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1. Introduction

A point-line incidence structure § = (£, £, I) with nonempty point set #, line set .£ and incidence
relation | € &» x L is called a partial linear space if every line is incident with at least two points
and if every two distinct points are incident with at most one line. The collinearity graph of $ has as
vertices the points of 4§, with two distinct points being adjacent whenever they are incident with a
common line. A partial linear space 8§ = (£, £, 1) is called a near polygon if for every point x and
every line L, there exists a unique point on L nearest to x. Here, distances d(-, -) are measured in
the collinearity graph I" of 8. If d € N is the diameter of I", then the near polygon is also called a
near 2d-gon. A near 0-gon is a point and a near 2-gon is a line. Near quadrangles are usually called
generalized quadrangles. If x € & and i € N, then [}(x) denotes the set of points at distance i from x.
If@ #£ X C 2, then I;(X) denotes the set of points at distance i from X, i.e. the set of ally € & for
which d(y, X) := min{d(y, x) | x € X} = i.

A near polygon 4 is said to have order (s, t), where s, t > 1, if every line of § is incident with
precisely s + 1 points and if every point of § is incident with precisely t + 1 lines. A near 2d-gon
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4§ with d > 2 is called regular if there exist constants s, t and t;, i € {0, 1,...,d}, such that §
has order (s, t) and for every two points x and y at distance i from each other, there are precisely
t; + 1 lines through y containing a (necessarily unique) point at distance i — 1 from x. If this holds,
then (to, t1, ty) = (—1, 0, t) and we say that 4 is regular with parameters (s, t, t3, ..., ty_1, t). The
finite regular near polygons are precisely those near polygons whose collinearity graph is distance-
regular. The intersection numbers a;, b;, ¢; (i € {0, 1, ..., d}) of the distance-regular graph associated
with a regular near 2d-gon 4§ are easily derived from its parameters (s, t;, ts, ..., ts_1, t). Indeed,
we have thata; = (s — 1)(t; + 1), b; = s(t — t;))and¢ = t; + 1 foreveryi € {0,1,...,d}.
A regular near 2d-gon with parameters (s, t>, t3, ..., ts_1, t) is a generalized 2d-gon if t; = 0 for
everyi € {2,3,...,d — 1}. We note that all finite regular near 2d-gons withd > 4,c, > 2 and
s > 2 have been classified. By results of Brouwer & Cohen [4, Corollary 2, p. 195], Brouwer & Wilbrink
[8, Section (m)] and De Bruyn [13] we know that every such regular near 2d-gon is a so-called dual
polar space.

The main results of this paper will be discussed and proved in Section 3. In Theorem 3.2, we will

prove that if § is a regular near 2d-gon with parameters (s, to, t3, ..., tz_1,t), s > 2, and associated
intersection numbers a;, b;, ¢; (i € {0, 1, ..., d}), thenc, < s*> + 1and
s — 1)(ciqg — 52 s+ 1D(ci_q + 52
( )(11 )sc,-s( }(,1 ) (1)
s2 —1 s72 4+ 1
foralli € {3,4,...,d}. The two inequalities given in (1) extend a result of Neumaier [31, Theorem

3.1] who already proved the validity of the upper bound in (1) in case i is odd and the validity of the
lower bound in case i is even. Hence the two inequalities of Neumaier hold regardless of the parity of
i. The upper bound with i = d = 3 is also known as the Mathon bound [30].

We will discuss the structure of those regular near polygons for which at least one of the bounds
in (1) is attained. Our investigation leads to two characterization results for dual polar spaces
(Theorems 3.4 and 3.5). In case of equality in the obtained bounds, we are also able to derive some
relations between the intersection numbers (Theorem 3.7) and between triple intersection numbers
(Theorem 3.8 and Corollary 3.9). We also obtain a number of results on m-ovoids of a regular near
polygon, an m-ovoid being a set of points intersecting each line in precisely m points. Also for m-
ovoids some results regarding intersection sizes are obtained (Theorem 3.12, Corollary 3.13 and
Corollary 3.15). This will allow us to give a new proof for the non-existence of 1-ovoids in the dual polar
spaces DQ (2d, q) and DW (2d — 1, q) for every d > 3 (Corollary 3.14). We also prove that with every
1-ovoid of a regular near hexagon for which the Mathon bound is attained, there is associated a
strongly regular graph (Theorem 3.17). The fact that the parameters and the multiplicities of the
eigenvalues of this strongly regular graph are nonnegative integers puts restrictions on the parameters
of the regular near hexagon. In particular, this allows us to prove that no generalized hexagon of
order (s,s%), s > 2, can have 1-ovoids (Corollary 3.19). This will have implications regarding the
non-existence of certain semi-finite generalized hexagons (Corollary 3.20).

2. Preliminaries

In this section, we collect some known facts about distance-regular graphs that will be useful later.
We refer to Brouwer et al. [5] for proofs and much more information on these graphs.

Let I" be a finite undirected connected graph, without loops or multiple edges, with vertex set £2
and diameter d > 2. The distance-i-relation R; in I" consists of all pairs of vertices at distance i. The
graph I' is called distance-regular if there exist natural numbers a;, b;, ¢; (i € {0, 1, ..., d}), known as
the intersection numbers, such that for any two vertices x and y at distance i from each other, we have
|IG)NT Y| = ai, [N T (y)| = biand [T () N1 (¥)| = c;. For the remainder of this section,
we assume I is a distance-regular graph. The number |I3(x) N I;(y)| with x and y points at distance
k then only depends on i, j and k, and is denoted by pgfj. We also define k; := pgi, Vie {0,1,...,d},

the number of vertices at distance i from any given vertex. Note that a; = p ;, by = p} ;. ¢; = p};_;
and k;y = by = a; + b; + ¢; foreveryi € {0,1,...,d}. We also have k;; = k;b;/ci , for every
ie{0,1,...,d—1}and |2| = 3% ki
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Put 2 = {p1,p2,...,Pe/} and let A, i € {0,1,...,d}, be the (|£2] x |£2])-matrix over R whose
@, k)-th entry is equal to 1if d(p;, px) = i and equal to 0 otherwise. Clearly, Ag = I and Ay + A; +
--- 4+ A4 = J, where I denotes the identity matrix and J the all-one matrix.

The real vector space spanned by {Ag, A1, ..., Aq} is a commutative (d 4+ 1)-dimensional algebra of
symmetric matrices, known as the Bose-Mesner algebra. It can be shown that the Bose-Mesner algebra
has a unique basis {Ey, E1, ..., Eq} of minimal idempotents for which E;E; = §;E;, Vi,j € {0, 1, ...,d},
Eo+Ei1+---+Eg=1andEy =]J/|$2]|. These minimal idempotents are positive semidefinite.

The adjacency matrix A; of I has exactly d + 1 distinct eigenvalues. There exists a bijective
correspondence between these d + 1 eigenvalues and the d + 1 minimal idempotents. Indeed, for
every minimal idempotent E there exists a unique eigenvalue XA such that A{E = AE, and then the
column span of E is precisely the (right) eigenspace of A; for A.

The dual eigenvalue sequence of a minimal idempotent E is the unique sequence 65, 67, ..., 6] of
real numbers such that E = |.Q|‘1(65‘A0 + 07A1 + - - - + 67Ag). We then say I" is Q-polynomial with
respect to E if there is a (necessarily unique) ordering Ey = J/|§2|, E; = E, E,, . .., E4 of the minimal
idempotents such that every Ej, j € {0, 1, ..., d}, can be written in the form [£2|~! Z?:o q;(0;7)A; for
some real polynomial g; of degree j. If 6 is the eigenvalue for A; corresponding to E, then we also say
I" is Q-polynomial with respect to 6.

The distance-regular graph I' is said to have classical parameters (d, b, &, B) where @« € R and
b, B € R\ {0} if

o= (- E) 6+[)
SHIEEE)

for everyi € {0, 1, ..., d}. Here, [;’]b —jifb=1and [;’]b — (b — 1)/(b — 1)if b # 1. Graphs with

classical parameters are Q -polynomial with respect to [d B 1]b B—-—a)—1.

We say that a graph with v vertices is strongly regular with parameters (v, k, A, ), and write
srg(v, k, X, w), if every vertex has exactly k > 1 neighbors, and every two distinct vertices have
exactly A or u neighbors in common, depending on whether these two vertices are adjacent or not. The
strongly regular graphs srg(v, k, A, ) with k < v — 1 and u > 0 are precisely the distance-regular
graphs of diameter 2, and are Q -polynomial.

The finite dual polar spaces of rank d > 2 constitute an important class of regular near 2d-
gons. In a finite projective space X' of (projective) dimension at least three, the subspaces that are
contained in a given nonsingular quadric or are totally isotropic with respect to a given symplectic
or Hermitian polarity of X define a so-called polar space. Its rank d is the vector dimension of the
maximal totally isotropic subspaces. With each such polar space P there is associated a dual polar
space A, see Cameron [10]. This A is the point-line geometry whose points and lines are the maximal
and next-to-maximal subspaces of P, respectively, with incidence being reverse containment. In the
corresponding collinearity graph, two vertices are at distance i when their intersection has dimension
d—i.

3. Main results

Throughout this section, § = (£, £, I) denotes a finite regular near 2d-gon, d > 2, with parame-
ters (s, to, t3, ..., tg_1, t), s > 2, and associated intersection numbers a;, b;, ¢; (i € {0, 1, ..., d}). We
denote by I" the collinearity graph of $. Similarly as in Section 2, if i,j, k € {0, 1, ..., d} and x, y are
two points at distance k from each other, then pi.fj denotes the number of points at distance i from x

and distance j from y. We also define k; := P?,i-
Suppose # = {pi,p2,...,P» /) andlet A;, i € {0,1,...,d}, be the (|| x |#])-matrix over R
whose (j, k)-th entry is equal to 1if d(p;, px) = i and equal to O otherwise. We also define
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d 1 i
M = ZO (‘g) A;.
i=l

For every subset X C &, let xx be the characteristic vector of X, i.e. the i-th entry of X is equal to 1 if
pi € X and equal to 0 otherwise. We regard yxx as a column matrix.
For a proof of the following lemma, see e.g. Vanhove [41, Lemma 1].

Lemma 3.1. The element M of the Bose-Mesner algebra of I' is a minimal idempotent up to a positive
scalar, and its column span is precisely the eigenspace of the eigenvalue —(t + 1) of A;.
In this section, we obtain the main results of this paper. We start by proving the two inequalities
already mentioned in Section 1.
Theorem 3.2. Suppose 4 is a finite regular near 2d-gon, withs > 2 and d > 2. Then ¢, < s*> + 1and
st —1)(ci_q — 52 s+ 1)(ci—q + 52
( ?(11 )fci§(+)~(l1+ ) (4)
si—2 —1 241

foralli € {3,4, ..., d}.Suppose x and y are two points of 4§ at distance i from each other where3 <i < d,
and put Z := I''(x) N I_1(y) and Z' := I;_1(x) N I';(y). Then the following holds.

@ If ¢ = (5" = (= D) (ci_1 — (=1)is2)/(s72 — (=1)) then Mv = 0 where
v =5(Cio1 — (=)' (g — x) + (xz — x2)-

() If ci = (5" + (=D (ci1 + (= 1D's™2)/(s~2 + (—1)!) then Mv = 0 where
v =5(Cio1 + (= 1)'S") (g + xm) + Oz + x2)-

Proof. Let i be a fixed element of {2, 3,...,d} and put v = ay + Bxy + ¥ Xz + §xz for some

o, B, y,8 € R.We will compute siwTMw).Ifj € {0, 1, ..., d}, then by definition of the sets Z and Z’,
we have

) A = QoD Aixpy =80 Ot Aixy = 83

(o) Aixz = ()" Aixz = ijci, () "Aixz = Qo)) Aixz = Si—1Gis

(X2 Aoxz = (xz2) ' Aoxz =i (x2)Aaxz = (xz) " Aaxz = cici — 1),

) Aixz = ()" Aixz =0 ifj & {0, 2}.
Suppose now that p, € Z and p, € Z'. Since d(py,y) = i — 1and d(y, py) = 1, we have d(py, py)
€ {i — 2,i— 1, i} by the triangle inequality. We prove that the possibility d(px, p,) = i — 1 cannot
occur. If d(px, py) = i— 1, then the fact that also d(py, y) = i — 1 would imply that there exists a point
pj// on the line p,y at distance i — 2 from py, but at distance i from x. This is impossible since x and pyx
are collinear.

If py € Z, then Ii_5(py) N IM(Y) S Tioa(x) N I1(y) = Z'. Hence, |Ii»(py) NZ'| = ¢i—1 and

|[Ii(px) NZ'| = ¢; — ¢i_1. So, we have

(x2)"Aic2xz = cicioa, (x2)"Aixz = a(ci — ci1),
(x2)"Ajxz =0 ifj ¢ {i—2,1i}.

By the above equalities, we readily see that s'(v"Mv) = [«, 8, v, 8] - F - [a, B, ¥, 8]", where F is the
following (4 x 4)-matrix:

st (=)} —s ¢ (=) sg;
(—l)i st (—l)Hsci —s g
—_ i1 i1 i cc—1) i [ CiCi-1 (¢ — ci-1)
F=1 —"¢ (=D"'sq s (Ci + e s (—s)i—2 + (—s)i

Nl I i CiCi—1 Ci(ci - C,‘71) i ) C,‘(C,‘ - ])
(—1)" "sc sTG s ((_S)FZ + =y ) s (c, + —a )
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By Lemma 3.1, the matrix M is positive semidefinite. So, also F is positive semidefinite, implying that
the determinant of every principle submatrix of F is nonnegative. The fact that the determinant of the
principle submatrix determined by the first three rows and columns is nonnegative implies that

<52i—1
G = .
s2—1

(5)

In particular, we have c, < s?+1.(The inequality (5) was already derived in Vanhove [41, Theorem 1]).
Suppose now that i > 3. Then det(F) is equal to

(s" = 1)(cim1 — si‘2)>

=D+ DEE-1) <c,- - =

"+ D(ci1 +572)
X |GG — ) .
s+ 1

The fact that ¢;_; < (s>—D — 1)/(s*> — 1) implies that
=D =) _ "+ Der+572)
s=2—1 - s=2 + 1 ’
Now, det(F) > 0 implies that
(s' — D1 = 7 (< (s' + D1 + s2)
s—2—1 T s2 41
finishing the proof of the first part of the theorem.
Now, we have Mv = 0 <= v'Mv = 0 < [a,8,7,8] - F - [a,8,7.8] = 0 <
F-la,B,v,8]T =0.If
= (=DY( — (=D'sT?)
- si—2 _ (_1)1' B N
@, B,7,8) = (s(cie1 — (=1)'s"™?), =s(cio1 — (=1)s™2), 1, =),

’

or
(D) + (=D
- §i—2 + (_])i N N
(@, B,7,8) = (s(cie1 + (=1D's72), s(ci1 + (= 1D's72), 1, 1),

thenF - [a, B, ¥, 8]" = 0 and hence Mv = 0, finishing the proof of the last part of the theorem. O

i i

Remark 3.3. In the proof of Theorem 3.2, other principle submatrices of F have to be positive
semidefinite as well of course, but this yields no stronger inequalities.

The upper bound ¢, < s* + 1 in Theorem 3.2 is also a consequence of Higman’s inequality
for generalized quadrangles [27, (6.4)] and the fact that regular near 2d-gons with parameters
(s, to, t3, ..., tg_1, t) satisfying s > 2 and ¢, > 2 admit quads (Shult & Yanushka [34, Proposition
2.5]).1fi = d = 3, then the upper bound in Theorem 3.2 is the so-called Mathon bound [30] for regular
near hexagons with parameters (s, t;, t),s > 2:t +1 < (t; + s+ 1)(s> — s + 1).If t; = 0, then the
Mathon bound reduces to the well-known Haemers-Roos inequality [26] for generalized hexagons of
order (s, t),s > 2; t < s3. We call a regular near hexagon with parameters (s, t;, t), s > 2, for which
t + 1 equals the Mathon bound (t; + s + 1)(s?> — s + 1) a maximal regular near hexagon.

An inequality of Brouwer & Wilbrink [8, p. 161] states that c; < (s> + 1)cy_q if d is even. If
we compare this upper bound for c¢; with the one provided by (4), we see that the inequality of

s . . (sq+1)sd—4 . (sq+Dsd=4 ;. .
Brouwer and Wilbrink is stronger if c;_1 < A and weakerif cg_1 > pr=Tent Hiraki & Koolen

[28, Theorem 1(1)] also obtained an upper bound for ¢4 in terms of s and c;_1. Also this bound is
sometimes stronger and sometimes weaker than the one given by (4).



B. De Bruyn, F. Vanhove / European Journal of Combinatorics 34 (2013) 522-538 527

As already mentioned in Section 1, the two inequalities given by (4) extend a result of Neumaier
[31, Theorem 3.1] who already proved the validity of the upper bound in (4) in the case i is odd and
the validity of the lower bound in the case i is even. The upper bound for i even and the lower bound
for i odd also follow from an inequality obtained in very recent independent work of Tonejc [40] on
general distance-regular graphs.

We now give a list of all known regular near 2d-gons, d > 3 and s > 2, for which equality holds in
one of the inequalities in (4).

e Suppose 4 is the Hermitian dual polar space DH(2d — 1, ¢%), d > 3, associated with a Hermitian
polarity of the projective space PG(2d — 1, ¢%). (The collinearity graph is also denoted by %A,4_1(q).)
Thens =qand¢; = (¢% — 1)/(q> — 1) foreveryi € {0, 1, ..., d}. The lower and upper bound in (4)
is attained for anyi € {3, 4, ..., d}.

e Suppose 4 is one of the following dual polar spaces of rank d > 3: (i) the orthogonal dual polar
space DQ (2d, q) associated with a nonsingular parabolic quadric of PG(2d, q); (ii) the symplectic dual
polar space DW (2d — 1, q) associated with a symplectic polarity of PG(2d — 1, q). (The collinearity
graphs are also denoted by B;(q) and C4(q), respectively.) Observe that DQ (2d, q) = DW(2d — 1, q)
if and only if q is even. Thens = qand ¢; = (¢’ — 1)/(q — 1) foreveryi € {0, 1, ..., d}. The lower
bound in (4) is attained for anyi € {3, 4, ...,d}.

o Suppose 4§ is a (maximal) generalized hexagon of order (s, s*), s > 2. Then the upper bound in
(4) is attained if i = 3. The only known generalized hexagons of order (s, s*), s > 2, are the dual
twisted triality hexagons T(q, ¢°), where q is some prime power. These generalized hexagons were
gonstructed by Tits [39]. (The collinearity graphs of these generalized hexagons are also denoted by
Dy 2(q).)

e Suppose 4 is the unique regular near hexagon with parameters (s, t;, t) = (2, 1, 11) (Brouwer
[2]; Shult & Yanushka [34, Section 2.5]), also denoted by E,. An explicit description of this near
hexagon will be given in the Appendix. The regular near hexagon E; is maximal as the upper bound
in (4) is attained if i = 3.

e Suppose 4 is the unique regular near hexagon with parameters (s, t;, t) = (2, 2, 14) (Brouwer
[3]; Shult & Yanushka [34, Section 2.5]). Then 4 is isomorphic to the point-line geometry E, whose
points are the blocks of the unique Steiner system S(5, 8, 24) and whose lines are the triples of
mutually disjoint blocks (natural incidence). The regular near hexagon E, is maximal as the upper
bound in (4) is attained if i = 3.

In Vanhove [41, Theorem 1], it was proved that¢; < (s —1)/(s*—1) foreveryi € {2, 3, ..., d} (see
also the proof of Theorem 3.2). In [41], the regular near polygons for which some ¢;,i € {2, 3, ..., d},
attains the upper bound (s* — 1) /(s> — 1) were not yet classified. By relying on the inequalities given
in (4), we are now able to achieve this goal if d > 3.

Theorem 3.4. Suppose § is a finite regular near 2d-gon, withs > 2andd > 3.1f ¢; = (s* — 1)/(s* — 1)
foracertaini € {2,3,...,d}, then s is a prime power and 4§ is isomorphic to the Hermitian dual polar
space DH(2d — 1, s2).

Proof. First, suppose ¢; = (s¥ — 1)/(s? — 1) forsomej € {2, 3, ..., d — 1}. By Theorem 3.2, we then
have
U0 — 1 (T — 1) (G -9
-1 s—1 -1
Together with ¢ < (qul-m) —1)/(s* — 1) this implies that ¢j;1 = (s29*D — 1)/(s* — 1).
Next, suppose ¢; = (s¥ — 1)/(s> — 1) for some j € {3, 4, ..., d}. By Theorem 3.2, we then have
s¥—1 (¢ + DG +572)
=G= -
s2—1 s-24+1
and hence (s20=Y — 1)/(s* — 1) < ¢j_1. The fact that ¢;_; < (s29=D — 1)/(s* — 1) again implies that
G = (D —1)/(s> = 1),

By a straightforward inductive argument, we now see that ¢ = (s¥ — 1)/(s> — 1) for
everyj € {2,3,...,d}. Results of Cameron [10] and Brouwer & Wilbrink [8, Lemma 26] (see also

= Gj+1-

’
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Brouwer et al. [5, Theorem 9.4.4]) now imply that § is a dual polar space. The fact that t, = s then
implies that s is a prime power and that 4 is isomorphic to DH(2d — 1, s?). O

In case one of the intersection numbers ¢;,i € {3, 4, ..., d}, attains the lower bound in (4), we only
have a complete classification if i = 3.

Theorem 3.5. Suppose 4 is a finite regular near 2d-gon, with s > 2 and d > 3. If c3 attains the lower
bound (s> + s + 1)(c; — s) in (4), then s must be a prime power and 3§ is isomorphic to either DQ (2d, s),
DW(2d — 1,s) or DH(2d — 1, 5?).

Proof. Note that since c3; = (s> + s+ 1)(c; —s) > 0, we must have ¢; > s and thus t, > s. We
know from Brouwer & Wilbrink [8, Theorem 4] (mentioned as Theorem 2.3 in De Bruyn [14]) that §
has subgeometries, the so-called hexes, that are regular near hexagons with parameters (s, t;, t3) =
(s, tz, (s + 54 1)(t + 1 — s) — 1). For each such regular near hexagon, an inequality by Brouwer &
Wilbrink [8, p. 161] yields that

0<t2—(E+Dt+1) —Dis+s*(t+ 1)
s8> + 5+ 1)t — 5)(&, — $%).

Since t; > sand t, = c; — 1 < s? (see for instance Theorem 3.2), we see that t, = s or t, = s°. Hence
c3 — 1 = t3 = t(t; + 1). Results of Cameron [10] and Brouwer & Wilbrink [8, Lemma 26] (see also
Brouwer, Cohen & Neumaier [5, Theorem 9.4.4]) imply that each of the hexes is a dual polar space.
Brouwer & Cohen [4, Corollary 2, p. 195] then implies that 4§ itself must also be a dual polar space. The
fact that t, € {s, s?} then forces s to be a prime power and 4§ to be isomorphic to either DQ (2d, s),
DW@2d —1,s)orDH2d — 1,5%). O

IA

In case c3 attains the upper bound in (4), the following can be said by relying on Terwilliger’s work.

Theorem 3.6. Suppose 4 is a finite regular near 2d-gon, with s > 2 and d > 3. Then the following are
equivalent:

(@) 3= (s> =s+ (2 +9);

(b) foreveryeveni € {3, 4, ..., d}, thelower boundin (4)is attained, and for every oddi € {3, 4, ..., d},
the upper bound in (4) is attained;

(c) I' is Q-polynomial with respect to the eigenvalue —t — 1;

(d) I has classical parameters (d, —s, «, ) for certain o, B € R.

If any of these conditions hold, then we have

s+t —s)d-1 -1
a=-""2 ;‘3=S+LS(S-H2),
s—1 s2—1

and hence

P =

1
s+ 1 +52—1

Moreover,if 1 < h < dand 0 < i,j < d, then for any two points x and y with d(x,y) = h, we have
Mv = 0, where Z = Ii(x) N Tj(y), Z' = I;(x) N I;i(y) and

i J
(=3) —(=9)
nh
1-(=3)
Proof. We know from Lemma 3.1 that the idempotent corresponding to the eigenvalue —(t + 1)
has, up to a positive scalar, the following dual eigenvalue sequence: 1, —1/s, ..., (—1/s)%. The
equivalences now follow immediately from Terwilliger [35, Theorem 4.2]. The precise values of « and

B follow from Egs. (2) and (3), taking into account that ¢, = t, + 1and by = a; + by + ¢y = scy + bs.
The equality Mv = 0 follows from the equivalence (v) <> (vii) in Terwilliger [35, Theorem 3.3]. O

_(—5)1_1 ( s+t (=) _1)>7 Vie{0,1,...,d}.

v =—p}; X — X)) + (tz — x2)-
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We note that Weng [43, Theorem C] has classified all regular near 2d-gons with Q-polynomial
collinearity graphs (with respect to any eigenvalue) withd > 4,c, > 2and s > 2.

The fact that one of the bounds in (4) is attained implies some relations between the intersection
numbers.

Theorem 3.7. Suppose 4 is a finite regular near 2d-gon, withs > 2 andd > 3.

@If g = (s = (i1 — $72)/(s7% — 1) fora certaini € {3,4,...,d}, then for every j €
{0,1,....,i}\ {5}, we have

y Si—2 -1 Si—2 -1
1— P— . . .
Ci-1—S ~= T 1cj + prcTi 1C,,]. (6)
(b) If ¢; = (s' 4+ 1) (ci—1 +572)/(s2 + 1) foracertaini € {1, 2, ..., d}, thenforeveryj € {0, 1, ..., 1},
we have

_ Si72 + 1 Si*Z + 1
T os¥i 4 19 + si=2 41
In particular, we have ¢, = (ci—1 + 52 /(s 2 + 1) = ¢;/(s' + 1) if i is even.

Ci_1+ 52 Ci—j. (7)

Proof. Note that claim (b) is correct ifi € {1, 2}. Now consider two points x and y at distance i > 3,
and let p be a point at distance j from x and at distance i — j from y. Suppose Z = I'1(x) N I;_1(y)
and Z' = I;_1(x) N I'1(y). The point p will be at distance j — 1 from exactly ¢; elements in Z. No
point p, € Z can be at distance j from p, since then the line xpx would contain a point p; with
dp,,p) =j— 1,d(p,y) = i—jand d(p,,y) = i, which is impossible. Hence p is at distance j + 1
from the remaining ¢; — ¢; elements of Z. Similarly, the point p will be at distance (i — j) — 1 from
ci—j elements of Z’ and at distance (i — j) + 1 from the remaining ¢i — ci—j elements of Z'. Note that
)" Aixx = |Ti(p) N X| for any subset X of #. If ¢; = (s' — 1)(ci; — s'72)/(s2 — 1), then take
v =501 =50t — D'xw) + (xz — (=D'xz), and if ¢; = (8" + D(ci—1 +572) /(52 + 1),
then take v = s(ci_4 + s (g + (= Dixyy) + (xz + (= 1)"xz). Working out (X(p,)TMv = 0 (see
Theorem 3.2) now yields an equation in ¢;_1, ¢;—; and ¢j, which we can solve for ¢;_1, unless i = 2j and
¢; attains the lower bound in (4). O

Observe that equality in (6) and (7) in Theorem 3.7 trivially holds if j € {0, 1, i — 1, i}. Also, (6) and
(7) remain unchanged if we replace j by i — j.

In case ¢4 attains one of the two bounds in (4), the following can be said regarding triple intersection
numbers. This will give some alternative explanation for some properties of well-known near 2d-gons.

Theorem 3.8. Suppose 3§ is a finite regular near 2d-gon, with s > 2 and d > 3. The following holds for
three points x, y and z of 4§, pairwise at distance d.
(@) If ca = (s* = (=D (a1 — (=1)%*2)/(s*2 — (=1)7) then
(1) N Ty—1() N Ty—1 (@) = [Tg-1() N 1Y) N Ta-1(2)].
(b) If ca = (s* + (=D (ca—1 + (=1)%2)/(s*2 + (—=1)7) then
[0 N Ty () N Ty (@) = [Ta—10) N 1Y) N Ty—1(2)]
T+ (=D (a1 + (=1)%?)
sd-2 + (_])d !

Proof. Suppose Z = I'1(x) N Iy—1(y) and Z' = Iy—_1(x) N I (). Note that (xiz) Aaxig = (Xi)T
Aaxy) = 1and that (x¢)"Aixxy = (xiz))"Aixy = 0fori # d. Note also that points in Z or Z’
can only be at distance d — 1 or d from z. We have (x(;))TAixz = 0if0 < i < d — 2, (xi)"
Aicixz = [T N Ty @) N Tym1@] (e Adxz = ca — [T N Ty—1(y) N Ty—1(2)], and
similarly (x¢:)"Aixz = 0if0 < i < d =2, (X A-1xz = [Ta-1(0) N 1Y) N Ty (@),
(XD Aaxz = ca — [Tu—1(x) N T (y) N Ty—1(2)|.



530 B. De Bruyn, F. Vanhove / European Journal of Combinatorics 34 (2013) 522-538

(@) Suppose c; = (s — (= 1)) (c4_1 — (=1)9s972) /(s¢72 — (—=1)¢). We know from Theorem 3.2 that
Mv = 0if v = s(cg—1 — (= 1)) (xpg — X)) + (Xz — xz)- If we denote | Iy (x) N Ty—1 (¥) N Ty—1(2)|
by ny and [Iy—1(x) N I'1(y) N T4—1(z)| by ny, then

0 = (xiz)"Mv = (x¢z))"M(xz — xz)

1 d—1 1 d 1 d—1 1 d
= ny (—7> + (cg — 1Y) (—7> —ny (—7) —(cg —my) (—7>
S S S S
1 d—1 1 d
o-m((=5) - (=)

and hence n, = n,,.
(b) Suppose ¢g = (s¢ + (=)D (c4_1 + (=1)%%2)/(s9"2 + (=1)%). By Theorem 3.2, Mv = 0 if
v =5(cg—1 + (=192 (xx) + X)) + (xz + xz/)- Working out (x;))"Mv = 0 now yields:
[0 N Ty () N Ty (@) + [T () N 1Y) N Ty (2)]
5 T+ (=D (a1 + (—=1)%?)
sd—2 + (_1)d :
Completely analogously, we also have

[Tg—1(x) NI (Y) N Ty (@) + [Tg—1 (%) N Ty (y) N T1(2)]
=[NE N T ) N T @)+ [T—1(0) N Ty (y) N 11 (2)]
_ 2(55’*1 + (=D (cg-1 + (=1)%72)

Sd—z + (_1)d
which allows us to compute | (x) N Ty_1(y) N ITg—1(2)| and |[Tg—1(x) N I (¥) N Ty_1(2)|]. O

In the special case that 4 is isomorphic to the Hermitian dual polar space DH(2d — 1, ¢%),d > 3,
Theorem 3.8 implies that |I1(x) N Ty_1(y) N Ty_1(2)| = [Ty_1(x) N I (y) N Ty_1(2)| = (@' +
(=DH(q% — (=% /(g*> — 1). This fact also follows from Thas [36, Lemma, p. 538].

In the special case that 4§ is isomorphic to the symplectic dual polar space DW (2d—1, q),d > 3, we
know from Theorem 3.8 that |[IT(x) N Ty_1(¥)NTy4_1(2)| = |Ty—1(x)NT1(y)NTy_1(z)|ifdis even and
[Ty (%) N Ty_1(0) N Ty_1(2)| = |Ty—1 )N N Ty_1(2)| = (@' = 1)/(q — 1) if d is odd. However,
it follows from Klein et al. [29, Theorem 21] that |I'1(x) N T3_1(¥) N T4—1(2)| = [Tg—1(x) N I (y) N
i@l € (@ = D@+ 1/@— 1, @ + D@ = 1)/(q — D} if d is even and q odd,
[T1(0) N Ty—1(Y) N Ta—1(2)| = [Ty ) N T N Ty (@) € (@ = 1D/(g—1), (¢ — 1)/(q— D} if
gifiiqd qgée even,and | I (x) N Ty—1 () NTy—1(2)| = [T4—1 () N1 N Ty (@) = @1 =1 /(g —1)
ifd is odd.

In the case that 4 is isomorphic to the dual polar space DQ(2d, q), d > 3, an approach similar
to the one of [36, Lemma, p. 538] or [29, Theorem 21] allows one to prove that |I';(x) N Tg_1(y) N
Fi—1@)| = [Ty () N T1Y) N Ty(@)] € (@' — 1)/(@— 1), (¢ — 1)/(q — 1)} if d is even, and
11 () N Ty (0) N Ty @)] = [Ty () N M) N Ty (@) = (@' = 1)/(q— 1) if dis odd.

Haemers [25, Theorem 5.2.6] proved that any (maximal) generalized hexagon of order (s, s°),
s > 2, satisfies some very nice combinatorial properties. More precisely, he showed that the number
piik(L, x, ¥) of points at distance i from a line L, at distance j from a point x and at distance k from a point
yonly depends on i, j, k and the “configuration” induced on L, x and y (and not on the particular choice
of L, x and y). The following corollary of Theorem 3.8 gives a new combinatorial property, similar to
the one obtained by Haemers, that needs to be satisfied for a maximal generalized hexagon.

Corollary 3.9. If § is a generalized hexagon of order (s,s3), s > 2, then |[I7(x) N () N I3(z)| =
| (x) N I (y) N I3(2)] for any three points x, y and z of &, pairwise at distance 3.

Our next results regard m-ovoids of regular near polygons. Recall that an m-ovoid of 4§ is a set of
points such that each line contains exactly m of its elements. One easily proves that an m-ovoid must



B. De Bruyn, F. Vanhove / European Journal of Combinatorics 34 (2013) 522-538 531

have size (m/(s + 1)) - |#|. The notion “m-ovoid” was introduced for generalized quadrangles by
Thas [37]. Investigations of such substructures using algebraic graph theory were done in Eisfeld [24],
Bamberg et al. [1] and De Wispelaere & Van Maldeghem [22]. The 1-ovoids are precisely those
cocliques of the collinearity graph I" of maximum size |#|/(s + 1).

We first state some lemmas.

Lemma 3.10 ([41, Lemma 4]).If O is an m-ovoid of 4§, then its characteristic vector xo can be written as
(m/(s+ 1)) x» + Mw for some (|P| x 1)-matrix w.

Lemma 3.11 ([41, Lemma 5]). If O is an m-ovoid of &, then

L0 No| =k (m+ (—1) (1— m))
s+1 S s+1

for every point x € © and everyi € {0, 1,...,d}.

Theorem 3.12. Suppose O is an m-ovoid of a finite regular near 2d-gon §, withs > 2 and d > 3.
Let x and y be points at distance i > 3 from each other, and put Ny, = |I'1(x) N [i_1(y) N @] and
Ny = |1 x) N My N Ol
@ Ifx,ye0andc = (s — (—1))(ci1 — (—1)'s™2)/(s72 — (—1))), then Ny = N,,.
MIfx e 0y ¢ Oadc = (s — (=1))(ciog — (=1)s2)/(s2 — (=1)"), then Ny — N, =
—s(ciog — (—1)'s?). , . , ,
(@ Ifx,ygO0andc = (s — (=1D))(cii1 — (=1)'s%) /(s> = (=1)'), then Ny = N,,.
(d) Ifx,yeO@andc = (s + (=1))(cii1 + (=1)'s2) /(s> + (=1)"), then
SF] + (_1)1'
5172 + (_])1
(@ Ifxe®,yg0andc = (s'+ (=1))(ci1 + (=1)'s"2) /(8% + (=1)"), then
Si71 + (_1)1'
5172 + (_])1
O Ifx,y g 0andc = (s'+ (= 1)) (ci1 + (=1)'s2) /(5% 4 (=1)"), then
SF] + (_1)1'
si—2 + (_1)1' !

Ne+ Ny = (cio1 + (=1)'s?) (2m
Ne+ Ny = (ciog + (=1)'s™?) (Zm

Ne+ Ny = (ciog + (=1)'s™2) (Zm

Proof. PutZ := I'i'(x) N I_1(y) and Z’' := I;_1(x) N I';(y). We know from Lemma 3.10 that we can
write xo = S%Xy + Mw for some (|&| x 1)-matrix w. Hence when choosing v as in Theorem 3.2,
we have in every case:

T
- = T(Mv)—O
P V=w = 0.

Xo s IXJ

Note that (x»)" X = (x2) xp) = 1. (X2) " xz = (X2) Xz = ciand (xe)" xz = Ny, (X0)" xz2 = Ny
Also, (xo) xpw = 1ifx € 0, (x0) Xy = 0ifx & O, (x0) Xy = 1ify € 0 and (x0)" xyy = 0 if
y € @.Working out the above expression, we now obtain the desired results. 0O

The following is a consequence of Theorem 3.12.
Corollary 3.13. Suppose O is a 1-ovoid of a finite regular near 2d-gon 8, with s > 2 and d > 3, and let
X, y be two points of 4§ at distance i > 3 from each other such that x € © andy & O.
@ If g = (" — (=D) (i1 — (=1's™2) /(5% — (=1))), then
M) N LX) N O =s(ciog — (—1)'s?).
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(b) If ci = (5" + (= D) (ci1 + (=1)'s2) /(572 4 (=1)'), then

i—1 i

_ i 2 ST+ (-1

M) N L) N O] = (6o + (=1)'s™) <2m —s).

Proof. Since O is a 1-ovoid and x € @, we have |I7(x) N I;_1(y) N @] = 0. The exact value of
| (y) N I;-1(x) N @] then follows from Theorem 3.12(b)+(e). O

The following corollary of Theorem 3.12 is already known. Indeed, the dual polar space DQ (2d, q),
d > 3 and q odd, cannot have 1-ovoids since none of its quads have 1-ovoids [33, 3.4.1]. A result of
Thomas [38, Theorem 3.2] implies that the dual polar space DW (5, q) cannot have 1-ovoids either.
An argument of Shult (as exposed in Pasini & Shpectorov [32, Proposition 2.8]) gives an alternative
proof for the non-existence of 1-ovoids in DQ (6, q) = DW (5, q), q even. Another proof for the non-
existence of 1-ovoids in DW (5, q), q odd, can be found in Cooperstein & Pasini [11] (see also De Bruyn &
Pralle [17, Appendix]). Finally, observe that the dual polar spaces DQ (2d, q) and DW (2d—1, q) (d > 3)
have full subgeometries (i.e. every line of the subgeometry is incident with the same set of points in
both geometries) that are isomorphic to DQ (6, q) or DW (5, q). Hence the non-existence of 1-ovoids
in these subgeometries implies the non-existence of 1-ovoids in the dual polar spaces themselves.

Corollary 3.14. Let § be one of the dual polar spaces DQ (2d, q) and DW (2d — 1, q). If d > 3, then § has
no 1-ovoids.

Proof. In both cases, the dual polar space is a regular near 2d-gon with parameters s = ¢ and
¢ =(q —1/q—-1),ie{0,1,...,d}. Suppose O is a 1-ovoid of 8. It follows from Lemma 3.11
that there exist two elements x and y in O at distance 3. Theorem 3.12(d) with i = 3 now implies that
[Mx) NILY)NO| 4+ | x) N (y) N@| = 2. This is however impossible, because as @ is a coclique
of the collinearity graph, we must have IT(x) N0 =Ii(y)NO® =0. O

The following is a special case of Theorem 3.12.

Corollary 3.15. Suppose O is an m-ovoid of a generalized hexagon of order (s, s*), s > 2, and let x, y be
two points at distance 3. Then |IT(x) N [,(Y) N O| = |I,(x) N I (y) N O| ifeither x,y € O or x,y & O
and |Lx) N M) NO|— M NLY)NO|=s(s+1)ifxeOandy € O.

The only known generalized hexagons of order (s, s>), s > 2, are the dual twisted triality hexagons
T(q, ¢°) where q is some prime power. It is not known whether T(q, ¢*) can have m-ovoids with
0 < m < q+ 1. As we shall see in Corollary 3.19, the dual twisted triality hexagon T(q, ¢>) cannot
have 1-ovoids.

Lemma 3.16. Suppose § is a maximal regular near hexagon, O is a 1-ovoid of 4 and x,y are points
of $suchthat x € Oandy ¢ . Then |I(x) N I(y) N O] = t, + 1if dix,y) = 2 and
IENNME)NO=s(tz+s+ 1) if dx,y) = 3.

Proof. Suppose d(x, y) = 2.Then every neighbor of y at distance 2 from x must be on one of the t; + 1

lines through y at distance 1 from x. Each of these ¢, + 1 lines contains exactly one point of ¢, and that

point must be at distance 2 from x since O is a coclique of I". Hence, |I(x) N T (y) N O| =t; + 1.
The claim in the case d(x, y) = 3 is a consequence of Corollary 3.13(a). O

It was shown in Vanhove [41, Theorem 4] that (g + 1) /2-ovoids in the dual polar space DH (2d —
1, ¢%) induce distance-regular graphs. We now prove a somewhat similar result for 1-ovoids in
maximal regular near hexagons.

Theorem 3.17. Suppose 4 is a maximal regular near hexagon and O is a 1-ovoid of §. Then the distance-
2-relation R, induces a strongly regular graph srg(v, k, A, i) on @ with parameters

> —s+DE+st+s+DGE*+5% - -2+ 6+ 1)
v = ,
t,+1
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f— (2 —s+ D+t + 13+ 5% — sty + £)

th+1
. (S —s+ D(s*+25%0 428 + 13> + 2082 —st, —s—tp — 1)
t+1 ’
_ s+ D+ +DE+Pn—sh—s+ B+ 1)
= P ,

eigenvalues 6 = k, 61 = (s — 1)(s> =s+ 1) (s + t + 1)*/(t, + 1), 6, = —s* +5— 1, and corresponding
multiplicities mg = 1,

S DE F st 45+ D +5%0 — st + )
' (2+st,+5s—t—1(s+6) ’
S(s2 45t — ) (P +5% —st,+ )5+ 6+ DG +5% — s -2+ 6+ 1)

(fz =+ 1)(52 +Ss4+st; —t) — 1)(5 + tz)

my

Proof. The size v follows from |@| = (kg + ki + ky + k3)/(s 4+ 1). Each element of O is at distance
2 from exactly k,/s = st(t + 1)/(t; + 1) elements of @ by Lemma 3.11. Now consider x, ' € O at
distance 2 or 3 from each other. We will count in two ways the number N of ordered pairs (p, y) with
d(x,p) =2,d(p,y) = 1,d(y,x) = 1and p € O \ {x'}. Note that if (p, y) is such an ordered pair, then
p must be at distance 2 from x'. For a fixed p € I (x) N I3(X") N O, there are c; = t, + 1 possibilities
for y, and hence

N=1LxNLE)NO| - (t+1).

Firstly, suppose d(x, x') = 2. There are t, + 1 possibilities for y with d(x,y) = 1, (s — 1)(t, + 1) for
ywithd(x,y) = 2 and s(t — t,) for y with d(x, y) = 3. In the first case, there are t — 1 lines through
y, not containing x or X', and hence t — 1 possibilities for p as they all intersect ¢ in one point. In the
second case, there are (t; + 1) — 1 possibilities for p (since we have to exclude x') by Lemma 3.16.
Finally, in the third case, there are s(t, + s + 1) — 1 possibilities for p (since we have to exclude x’),
again by Lemma 3.16. Hence

N=HB+Dt-D+E—DlE+ D +st —t)sE+s+1)—1).

Next, suppose d(x, x') = 3. There are t + 1 possibilities for y with d(x, y) = 2,and (s — 1)(t + 1)
for y with d(x, y) = 3.In the first case, there are t, + 1 possibilities for p by Lemma 3.16. In the second
case, there are s(t; + s + 1) possibilities for p, again by Lemma 3.16. Hence

N=0t+Dlt+D+6—DE+ Dstz +s+1).

Using t + 1 = (s> —s+ 1)(t, +s+ 1) and solving for | I, (x) N I3 (x') N @] yields the desired constants
A and w. Note that ©# > 0and 1 < k < v — 1. The eigenvalues and their multiplicities can now be
computed in a straightforward way (see for instance Brouwer et al. [5, Theorem 1.3.1]). O

Remark 3.18. The fact that a 1-ovoid @ as in Theorem 3.17 yields a strongly regular graph in fact
immediately follows from Brouwer et al. [6, Theorem 2], since the so-called degree of @ is 2 and the
so-called dual width of O is 1.

With the aid of a computer we determined all parameters (s, tp, t) with2 < s < 10,0 < t, < s2
and t+1 = (s> —s+1)(t,+s+1) for which all the parameters v, k, A, t, my, m, defined in Theorem 3.17
are nonnegative integers, and t /t, is an integer if t, > 0 (as forced by Brouwer & Wilbrink [8, Theorem
6]). We found the following three possibilities.

e We have (s, t,t) = (2,1,11) and (v, k, A, ) = (243, 132, 81, 60). In this case, § = E;. By De
Bruyn [15, Theorem 4.2], E1 has up to isomorphism a unique 1-ovoid. In the Appendix, we show
that the strongly regular graph associated with each 1-ovoid of E; is isomorphic to the graph whose
vertices are the codewords of the (11, 5) ternary Golay code, with two codewords being adjacent
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whenever their difference has weight 6. This strongly regular graph, which was first constructed
in [18, Example 2, p. 54], is known as the Delsarte graph in the literature.

e We have (s, t5,t) = (2,2,14) and (v, k, A, u) = (253, 140, 87, 65). In this case, § = E,. All
1-ovoids of this regular near hexagon have been classified by Brouwer & Lambeck [7, p. 105] (see
also De Bruyn [14, Section 6.6.2]). Every 1-ovoid of E, consists of all 253 blocks of S(5, 8, 24)
through a distinguished point of S(5, 8, 24). The strongly regular graph associated with each such
1-ovoid is easily seen to be isomorphic to the graph whose vertices are the blocks of the unique
Steiner system S(4, 7, 23), with two distinct blocks being adjacent whenever they intersect in
precisely three points.

e We have (s, t;,t) = (4,1,77) and (v, k, A, u) = (47125, 12012, 3575, 2886). We do not know
whether there exists a regular near hexagon or a strongly regular graph with these parameters.
The collinearity graph of such a regular near hexagon would have classical parameters
(3, —4, —5/3, 24) and spectrum (312)1(22)89232(—13)145464(—78)928 (see for instance Brouwer
et al. [5, Section 8.4] or De Bruyn [ 14, Section 3.3]). The strongly regular graph, if it exists, would
have spectrum (12012)'(702)340(—13)46284,

The 1-ovoids in generalized 2d-gons are also known as distance-2-ovoids. In general, distance-2-
ovoids in generalized hexagons of order (s, t) with s, t > 1 are hard to find, but some constructions
were given in De Wispelaere & Van Maldeghem [20,21,23]. De Wispelaere & Van Maldeghem [20,
Section 7.2] proved that the dual twisted triality hexagons T (2, 8) and T (3, 27) cannot have 1-ovoids,
and suggested that this might hold for all finite dual twisted triality hexagons. The following corollary
of Theorem 3.17 extends these latter results to all generalized hexagons of order (s, s3), s > 2.

Corollary 3.19. A generalized hexagon & of order (s, s*), s > 2, cannot have 1-ovoids.

Proof. Suppose O is a 1-ovoid of 8. We can apply Theorem 3.17 with t; = 0 to obtain a strongly
regular graph with eigenvalue multiplicity m; = (s* —s*+2s> —4s2465—10)4(16s—10) /(s> +s—1),
which is impossible since this number is never an integer ifs > 2. O

A generalized polygon of order (s, t') with s > 1 finite and t’ infinite is called semi-finite. The
question whether semi-finite generalized polygons exist is one of the most important problems in
the theory of generalized polygons (see Problem 5 of Van Maldeghem [42, Appendix E]). The following
consequence of Corollary 3.19 shows the non-existence of certain semi-finite generalized polygons.

Corollary 3.20. A (not necessarily finite) generalized hexagon of order (s,t’) cannot have maximal
generalized hexagons as full proper subgeometries.

Proof. Let § = (P, L£,]) be a generalized hexagon of order (s,t) = (s,s%),s € N\ {0, 1}, and
suppose 4 is a full proper subgeometry of a generalized hexagon 8’ = (£’, £, I’) of order (s, t').
Thent’ > t = s3, and hence t’ must be infinite by the Haemers—Roos inequality.

Suppose z is a point of 8’ at distance 2 from . Every line of § contains a unique point nearest to z
which necessarily lies at distance 2 from z. So, the set of points of & at distance 2 from z is a 1-ovoid
of 8. But that is impossible by Corollary 3.19. So, every point of 4’ lies at distance at most 1 from .

Now, let x be a point of 4’ at distance 1 from . If x is collinear with two distinct points y; and y-
of 4, then y; and y, lie at distance 2 from each other in § and hence their unique common neighbor x
would be a point of 4, a contradiction. So, there is only one line L through x that meets & in a point.

Let X denote the set of points of § at distance 2 from x and let Y denote the set of all neighbors y
of x that lie on a path of length two connecting x with one of the points of X. Since X is finite, also Y
must be finite.

If y is a neighbor of x not contained in L, then y & & is collinear with a unique point in # which
necessarily belongs to X, implying that y € Y. So, x has only a finite number of neighbors. This is in
contradiction with the fact that t’ is infinite. O
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Appendix. The strongly regular graphs associated with 1-ovoids of E,

We know from Theorem 3.17 that 1-ovoids of the regular near hexagon E; yield strongly regular
graphs srg(243, 132, 81, 60). In this Appendix, we will verify that all strongly regular graphs arising
in this way are isomorphic to the Delsarte graph.

Let V be a 6-dimensional vector space over the field F5 of order 3 with basis 8 = {ey, e,
€3, €4, €5, €} and let N be the following matrix over [F5:

1 0 0 0 0 0 1 1 1 1 1 0

01 00 00 O 1 -1 -1 1 -1

N = 0 01 0 0 0 1 0 1 -1 -1 -1
~—]0 0 01 0 0 -1 1 0 1 -1 -1
0o 00010 -1 -1 1 0 1 -1

o 0o 0001 1T -1 -1 1 0 -1

The subspace C of (F3)'? generated by the six rows of N is the so-called extended ternary Golay code.
With respect to the basis 8, the 12 columns of N define a set X of 12 points of X' := PG(V) = PG(5, 3).
For every point x of X, let i (x) denote the smallest strictly positive integer k with the property that
there exist k points y1, y2, ..., yx € K for whichx € (y1,¥2, ..., yx). We call iy (x) the K-index of
the point x. The set K satisfies several nice properties (see e.g. Coxeter [12] and De Bruyn [ 14, Section
6.5]). Several of these properties are mentioned in the following proposition.

Proposition A.1. (a) Every point of X has K-index 1, 2 or 3.

(b) The stabilizer G of KX in PGL(V) = PGL(6, 3) is isomorphic to the Mathieu group My, and acts sharply
5-transitive on the set X.

(c) Everyi € {1, 2, ..., 5} distinct points of K generate a subspace of X with projective dimensioni— 1.

(d) If x1,xa,...,xs5 are five distinct points of X, then the hyperplane (x1, X,, ..., Xs) of X contains
precisely 6 points of XK.

(e) Let D be the point-line geometry whose points are the elements of X and whose lines are all the sets
of 6 points that arise as intersections of K with suitable hyperplanes of X (natural incidence). Then
D is isomorphic to the unique Steiner system S(5, 6, 12).

By Proposition A.1(a)+(c), we know that there are 12 points with KX-index 1, 132 points with
JK-index 2 and 220 points with K -index 3.

Suppose that X' is embedded as a hyperplane in the projective space PG(6, 3). Then let E; be the
point-line geometry whose points are the points of PG(6, 3) not contained in X', and whose lines are
those lines of PG(6, 3) not contained in X' and containing a unique point of X (natural incidence). By
De Bruyn & De Clerck [16] (see also De Bruyn [14, Theorem 6.59]), E; is a regular near hexagon with
parameters (s, t;, t) = (2, 1, 11) (the unique one with these parameters). If x and y are two distinct
points of E; and the line (x, y) of PG(6, 3) through them intersects I7 in a point z, then by De Bruyn &
De Clerck [ 16, Lemma 4.2] the distance between x and y in the near hexagon E is equal to the KX -index
of z.

Lemma A.2. Every hyperplane of X intersects X in either 6, 3 or 0 points. Every three distinct points of
K are contained in a unique hyperplane that intersects K in precisely three points. There are precisely 132
hyperplanes of X' that contain 6 points of K, 220 hyperplanes that contain precisely 3 points of KX and
12 hyperplanes that are disjoint from X.

Proof. This easily follows from the fact that every i € {1,2,...,5} distinct points of X are con-

tained in precisely 36_;_1 hyperplanes of X' and (152:ii) / (g:i) blocks of the Steiner system D (see

Proposition A.1). The fact that every hyperplane of X' intersects X in either 6, 3 or 0 points is also
a consequence of the fact that the code C only contains vectors of weight 0, 6, 9 or 12, see e.g. De
Bruyn [14, Lemma 6.57]. O
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We denote the hyperplane of X with equation a1X; + axX, + a3Xs + a4X4 + asXs + agXs = 0 also
by [ai, a;, az, a4, as, ag]. We denote by K* the set of 12 hyperplanes of X that are disjoint from X.
After some straightforward calculations, we find that X* consists of the following 12 hyperplanes:

oy = [17 15 19 ], ]7 1]7

Q) == []7 ]7 17 17 _15 _1]7

o3 == [17 13 15 _], _]7 ]],

Oy =

17 17 _13 ], _], _]]9

05 == [1s _], _]7 _]7 _]7 _]],
a7 =[1,1,-1,-1,1,-1],

[

as = [1,-1,1,-1, -1, 1],

ag =[1,-1,1,-1,1, —1],
ap =[1,-1,-1,1,1,1],
ap =[1,-1,-1,1,-1,1].

The set K* is a set of points of the dual X* of the projective space X. Now, let B be the following

nonsingular symmetric matrix over Fs:

1 1 1 1 1 1

1 1 1 1 -1 -1

1 1 1 -1 -1 1

11 -1 1 -1 -1

1 -1 -1 -1 -1 -1

1 -1 1 -1 -1 1

Let ¢ denote the orthogonal polarity of the projective space ¥ which maps each point (X1, X3, . . .

of X to the hyperplane [a1, aa, . . ., ag] of ¥, where [ay, ao, ..., as]" = B - [X1, Xo, ..., Xs]".

Og = [1, ], _]7 _]7 17 1]7
11 = [], -1,1,1,1, _1]7

, X6)

Proposition A.3. The polarity ¢ maps the 12 points of X to the 12 hyperplanes of K*, the 132 points of
JK-index 2 to the 132 hyperplanes intersecting X in precisely 6 points and the 220 points of K-index 3
to the 220 hyperplanes intersecting KX in precisely 3 points.

Proof. If G, i € {1, 2, ..., 12}, denotes the i-th column of the matrix B - N, then the row vector CI-T
describes the hyperplane «; defined above. Hence ¢ maps the 12 points of X to the 12 hyperplanes of
JK*.In order to prove the remaining claims of the lemma, it suffices to prove that ¢ maps each of the
132 points of X -index 2 to one of the 132 hyperplanes intersecting X in precisely 6 points.

Let g be a point of X -index 2 and suppose q € (p1, p.) where p; and p, are two distinct points of
K.Put By = pﬁ, Ba = pg and y; = q*.Then y is one of the two hyperplanes through 8, N B, distinct
from B; and Bs. Let y;, denote the other hyperplane. Since 51N K = B NK = @and B1UB, Uy Uy,
consists of all points of X', we necessarily have that |y; N K| = |y, N K| = 6 by Lemma A.2. O

Now, suppose I7 is one of the 12 hyperplanes belonging to X* and put p := IT°. The projection
of X \ {p} from the point p on the hyperplane I7 is a set X’ of 11 points of I1. The Mathieu group
M1, which is isomorphic to the stabilizer of p in G, acts as a group of collineations of I7 fixing X’. The
set X’ is a two-character set of IT, that is a set of points of /T having two possible intersection sizes
with the hyperplanes of I7. Indeed, Lemma A.2 implies that every hyperplane of IT intersects X’ in
either 2 or 5 points. The two-character set X’ is isomorphic to the set described as example RT6 in
Calderbank & Kantor [9, p. 112], which is up to isomorphism the unique two-character set of that size
with those intersection numbers in PG(4, 3). The rows of the (5 x 11)-matrix with the 11 coordinate
vectors as columns generate the (11, 5) ternary Golay code with nonzero weights 6 and 9. The set of
66 hyperplanes of IT that intersect X’ in precisely 5 points is a two-character set X* of the dual IT* of
IT with intersection sizes 30 and 21. This two-character set is a so-called projective dual of X’ and is
precisely example RT6¢ of Calderbank & Kantor [9, p. 112]. The two-character sets RT6 and RT6¢ of [9]
were already described in Delsarte [19].

Lemma A.4. The set X of points of K-index 2 contained in IT is a two-character set of IT which is
isomorphic to the two-character set X* of IT* defined above.

Proof. If x is a point of I7, thenx¢’ := (p, x)¢ = p* N% is a hyperplane of IT = p*. The map ¢’ defines
a polarity of I7. Now, x is a point of X-index 2 if and only if the hyperplane x* (which contains p)
intersects X in precisely 6 points by Proposition A.3, i.e. if and only ifxt' ex*. O
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With every nontrivial two-character set X of the projective space PG(k — 1, q), k > 2, there is
associated a strongly regular graph Iy, see Calderbank & Kantor [9, Theorem 3.2]. To define Iy, embed
PG(k—1, q) asa hyperplane in PG(k, g). Then the vertices of I'y are the points of PG(k, q) not contained
in PG(k — 1, g), and two distinct vertices x; and x, of I" are adjacent whenever the unique line of
PG(k, q) through them has a point in common with X.

So, we know that with the two-character set X* of IT* there is associated a strongly regular graph
I'y+. By Calderbank & Kantor [9, Theorem 5.7], the strongly regular graph Iy must be isomorphic to
the Delsarte graph on 243 codewords as defined in Section 3.

By Theorem 3.17, we also know that with every 1-ovoid @ of E; there is associated a strongly
regular graph I'y. We can now prove the following.

Theorem A.5. If O is a 1-ovoid of Eq, then the strongly regular graph Iy is isomorphic to the strongly
regular graph I'x+ associated with the two-character set X* of IT*. As a consequence, Iy is isomorphic to
the Delsarte graph.

Proof. By De Bruyn [15, Theorem 4.2], there exists a hyperplane ¢« # X in PG(6, 3) such that
IT:=aNnNX e X*and @ = « \ I1. Let X be the set of vertices of /T whose K-index is equal to
2.By Lemma A.4, X is a two-character set of I7 and I'y = Ix.

Now, the vertices of Iy are the points of « \ /7 and two vertices are adjacent whenever they lie at
distance 2 from each other, i.e. whenever the unique line of PG(6, 3) through them contains a point
of X. It follows that I’y = Ix.So, I'v = Iy as we needed to prove. We have seen in the preceding
paragraph that I'y= is isomorphic to the Delsarte graph. O
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