QT (5, q) be a hyperbolic quadric in PG(5, q), ¢ even. Let ¢ be the symplectic polarity
naturally associated to Q% (5, q).

Let IT be a 3-dimensional subspace of PG(5,q) intersecting QT (5,¢) in an elliptic
quadric @~ (3, ¢), and let p be a point of @~ (3,¢q).

Let W (q) denote the symplectic generalized quadrangle whose points are the points
of IT and whose lines are the lines of II that are tangent to @~ (3,¢). Let O be an ovoid
of W (q) distinct from Q(3,q).

For every point x of II, denote by m, the plane of Il through x containing all lines of
W (q) through x. If z &€ Q(3,q), then 7, intersects Q@ (3,¢) and hence also QT (5,¢) in
an irreducible conic, implying that 7 also intersects Q*(5,¢) in an irreducible conic of
7$. We denote this irreducible conic of 7§ by C,. We also define:

Ho=( |J c)u(Qea\o)

z€O\Q™ (3,9)

Put L* := II°. Then II and L* are disjoint, as well as Q% (5,q) and L*. There are
two types of planes through L*: planes intersecting Il in a point of @~ (3,¢) and planes
intersecting IT in a point not belonging to @~ (3, ¢). The former planes intersect QT (5, q)
in a singleton and the latter planes intersect Q" (5, ¢) in an irreducible conic.

Lemma 3.1. For every point x of 1\ Q™ (3, q), we have C, = (L*, z) N Q™ (5, q).

Proof. Since 7, C 2¢, we have x € 7. As 7, C II, we have L* = II¢ C 7$. So, 7§ = (L*, z)
and C, = (L*, ) N Q™ (5, q). O

Theorem 3.2. Ho is a hyperoval of Q*(5,q) containing ((¢>+1) —|0NQ~(3,¢)|)(q+2)
points. The planes of Q7 (5, q) that are disjoint from Ho are precisely the planes containing
a point of ONQ~(3,q).



Proof. The proof will happen in several steps.

Step 1: Ifx € O\ Q (3,q) and y € C,, then the tangent hyperplane T, at the point y
with respect to QT (5, q) intersects 11 in the plane m,.

PROOF. Since y € 7§, we have 7, C y¢ = T,. As T,,NQ™(5,q) is a cone of type yQ*(3,q)
and ITN QT (5,q) = Q(3,¢), the hyperplane T, cannot contain IT and so must intersect
IT in the plane 7.

Step 2: For every x € O\ Q™ (3,q), C, is disjoint from Q(3,q).
PROOF. The irreducible conic C, is contained in the plane (L* ) and (L*,x) intersects
IT in the point x which does not belong to Q= (3, q).

Step 3: Ifx € O\ Q (3,q9) and y € C,, then A, =T, N1l is a plane of I that is secant
with respect to Q~(3,q) and the kernel of the irreducible conic A, N Q~(3,q) coincides
with x.

PRrROOF. By Step 1, we know that A, = m,. We already know that 7, N Q7 (3,¢) is an
irreducible conic having x as kernel.

Step 4: If x1 and x5 are two distinct points of O\ Q™ (3,q), then C,, and C,, are disjoint.
Proor. If y € C,, NC,,, then by Step 3, both x; and x5 need to be equal to the kernel
of the irreducible conic A, N Q~(3,q) of A,.

Step 5: We have |H| = ((¢> +1) = 10N Q™ (3,q)|)(q + 2).

PROOF. By Steps 2 and 4, we know that |H| = |0\ Q (3,9)]- (¢+ 1)+ |Q (3,9)\ O| =
((+1)—-10NQ~(3.q))(g+2)

Step 6: Fvery plane m of Q7 (5,q) containing a point p of O N Q~(3,q) is disjoint from
Ho.

PROOF. As p e 1N O N Q™ (3,q), the plane 7 is disjoint from Q~(3,q) \ O.

Suppose y € mNC, for some point z € O\ Q@ (3,¢q). The plane 7, cannot contain the
point p as otherwise the line pz of W(q) would contain two points of O, namely p and
x. Now, {p} € m C T, and T}, intersects II in the plane 7, which does not contain p, an
obvious contradiction.

Step 7: No line L of Q(5,q) disjoint from Q= (3,q) contains more than two points of
Ho.

PROOF. If this were not the case, then the line (L*, L) of II would contain at least three
points of O by Lemma . This is not possible as a line of W (q) contains exactly one
point of O and a hyperbolic line of W(q) contains either 0 or 2 points.

Step 8: Let L be a line of QT (5,q) containing a (unique) point u of Q= (3,q) \ O. Then
L\ {u} contains a unique point of U,co\g- (3.9 Ceo-

PROOF. The 3-dimensional subspace (L*, L) intersects II in a line K through u. As u¢
contains L and L*, it also contains K and so K is a line of W (q) containing a unique
point z of O\ @~ (3,¢). The unique point in the intersection (L*, u) N L is then by Lemma

the unique point in L \ {u} contained in (J,co\o- (3.4 Ca-
The following step completes in combination with Step 6 the proof of the theorem.



Step 9: Every plane m of Q7 (5,q) containing a point of Q= (3,q) \ O intersects Hp in a
hyperoval of .

PROOF. By Step 8, we know that |7 N Hp| = ¢ + 2. By Steps 7 and 8, we know that
every line of 7 intersects Hp in at most two points. So, m N Hp must be a hyperoval of
. O

Theorem 3.3. The set

x=( U e)u(oneea)

z€O\Q™(3,9)
is a quadratic set of type (SC) satisfying the properties (1) and (2) of Section .

Proof. Suppose 7 is a plane of Q1 (5,¢q) containing a (necessarily unique) point of O N
@ (3,q). By Step 6 in the proof of Theorem , we know that = is disjoint from
Uer\Q_(g’q) C, and intersects O N Q~(3,¢) in a singleton.

Suppose 7 is a plane of Q7 (5, ¢) containing a (necessarily unique) point of @~ (3, ¢)\O.
By Step 9 in the proof of Theorem [3.2] we know that 7 is disjoint from O N Q~(3,q)
and intersects Uer\Q,(& o Co in an irreducible conic. Moreover, the kernels of all these
irreducible conics are precisely the points of @~ (3,¢) \ O.

We thus see that X is a quadratic set of type (SC) satisfying the properties (1) and
(2) of Section |1} In fact, the set A; defined there is precisely the set ONQ~(3, ) and the
set Ay defined there is exactly the set Q~(3,q) \ O. O

Remark. By Section [l we know that the set (X \ 4;) U A, is a hyperoval of QT (5, q).
This hyperoval coincides with Hop.

2

Lemma 3.4. We have |ONQ~(3,q)| < 2.

Proof. By Lemma 3.1 of [3], any hyperoval of Q% (5, ¢) contains at least %jﬂﬂ) points.

Applying this here to the hyperoval Hp of Q1 (5,q), we find that |[O N Q™ (3,q)| < qQT_q
by Theorem O

Some properties

Again, let ¢ = 2" be an even prime power. For every x € F,, we define Tr(z) :=
z4+22+---+22"". Note that for § € F,, the polynomial X?+ X + ¢ is reducible over F,
if and only if Tr(d) = 0. Note also that as g is even, every element z € F, has a unique
square root in F,, which we will denote by /.

Let Q denote the set of all quadratic homogeneous polynomials in the variables X,
Xy, X3 and Xj. For every matrix A € GL(4,F), let ¢4 be the permutation of 2 defined
by

F(X0, Xo, X5, Xy) = f(XT, X5, X3, XD,

where [X{ Xé Xé Xzﬂ =A- [Xl XQ X3 X4]T.



Lemma 3.5. Let 6,b1,by € F; with Tr(5) =1, Tr(by) = Tr(bs) = 0 and by # by. Then
there exists no A € GL(4,F) such that o4 maps X1Xo + X2 + X3X4 + 0X7 to X1 Xy +
X2+ X3 X, +0X? and X1 X+ X2+ X3 X+ (64+61) X2 to X1 Xo+ X2+ X3 X+ (0 +b9) X3

Proof. The map ¢4 must map b; X} to b, X? and thus X, to %X4. It follows that for

every n € F,, o4 maps X1 Xo+ X3+ X3X,+ (0+1) X7 to X1X2+X§+X3X4—|—(5+nz—f)Xf.
Since 4 fixes the Witt indices of the nondegenerate quadratic forms in €2, we must have
that the polynomials Tr(n) and Tfr(nz-f) in the variable n € F, have the same 3 log,(q)
(mutually distinct) roots. But as 0 # by # by # 0, these two polynomials of degree
%log2 (q) are distinct and so they cannot have the same roots. ]

Lemma 3.6. Let 6,b1,0y € F; with Tr(d) =1, Tr(by) = Tr(bs) = 0 and by # by. Then
there exists no A € GL(4,F) such that pa maps X1 Xo + X3 + X3 X4+ 0X7 to p1 (X1 Xo +
X§+X3X4+(5XZ) and X1X2+X32+X3X4+<5+b1)X§ to ,U,Q<X1X2+X32+X3X4+(5+b2)Xz)
Jor some 1, s € Fy.

Proof. Note that the map ¢ sz with p € F, maps each f € Q to uf. So, without
loss of generality, we may suppose that p; = 1. Put g := us. The map ¢4 then maps
polynomial must thus be a square of a linear expression in X, X, X3 and X,. This is
only possible when 1 = 1. We are then again in the same situation as in the previous
lemma. O

Lemma 3.7. Let Oy and Oy be two ovoids of PG(3,q), q even. Let Q; with i € {1,2}
denote the symplectic generalized quadrangle associated to O;, i.e. the points of Q; are
the points of PG(3,q) and the lines of Q; are the lines of PG(3,q) intersecting O; in a
singleton, with incidence being containment. The lines of Q; are those lines of PG(3,q)
that are totally isotropic with respect to a certain symplectic polarity (;. The following are
then equivalent:

= CZ ;

(1) G

(2) Q1= Qy;
(3)

(4)

3) O; is an ovoid of Qs;

4) Oq is an ovoid of Q.

Proof. The lines of Q;, i € {1,2}, are precisely those lines of PG(3,¢q) that are totally
isotropic with respect to ;. So, if (; = (5, then Q; = Qs.

If z is a point of PG(3,¢), then the lines of Q;, i € {1,2}, through z are precisely
the lines through = contained in z%. So, if Q; = Qs, then & = 2% for every point z of
PG(3,q), i.e. (1 = (.

We thus see that (1) and (2) are equivalent.

If O is an ovoid of Q,, then every line of Qs intersects O; in a singleton and so is
a line of Q;. As both Q; and Q, have exactly (¢ + 1)(¢®> + 1) lines, we then see that

9



Q; = Q,. Conversely, if Q; = Q,, then every line of Qs is a line of Q; and so meets O,
in a singleton, implying that O; is an ovoid of Q.

We thus see that (2) and (3) are equivalent. In a similar way, one can show that (2)
and (4) are equivalent. O

Lemma 3.8. Let Q; and Qy be two distinct elliptic quadrics in PG(3, q), q even, such that
Q, is an ovoid of the symplectic generalized quadrangle associated to Q1. Then |Q1 N Qy|
1s either 1 or q + 1.

Proof. Suppose PG(3,q) = PG(V), where V is a 4-dimensional vector space over F,.
Choose an ordered basis (€1, é;, €3, €4) in V and denote the coordinates of a generic point
of PG(3, q) with respect to this basis by (X, Xs, X3, X4). The quadric Q; then consists
of all points of PG(3,q) satisfying >, ,c;<,a;;XiX; = 0, where the a;;’s are certain
elements in F,. As the symplectic polarities associated to Q; and Q, are the same by
Lemma there exist b1, bs, b3, b4 € Fy such that Qs has equation Zl§i§j§4 a;; X; X; +
VIXE+b3X2 +03X2 + 03X = 0 with respect to the same reference system. As Q) # Q,
we have (by, bg, b3, by) # (0,0,0,0). The common points of Q; and Q, are now precisely
the points of Q; contained in the plane with equation b; Xy + by Xo+b3X3+b,X4 = 0. This
plane intersects Q; in either a singleton or an irreducible conic, implying that |Q; N Qs| €
{1,q+1}. O

Lemma 3.9. Let Q be an elliptic quadric in PG(3,q), q even, and denote by W(q) the
symplectic generalized quadrangle associated to Q. Let Q; with i € {1,q+ 1} denote the

set of all elliptic quadrics in PG(3,q) that are ovoids of W(q) and intersect Q) in exactly
i points. Let G denote the stabilizer of Q) inside PT'L(3,q). Then the following hold:

o (G acts transitively on the elements of QOy;

o the number of orbits of G on Q.41 equals the number of orbits of Aut(F,) on the set
of elements in F, with trace equal to 0.

Proof. Let ¢ be an element in F, whose trace is equal to 1. Let (); and ()2 be two elements
in Q;. As (G acts transitively on the set of tangent planes with respect to () and the set
of secant planes with respect to (), we may suppose that Q1 NQ =Q>NQ =7NQ for a
certain plane m of PG(3, ¢) which is a tangent plane if i = 1 and a secant plane if i = g+1.

Suppose first that ¢ = 1. Then we can take a reference system with respect to which
Q has equation X; X, + X2 + X3X,; +0X? = 0 and 7 has equation X; = 0. Since the
symplectic polarities associated to @, Q1 and Q, are the same, there exist b2, b3 € [, such
that @; with ¢ € {1,2} has equation b? X7 + X1 X5 + X7 + X3X, + 6X? = 0. Now, the
map (X1, Xo, X3, Xy) — (%Xl, z—fXg,Xg,XLQ belongs to G and maps )1 to Q5.

Suppose next that ¢ = ¢ + 1. Then we can take a reference system with respect to
which @ has equation X} Xo+ X2+ X3X,+0X? = 0 and 7 has equation X; = 0. Since the
symplectic polarities associated to @), @1 and @ are the same, there exist b1, b, € F; whose
trace is 0 such that Q; with i € {1,2} has equation X; X5 + X3+ X3X4+ (6 +b;) X7 = 0.

Let 7 € Aut(F,). Note that if (X7, X5, X3, Xy) satisfies X3 Xo+ X3+ X3X,+0X7 =0,
then (X7, X7, X7, X7) satisfies X1 X + X3+ X3X,+0"XZ2 =0. AsTr(6+67) = 0, there
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exists a b € F, such that b*4+b = §+d"7. Then X1 Xo+(X3+bXy)?+(X3+bX4) Xy+0" X7 =
X1X2 + X?? + X3X4 + (SXZ and X1X2 + (Xg + bX4)2 + (Xg + bX4)X4 + ((ST + bI)XZ =
X1 X+ X3+ X3X, + (0 + b7)XZ. So, if by, by are elements of F, with trace 0, then by
Lemma and the above there exists an automorphism of PG(3, ¢) with associated field
automorphism 7 stabilizing @ and mapping X;Xs + X3 + X3Xy4 + (6 +01)X? = 0 to
XX, + X§ + X3X4 + (6 + bo)X? = 0 if and only if by = b]. The second claim of the
lemma now follows. O

Examples:
e if ¢ =2, then Qs is empty;
o if ¢ € {4,8}, then G acts transitively on the elements of Q,;1;

e if ¢ = 16, then G has three orbits on Q5.

The case where O is a classical ovoid of W(q)

For certain values of ¢ even, we know that all ovoids of W (q) are classical, i.e. being an
elliptic quadric of the ambient projective space of W(q).

Lemma 3.10. If q € {2,4,16}, then every ovoid of W(q) is classical.

Proof. Proofs of these facts are contained in the papers [I], 4], 5] []. ]

In this case, we have |O N Q~(3,q)| € {1,¢ + 1} by Lemma and so |Ho| € {¢*(q +
2), (¢> — q)(¢ +2)} by Theorem [3.2]

Suppose first that ¢ = 2. Then by the above (Q3 # ), we know that the case
|ONQ(3,q9)| = ¢+ 1 cannot occur. So, we then have that |Hp| = ¢*(¢ + 2) = 16. For
q = 2, we also know that every hyperoval of Q7 (5,2) is the complement of a hyperplane
of @*(5,2). The complement of a Q(4,2)-hyperplane of Q*(5,2) contains 35 — 15 = 20
points, while the complement of a pQ™ (3, 2)-hyperplane of Q1 (5,2) contains 35 —19 = 16
points. So, in this case, we know that Hp is the complement of a tangent hyperplane
intersection of Q7 (5,2). We can also derive this in another way.

As |ONQ™(3,q)| =1, the intersection O NQ~ (3, q) is a singleton {p}. Every plane of
Q7 (5, q) containing p is disjoint from Hp. On the other hand, a plane 7w of QT (5, ¢) not
containing p intersects Hp in a hyperoval of 7, necessarily equal to 7 \ p*. So, Ho must
be the complement of the quadric of type pQ™(3,2) that arises by intersecting Q7 (5, 2)
with the tangent hyperplane at the point p. Combining this with Lemma [3.10] we thus
find.

Lemma 3.11. e Up to isomorphism, there is a unique hyperoval of QT (5,2) of the
form Ho, where O is a classical ovoid of W (q).

e Up to isomorphism, there is a unique hyperoval of Q% (5,2) of the form Hp, where
O s an ovoid of W(q).
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Suppose next that ¢ = 4. The both the cases |ONQ~(3,¢)| =1 and |[@QNQ~(3,¢)| = ¢+1
can occur, giving rise to hyperovals of Q™ (5, ¢) with respective sizes ¢*(q¢ + 2) = 96 and
(¢> — q)(qg +2) = 72. These two hyperplanes were already obtained in the paper of
Pasechnik [7] by means of computer backtrack searches. By the above and Lemma m,
we then know that the following hold.

Lemma 3.12. e Up to isomorphism, there are two hyperovals of QT (5, q) of the form
Ho, where O is a classical ovoid of W (q).

e Up to isomorphism, there are two hyperovals of Q*(5,q) of the form Hgp, where O
is an ovoid of W(q).

A hyperoval of PG(2, q) with ¢ even is called regular if it consists of an irreducible conic
union its nucleus. From now on, we suppose that ¢ > 8.

Lemma 3.13. If H is a reqular hyperoval of PG(2,q), q even, then there exists a unique
point p € H such that H \ {p} is an irreducible conic.

Proof. By the definition of the notion of a regular hyperoval, we know that there exists at
least one such point p. Suppose H \ {p1} and H \ {p,} are irreducible conics of PG(2, q)
for two points p;, ps € H. Note that an irreducible conic of PG(2, ¢q), ¢ even, is uniquely
determined by five of its points. As [(H \ {p1}) N (H \ {p2})| > ¢ > 5, we then have that

H\{p1} = H\ {p2}, i.e. p1 = po. O

Lemma 3.14. Let O be a classical ovoid of W(q) distinct from Q~(3,q) and let ® be a
plane of QT (5, q) intersecting Hp in a hyperoval of w. Then wN Hp is a regqular hyperoval
of . Moreover, the unique point p of m N Hy for which (7 N Hp) \ {p} is an irreducible
conic belongs to Q~(3,q) \ O C .

Proof. As m N Hy is a hyperoval of 7, 7 intersects @~ (3,¢) \ O in a singleton {p}. By
Lemma and the definition of Hp, the projection A of (7 N Hp) \ {p} from L* on II
is contained in O \ @~ (3,¢) and so the plane (L*,w) N 1II intersects O in the irreducible
conic A. It follows that (m N Hp) \ {p} itself must also be an irreducible conic of 7. The
kernel of this irreducible conic necessarily coincides with p € Q(3,¢) \ O C II. ]

Lemma 3.15. Let Oy and Oy be two classical ovoids of W(q) distinct from Q= (3,q).
Then the following are equivalent:

(1) the hyperovals Hop, and Ho, are isomorphic;
(2) there exists an automorphism of 11 stabilizing Q= (3, q) mapping Oy to O,.

Proof. Suppose there exists an automorphism 6 of 11 stabilizing @~ (3,¢) and mapping
O, to Oy. Then 6 extends to an automorphism 0 of Q*(5,¢). It is clear that § maps Ho,
and HOQ-

Conversely, suppose that there exists an automorphism 6 of PG(5, ¢) stabilizing Q* (5, ¢)
mapping Hp, to Hp,. For every i € {1,2}, let €; denote the set of all planes 7 of
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Q1 (5,q) intersecting Hp, in a hyperoval of m. For every m € €, let k, denote the
unique point of © N Hop, for which (7 N Hp,) \ {k-} is an irreducible conic of w. Then
{k:|m € Q;} is a set of \Q (3,9) \ O;] points of 7. By Lemma [3.4] we know that
1Q-(3,9)\ O] > ¢ + 1 — L4 = q2+q+2 > g+ 1. So, the set {k, |7 € §2;} must generate
I1. Since § maps ©; to s, 1t maps the set {kr|m € 1} to the set {k; |7 € Qp} and so
0 stabilizes II. Denote by 0 the restriction of § to II1. Then 6 stabilizes Q(3,q). Also, 6
maps {k. |[m1€ U} =0Q (3,9)\O1 to {kr|m € N} =0Q (3,¢)\ Oz and so Q~(3,¢) N O,
to Q7 (3,q) N Oy. As 0 stabilizes Q% (5, q) and II, it also stabilizes the line L*. Note that
0;\Q~(3,q), i € {1,2}, is the projection of Hp, \II from L* onto II. Since § maps Hop, \ m
to Hp, \ 7, it must also map O; \ @ (3,9) to Oz \ @~ (3,¢q). All together, we thus have
that @ and # map O; to Os. O

The following is a consequence of Lemmas and |3.15]

Corollary 3.16. Let N denote the number of orbits of Aut(F,) on the set of all elements
of B, with trace equal to 0. Then the number of nonisomorphic hyperovals of the form Ho
where O is a classical ovoid of W (q) is equal to N + 1.

Corollary 3.17. Suppose ¢ = 16. The number of nonisomorphic hyperovals of the form
Ho, where O is an ovoid of W (q) is equal to 4.

The general case

Let U denote the set of all planes m of PG(5,q) such that 7 N Hp and 7 N QT (5, q) are
coinciding irreducible conics of m. We will prove some results that indicate which planes
can belong to U. The following results are useful to that end.

Lemma 3.18. Suppose O is a hyperoval of PG(2,q), q > 8 even, and X is a subset of
size ¢ — 1 of O. Then through every point x of PG(2,q) \ O, there is a line intersecting
X n exactly two points.

Proof. Through z, there are X2 lines intersecting O in exactly two points. At most three
of these lines contain a point of O\O. So, at least q+2 —3 = 2% > ( of these lines contain
two points of X. O

Corollary 3.19. Let X be a set of ¢ — 1 or ¢ mutually noncollinear points of PG(2,q),
q > 8 even. Then X is contained in at most one hyperoval of PG(2, q)

In fact, a better result as the one in Corollary is known. By Theorem 3 of [§], we
know that the following holds.

Corollary 3.20. Let X be a set of ¢ — 1 or ¢ mutually noncollinear points of PG(2,q),
q > 8 even. Then X is contained in a unique hyperoval of PG(2,q)

Lemma 3.21. Suppose m € U. Then no point of T NIIN Q™ (3,q) belongs to O.
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Proof. Since tNQT (5, q) and wN Hp are the same irreducible conic, we have 7NQ™ (5, ¢)N
H=7nIINQ (3,9 =mNHoNII =1IN(Q (3,q) \ O), proving the validity of the
claim. =

Lemma 3.22. A plane 7 through L* belongs to U if and only if it intersects Il in a point
of O\ Q™ (3,4q).

Proof. It 7 intersects II in a point of @~ (3,¢), then = N Q7 (5,¢q) is a singleton and so
TEU.

Suppose m NI is not contained in @~ (3,¢). By the definition of Hyp and Lemma
we know that m N Hp = () if # N 1II is not contained in O and 7 N Hp is an irreducible
conic of 7 if 7 N1l is contained in O. Moreover, in the latter case, we have that 7N Hp =
TNQT(5,q). O

Lemma 3.23. If ¢ > 8, then a plane w intersecting L* in a singleton can never belong to
U.

Proof. Suppose to the contrary that 7 € . Then 71 NQ*(5,q) = 7N Hp is an irreducible
conic C.

The points of C, contained in IT are precisely the points of (x NII) N Q~(3,q). As
m N1l is a singleton or a line, there are at most two such points.

Each point of C, \ I is by Lemma and the definition of Hp contained in a plane of
the form (L*,u), where u € O\ Q~(3,¢). Such a point u necessarily is contained in the
line K := (L*,m)NII. Now, the line K intersects O and hence also O\ Q~ (3, ¢) in at most
two points. If u is a point of K contained in O \ Q~(3, ¢), then in the three-dimensional
subspace (L*, ) the intersection of the two planes 7 and (L*,u) is a line containing at
most two points of the irreducible conic C,. We therefore see that there are at most
2-2 =4 points in C, \ IL.

Altogether, we have |C;| < 6. But that is in contradiction with the fact that |C.| =
qg+1>9. O

Lemma 3.24. Suppose O is a nonclassical ovoid and m N 11 is disjoint from (Q~(3,¢q) \
O)UL*. Thenm &U.

Proof. Suppose to the contrary that 7 N Ho = 7 N Q7 (5, ¢) is an irreducible conic C, of
7. As 7 is disjoint from Q~(3,q) \ O, we see that no point of C, is contained in II. Let
7’ be the projection of w from L* to II. By Lemma and the definition of Hp, we then
see that the projection C.. of C, from L* on II is an irreducible conic of 7' contained in
O\ Q (3,9). So, ONna’ =C.. But that is impossible. As O is a nonclassical ovoid of II,
we know by the main result of [2] that O N7’ cannot be an irreducible conic. ]

Lemma 3.25. Suppose ¢ > 8 and suppose m N 11 is disjoint from L* and intersects
Q(3,9) \ O in two points. Then m & U.

Proof. Suppose to the contrary that 7 € U. Then 1 NQT(5,q9) = 7N Hp is an irreducible
conic C, of . Let z; and x2 be the two points of 7 N II contained in @~ (3,¢) \ O. Then
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7NIIis a line z125. Let 7’ be the plane of I that arises as projection of 7w from L* on II,
and let C. be the irreducible conic of 7’ that arises as projection of C, from L* on II. By
Lemma [3.1) and the definition of Hp, we know that C. \ {1, x2} is a set of ¢ — 1 points
of 7’ contained in O\ Q~(3,¢). As ¢ > 8, these ¢ — 1 points extend in a unique way to a
hyperoval O of 7/, and O coincides with C. union its nucleus n. The two points of O not
contained in C. \ {x1,x2} are then contained in {zy,x9,n}, in contradiction with the fact
that none of x1, x5 belong to O. O

Lemma 3.26. Suppose m € U is disjoint from L* and intersects Q~(3,q)\O in a singleton
{z}. Thenm & U.

Proof. Let 7’ be the plane of II that arises as projection of 7 from L* on II, and let C.
be the irreducible conic of 7’ that arises as projection of C, from L* on II. By Lemma
and the definition of Hp, we know that C. \ {z} is a set of ¢ points of 7’ contained in
O\ Q™ (3,q). As ¢ > 8, these ¢ points extend in a unique way to a hyperoval O of 7/, and
O equals C!, union its nucleus {n}. Asz € Q(3,¢)\ O, we have ON7’ = (C,\ {z})U{n}.
So, x is the nucleus of the oval O N7’ of 7w and all lines of ©’ through = are tangent to O’
and hence also to @~ (3,¢) by Lemma . We thus have 7/ C 2¢. As also L* C z¢, we
have 7 C (L*,7’) C 2¢. But then every line of II through x is either contained in Q*(5, q)
or the singleton {x}. But that is impossible as 7 N QT (5,¢) is an irreducible conic of
. O

For every m € U, let k, denote the kernel of the irreducible conic 7 N Q" (5,q) of 7. Let
K denote the subspace of PG(5, q) generated by all points k., 7 € U.

Lemma 3.27. The subspace 11 is contained in K.

Proof. Let 7 be a plane of the form (L*, z), where z € O\ Q™ (3,¢). Then IT = (L*)¢ D
(L*,z)¢ and so the kernel of the irreducible conic C, = (L*,z) N Q" (5,q) is contained in
7, i.e. equal to z. So, K contains the subspace (O \ Q7 (3,¢q)). Now, |O\ Q™ (3,¢)| =
F+1-10NQ 3,q)| > ¢F+1-— # = ‘IQJFT'HQ > ¢ + 1 by Lemma , implying that

[

(O\ Q(3,q)) =1I. So, K contains II.

Lemma 3.28. Suppose K is 3-dimensional. Then K N Q1 (5,q) is an elliptic quadric
of type Q= (3,q) and so K¢ is a line disjoint from K. Let X, denote the set K N Hp
and let X, denote the projection of Ho \ K from K¢ onto II. Then Il = K and O =

(@™ (3,9) \ X1) U Xs.

Proof. By Lemma [3.27, K = II and so K N Q" (5,¢) is an elliptic quadric. We have
Xy =IINHp=0Q (3,9) \ O and hence Q@ (3,9) \ X1 = Q@ (3,¢) N O. By the definition
of Hp, we also have that Xo = O\ Q~(3,¢). So, (Q~(3,¢) \ X1) U X, = O. O

Lemma 3.29. Suppose O is a nonclassical ovoid of W(q). Then K = II.

Proof. In view of Lemma [3.27] it suffices to show that each point k., 7 € U, is contained
in II. As O is a nonclassical ovoid, we have ¢ > 8. The various lemmas above the imply
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that there are two possible types of planes in U, planes 7 through L* and planes m
contained in II. For the former planes, we have already see in Lemma that k,, € IL
For the latter planes, it is trivial that k., € II. O

Lemma 3.30. Let Oy and Oy be two ovoids of W (q) distinct from Q= (3,q). Then the
following are equivalent:

(1) the hyperovals Hp, and Hp, are isomorphic;
(2) there exists an automorphism of I1 stabilizing Q= (3,q) and mapping Oy to Os.

Proof. Suppose there exists an automorphism 6 of 11 stabilizing @~ (3,¢) and mapping
O1 to O,. Then 6 extends to an automorphism 0 of Q* (5, ¢). It is clear that § maps Ho,
and Hop,.

Conversely, suppose that there exists an automorphism 6 of PG(5, ¢) stabilizing Q* (5, ¢)
mapping Hp, to Hp,. For every i € {1, 2}, let U; denote the set of all planes 7 of PG(5, q)
satisfying the following property:

TN QT(5,q) is an irreducible conic that is entirely contained in Hop,.

For every m € U, let k, denote the kernel of the irreducible conic 7 N QT (5,¢q) of w. Let
K; denote the subspace of PG(5, ¢) generated by all points k,, m € U;. It is clear that 0
maps K7 to Ky. We distinguish two cases.

(1) Suppose dim(K;) = dim(K>) = 3. By Lemma[3.28] we then know that K; = K, =
II and that 0 stabilizes IT and that the restriction 6 of € to II maps O to O,.

(2) Suppose dim(K;) = dim(K3) > 3. By Lemma we would then know that O
and Oy are classical ovoids of W(q). But then the claim follows from Lemma[3.15] O
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