Ovoids and spreads of polar spaces

and generalized polygons

F. De Clerck H. Van Maldeghem

Intensive Course on Galois Geometry and Generalized Polygons

Contents

1 Generalized polygons: definition and properties 3 1.1 Definition of generalized polygons . . . . . . . . . . . . . . . . 3 1.2 Examples of generalized polygons . . . . . . . . . . . . . . . . 4 1.3 Some important results . . . . . . . . . . . . . . . . . . . . . 5 1.4 A class of generalized hexagons . . . . . . . . . . . . . . . . . 6

2 General constructions of ovoids and spreads; polarities 8 2.1 Definitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8 2.2 Some easy properties . . . . . . . . . . . . . . . . . . . . . . . 8

3 Existence and nonexistence of ovoids and spreads in finite classical polygons 11 3.1 Finite generalized octagons . . . . . . . . . . . . . . . . . . . 11 3.2 Ovoids arising from polarities in finite generalized polygons . 11 3.3 Ovoids and spreads of H(q) . . . . . . . . . . . . . . . . . . . 13 3.4 From H(q) down to W(q) . . . . . . . . . . . . . . . . . . . . 15 3.5 The other classical quadrangles . . . . . . . . . . . . . . . . . 16

4 Relation with ovoids and spreads of PG(3, q) and Q(6, q) 17 4.1 Ovoids and plane spreads of Q(6, q) . . . . . . . . . . . . . . . 17 4.2 Ovoids and line spreads of PG(3, q) . . . . . . . . . . . . . . . 18

5 Polar spaces: definition and properties 20

6 m-systems, ovoids and spreads of polar spaces 22

7 Spreads of polar spaces 23 7.1 Spreads of symplectic polar spaces . . . . . . . . . . . . . . . 23 7.2 Spreads of quadrics . . . . . . . . . . . . . . . . . . . . . . . . 25 7.2.1 Relations between spreads of quadrics . . . . . . . . . 25 7.2.2 Spreads of Q(2n, q). . . . . . . . . . . . . . . . . . . . 26

7.2.3 Spreads of Q^+(4n + 3, q). . . . . . . . . . . . . . . . . 28 7.3 Spreads of Hermitian polar spaces . . . . . . . . . . . . . . . 28

8 Ovoids of polar spaces 29 8.1 Ovoids of the symplectic polar space . . . . . . . . . . . . . . 29 8.2 Ovoids of quadrics . . . . . . . . . . . . . . . . . . . . . . . . 30 8.3 Ovoids of Hermitian polar spaces . . . . . . . . . . . . . . . . 32

9 Applications 33 9.1 Designs arriving from ovoids and spreads . . . . . . . . . . . 33 9.2 Codes and spreads . . . . . . . . . . . . . . . . . . . . . . . . 33 9.3 Ovoids, spreads and translation planes . . . . . . . . . . . . . 34 9.4 Kerdock sets and spreads . . . . . . . . . . . . . . . . . . . . 35 9.5 Spreads and maximal arcs . . . . . . . . . . . . . . . . . . . . 35 9.6 Partial and semipartial geometries and spreads . . . . . . . . 36

Part I: Ovoids and spreads of generalized polygons

1 Generalized polygons: definition and properties

1.1 Definition of generalized polygons

Let n ≥ 1 be a natural number. A weak generalized n-gon is a geometry S = (P, B, I) with P ≠ ∅, B ≠ ∅, such that the following two axioms are satisfied:

(GP1) S contains no ordinary k-gon (as a subgeometry), for 2 ≤ k < n.

(GP2) Any two elements x, y ∈ P ∪B are contained in some ordinary n-gon in S, a so-called apartment.

A generalized n-gon is a weak generalized n-gon S which satisfies also the following axiom:

(GP3) there exists an ordinary (n + 1)-gon in S.

Instead of 4-gons, 5-gons, 6-gons, 8-gons, n-gons we shall also speak of quadrangles, pentagons, hexagons, octagons, and polygons. We will use the distance function of the corresponding incidence graph. Hence, from now on, we also use the notation Γ (instead of S) for a generalized polygon. This way, we might write Γ(v) for the set of elements incident with v ∈ P, or Γ_i(v) for the set of elements of Γ at distance i from v. Note that the dual of a (weak) generalized n-gon is again a (weak) generalized n-gon. Obviously, a geometry can be a weak generalized n-gon for at most one value of n. Two elements of a weak generalized n-gon are said to be opposite, if they have the maximal distance n. Two flags are opposite if each element of one flag is opposite an element of the other flag. If for two points x, y there exists a unique point collinear with both, then we denote that point by x on y.

The concept of generalized polygons is due to Tits [60].

The following lemma says that the additional axiom (iii) holds precisely if Γ is thick. We shall see in Corollary 1.2 that every generalized n-gon has an order (s, t) (with s, t ≥ 2).

Lemma 1.1 A weak generalized n-gon Γ is a generalized n-gon if and only if Γ is thick.

Proof. Assume that Γ is thick, and let x_0, x_1, . . . , x_{2n} = x_0 be the points and lines of an ordinary n-gon, arranged in a closed path of length 2n. Then δ(x_0, x_n) = n and δ(x_1, x_n) = n − 1 = δ(x_{2n−1}, x_n). As Γ is thick, we can choose y ∈ Γ(x_n) \ {x_{n−1}, x_{n+1}}. Then δ(x_0, y) = n ± 1, hence δ(x_0, y) = n − 1. Let x_0, . . . , y^′, y be a path of length n − 1, and choose z ∈ Γ(y)\{y^′, x_n}. Since δ(x_1, y) = n, we have δ(x_1, z) = n−1. Thus, a path from x_1 to z of length n − 1 completes the path z, y, x_n, x_{n+1}, . . . , x_{2n−1}, x_0 to an ordinary (n + 1)-gon.

Conversely, let x_0, x_1, . . . , x_{2n+2} = x_0 be an ordinary (n + 1)-gon, arranged in a closed path of length 2n + 2. Then δ(x_0, x_{n+1}) ≡ n + 1 (mod 2), hence δ(x_0, x_{n+1}) < n. Let x_0, x^′, . . . , x_{n+1} be a shortest path from x_0 to x_{n+1}. If x^′ ∈ {x_1, x_{2n+1}}, then we have an ordinary k-gon with k < n, a contradiction. Thus Γ(x_0) contains the three distinct elements x_1, x_{2n+1}, x^′. Of course, this argument shows that |Γ(x_i)| ≥ 3 for 0 ≤ i ≤ 2n + 1. Now let x be an arbitrary point or line of Γ. Then δ(x, x_i) = n for some i ∈ {0, 1, . . . , 2n + 1} (otherwise, we have δ(x, x_i) = δ(x, x_{i+2}) ≤ n − 2 for some i, hence an ordinary k-gon with k < n, a contradiction). The map θ : Γ(x) → Γ(x_i) mapping w ∈ Γ(x) to the unique element of Γ(x_i) not opposite w is clearly a bijection. Thus |Γ(x)| = |Γ(x_i)| ≥ 3. �

For two non-opposite elements x, y in a (weak) generalized polygon, there exists a unique element u incident with x and nearest to y. We will denote u = proj_xy and call it the projection of y onto x.

1.2 Examples of generalized polygons

The weak generalized 2-gons are precisely the geometries (P, L, I) with trivial incidence relation I= P × L; their incidence graphs are the complete bipartite graphs.

Thus generalized n-gons are interesting geometries only for n ≥ 3. The generalized 3-gons are precisely the projective planes. This important observation can be easily proved: axiom (GP2) implies that two distinct points (lines) are incident with at least one line (point), axiom (GP1) says that they are uniquely determined, and (GP3) is the usual non-degeneracy axiom. So we see that generalized polygons can (and should) be regarded as natural generalizations of projective planes.

Generalized quadrangles are close relatives of projective planes. See the previous lectures on generalized quadrangles.

Define the double of a geometry S as the geometry 2S the points of which are the points and lines of S, the lines of which are the flags of S, and the incidence relation of which is the obvious one.

Each ordinary n-gon is also a weak generalized n-gon of order (1, 1). Furthermore, the double 2Γ of a weak generalized n-gon Γ is a weak generalized 2n-gon, which is not thick (each line of 2Γ carries precisely 2 points). But one can do better: there exist (thick) generalized n-gons for every n. Examples are provided by a free construction process due to Tits [62]. On the other hand, there are several results which indicate that the more interesting generalized n-gons have n = 3, 4, 6, or 8, see Theorem 1.3. Indeed, it seems that for n = 5, 7 or n ≥ 9, no generalized n-gon has been constructed yet without invoking the free construction process of Tits at some stage.

1.3 Some important results Theorem 1.2 Every generalized n-gon has an order (s, t) (with s, t ≥ 2); if n is odd, then s = t. �

Theorem 1.3 (Feit & Higman [23]) Let Γ be a weak generalized n-gon of order (s, t) with n ≥ 3. If Γ is finite, then one of the following holds:

(i) s = t = 1, and Γ is an ordinary n-gon; (ii) n = 3, s = t > 1, and Γ is a projective plane; (iii) n = 4 and the number st(1 + st) s + t is an integer;

(iv) n = 6, and if s, t > 1, then st is a perfect square. In that case, we put u = √ st and w = s + t. The number u^2(1 + w + u^2)(1 ± u + u^2) 2(w − u) is an integer for both choices of signs;

(v) n = 8, and if s, t > 1, then 2st is a perfect square; in particular s ≠ t.

If we put u = √_{st} 2 and w = s + t, then the number

u^2(1 + w + 2u^2)(1 + 2u^2)(1 ± 2u + 2u^2) 2(w ± 2u) is an integer for both choices of signs;

(vi) n = 12 and s = 1 or t = 1. �

Theorem 1.4 Let Γ be a finite generalized n-gon of order (s, t), n ≥ 4. Then one of the following holds.

(i) (Higman [27]). n = 4 and s ≤ t^2; dually t ≤ s^2; (ii) (Haemers & Roos [25]). n = 6 and s ≤ t^3; dually t ≤ s^3; (iii) (Higman [27]). n = 8 and s ≤ t^2; dually t ≤ s^2. �

A very important corollary to the previous results is the following fact.

Corollary 1.5 Finite generalized n-gons exist only for n ∈ {3, 4, 6, 8}.

Theorem 1.6 Let Γ = (P, L, I) be a finite (weak) generalized n-gon of order (s, t), with n ∈ {3, 4, 6, 8}, then we have

|P| = s^2 + s + 1 if n = 3, (1 + s)(1 + st) if n = 4, (1 + s)(1 + st + s^2t^2) if n = 6, (1 + s)(1 + st)(1 + s^2t^2) if n = 8.

Dually, |L| = s^2 + s + 1 if n = 3, (1 + t)(1 + st) if n = 4, (1 + t)(1 + st + s^2t^2) if n = 6, (1 + t)(1 + st)(1 + s^2t^2) if n = 8. � Clearly, a generalized polygon of order (s, t) is finite if and only if s and t are finite.

Without proof we mention the following results (we omit the results on quadrangles, which can be found in the previous chapter). All projective planes of order ≤ 10 are classified. For the orders 2, 3, 4, 5, 7 and 8, there is just one projective plane in each case, see e.g. Stevenson [48], page 71. For order 9 there are exactly 4 isomorphism classes of projective planes, see Lam, Kolesova & Thiel [37] (a computer result). For the orders 6 and 10, there are no projective planes at all.

A finite generalized hexagon of order (s, t) with s = 2 has necessarily t = 2 or t = 8. In the first case there are exactly two mutually dual examples, namely H(2) and its dual H(2)^D (for the construction, see next section); in the second case there is a unique hexagon which is the dual of the triality hexagon T (8, 2) (see Cohen & Tits [13]). Nothing on uniqueness is known for other orders. All known examples of finite generalized hexagons have, up to duality, order (s, t) with either s = t, or s = t^3.

For generalized octagons, nothing is known concerning uniqueness and nonexistence. The smallest example has order (2, 4) and dually (4, 2). It is believed to be unique, but that is not yet proved. Actually, all known examples (the Ree–Tits octagons) have, up to duality, order (2^{2e+1}, 2^{4e+2}).

1.4 A class of generalized hexagons

We will now construct a class of generalized hexagons H(q) of order (q, q), q any prime power. Therefore, we consider the quadric Q(6, q) in PG(6, q) given by the equation X_0X_4 + X_1X_5 + X_2X_6 = X^2_3 . The points of H(q) are all points of Q(6, q). The lines of H(q) are certain lines of Q(6, q). For our purposes, the exact definition does not matter^1. We only need some properties of this hexagon.

Theorem 1.7

(i) Two points of H(q) are opposite in H(q) if and only if they are not collinear on Q(6, q).

(ii) The lines of H(q) through any point x of H(q) are all lines of Q(6, q) through x lying in a certain plane^2 x^⊥ of Q(6, q).

(iii) The order of H(q) is (q, q). �

We can now prove the following interesting regularity property of H(q):

Theorem 1.8 Let x be any point of Γ := H(q) and let y, z be two points opposite x. Let i = 2, 3. If S_i(x; y, z) := Γ_i(x) ∩ Γ_{6−i}(y) ∩ Γ_{6−i}(z) contains at least two elements, then it contains q + 1 elements.

Proof. We first prove the statement for i = 2. The set S_2(x; y, y) is contained in the intersection of x^⊥ with y^{⊥⊥} (the latter is the notation for the set of points of H(q) not opposite y; it is hence the set of points of Q(6, q) lying in the tangent hyperplane at y). Consequently S_2(x; y, y) is equal to that intersection (because it contains exactly q+1 points). Similarly S_2(x; z, z) = x^⊥ ∩ z^{⊥⊥} . Now clearly S_2(x; y, z) = S_2(x; y, y) ∩ S_2(x; z, z), and the result follows easily.

Now let i = 3. Suppose that S_3(x; y, z) contains at least two elements L and M. We must show that every line N at distance 3 from both x and z is also at distance 3 from y. We may assume that y ≠ z. Let u and w be the points on N at distance 2 from x and z, respectively. By the previous paragraph, we have u ∈ S_2(x; y, z). So δ(y, u) = 4. Similarly δ(y, w) = 4. This is only possible if δ(y, N) = 3. The result follows. �

1The lines of H(q) are the lines of Q(6, q) whose Grassmannian coordinates satisfy the equations p01 = p36, p12 = p34, p20 = p35, p03 = p56, p13 = p64 and p23 = p45.

2If x has coordinates (a0, a1, a2, a3, a4, a5, a6), then the plane x^⊥ has equations (and one must choose 4 independent equations out of the following list of eight):

a1X0 � a0X1 + a6X3 � a3X6 = 0 a2X0 � a0X2 � a5X3 + a3X5 = 0 a2X1 � a1X2 + a4X3 � a3X4 = 0 a3X3 � a0X4 � a1X5 � a2X6 = 0 a3X0 � a0X3 + a6X5 � a5X6 = 0 a3X1 � a1X3 � a6X4 + a4X6 = 0 a3X2 � a2X3 + a5X4 � a4X5 = 0 a4X0 + a5X1 + a6X2 � a3X3 = 0

The property in the previous theorem is called distance-i-regularity and we will refer to it as such.

Finally, we mention the following important property. It can be proved geometrically using the previous theorem. It can also be checked algebraically using the definitions of the lines of H(q). We omit the proof.

Theorem 1.9 Every pair of opposite points x, y of Γ = H(q) is contained in a (necessarily unique) weak subhexagon Γ(x, y) of order (1, q).

It is easy to see that every weak generalized hexagon of order (1, q) is the double of a projective plane of order q. For the subhexagons of Γ = H(q), this plane is the usual Desarguesian one over the Galois field GF(q). We will denote by Γ^+(x, y) the set of points of Γ(x, y) at distance 0 or 4 from x. The structure (Γ^+(x, y), Γ^+(y, x), ⊥) is a projective plane whose double is isomorphic to Γ(x, y).

There is one other class of finite generalized hexagons known; the members of it have order (q, q^3) (or dually (q^3, q)), but it will be of no importance to us, since we will show that they cannot have ovoids, nor spreads.

2 General constructions of ovoids and spreads; polarities

2.1 Definitions

Let Γ be a generalized n-gon and let O be a set of points of Γ. Then we call O an ovoid of Γ if all points of O are mutually opposite, and if every element of Γ lies at distance at most n/2 from a point of O. It follows that n is even since otherwise all elements of Γ lie at distance at most n/2 from a single point, a contradiction. Dually, one defines a spread. Again let Γ = (P, B, I) be a generalized n-gon. A polarity is an involution in P ∪B mapping P to B and vice versa, and preserving incidence. An absolute point is a point which is mapped onto a line incident with it under the given polarity. Dually, one defines an absolute line.

2.2 Some easy properties Theorem 2.1 A set of mutually opposite points in a finite generalized 2m-gon Γ of order (s, t) is an ovoid if and only if it contains

(i) 1 + st elements for m = 2; (ii) (1 + s)(1 + st + s^2t^2) 1 + s + st elements for m = 3;

(iii) 1 + s^2t^2 elements for m = 4.

A set of mutually opposite points in a finite generalized 2m-gon Γ of order s is an ovoid if and only if it contains 1 + s^m elements. �

Proof. The last assertion follows from the previous one by putting s = t. So we only have to prove (i), (ii) and (iii).

Suppose first that O is an ovoid. If m = 2, then there are |O| · (1 + t) lines at distance 1 from some element of O. Since every line arises in this way, we have |O| · (1 + t) = (1 + t)(1 + st). If m = 3, then there are |O| points at distance 0 from some element of O and |O| · (1 + t)s points at distance 2 from some (unique) element of O. Again, no other points are available and hence |O| · (1 + s + st) = (1 + s)(1 + st + s^2t^2). If m = 4, then there are |O| · (1 + t) lines at distance 1 from a unique element of O and there are |O| · (1 + t)st lines at distance 3 from a unique element of O. We obtain |O| · (1 + t)(1 + st) = (1 + t)(1 + st)(1 + s^2t^2). Hence the result. Now suppose O is a set of mutually opposite points of the given size. For m even, we count the number of lines at distance < m from some (unique) point of O; for m odd, we count the number of points at distance < m from some (unique) element of O. This counting is in fact carried out in the previous paragraph and we always obtain the full number of lines (m even) or points (m odd) of Γ. Hence all lines, respectively, points lie at distance < m from some point of O. Hence every line lies at distance ≤ m from an element of O. �

The existence problem of ovoids in generalized polygons seems only to be interesting in the finite case. For instance, for infinite quadrangles of order (s, t), the method of transfinite induction (in the countable case this is just ordinary induction) guarantees the existence of ovoids and spreads if s = t, see Cameron [11].

Theorem 2.2 Let ρ be a polarity of a generalized n-gon Γ. If n = 2m is even, then the set of all absolute points with respect to ρ forms an ovoid of Γ.

Proof. Let x and y be two absolute points and suppose they are not opposite each other. Since δ(x, y) = δ(x^ρ, y^ρ) and x I x^ρ and y I y^ρ, we may assume upon interchanging x and y that x^ρ is the projection of y onto x. Indeed, otherwise δ(x, y) = n or δ(x, y) = n − 1. The first possibility contradicts our assumption, the second implies that n is odd. Let p be the projection of y onto x^ρ, then x I p^ρ. But δ(x, y) − 2 = δ(p, y) = δ(p^ρ, y^ρ) = δ(p^ρ, x^ρ) + δ(x^ρ, y^ρ) = 2 + δ(x, y), a contradiction. Hence all absolute points are mutually opposite.

Let v be any element of Γ. Since n is even, δ(v, v^ρ) < n. Now the projection v_1 of v onto v^ρ must be mapped onto the projection v^′_1 of v^ρ onto v; the projection of v_1 onto v^′_1 must be mapped onto the projection of v^′_1 onto v_1, etc. Continuing like this, remembering that δ(v, v^ρ) is odd, we obtain an element w, δ(v, w) + δ(w, v^ρ) = δ(v, v^ρ) < n, incident with w^ρ. Hence either w or w^ρ is an absolute point. Suppose that w is a point. Since δ(v, w) = δ(v^ρ, w^ρ) and δ(v, w) + δ(v^ρ, w^ρ) = δ(v, v^ρ) ± 1, we conclude that δ(v, w) ≤ m. The theorem is proved. �

In the finite case, there is an obvious restriction on the order (s, t) of a generalized polygon to admit a polarity. Indeed, s must certainly be equal to t, since a self-polar polygon is in particular self-dual. In fact, one can show more:

Theorem 2.3 (Payne [42], Ott [40]) If there is a polarity in a finite generalized 2m-gon Γ of order (s, t), then s = t and ms is a perfect square.

The proof of this uses some elementary eigenvalue technique; see Van Maldeghem [63] for a uniform treatment.

A similar technique is used to show the following result on finite projective planes, which we include for completeness:

Theorem 2.4 Suppose that Γ is a finite projective plane of order q and θ is a polarity of Γ. Then the number N_θ of absolute points satisfies q + 1 ≤ N_θ ≤ q √ q + 1.

If N_θ = q + 1, then the set of absolute points is an oval if q is odd, and all absolute points are collinear if q is even; if N_θ = q √ q + 1, then the set of absolute points furnished with the sets of points incident with the secant lines forms a unital. Also, if q is not a square, then N_θ = q + 1. �

For a proof, see for instance Hughes & Piper [29].

Another general construction of ovoids applies to quadrangles which are subquadrangles of others. We state the theorem in full generality.

Theorem 2.5 Let Γ be a subquadrangle of a generalized quadrangle Γ^′ having the property that Γ(L) = Γ^′(L), for every line of Γ. Let p be a point of Γ^′ outside Γ. Then the set of points of Γ collinear with p in Γ^′ constitutes an ovoid O of Γ. Proof. Each line of Γ is incident with a unique point collinear with p; hence O is an ovoid of Γ. �

Let Γ have order (s, t) and let Γ^′ have order (s^′, t^′), with Γ a subquadrangle of Γ^′. The situation of the previous theorem occurs in the finite case if and only if s = s^′. Also, one can show that, whenever Γ^′ is a classical quadrangle (or more generally, a so-called Moufang quadrangle), then the ovoid O admits a doubly transitive group inside the automorphism group of Γ. Finally, we present some general nonexistence results.

Theorem 2.6 No finite generalized quadrangle of order (s, s^2) has an ovoid. Also, no finite generalized hexagon of order (s, s^3) or (s^3, s) has an ovoid.

Proof. Let Γ be a generalized quadrangle of order (s, s^2) with an ovoid O. Let x, y ∈ O be two fixed points. We count, in two ways, the pairs (u, z) with z ∈ O \ {x, y} and u ∈ {x, y, z}^⊥. Since |{x, y, z}^⊥| = s + 1 (see the chapter on generalized quadrangles), we obtain (s^2 + 1)(s^2 − 1) = (s^3 − 1)(s + 1), a contradiction.

Now consider an ovoid in a finite generalized hexagon of order (s, t). If t = s^3 and if the number

(1 + s)(1 + st + s^2t^2) 1 + s + st

is an integer, then (carrying out the division) (1 + s)(1 + s + s^2) is zero (this is the remainder if s > 2; for s = 2 the above number is clearly not an integer), a contradiction. If s = t^3, then a similar calculation shows that the remainder 2t^3 + t^2 − 2t + 2 must be zero. But this number is always positive for non-negative t. The theorem is proved. �

3 Existence and nonexistence of ovoids and spreads in finite classical polygons

3.1 Finite generalized octagons

We start by mentioning that almost nothing is known for the classical finite generalized octagons. A computer result of Coolsaet (unpublished) tells us that there is no ovoid in the smallest known octagon (of order (2, 4)).

3.2 Ovoids arising from polarities in finite generalized polygons

For finite classical generalized n-gons of order (s, t), the necessary conditions of Theorem 2.3 are also sufficient.

Theorem 3.1 A classical quadrangle Γ is self-dual if and only if it is isomorphic to a symplectic quadrangle W(q), q even. Also, W(q) admits a polarity if and only if 2q is a perfect square, i.e., q = 2^{2e+1}.

Proof. For the statement about the self-duality, see the chapter on generalized quadrangles. We now supose that q = 2^{2e+1}. We must show that there is a polarity of W(q). Therefore, we first find a way of presenting W(q) where the points and lines play a similar role. This can be done by coordinatization. We will not give the general theory, but only coordinatize in this special case. This is done as follows. Let the symplectic polarity defining W(q) be given by the alternating bilinear form B(x, y) = x_0y_1 +x_1y_0 +x_2y_3 +x_3y_2 (the image of the point y = (y_0, y_1, y_2, y_3) is the plane with equation B(X, y) = 0), and redefine coordinates on the points as follows: (1, 0, 0, 0) → (∞) (a, 0, 1, 0) → (a) (b, 0, k, 1) → (k^{2e}, b) (l + aa^′, 1, a^′, a) → (a, l^{2e}, a^′) We define coordinates for the lines as follows: ⟨(1, 0, 0, 0), (0, 0, 1, 0)⟩ → [∞] ⟨(1, 0, 0, 0), (0, 0, k, 1)⟩ → [k^{2e}] ⟨(a, 0, 1, 0), (l, 1, 0, a)⟩ → [a, l^{2e}] ⟨(b, 0, k, 1), (k^′, 1, b, 0)⟩ → [k^{2e}, b, k^{′2e}] Using the bilinear form given above, it is easy to check that all the above lines are indeed absolute lines of the symplectic polarity. A counting argument shows that we have all of them. Now we see that, using the new coordinates, the point (∞) is incident only with [∞] and [k], for all k ∈ GF(q). Dually, [∞] is incident only with (∞) and (a), for all a ∈ GF(q). Also, the point (a) is incident only with [∞] and with [a, l], for all l ∈ GF(q). Dually, [k] is incident only with (∞) and with (k, b), for all b ∈ GF(q). Furthermore, the point (k, b) is incident only with [k] and with [k, b, k^′], for all k^′ ∈ GF(q). Dually, the line [a, l] is incident only with the points (a) and (a, l, a^′), for all a^′ ∈ GF(q). So we have easy and self-dual rules to decide whether two elements are incident whenever at least one of these elements have less than three coordinates. Suppose now both have three coordinates, i.e., we ask ourselves when (a, l, a^′) is incident with [k, b, k^′]. This will be the case if and only if (l^{2e+1} + aa^′, 1, a^′, a) can be written as a linear combination of (b, 0, k^{2e+1}, 1) and (k^{′2e+1} , 1, b, 0). Looking at the third and fourth coordinate, we see that this is equivalent with

(k^{′2e+1} , 1, b, 0) + a × (b, 0, k^{2e+1}, 1) = (l^{2e+1} + aa^′, 1, a^′, a).

Hence (a, l, a^′) is incident with [k, b, k^′] if and only if { b = a^′ + ak^{2e+1} , l = k^′ + ka^{2e+1} .

Now it is clear that the mapping which interchanges the parentheses with the brackets induces a polarity in W(q). �

The set of absolute points of the polarity mentioned in the above proof is obviously equal to {(∞)} ∪ {(a, a^′ + a^{2e+1+1}, a^′) : a, a^′ ∈ GF(2^{2e+1})} and this is an ovoid of W(q), a so-called Suzuki-Tits ovoid or semi-classical ovoid. The coordinates in PG(3, q) are given by {(1, 0, 0, 0)} ∪ {(a^{′2e+1} + a^{2e+1+1} + aa^′, 1, a^′, a) : a, a^′ ∈ GF(2^{2e+1})}.

Similarly, one can show (but we omit the proof; the calculations are a little longer than in the previous theorem, but apart from that, everything is similar):

Theorem 3.2 The classical hexagon H(q) is self-dual if and only if q is a power of 3. Also, H(q) admits a polarity if and only if 3q is a perfect square, i.e., q = 3^{2e+1}.

The corresponding ovoids in H(3^{2e+1}) are called the Ree-Tits ovoids or semiclassical ovoids.

As for a finite generalized octagon of order (s, t), 2st must be a perfect square, there are no finite self-dual generalized octagons, and hence no selfpolar ones either.

3.3 Ovoids and spreads of H(q)

We now treat the classical hexagons. As already mentioned, there are three classes of orders for classical generalized hexagons: (q, q), (q, q^3) and (q^3, q). Hexagons of order (q, q^3) or (q^3, q) cannot have ovoids or spreads, so we may restrict ourselves to considering classical generalized hexagons of order (q, q), i.e., H(q). First we deal with spreads in H(q). We will construct an infinite class of spreads, one spread for each q in the next paragraph. Let Γ = H(q) be embedded in Γ^′ = H(q^2) (in a natural way, i.e., if H(q^2) is defined over GF(q^2) on Q(6, q^2) with equation as above, then H(q) is obtained by restricting coordinates to GF(q)). Let σ be the involution in H(q^2) defined by applying the map x → x^q to every coordinate of any element of H(q^2). Clearly the substructure of fixed elements of H(q^2) is H(q). Now let L and M be two opposite lines of H(q), and let p I L, with p a point of H(q^2) not belonging to H(q). Put p^′ = proj_M p^σ. It is clear that the weak subhexagon Γ^′(p, p^′) is preserved by σ, and that (Γ^{′+}(p, p^′))^σ = Γ^{′+}(p^′, p). We know that Γ^′(p, p^′) is the double of a Desarguesian projective plane π_{p,p}′ ∼= PG(2, q^2) with point set Γ^{′+}(p, p^′) and line set Γ^{′+}(p^′, p) (see Subsection 1.4). Consequently, σ induces a polarity in π_{p,p}′ . Clearly the points p and p^{′σ} = proj_M p are absolute points in π_{p,p}′ . By the distance-3- regularity of H(q^2), there are exactly q +1 elements of Γ^′_3(p on p^{′σ})∩Γ^′_3(p^σ on p^′) which belong to Γ (and hence are fixed by σ). This provides exactly q +1 absolute points in π_{p,p}′ incident with p on p^{′σ} (which is indeed a line of π_{p,p}′).

So σ induces a unitary polarity in π_{p,p}′ and we have a set S of q^3 + 1 fixed flags, which can be seen as a set of q^3 + 1 fixed lines in H(q). As any two elements of S are easily seen to be opposite in Γ^′(p, p^′), and hence also in Γ, Theorem 2.1 implies that S is a spread of H(q). Viewed as a set of flags in π_{p,p}′ ∼= PG(2, q^2), it constitutes a Hermitian curve H union a dual one. A line of π_{p,p}′ meeting H in q + 1 points corresponds to a point of Γ(p, p^′) at distance 3 from q + 1 elements of S. We call S a Hermitian or classical spread of H(q). Note that all this implies that S is the intersection of the line set of H(q) with the line set of Γ^′(p, p^′). Also, we see that, if L and M are two lines of S, and if x, y are two points at distance 3 from both L and M (in Γ), then Γ_3(x) ∩ Γ_3(y) ⊆ S. In general, we call any spread S^′ of Γ = H(q) locally Hermitian at L if L ∈ S^′ and if the above property holds for all M ∈ S^′ \ {L}. One can easily verify that the set Γ_3(x) ∩ Γ_3(y) is a set of q + 1 lines forming a regulus on the quadric Q(6, q). We will see later that locally Hermitian spreads of H(q) give rise to spreads of W(q), and so do ovoids of H(q). So we now aim at constructing locally Hermitian spreads different from the classical one, and ovoids of H(q). It is possible to slightly modify a coordinate representation of the Hermitian spread to obtain new spreads which are locally Hermitian, but not classical, in H(q), for all q ≡ 1 mod 3. Since the corresponding spreads of W(q) are the same as for the Hermitian spread, we do not give details here, but refer to Bloemen, Thas & Van Maldeghem [4].

All other known spreads and all known ovoids of H(q) live in the case that q is a power of 3. So let q = 3^h. Then H(q) is self-dual. Hence any duality maps the Hermitian spread onto a Hermitian or classical ovoid O. Now consider any automorphism α of Q(6, q). Since O contains q^3 + 1 points which are pairwise non-collinear in Q(6, q), the set O^α is again a set of q^3 + 1 points pairwise non-collinear in Q(6, q), and hence pairwise opposite in H(q). Consequently, O^α is an ovoid of H(q). In this way, many new ovoids of H(q) arise. The same trick can be performed with the Ree–Tits ovoid, again yielding a lot of new ovoids in H(q), q = 3^h and h = 2e + 1. Dually, this method also produces new spreads of H(q). In fact, there is, up to isomorphism, exactly one way to choose α such that the spread one obtains from dualizing the image under α of the dual of the Hermitian spread is locally Hermitian, but not Hermitian. This is shown by Bloemen, Thas & Van Maldeghem [4]. Let us call such a spread a Roman spread, for reasons that will become clear later. It is impossible to produce a locally Hermitian spread from a Ree–Tits ovoid.

There ends our present knowledge about the existence of ovoids and spreads of H(q). As to nonexistence, we have the following results. For q even there do not exist ovoids in H(q), see also Theorem 8.3. Likewise, for q = 5, 7, there do not exist ovoids in H(q), as proved by O’Keefe & Thas [39].

Theorem 3.3 If q is even, or if q = 5, 7, then no ovoid of H(q) exists.

3.4 From H(q) down to W(q)

In this subsection, we will handle the ovoids and spreads of W(q). It turns out that a lot of examples of ovoids arise from H(q).

A regulus is a set of generators on a hyperbolic quadric in PG(3, q). We have the following theorem.

Theorem 3.4 Let S be a locally Hermitian spread at L of H(q). Let p be any point on L. Let L_p be the set of lines of Q(6, q) through p; let P_p be the set of planes of Q(6, q) through p. Then the geometry Γ^′ = (P_p, L_p, ⊆ ∪ ⊇) is isomorphic to W(q). For every M ∈ S \ {L}, let N_M be the line of Q(6, q) through p meeting every line of the regulus on Q(6, q) through L and M (this regulus is well defined!). Then S_p := {L} ∪ {N_M : M ∈ S \ {L}} forms a spread of W(q). If S is locally Hermitian at at least two lines, then S is locally Hermitian at every of its elements and S is classical. Also, if O is an ovoid of H(q) and p is a point of H(q) not in O, then the set of lines {px : x ∈ O and x ∈ p^{⊥⊥} } is a spread of W(q).

Proof. The first part of the theorem is a special case of a well known general property of polar spaces. For the second part of the theorem, we remark that S_p has q^2 +1 elements, hence it suffices to show that two distinct elements are opposite in W(q). Suppose that N_M and N_M ′ are not opposite, i.e., that they are coplanar. If we denote by w the intersection of N_M ′ and M^′, then this implies that w is, in H(q) at distance at most 4 from every point of N_M . By Subsection 1.4, N_M is the intersection of u^⊥ with v^{⊥⊥}, for certain points u, v of H(q). It readily follows that either w = u or w lies at distance exactly four from every point of N_M . In both cases the line M^′ of H(q) lies at distance ≤ 3 from some point of N_M , and hence M^′ is not opposite the element of S through that point, a contradiction. We will not prove here the third assertion of the previous theorem (see Bloemen, Thas & Van Maldeghem [4] for a proof.

The fourth assertion is easy: If px and py, x, y ∈ O are coplanar, then x and y are not opposite in H(q). �

Let us now apply the methods of this theorem to the known examples. If q is not a power of 3, then there are only two classes of spreads of H(q) known, and they are both locally Hermitian, but they both give rise to the same class of spreads in W(q) by the method explained in the previous theorem. This spread of W(q) is in fact also called a classical spread and can be obtained by considering the lines of W(q) concurrent with a fixed line outside W(q) in H(3, q^2), when W(q) is seen as a subquadrangle of H(3, q^2) (see the dual of Theorem 2.5). A third way to obtain it is by intersecting Q(4, q) with a hyperplane intersecting Q(4, q) in an elliptic quadric, and then dualizing. If we apply the previous method to the locally Hermitian Roman spread, then we obtain a new spread of W(q), which can also be constructed using the method of Theorem 2.5 with the so-called Roman quadrangles; see the chapter on generalized quadrangles. Here, 3 divides q.

A third class of spreads of W(q) is obtained from the Ree–Tits ovoids in H(q) by the fourth assertion of Theorem 3.4. There, with respect to a Ree– Tits ovoid O in H(q), two inequivalent choices of points outside O: those on an absolute line with respect to the corresponding polarity, and the other points. This gives rise to two inequivalent spreads of W(q). Here, q is an odd power of 3.

A fourth class of spreads of W(q) is given by the dual of the Suzuki–Tits ovoids, see above. Here, q is an odd power of 2.

Finally, there is at present only one other infinite class of spreads of W(q) known, and it is due to Kantor. In fact, it arises from a coordinatization representation of the classical spread by a little distortion. We omit the details. Here, q is odd and not a prime (otherwise the classical spread is obtained).

There is one sporadic spread, for q = 3^5, see Penttila & Williams [43]. Concerning ovoids of W(q), one can, for q even, dualize the classical spreads. For q = 2^{2e+1}, one also has the Suzuki–Tits ovoids. These are the only known classes of ovoids of W(q) and it has been conjectured that there are no other ovoids.

If q is odd, then there are no ovoids in W(q):

Theorem 3.5 W(q) has no ovoids if and only if q is odd.

Proof. We only have to show that for q odd no ovoid exists in W(q). So let, by way of contradiction, O be an ovoid of W(q), q odd, and let W(q) arise from the symplectic polarity ρ in PG(3, q). Let p be any point of W(q) not in O. Every line of W(q) through p contains a point of O. Suppose three such points x, y, z are collinear in PG(3, q). Let L be the line of PG(3, q) incident with x, y, z. Suppose that |L ∩ O| = ℓ ≥ 3. Every point w ∈ O not on L is incident with a unique line L_w of W(q) meeting L (and incident with the intersection of L with w^ρ). Counting the number of such pairs (w, L_w), we obtain q^2 + 1 − ℓ = (q + 1 − ℓ)(q + 1), hence ℓ = 2, a contradiction. So the the plane p^ρ meets O in an oval. But all lines through p in p^ρ are tangents, and so we obtain a (q + 2)-arc, contradicting the fact that q is odd. �

3.5 The other classical quadrangles

Let us now have a look at the quadrangle H(3, q^2). By intersecting with a non-tangent plane in PG(3, q^2), one obtains the point set of a Hermitian curve, which is an ovoid of H(3, q^2). Indeed, it is clear that we obtain q^3 + 1 points, and that no two of them are collinear (the intersection does not contain lines). Furthermore, the order of H(3, q^2) is (q^2, q), and hence by the dual of Theorem 2.6 there are no spreads in H(3, q^2). Dually, there exists a spread in Q(5, q), but no ovoids. There are plenty of other ovoids in H(3, q^2). One can for instance replace a line of the Hermitian curve above by the set of points collinear with all points of that line.

Remark

We note that the Hermitian unital in PG(2, q^2) “is” a spread of both Q^−(5, q) and H(q). A way of seeing this explicitly is given by the following construction of Thas [53]: we intersect Q(6, q) with a hyperplane such that the intersection is a Q^−(5, q). The lines of Q(6, q) which are lines of both H(q) and Q^−(5, q) form a Hermitian spread in both H(q) and Q^−(5, q). Now we consider the classical quadrangle H(4, q^2). It is not known whether this has spreads; only a computer result of Brouwer (unpublished) is available saying that H(4, 4) has no spread. Finally, one has the following result:

Theorem 3.6 H(4, q^2) does not have any ovoid.

Proof. An ovoid O of H(4, q^2) would contain q^5 + 1 points. Intersecting H(4, q^2) with a hyperplane of PG(4, q^2), we see that every hyperplane of PG(4, q^2) contains either 1 (the hyperplane is tangent to H(4, q^2) at a point of O) or q^3 + 1 (the hyperplane is tangent to H(4, q^2) at a point off O, or it intersects H(4, q^2) in an H(3, q^2), where O induces an ovoid of size q^3 + 1) points. Let L be a line of PG(4, q^2) having at least two points in common with O. Let π be any plane through L, and let X be the number of points of O in π. Clearly, there are (q^3 +1−X)(q^2 +1)+X = q^5 +q^3 +q^2 +1−Xq^2 points in O. Hence X = q + 1. Let Y be the number of points of O on L. Then similarly counting the number of points of O in some fixed hyperplane H through L yields (q + 1 − Y )(q^2 + 1) + Y = q^3 + 1, hence Y = (q + 1)/q, a contradiction. �

4 Relation with ovoids and spreads of PG(3, q) and Q(6, q)

4.1 Ovoids and plane spreads of Q(6; q) Theorem 4.1 Let O be a set of points of Q(6, q), and let H(q) be a classical hexagon on Q(6, q), as before. Then O is an ovoid of Q(6, q) if and only if it is an ovoid of H(q). Also, if O is an ovoid of H(q), then the set of planes {p^⊥ : p ∈ O} is a plane spread of Q(6, q).

Proof. This follows immediately from the fact that two points of H(q) are opposite if and only if they are not collinear in Q(6, q). The second assertion follows from the fact that every point of H(q), and hence of Q(6, q), is collinear in H(q) with a unique point of O. �

Remark

Let Q^+(7, q) be a non-degenerate hyperbolic quadric in PG(7, q). Define the following geometry Ω. The 1-points of Ω are the points of Q^+(7, q); the 2-points are the members of one class of generators of Q^+(7, q); the 3-points are the members of the other class of generators; the lines are the lines of Q^+(7, q); incidence is containment, reverse containment, or meeting in a plane of Q^+(7, q). Then we have a rank 4 geometry which is symmetric in the i-points, i.e., interchanging the i-points and j-points, i, j ∈ {1, 2, 3} does not change the isomorphism type of the geometry. In fact, there always exists a isomorphism of Ω of order 3 mapping the i-points to the (i + 1)-points, i + 1 modulo 3. Such a map is called a triality. The classical generalized hexagons now arise from a triality by taking the absolute 1-points and the fixed lines (an i-point is absolute if it is incident with its image). Now let O be an ovoid of Q(6, q). Embed Q(6, q) into Q^+(7, q). Then obviously, O is an ovoid of Q^+(7, q). Applying a triality, we obtain a spread of Q^+(7, q). Intersecting each element of that spread with Q(6, q), we obtain a plane spread of Q(6, q). This spread is equivalent with the spread obtained from the previous theorem.

4.2 Ovoids and line spreads of PG(3; q) Theorem 4.2 Let W(q) be embedded in PG(3, q) in a natural way. Every spread of W(q) is a line spread of PG(3, q). Every ovoid of W(q) is an ovoid of PG(3, q). Every ovoid of PG(3, q), q even, is projectively equivalent with an ovoid of W(q).

Proof. The first assertion follows from the fact that a spread in W(q) is just a partition of the point set in lines, and the same is true in PG(3, q). The second assertion follows from the proof of Theorem 3.5, where we proved that no line of PG(3, q) can meet an ovoid of W(q) in more than 2 points (and this part was independent of q). We now show the third assertion. Let O be an ovoid in PG(3, q). We will use the fact that at every point of O, there is a unique tangent plane. From this, one deduces that a non-tangent plane π meets O in an oval. Let x_π be the nucleus of that oval. Suppose that x_π is also the nucleus of the oval O ∩ π^′. Let L be any line of PG(3, q) through x_π. If L is contained in π or π^′, then it is tangent to O. If L is not contained in π and in π^′, then let π^{′′} be any plane through L. The intersection π ∩ π^{′′} and π^′ ∩ π^{′′} are tangent lines to O, hence π^{′′} meets O in an oval. Consequently L is a tangent line. So every line through x_π is a tangent line, contradicting the fact that there are q^2 + q + 1 such lines, but only q^2 + 1 points of O. So the mapping π → x_π is injective. Since there are q^3 + q non-tangent planes, and equally many points off O, every point off O is the nucleus of exactly one plane intersection oval. Now we define the following map ρ from the set of points of PG(3, q) to the set of planes of PG(3, q). A point x ∈ O is mapped onto the tangent plane of O at x. A point x off O is mapped by ρ onto the plane π for which x = x_π. We remark that the only tangent lines to O through a point x are contained in x^ρ. Indeed, for x ∈ O, this is obvious. Now let x /∈ O. If there were a tangent line L through x not in x^ρ, then, as above, any plane through L would meet O in an oval with nucleus x, a contradiction. Let x, y, z be three collinear points. If they are contained in a tangent line L, then the images x^ρ, y^ρ and z^ρ contain the line L, hence they are collinear. Suppose now that they are contained in a non-tangent line L. We remark that the mapping ρ is bijective. Indeed, it is bijective when restricted to the the points off O and the non-tangent planes to O. It is now clear that ρ is bijective. Let π be any plane through L and let w^ρ = π. Since all tangent lines to O through w are contained in π, the lines wx, wy and wz are tangent lines, hence x^ρ, y^ρ and z^ρ contain w. But as there are q + 1 choices for w, those planes share the same q+1 points, which must necessarily be collinear. Hence those planes are collinear themselves. So ρ can be uniquely extended to a correlation. Now, for any point x, it is clear that the image under ρ of any point y in x^ρ contains x (because such an image contains the tangent line xy). Hence ρ has order 2. But every point is incident with its image. Consequently ρ is a symplectic polarity, and, obviously, the fixed lines are the tangent lines to O, implying that O is an ovoid in the corresponding symplectic quadrangle. �

Part II: Ovoids and spreads of polar spaces

5 Polar spaces: definition and properties

Polar spaces describe the geometry of vector spaces carrying a reflexive sesquilinear form or a quadratic form in much the same way as projective spaces describe the geometry of vector spaces. In the sequel we will always assume that everything is finite. There are three types of forms with an associated polar space. The space associated with the alternating bilinear form is called the symplectic polar space; the one with the Hermitian form is called the unitary or Hermitian polar space; finally with the quadratic forms is associated the orthogonal polar space. These polar spaces are commonly called classical polar spaces. Although we assume here some preknowledge on the theory of polar spaces, we will give some of the basic definitions and properties. The reader is referred to the literature for more information, e.g. [8], [10], [28].

Let V (n + 1, q) be a vector space carrying a reflexive sesquilinear form σ of one of the three types. Recall that the sesquilinear form defines uniquely the polarity in the associated projective space PG(n, q), unless q is even and σ is orthogonal, in which case one has to use the quadratic form which we will also denote by σ. A subspace W of V is called totally isotropic if the sesquilinear form σ vanishes identically on W , i. e. if W ⊆ W^σ. In case of an orthogonal polarity, a subspace on which the quadratic form σ vanishes is called a totally singular subspace. We shall often call the maximal totally isotropic subspaces or maximal totally singular subspaces of a polar space S, the generators of S.

One can prove that the classical polar space, regarded as a geometry on the points of the projective space PG(n, q), whose flats are the totally isotropic or totally singular subspaces (called subspaces for short) having the following properties (see for instance [10] for a proof).

[P1] Each subspace is isomorphic to a projective space of dimension at most r − 1.

[P2] The intersection of any family of subspaces is a subspace.

[P3] If W is a subspace of dimension r − 1, and p a point not in W , then the set of points p^′ such that the line pp^′ is totally isotropic or totally singular, is a hyperplane in W , and the union of those lines pp^′ is a subspace of dimension r − 1.

[P4] There exist two disjoint subspaces of dimension r − 1.

A geometry consisting of a set of points with a collection of distinguished subsets called subspaces, satisfying the axioms [P1]-[P4] is called an abstract polar space of rank r.

An important simplification of the axioms [P1]-[P4] was obtained by Buekenhout and Shult [9]. Let S = (P, L, I) be an incidence structure of points and lines (or a point-line geometry). A subspace of S will be a point set which contains any line through two of its points; it is singular provided any two of its points are collinear. Theorem 5.1 ([9]) Suppose that an incidence structure S has the following properties:

(i) if p is a point not on a line L, then p is collinear with one or all points of L;

(ii) any line contains at least three points; (iii) no point is collinear with all others;

(iv) any chain (w.r.t. inclusion) of singular subspaces is finite. Then the singular subspaces constitute an abstract polar space.

Remark It is clear that the generalized quadrangles are the polar spaces of rank 2, and these are far of being completely classified. We might expect however a classification to be possible for sufficiently large rank. This has been proved indeed by Tits, building on work of Veldkamp [64]. Theorem 5.2 ([61]) All finite polar spaces of rank at least 3 are classical. We shall use the following notation:

W_n(q): the polar space arising from a symplectic polarity of PG(n, q), n odd and n ≥ 3: here r = (n + 1)/2;

Q(2n, q): the polar space arising from a non-singular quadric in PG(2n, q), n ≥ 2: here r = n;

Q^+(2n + 1, q): the polar space arising from a non-singular hyperbolic quadric in PG(2n + 1, q), n ≥ 1: here r = n + 1;

Q^−(2n + 1, q): the polar space arising from a non-singular elliptic quadric in PG(2n + 1, q), n ≥ 2: here r = n;

H(n, q^2): the polar space arising from a non-singular Hermitian variety H in PG(n, q^2), n ≥ 3: for n odd r = (n + 1)/2, for n even r = n/2.

Theorem 5.3 For q even, the polar space Q(2n, q) is isomorphic to the polar space W_{2n−1}(q).

Proof. The theorem is easily proved by projection of Q(2n, q) from the nucleus onto a PG(2n − 1, q) ⊂ PG(2n, q) not containing the nucleus. �

Let |S| denote the number of points of the polar space S, and let Σ(S) be the set of generators of S; all elements of Σ(S) have dimension r − 1. For a proof of the following theorems we refer e.g. to [28] or [55].

Theorem 5.4 The numbers of points of the finite classical polar spaces are given by the following formulae:

|W_n(q)| = (q^{n+1} − 1)/(q − 1), |Q(2n, q)| = (q^{2n} − 1)/(q − 1), |Q^+(2n + 1, q)| = (q^n + 1)(q^{n+1} − 1)/(q − 1), |Q^−(2n + 1, q)| = (q^n − 1)(q^{n+1} + 1)/(q − 1), |H(n, q^2)| = (q^{n+1} + (−1)^n)(q^n − (−1)^n)/(q^2 − 1).

Theorem 5.5 The numbers of generators of the finite classical polar spaces are given by the following formulae:

|Σ(W_n(q))| = (q + 1)(q^2 + 1) . . .(q^{(n+1)/2} + 1), |Σ(Q(2n, q))| = (q + 1)(q^2 + 1) . . .(q^n + 1), |Σ(Q^+(2n + 1, q))| = 2(q + 1)(q^2 + 1) . . .(q^n + 1), |Σ(Q^−(2n + 1, q))| = (q^2 + 1)(q^3 + 1) . . .(q^{n+1} + 1), |Σ(H(2n, q^2))| = (q^3 + 1)(q^5 + 1) . . .(q^{2n+1} + 1), |Σ(H(2n + 1, q^2))| = (q + 1)(q^3 + 1) . . .(q^{2n+1} + 1).

6 m-systems, ovoids and spreads of polar spaces

Let S be a finite classical polar space of rank r, with r ≥ 2. A partial msystem [46] of S, with 0 ≤ m ≤ r − 1, is any set {π_1, π_2, . . . , π_k} of k(≠ 0) totally singular m-spaces of S such that no generator containing π_i has a point in common with (π_1 ∪ π_2 ∪ . . . ∪ π_k) \ π_i, i = 1, 2, . . . , k. Note that a partial 0-system is a k-cap, while a partial (r −1)-system, a set of generators that are pairwise disjoint, is called a partial spread.

Theorem 6.1 ([46]) Let M be a partial m-system of the finite classical polar space S, then

for S = W_n(q), |M| ≤ q^{(n+1)/2} + 1, for S = Q(2n, q), |M| ≤ q^n + 1, for S = Q^+(2n + 1, q), |M| ≤ q^n + 1, for S = Q^−(2n + 1, q), |M| ≤ q^{n+1} + 1, for S = H(2n, q^2), |M| ≤ q^{2n+1} + 1, for S = H(2n + 1, q^2), |M| ≤ q^{2n+1} + 1.

If for |M| the upper bound is reached, which is by the way independent of m, then M is called an m-system of S. A 0-system is called an ovoid of S, while an (r − 1)-system is called a spread.

Example

Every spread of the generalized hexagon H(q) is a 1-system of the quadric Q(6, q).

We will restrict for the sequel to constructions of ovoids and spreads, for more details on m-systems we refer to [46] and [47].

7 Spreads of polar spaces

7.1 Spreads of symplectic polar spaces

Definition

A t-spread of PG(n, q) with 1 ≤ t < n is a set of t-dimensional subspaces of PG(n, q) that partition the point set of PG(n, q).

Theorem 7.1 A spread of W_n(q) is a t-spread of PG(n, q), n = 2t + 1.

Proof. A spread of W_n(q) is a set of^{n−1}_2 -dimensional totally isotropic subspaces, which indeed partition the point set of PG(n, q).

Definition

Assume that π_0, π_1, . . . , π_t are (^{n−t}_{t+1} )-dimensional spaces of PG(n, q^{t+1}) generating the whole space and such that they are conjugated w.r.t. the extension GF(q^{t+1}) of GF(q). Assume that x_0 is a point of π_0 and that x_1, x_2, . . . , x_t are the conjugate points of x_0. These t + 1 points generate a t-dimensional space. The intersection of PG(t, q^{t+1}) and PG(n, q) is a t-dimensional space PG(t, q). The set {π_0, π_1, . . . , π_t} defines a set Φ of

q^{n+1}−1 q^{t+1}−1 t-dimensional subspaces PG(t, q) of PG(n, q), partitioning the point

set of PG(n, q), hence Φ is a spread and is called a regular t-spread of PG(n, q).

A t-regulus in PG(2t + 1, q) is a set R of q + 1 mutually skew t-dimensional subspaces satisfying the following property.

Every line L of PG(2t + 1, q) intersecting 3 elements of R, intersects all elements of R.

Theorem 7.2 ([7]) If q > 2, then a t-spread Φ is regular if it satisfies the following property.

As soon as three elements of a t-regulus are elements of Φ, then all elements of the t-regulus are elements of Φ.

Remark

For an overview of existence of t-spreads in PG(2t+1, q), we refer to e.g. [59]. For a proof of the following theorem we refer for instance to [52].

Theorem 7.3 The polar space W_n(q) contains always a spread which is a regular^{n−1}_2 - spread of PG(n, q).

Proof. Let t =^{n−1}_2 and let C = {π_1, π_2, π_3, . . . , π_q n+1_{2 +1}} denote a regular spread of t-dimensional spaces of PG(n, q). As the spread is regular, there are exactly (t + 1) lines l_i, 1 ≤ i ≤ (t + 1) of PG(n, q^{t+1}) that are generating the space, are conjugate w.r.t. the (t + 1)-extension GF(q^{t+1}) of GF(q), and such that each line intersects each element of C. Hence there exists a collineation τ of order t+1 of PG(n, q^{t+1}) fixing each point of PG(n, q) and such that l^τ_i = l_{i+1}, 1 ≤ i ≤ t and l^τ_{t+1} = l_1. Denote by σ the symplectic polarity of PG(n, q) such that π_1, π_2, π_3, π_4 are absolute (t+1)-dimensional spaces. The extension of σ w.r.t. PG(n, q^{t+1}) will also be denoted by σ. Let π_i∩l_1 = x_i, 1 ≤ i ≤ 4. Hence l_1 contains the four points x_1, x_2, x_3, x_4. From x_1 ∈ π_1 = π^σ_1 it follows that π_1 ⊂ x^σ_1 . As l^σ_1 = x^σ_1 ∩ x^σ_2 , the space π_1 ∩ l^σ_1 = π_1 ∩ x^σ_1 ∩ x^σ_2 = π_1 ∩ x^σ_2 is a line K_1 of π_1. Using the same argument for π_2, π_3 and π_4 we can conclude that l^σ_1 is an (n − 2)-dimensional space that intersects each t-dimensional space π_i in a line K_i, 1 ≤ i ≤ 4. Note that K_1 = l^σ_1 ∩ π_1 = (l_1π_1)^σ because π^σ_1 = π_1. The space K^σ_1 = l_1π_1, hence (l_1 ∩ π_1) is an element of K^σ_1 . Assume that l_i ∩ π_1 is not an element of K_1, hence K^σ_1 is not in (l_i ∩ π_1)^σ. Then K_1 is a subspace of K^σ_1 not lying in (l_i ∩ π_1)^σ, which is a contradiction. Hence (l_i ∩ π_1) is an element of K_1. In the same way one can prove that (l_i ∩ π_j ) is an element of K_j, 1 ≤ i ≤ t + 1 and 1 ≤ j ≤ 4. Hence ⟨l_2, l_3, . . . , l_{t+1}⟩ ⊆ l^σ_1 from which it follows that l^σ_1 = ⟨l_2, l_3, . . . , l_{t+1}⟩. As (l^τ_1 )^σ = ⟨l^τ_2 , l^τ_3, . . . , l^τ_{t+1}⟩ one may conclude that l^σ_{i1} = ⟨l_{i2} , . . .l_{it+1} ⟩ with {i_1, i_2, . . . , i_{t+1}} = {1, 2, . . . , t + 1}. Let l_j ∩ π_i = x_{ij}, 1 ≤ j ≤ t + 1, 5 ≤ i ≤ q^{n+1}2 + 1. Then x^σ_{ij} = l^σ_j ∪ π^σ_i = ⟨l_1, l_2, . . . , l_{j−1}, l_{j+1}, π_i⟩. So x_{il} is a point of x^σ_{ij} with l ≠ j and 1 ≤ l ≤ t + 1. As σ is symplectic, x_{il} ∈ x^σ_{il}, hence x_{il} ∈ x^σ_{ij} , 1 ≤ l, j ≤ t + 1. We can conclude that (x_{i1} ∪ x_{i2} ∪ . . . ∪ x_{it+1} ) is a subset of (x^σ_{i1} ∪ x^σ_{i2} ∪ . . . ∪ x^σ_{it+1} ) hence that π_i ⊂ π^σ_i from which it follows that π_i , 1 ≤ i ≤ q^{n+1}2^{+1}, is absolute w.r.t. σ. �

Remark

Many other examples of spreads of W_n(q) are known. We refer for instance to [1, 22, 33, 38, 49].

7.2 Spreads of quadrics

7.2.1 Relations between spreads of quadrics Theorem 7.4

1. The quadric Q^+(4n + 1, q) has no spread.

2. The existence of spreads of Q^+(4n + 3, q), n ≥ 1, is equivalent with the existence of spreads of Q(4n + 2, q).

3. If Q(2n, q), n ≥ 3, has a spread, then Q^−(2n − 1, q) has a spread.

Proof. It is commonly known that the quadric Q^+(2m + 1, q) has two families Σ_1 and Σ_2 of maximal singular subspaces. Two maximal singular subspaces π and π^′ of Q^+(2m+1, q), will be of the same family iff dim(π∩π^′) has the same parity of m.

1. Assuming m = 2n, two maximal subspaces are disjoint iff they are in different families. This implies that no spread of the quadric Q^+(4n + 1, q) can exist.

2. Let Φ^+ be a spread of Q^+(4n + 3, q), n ≥ 1, and interect Q^+(4n + 3, q) with a hyperplane PG(4n + 2, q) of PG(4n + 3, q) which is not tangent to Q^+(4n + 3, q). Clearly the intersection of Φ^+ with PG(4n + 2, q) is a spread Φ of Q(4n+2, q) = Q^+(4n+3, q)∩PG(4n+2, q). Conversely let Φ be a spread of Q(4n + 2, q), n ≥ 1, and let Q(4n + 2, q) be embedded in the non-singular hyperbolic quadric Q^+(4n+3, q). The two families of maximal singular subspaces of Q^+(4n + 3, q) are denoted by Σ_1 and Σ_2. One easily shows that the elements of Σ_i containing the respective elements of Φ constitute a spread Φ^+ of Q^+(4n + 3, q).

3. Let Φ be a spread of Q(2n, q). Let π = PG(2n − 1, q) be a hyperplane intersecting the quadric Q(2n, q) in an elliptic quadric Q^−(2n − 1, q). Then Φ_π = Φ ∩ π is a spread of Q^−(2n − 1, q). �

Corollary If q is even then Q(2n, q) is isomorphic to W_{2n−1}(q) and hence has spreads, hence by the above theorem, Q^−(2n − 1, q), q even, and Q^+(4m + 3, q), (n = 2m) q even has spreads.

Remark The construction used in the above proof for constructing spreads of Q(4n+ 2, q) from spreads of Q^+(4n + 3, q), might yield non-isomorphic spreads, see 9.3, for more information.

Open problem The existence of spreads of Q^−(2m + 1, q), q odd, is still open. See section 7.2.3 for more information on spreads of Q^+(4m + 3, q), q odd.

7.2.2 Spreads of Q(2n, q).

By theorem 5.3 we may restrict to the case q is odd.

Theorem 7.5 ([58]) The polar space Q(4n, q), q odd and n ≥ 1 has no spread.

Proof. Let Φ be a spread of Q(4n, q), q odd and n ≥ 1. Let π = PG(4n−1, q) be an intersecting hyperplane of PG(4n, q), such that PG(4n−1, q)∩Q(4n, q) is a non-singular hyperbolic quadric Q^+(4n−1, q). Assume that Φ contains r maximal singular subspaces of Q^+(4n−1, q). We count in two different ways, the ordered pairs of the set V = {(x, π)‖x ∈ Q^+(4n − 1, q), x ∈ π, π ∈ Φ}. Given a point x_0 of Q^+(4n−1, q), there is a unique ordered pair (x_0, π) ∈ V , hence |V | = |Q^+(4n − 1, q)| =^{(q2n−1+1)(q2n−1)}_{q−1} . On the other hand, either π is one of the r maximal singular subspaces of Q^+(4n − 1, q), in which case it counts for^{q2n−1}_{q−1} points x, or is one of the q^{2n} + 1 − r elements of Φ intersecting Q^+(4n − 1, q) in the^{q2n−1−1}_{q−1} elements of a (2n − 2)-dimensional subspace. Hence

|V | = r (q2n − 1 q − 1 ) + (q^{2n} + 1 − r) q^{2n−1} − 1 q − 1 = (q^{2n−1} + 1)(q^{2n} − 1) q − 1 . From which it follows that r = 2.

The two spaces π_1 en π_2 are elements of the same family of maximal singular subspaces of Q^+(4n − 1, q). Assume that π_0 is an element of Φ and that ξ is a maximal singular subspace of Q(4n, q) intersecting π_0 in a (2n − 2)- dimensional space. The elements of Φ\{π_0} having a non-empty intersection with ξ, have exactly one point in common with ξ. The number of points in ξ \ (ξ ∩ π_0) is^{q2n−q2n−1}_{q−1} = q^{2n−1}. We denote the elements of Φ intersecting ξ in one point with π_1, . . . , π_q2n−1. Let η be a third projective (2n − 1)- dimensional space of Q(4n, q) containing π_0 ∩ ξ. In the polar space Q(4n, q) there is no point of ξ \ π_0 collinear with a point of η \ π_0. Hence π_i ∩ η = ∅, i = 1, 2, . . . , q^{2n−1}. If we denote by γ_i the (4n − 1)-dimensional space generated by π_i and η, then γ_i ∩Q(4n, q) is a non-singular hyperbolic quadric Q^+_i (4n − 1, q), i = 1, 2, . . . , q^{2n−1}. In the first part of the proof we have shown that Q^+_i (4n − 1, q) contains two elements of Φ, one of them being π_i. Call the other one ρ_i. Note that π_i and ρ_i are members of the same family Σ of maximal singular subspaces of Q^+_i (4n−1, q). Clearly ξ is contained in Q^+_i and as (ξ ∩ π_i) is one point, one can conclude that ξ ∉ Σ. Hence ξ ∩ ρ_i ≠ ∅, i = 1, 2, . . . , q^{2n−1}. Consequently ρ_i ∈ { π_0, π_1, . . . , π_q2n−1 } \{π_i}. Since ξ∩η is contained in exactly two (2n − 1)-dimensional subspaces of Q^+_i (4n − 1, q), namely ξ and η, the space π_0 is not contained in Q^+_i (4n − 1, q). Hence ρ_i ≠ π_0. Now it is clear that the mapping θ : π_i → ρ_i, i = 1, 2, . . . , q^{2n−1} is an involution without fixed elements in the set { π_1, . . . , π_q2n−1 } . This contradicts q being odd. �

The special case Q(6; q)

From theorem 5.3, it follows that Q(6, q), q even has spreads. On the other hand, from 3.3 and 4.1, we know that for every ovoid O of the generalized hexagon H(q) (being also an ovoid of Q(6, q)) the set of planes {p^⊥‖p ∈ O} is a spread of Q(6, q). As H(q), has ovoids in the case q = 3^h, the quadric Q(6, q), has spreads for q = 3^h. As an ovoid of Q^+(7, q) yields by triality (see 4.1), a spread of Q^+(7, q), and hence by theorem 7.4 (2) a spread of Q(6, q), theorem 7.7 (1) yields all values for which spreads of Q(6, q) exist. We summarize the existence in the following theorem.

Theorem 7.6 The polar space Q(6, q) has a spread if q is even, if q is an odd prime, or if q ≡ 0 or 2 (mod 3).

Open problems

The existence of spreads of Q(4n + 2, q), n > 1 and q odd, is still open. So far there are no spreads known of the quadric Q(6, q), q odd and q ≡ 1 (mod 3).

7.2.3 Spreads of Q^+(4n + 3, q).

The quadric Q^+(7, q) is of course a special case here. As a consequence of the discussion on Q(6, q) given in the former section, we can summarize the results as given in part (1) of the next theorem, see also theorem 8.8 where references are given.

Theorem 7.7

(1) The quadric Q^+(7, q), has a spread if q is even, or q is an odd prime, or q ≡ 0 or 2 (mod 3).

(2) The quadric Q^+(4n + 3, q) has a spread if and only if Q(4n + 2, q) has a spread. Hence Q^+(4n + 3, q), q even, has always spreads.

Open problems

The existence of spreads of Q^+(4n + 3, q), q odd and n > 1 as well as the existence of ovoids of Q^+(7, q), with q odd, not a prime and q ≡ 1 (mod 3) are still open.

7.3 Spreads of Hermitian polar spaces

In 3.5 it has been remarked that H(3, q^2) and H(4, 4) have no spreads, while the existence is still open for H(4, q^2), q > 2. Although it is quite interesting to find spreads of Hermitian polar spaces, as can be seen in the following theorems, no spreads are known.

Theorem 7.8 If H(2n + 1, q^2), n ≥ 2, has a spread, then also H(2n, q^2) has a spread.

Proof. Let Φ be a spread of H(2n+1, q^2), n ≥ 2, and intersect H(2n+1, q^2) with a hyperplane PG(2n, q^2) of PG(2n + 1, q^2) which is not tangent to H(2n + 1, q^2). Then the intersection of Φ with π = PG(2n, q^2) is a spread Φ_π of H(2n, q^2) = π ∩ H(2n + 1, q^2). �

Theorem 7.9 ([58])

1. If H(2n, q^2) n ≥ 2, has a spread then also Q^−(4n + 1, q) has a spread.

2. If H(2n + 1, q^2), n ≥ 1, has a spread then also Q^+(4n + 3, q) has a spread.

Proof.

1. Consider the polar space Q^−(4n + 1, q), n ≥ 1. In the extension PG(4n + 1, q^2) of PG(4n + 1, q), the polar space Q^−(4n + 1, q) extends to the polar space Q^+(4n + 1, q^2). On Q^+(4n + 1, q^2) it is possible to choose a projective 2n-space π with π ∩ π = ∅, where π is conjugate to π w.r.t. the quadratic extension GF(q^2) of GF(q). The lines of Q^−(4n + 1, q) whose extensions intersect π and π form a line spread T^− of Q^−(4n+1, q). It can be shown that the points common to π and the extensions of the lines of T^− form a Hermitian variety H(2n, q^2) of π. Consider a spread Φ of H(2n, q^2), n ≥ 2. If ξ ∈ Φ, then the union of the lines of T^− whose extensions contain a point of ξ is a projective (2n − 1)-space, i.e. a generator on Q^−(4n + 1, q). It is clear that any two such generators are skew. Since |Φ| = q^{2n+1} + 1, the spaces ξ form a spread of Q^−(4n + 1, q).

2. Consider the polar space Q^+(4n + 3, q), n ≥ 0. In the extension PG(4n + 3, q^2) of PG(4n + 3, q), the polar space Q^+(4n + 3, q) extends to the polar space Q^+(4n+3, q^2). It can be shown that the polar space Q^+(4n + 3, q^2) contains a maximal singular subspace π with π ∩ π = ∅, where π is conjugate to π w.r.t. the quadratic extension GF(q^2) of GF(q). The lines of Q^+(4n + 3, q) whose extensions intersect π and π form a line spread T^+ of Q^+(4n+3, q). It can be shown that the points common to π and the extensions of the lines of T^+ form a Hermitian variety H(2n + 1, q^2) of π. The rest of the proof is similar to the proof of the first part. � An important non-existence theorem however is the following theorem.

Theorem 7.10 ([58]) The polar space H(2n + 1, q^2) has no spread.

Open problem

The existence of spreads in H(2n, q^2), n ≥ 2, and (n, q) ≠ (2, 2) is still open. Note that especially the case q is odd is tempting, as the existence of a spread of H(2n, q^2), q odd, would imply a solution (by theorem 7.9) of the open problem on the existence of spreads of Q^−(4n + 1, q), q odd.

Remark

P. Kleidman classified in an unpublished paper [36] all spreads of finite polar spaces admitting a 2-transitive group.

8 Ovoids of polar spaces

8.1 Ovoids of the symplectic polar space

The following lemma will be used in the proof of theorem 8.2.

Lemma 8.1 ([50]) If S_{m,q} is a point set of PG(m, q) such that each hyperplane intersects S_{m,q} in 1 or n, n > 1 points , and such that there is at least one hyperplane intersecting in 1 point, then S_{m,q} is either a line of PG(m, q) or m = 3 and S_{3,q} is an ovoid of PG(3, q).

Theorem 8.2 ([55]) The polar space W_n(q), n = 2t + 1 and t > 1 has no ovoid.

Proof. Assume that O is an ovoid of W_n(q), n > 3. We investigate the intersection of O with a hyperplane Π = PG(n − 1, q) of PG(n, q). Let σ be the symplectic polarity defining W_n(q), and let x = Π^σ.

Suppose that x ∈ O, and that y ∈ O ∩ Π, y ≠ x. A maximal totally isotropic subspace through x and y should intersect O in a unique point, a contradiction, hence |Π ∩ O| = 1.

Suppose that x ∉ O and let y be a point of O ∩ Π. A maximal isotropic subspace through x intersects O in a unique point, which is a point of x^σ. We count in two ways the ordered pairs of the set {(x, y)‖π is a maximal totally isotropic subspace in x^σ containing x and y, y ∈ π∩O}. Fixing y, a maximal totally isotropic subspace through x and y is contained in (xy)^σ, being an (n − 2)-dimensional subspace intersecting W_n(q) in a cone with vertex the line xy projecting a polar space W_{n−4}(q). Each maximal totally isotropic subspace of W_{n−4}(q) union xy, is a maximal totally isotropic subspace of W_n(q). Hence the number of maximal totally isotropic subspaces through xy equals |Σ(W_{n−4}(q))| = (q + 1)(q^2 + 1) . . .(q^{n−3}2 + 1). We now fix π, x ∈ π. The space π defines exactly one point y of O. The hyperplane x^σ intersects W_n(q) in a cone with vertex x projecting W_{n−2}(q). The maximal isotropic subspaces of W_{n−2}(q) together with x define the maximal isotropic subspaces of W_n(q). Hence through x there are |Σ(W_{n−2}(q))| = (1 + q)(1 + q^2) . . .(q^{n−1}2 + 1) maximal totally isotropic subspaces. Hence |Σ(W_{n−2}(q))| = |Π ∩ O|.|Σ(W_{n−4}(q))|, or |Π ∩ O| = q^{n−12} + 1.

We may conclude that |Π ∩ O| ∈ {1, q^{n−1}2 + 1}. By lemma 8.1 n = 3, a contradiction. �

8.2 Ovoids of quadrics

In 4.1 it has been proved that every ovoid of the classical generalized hexagon H(q) is also an ovoid of Q(6, q) (and conversely) and we have seen that ovoids of H(q) exist for q = 3^h. For general odd values of q the following theorem is known.

Theorem 8.3 ([39]) If every ovoid of Q(4, q), q ≠ 3 and q odd, is an elliptic quadric, then Q(6, q) has no ovoids.

Corollary

The polar spaces Q(6, 5) and Q(6, 7) have no ovoids.

Open problem

If q is odd and q ≠ 5, 7, 3^h then no ovoids of Q(6, q) are known to exist.

Theorem 8.4 ([58])

1. If the polar space Q(2n, q), n ≥ 3, has ovoids then the polar space Q(2n − 2, q) has also ovoids.

2. If the polar space Q^−(2n + 1, q), n ≥ 3, has ovoids then Q^−(2n − 1, q) has also ovoids.

3. If the polar space Q^+(2n + 1, q), n ≥ 2, has ovoids then Q^+(2n − 1, q) has also ovoids.

Proof. We only prove here the first assertion. Assume that O is an ovoid of Q(2n, q), n ≥ 3. Let x be a point of Q(2n, q) \ O. Let σ be the polarity defining the quadric. The cone x^σ ∩ Q(2n, q) with vertex x projects a nonsingular quadric Q(2n−2, q). The projection O^′ of O ∩x^σ from x on Q(2n− 2, q) defines an ovoid of Q(2n−2, q). By construction no two points on O^′ are collinear. A maximal totally singular subspace of Q(2n − 2, q) together with x defines a maximal totally singular subspace of Q(2n, q), which contains exactly one point of O. Hence the projection contains exactly one point of O^′.

The 2 other assertions are proved in the same way. �

Theorem 8.5 ([24]) If n ≥ 4 then the polar space Q(2n, q), q odd has no ovoid.

Theorem 8.6 ([55]) The polar space Q^−(2n + 1, q) with n > 1 has no ovoid.

Theorem 8.7 The polar space Q^+(5, q) has ovoids.

Proof. Let S be a spread of PG(3, q) and let π be a plane of PG(3, q). It is clear that π contains at most one line of S. As the number of planes containing a line of S equals |S|.(q + 1) = q^3 + q^2 + q + 1, which is the total number of planes, we can conclude that π contains exactly one line of S. Let O be the subset of points of Q^+(5, q), being the elements under the

Klein correspondence of elements of S. One easily proves that each plane of Q^+(5, q) intersects O in exactly one point, hence that O is an ovoid of Q^+(5, q). �

Theorem 8.8 The polar space Q^+(7, q) has an ovoid if q is even, or q is an odd prime, or q ≡ 0 or 2 (mod 3).

Remark

Because of triality, this theorem is the same as theorem 7.7 (1). Up to isomorphism there is exactly one ovoid (and hence one spread) of Q^+(7, 2) [33] and Q^+(7, 3) [41]. A sporadic ovoid of Q^+(7, 5) has been constructed in [15], while one of Q^+(7, 7) was constructed in [44]. For constructions of ovoids for the other values of q we refer to [33, 32, 31, 53]. If p is an odd prime, the existence of ovoids in Q^+(7, p) was proved in [14].

Theorem 8.9

1. The polar space Q^+(2n + 1, 2), n ≥ 4, has no ovoid [33].

2. The polar space Q^+(2n + 1, 3), n ≥ 4, has no ovoid [45].

3. The polar space Q^+(2n + 1, q), q = p^h, has no ovoid if p^n > (_{2n+p} p−1 ) [6].

Corollary

If n ≥ 4 then Q^+(2n + 1, q), q = p^h, has no ovoid if p = 2 or 3. If n ≥ 5 then Q^+(2n + 1, q), q = p^h, has no ovoid if p = 5 or 7.

8.3 Ovoids of Hermitian polar spaces Theorem 8.10 ([55]) The polar space H(2n, q^2) n ≥ 2, has no ovoid.

Theorem 8.11 ([58])

1. If the polar space H(2n + 1, q^2), n ≥ 2, has an ovoid then H(2n − 1, q^2) has an ovoid.

2. If the polar space Q^−(4n + 1, q), n ≥ 2 has an ovoid then H(2n, q^2) has an ovoid.

3. If the polar space Q^+(4n + 3, q), n ≥ 1 has an ovoid then H(2n + 1, q^2) has an ovoid.

Open problem

The existence of ovoids in H(2n + 1, q^2) for n > 1 is still open.

Remark

In [35], Kleidman classifies all ovoids of polar spaces admitting a 2-transitive group.

9 Applications

9.1 Designs arriving from ovoids and spreads

Let Φ be a spread of the polar space Q(2n, q). The line set of Q is denoted by L, and the set of all elements of L belonging to an element of Φ is denoted by L^∗. Then the incidence structure D = (P, B, I) is defined as follows: P = Φ, B = L \ L^∗; if PG(n − 1, q) ∈ Φ and L ∈ L \ L^∗, then PG(n − 1, q) I L iff PG(n−1, q)∩L ≠ ∅. One easily proves that D is a 3−(q^n+1, q+1,^{qn−1−1}_{q−1} ) design.

If n = 3 then D is a 3−(q^3 +1, q+1, q+1) design. In this case another design can be constructed as follows. Let us denote the set of all totally singular planes by Ω^∗. Then the incidence structure D^′ = (P^′, B^′, I^′) is defined as follows: P^′ = Φ, B = Ω^∗ \ Φ. If π ∈ Φ and π^′ ∈ Ω^∗ \ Φ, then π I^′ π^′ iff π ∩ π^′ ≠ ∅. One easily proves that D^′ is a 3 − (q^3 + 1, q^2 + 1, (q + 1)(q^2 − 1)) design.

Let Q^+(4n+3, q) be a non-singular hyperbolic quadric of PG(4n+3, q) and let Φ be a spread of Q^+(4n+3, q). The set of all lines on Q^+(4n+3, q) is denoted by L, and the set of all elements of L belonging to an element of Φ is denoted by L^∗. Then D = (P, B, I) is defined as follows: P = Φ, B = L \ L^∗; if PG(2n+1, q) ∈ Φ and L ∈ L\L^∗, then PG(2n+1, q) I L iff PG(2n+1, q)∩L ≠ ∅. One easily proves that D is a 3 − (q^{2n+1} + 1, q + 1,^{q2n+2−1}_{q−1} ) design. Let O be an ovoid of Q^+(4n + 3, q). Define D = (P, B, I) as follows: P = O, B = Q^+(4n + 3, q) \ O; if x ∈ O and y ∈ Q^+(4n + 3, q) \ O, then x I y iff xy is a line of Q^+(4n + 3, q). One easily proves that D is a 3 − (q^{2n+1} + 1, q^{2n} + 1,^{q4n−1}_{q−1} ) design.

9.2 Codes and spreads

A (simple) graph Γ is called distance regular iff the number of vertices at distance i from x and distance j from y is only dependent of the distance d(x, y) of x and y. For a positive integer e, a perfect e code is a nonempty subset C of the vertex set with the property that any vertex lies at distance at most e from a unique vertex in C.

In [12], [52] and [54] the following infinite classes of perfect 1-codes in distance regular graphs were constructed.

Consider the polar space W_5(q). Define a graph Γ(W_5(q)) with vertex set, the set of all maximal totally isotropic subspaces, and π ∼ π^′ iff π ∩ π^′ is a line. One can prove that Γ(W_5(q)) is a distance regular graph and a perfect

1-code is the same thing as a spread of W_5(q). Hence for any q, q a prime power, there arises perfect 1-codes.

Next, consider the polar space Q(6, q). Define a graph Γ(Q(6, q)) with vertex set the set of all maximal totally singular spaces on Q(6, q), and π ∼ π^′ iff π∩π^′ is a line. One can prove that Γ(Q(6, q)) is a distance regular graph and a perfect 1-code is the same thing as a spread of Q(6, q), hence for any prime power q, q ≢ 1 (mod 3), there arises a perfect code. Note that Γ(W_5(q)) and Γ(Q(6, q)) have the same parameters, but are isomorphic iff q is even. Finally remark that the point graph Γ(H(q)) of the generalized hexagon H(q) is a distance regular subgraph of the graph of Γ(Q(6, q)) and that an ovoid of H(q) yields a perfect 1-code of Γ(H(q)) as well as of Γ(Q(6, q)).

9.3 Ovoids, spreads and translation planes

Let Φ be a spread of W_{2m−1}(q), then Φ is also a spread of PG(2m − 1, q) (see theorem 7.1). Hence by the Bruck-Bose construction (see page 1 in the chapter on unitals for the case m = 2), there corresponds a translation plane Π(Φ) of order q^m with Φ. Now, let q be even, q = 2^h, and consider a spread Φ^′ of Q(2m, q). If we project Φ^′ from the nucleus of Q onto a PG(2m − 1, q) not containing x, then there arises a spread Φ^′ of some W_{2m−1}(q). Moreover, every spread of W_{2m−1}(q), q even, can be obtained in such a way. Let Φ be a spread of W_{4n+1}(q), q even, and let Φ^′ be the corresponding spread of Q(4n + 2, q). Embed Q in a hyperbolic quadric Q^+(4n + 3, q) of PG(4n + 3, q), and consider all elements of one family of maximal singular subspaces, which are (2n + 1)-spaces, of Q^+(4n + 3, q) which contain an element of Φ^′. Then there arises a spread Φ^{′′} of Q^+(4n + 3, q). Now we intersect Φ^{′′} with a hyperplane π = PG(4n + 2, q) of PG(4n + 3, q), which yields a spread Φ^′_π of Q_π(4n + 2, q) = Q^+(4n + 3, q) ∩ π. By projection of Φ^′_π from the nucleus of Q_π(4n + 2, q), there arises a spread Φ_π of the polar space W_{4n+1}(q). It is proved by Kantor [34] that Φ_π depends on the choice of π and that Φ_π is not necessarily isomorphic to Φ. Hence, one spread Φ of W_{4n+1}(q), yields a lot of spreads Φ_π of W_{4n+1}(q). The spreads Φ_π as well as the planes Π(Φ_π) are called by Kantor, the cousins of Φ and Π(Φ). If Φ is the regular 2n-spread of PG(4n+1, q), q even and (n, q) ≠ (1, 2) then Π(Φ) is the Desarguesian affine plane AG(2, q^{2n+1}). It is proved by Kantor [34] that all cousins of Φ are not regular, moreover he proves that this construction yields at least^{q−1}_h + 1, pairwise non-isomorphic non-Desarguesian cousins of AG(2, q^{2n+1}).

An ovoid of Q^+(7, q) yields also an ovoid of the Klein quadric Q^+(5, q) (see theorem 8.4), and hence a line spread of PG(3, q), which in turn yields by the Bruck-Bose construction a translation plane of order q^2. By the triality an ovoid of Q^+(7, q) yields also a spread, and hence when q is even, it yields by the above construction, translation planes of order q^3. For a discussion on translation planes and ovoids of quadrics we refer to [30].

9.4 Kerdock sets and spreads

Let G be the group of all non-singular skew symmetric 2n × 2n matrices with zero diagonal over GF(q). A Kerdock set is a subset K of G consisting of q^{2n−1} matrices such that the difference of any two of them is non-singular. Kerdock sets are used to construct non-linear error-correcting codes. Kantor [32], [31] proves that the existence of a spread of Q^+(4n − 1, q) is equivalent to the existence of a Kerdock set. Actually the uniqueness of the spread of Q^+(7, 3) was proved by Patterson [41] using Kerdock sets.

9.5 Spreads and maximal arcs

In a finite projective plane π of order q (not necessarily Desarguesian) each set K(≠ ∅) of k points can be seen as a {k; d}-arc, where d(≠ 0) is the maximum number of points of K on a line of the plane. Given q and d, then k ≤ (q + 1)(d − 1) + 1. If equality holds the set K is called a maximal arc of degree d. Equivalently such an arc K can be defined as a non-empty set of points in the plane, such that any line intersects K in 0 or d points. If d = 1, then of course K is a point, if d = q then K is an affine plane of order q obtained by deleting a line L of π. If K is a maximal arc of degree d, d ≤ q, then one easily shows that K = {lines L of π such that L∩K = ∅} is a {q(q −d+1)/d; q/d}-arc, i.e. a maximal arc of degree q/d, in the dual projective plane π. Hence, if π is Desarguesian then a maximal arc of degree d, d ≤ q, yields one of degree q/d. In [3] (see also [2]) it is proved that a Desarguesian plane of odd order q cannot contain a maximal arc of degree 1 < d < q. This result generalizes an old result of Cossu [16] who proved that PG(2, 9) has no {21; 3}-arc, and of Thas [51] who proved the nonexistence of maximal arcs of degree 3 in Desarguesian projective planes of order q = 3^h(h > 1). By computer Denniston has proved that none of the 3 non-Desarguesian planes of order 9 has a maximal arc of degree 3. Desarguesian planes of order q = 2^h do have maximal arcs of degree d for any divisor d of q. One of the constructions goes back to Denniston [21]. The following construction using spreads is taken from [53]. Let Q^−(2n − 1, q), n ≥ 2 be an elliptic quadric, and let Φ^− be a spread of Q^−(2n − 1, q), hence it consists of q^n + 1 (n − 2)-dimensional spaces which partition the point set of Q^−(2n − 1, q). Let Φ = {π_1, . . . , π_qn_{+1}} be an (n − 1)-spread of PG(2n−1, q), such that {π_1∩Q^− (2n−1, q), π_2∩Q^− (2n−1, q), π_qn_{+1}∩Q^−(2n− 1, q)} = Φ^−. Embed PG(2n − 1, q) as a hyperplane Π_∞ in PG(2n, q) = Π and consider a point x of Π \ Π_∞. Then it is proved that the set K = {∩xy‖y ∈ Q^−(2n − 1, q)} \ Q^−(2n − 1, q) is a maximal arc of degree q^{n−1} in the projective plane of order q^n defined by Φ. The construction is also valid if n = 2 and replacing Φ^− by the points of an ovoid. If q is odd, then a pair {Φ^−, Φ} with the above property does not exist [5]. If q is even, a spread Φ^∗ of the quadric Q(2n, q) will yield a pair {Φ^−, Φ} with the above property. The spread Φ^− is constructed as explained in theorem 7.4, while the spread Φ is the symplectic spread obtained by projecting down from the nucleus. We remark that this construction has recently been generalized [26], by using m-systems.

9.6 Partial and semipartial geometries and spreads

A (finite) partial geometry pg(s, t, α) is a partial linear space S = (P, L, I) of order (s, t) such that for all anti-flags (x, L) the incidence number α(x, L) is a constant α(≠ 0). The numbers s, t and α are called the parameters of S. Partial geometries arising from maximal arcs can be constructed. Moreover, spreads of the quadric Q^+(4n + 3, q) for q = 2, 3 yield partial geometries [18], [56], [17]. We refer to [19] for more details.

A semipartial geometry spg(s, t, α, μ) with parameters s, t, α, μ is a partial linear space S = (P, L, I) of order (s, t), such that for each anti-flag (x, L), the incidence number α(x, L) equals 0 or a constant α(> 0) and such that for any two points which are not collinear, there are μ (μ > 0) points collinear with both (μ-condition). Semipartial geometries were introduced in [20]. For an overview of theory and examples we refer to [19]. In [57] a construction method for semipartial geometries based on spreads of polar spaces is introduced. A spread Φ of Q^−(2m + 3, q) (m ≥ 0) yields a spg(q^{m+1} − 1, q^{m+2}, q^m, q^{m+1}(q^{m+1} − 1)). If m > 1, and q is even, then the quadric Q^−(2m + 3, q) has spreads, hence this yields semipartial geometries. A spread of H(n, q^2) would yield a semipartial geometry spg(q^n − 1, q^{n+1}, q^{n−1}, q^n(q^n − 1)).

References

[1] L. Bader, W. M. Kantor, and G. Lunardon. Symplectic spreads from twisted fields. Boll.-Un.-Mat.-Ital., A(7)(3):383–389, 1994.

[2] S. Ball and A. Blokhuis. An easier proof of the maximal arcs conjecture.

Preprint, 1995.

[3] S. Ball, A. Blokhuis, and F. Mazzocca. Maximal arcs in Desarguesian planes of odd order do not exist. Combinatorica, 17(1):31–41, 1997.

[4] I. Bloemen, J. A. Thas, and H. Van Maldeghem. Translation ovoids of generalized quadrangles and hexagons. To appear in Geom. Dedicata.

[5] A. Blokhuis, N. Hamilton, and H. Wilbrink. On the non-existence of Thas maximal arcs in odd order projective planes. Manuscript, 1997.

[6] A. Blokhuis and G. E. Moorhouse. Some p-ranks related to orthogonal spaces.

J. Algebraic Combin., 4(4):295–316, 1995.

[7] R. H. Bruck and R. C. Bose. Linear representations of projective planes in projective spaces. J. Algebra, 4:117–172, 1966.

[8] F. Buekenhout, editor. Handbook of Incidence Geometry, Buildings and Foundations. North-Holland, Amsterdam, 1995.

[9] F. Buekenhout and E. E. Shult. On the foundation of polar geometry. Geom.

Dedicata, 3:155–170, 1974.

[10] P. J. Cameron. Projective and Polar Spaces, volume 13 of QMW Maths Notes.

Queen Mary and Westfield College, University of London, 1992.

[11] P. J. Cameron. Ovoids in infinite incidence structures. Arch. Math., 62:189– 192, 1994.

[12] P. J. Cameron, J. A. Thas, and S. E. Payne. Polarities of generalized hexagons and perfect codes. Geom. Dedicata, 5:525–528, 1976.

[13] A. M. Cohen and J. Tits. On generalized hexagons and a near octagon whose lines have three points. European J. Combin., 6:13–27, 1985.

[14] J. H. Conway, P. B. Kleidman, and R. A. Wilson. New families of ovoids in O^+_8 . Geom. Dedicata, 26:157–170, 1988.

[15] B. N. Cooperstein. A sporadic ovoid in Ω^+(8, 5) and some non-Desarguesian translation planes of order 25. J. Combin. Theory Ser. A, 54(1):135–140, 1990.

[16] A. Cossu. Su alcune proprietà dei {k; n}–archi di un piano proiettivo sopra un corpo finito. Rend. Mat. Appl., 20:271–277, 1961.

[17] F. De Clerck. New partial geometries derived from old ones. Bull. Belg. Math.

Soc. – Simon Stevin, 5:255–263, 1998.

[18] F. De Clerck, R. H. Dye, and J. A. Thas. An infinite class of partial geometries associated with the hyperbolic quadric in PG(4n−1, 2). European J. Combin., 1:323–326, 1980.

[19] F. De Clerck and H. Van Maldeghem. Some classes of rank 2 geometries.

In F. Buekenhout, editor, Handbook of Incidence Geometry, Buildings and Foundations, chapter 10, pages 433–475. North-Holland, Amsterdam, 1995.

[20] I. Debroey and J. A. Thas. On semipartial geometries. J. Combin. Theory Ser. A, 25:242–250, 1978.

[21] R. H. F. Denniston. Some maximal arcs in finite projective planes. J. Combin.

Theory, 6:317–319, 1969.

[22] R. H. Dye. Partitions and their stabilizers for line complexes and quadrics.

Ann. Mat. Pura Appl. (4), 114:173–194, 1977.

[23] W. Feit and G. Higman. The non-existence of certain generalized polygons.

J. Algebra, 1:114–131, 1964.

[24] A. Gunawardena and G. E. Moorhouse. The non-existence of ovoids in O_9(q).

European J. Combin., 18(2):171–173, 1997.

[25] W. Haemers and C. Roos. An inequality for generalized hexagons. Geom.

Dedicata, 10:219–222, 1981.

[26] N. Hamilton and C. Quinn. Some new results concerning m-systems of polar spaces and maximal arcs. Talk at Workshop in Finite Geometry, Adelaide, 1998.

[27] D. G. Higman. Invariant relations, coherent configurations and generalized polygons. In M. Hall Jr. and J. H. van Lint, editors, Proceedings of the Advanced Study Institute on Combinatorics, Breukelen, volume 57 of Mathematical Centre Tracts, pages 27–43, Dordrecht, 1974. Reidel.

[28] J. W. P. Hirschfeld. Projective Geometries over Finite Fields. Clarendon Press, Oxford, 1979.

[29] D. R. Hughes and F. C. Piper. Projective Planes. Springer Verlag, Berlin, 1973.

[30] W. M. Kantor. Ovoids and translation planes. Canad. J. Math., 34:1195–1207, 1982.

[31] W. M. Kantor. Spreads, translation planes and Kerdock sets. I. SIAM J.

Algebraic Discrete Methods, 3:151–165, 1982.

[32] W. M. Kantor. Spreads, translation planes and Kerdock sets. II. SIAM J.

Algebraic Discrete Methods, 3:308–318, 1982.

[33] W. M. Kantor. Strongly regular graphs defined by spreads. Israel J. Math., 41:298–312, 1982.

[34] W. M. Kantor. Nondesarguesian planes, partial geometries, strongly regular graphs and codes arising from hyperbolic quadrics. Ann. Discrete Math., 18:511–518, 1983.

[35] P. B. Kleidman. The 2-transitive ovoids. J. Algebra, 117(1):117–135, 1988.

[36] P. B. Kleidman. The finite 2-transitive spreads and translation planes. Unpublished, 1988.

[37] C. W. H. Lam, G. Kolesova, and L. Thiel. A computer search for finite projective planes of order 9. Discrete Math., 92:187–195, 1991.

[38] H. Lüneburg. Die Suzukigruppen und ihre Geometrien. Lecture Notes in Mathematics, 10, 1965.

[39] C. M. O’Keefe and J. A. Thas. Ovoids of the quadric Q(2n, q), n ≥ 2. European J. Combin., 16:87–92, 1995.

[40] U. Ott. Eine Bemerkung über Polaritäten eines verallgemeinerten Hexagons.

Geom. Dedicata, 11:341–345, 1981.

[41] N. J. Patterson. A four-dimensional Kerdock set over GF(3). J. Combin.

Theory Ser. A, 20:365–366, 1976.

[42] S. E. Payne. Symmetric representations of nondegenerate generalized n-gons.

Proc. Amer. Math. Soc., 19:1321–1326, 1968.

[43] T. Penttila and B. Williams. Ovoids of parabolic spaces. To appear in Geom.

Dedicata.

[44] E. E. Shult. A sporadic ovoid in Ω^+(8, 7). Algebras, Groups and Geometries, 2:495–513, 1985.

[45] E. E. Shult. Nonexistence of ovoids in Ω^+(10, 3). J. Combin. Theory Ser. A, 51:250–257, 1989.

[46] E. E. Shult and J. A. Thas. m-systems of polar spaces. J. Combin. Theory Ser. A, 68(1):184–204, 1994.

[47] E. E. Shult and J. A. Thas. m-systems and partial m-systems of polar spaces.

Des. Codes Cryptogr., 8(1-2):229–238, 1996. Special issue dedicated to Hanfried Lenz.

[48] F. W. Stevenson. Projective Planes. W. H. Freeman and Company, San Francisco, 1972.

[49] J. A. Thas. Ovoidal translation planes. Arch. Math, 23:110–112, 1972.

[50] J. A. Thas. Construction of partial geometries. Simon Stevin, 46:95–98, 1973.

[51] J. A. Thas. Some results concerning {(q+1)(n−1); n}–arcs and {qn−q+n; n}– arcs in finite projective planes of order q. J. Combin. Theory Ser. A, 19:228– 232, 1975.

[52] J. A. Thas. Two infinite classes of perfect codes in metrically regular graphs.

J. Combin. Theory B, 23:236–238, 1977.

[53] J. A. Thas. Construction of maximal arcs and dual ovals in translation planes.

European J. Combin., 1:189–192, 1980.

[54] J. A. Thas. Polar spaces, generalized hexagons and perfect codes. J. Combin.

Theory A, 29:87–93, 1980.

[55] J. A. Thas. Ovoids and spreads of finite classical polar spaces. Geom. Dedicata, 10:135–144, 1981.

[56] J. A. Thas. Some results on quadrics and a new class of partial geometries.

Simon Stevin, 55:129–139, 1981.

[57] J. A. Thas. Semi-partial geometries and spreads of classical polar spaces. J.

Combin. Theory Ser. A, 35:58–66, 1983.

[58] J. A. Thas. Old and new results on spreads and ovoids of finite classical polar spaces. In Combinatorics ’90 (Gaeta, 1990), volume 52 of Ann. Discrete Math., pages 529–544. North-Holland, Amsterdam, 1992.

[59] J. A. Thas. Projective geometry over a finite field. In F. Buekenhout, editor, Handbook of Incidence Geometry, Buildings and Foundations, chapter 7, pages 295–348. North-Holland, Amsterdam, 1995.

[60] J. Tits. Sur la trialité et certains groupes qui s’en déduisent. Publ. Math.

IHES, 2:14–60, 1959.

[61] J. Tits. Buildings of Spherical Type and Finite BN-pairs, volume 386 of Lect.

Notes in Math. Springer Verlag, Berlin, 1974.

[62] J. Tits. Endliche Spiegelungsgruppen, die als Weylgruppen auftreten. Invent.

Math., 43:283–295, 1977.

[63] H. Van Maldeghem. Generalized Polygons. Birkhäuser-Verlag, Basel, to appear.

[64] F. D. Veldkamp. Polar geometry, I-V. Proc. Kon. Ned. Akad. Wet., A62;

A63:512–551; 207–212, 1959.