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1. SPECIAL ROLE OF 
INCOMPLETENESS. 
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The Incompleteness Phenomena 
has the greatest general 
intellectual interest 
(g.i.i.) in the foundations 
of mathematics (f.o.m.).  
 
1. First Incompleteness 
Theorem. Early 1930's. 
2. Second Incompleteness 
Theorem. Early 1930's. 
3. Consistency of axiom of 
choice and continuum 
hypothesis, relative to ZF. 
Late 1930's. 
4. Consistency of the 
negation of AxC, relative to 
ZF. Early 1960's. 
5. Consistency of the 
negation of the continuum 
hypothesis, relative to ZFC. 
Early 1960's. 
 



 3 

Mathematical logic is the 
mathematical investigation of 
the fundamental structures 
that arose in f.o.m. 
Mathematical logic mostly 
adheres to the technical 
development and technical 
elaboration of the fundamen-
tal f.o.m. structures. It is 
usefully divided into four 
areas, in alphabetical order: 
model theory, proof theory, 
recursion theory, set theory. 
 
Naturally, the technical 
development and elaboration 
of f.o.m. structures does not 
lead to g.i.i. Thus 1-5 has 
been followed by a long 
period of decline in g.i.i.  
 
However, there have been 
sporadic highlights.      
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These have been generally 
obtained through  
 
a return to original seminal 

issues from f.o.m. 
 
Such return is generally 
obtained by these processes, 
alone or in combination: 
 
a. Critical examination of 
relevance of structures being 
investigated.  
b. A refinement of the 
structures being mathematic-
ally investigated, in light 
of f.o.m. purposes. 
c. Formulation of new kinds 
of questions, and new kinds 
of results, about the exist-
ing or refined structures. 
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In this talk, I have only 
time to briefly discuss only 
some of the returning to 
f.o.m. issues that hold great 
promise for the future. Of 
these, concrete mathematical 
incompleteness is the most 
ambitious and challenging.  
 
2. PATHOLOGICAL OBJECTS. 
 
Pathological objects seem to 
play a far greater continuing 
role in mathematical logic 
than in any other area of 
mathematics. At least in any 
other respected area of 
mathematics, in the sense of 
being represented in major 
mathematics departments.  
 
But what is pathology? It is 
better to think of "natural 
descriptions" of objects.  
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Another way of making this 
point is that other areas of 
mathematics are largely 
driven by critical examples 
that are given by natural 
descriptions.  
 
The area of math logic that 
has the strongest focus on 
the pathological is clearly 
set theory. Already arbitrary 
sets of real numbers and 
arbitrary sets of countable 
ordinals are way off the 
charts when it comes to 
pathology.  
 
To get anywhere near the 
level of non pathology now 
customary in mathematics, we 
must go down to Borel 
measurable sets of real 
numbers (or in Polish 
spaces).  
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And even Borel measurability 
is at the outer limits. The 
first few levels of the Borel 
hierarchy is far more 
congenial then higher up.  
 
But even here, one should not 
overestimate just how 
reasonable the objects are 
from the viewpoint of the 
mathematics community. We 
arguably begin to depart from 
normal mathematical thinking 
when we consider arbitrary 
pointwise limits of 
continuous functions from ℜ 
to ℜ. These are the so called 
Baire class 1 functions. 
Baire class 2 = pointwise 
limits of Baire class 1, will 
generally cause considerable 
angst.  
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Descriptive set theory is the 
part of set theory that 
pretty much lives in the 
Borel measurable world. It 
has far more points of 
contact with the rest of 
mathematics than does the 
other parts of set theory. 
 
Given the special status of 
Incompleteness discussed in 
section 1, the following 
question becomes crucial: 
 
DOES INCOMPLETENESS RELY ON 
PATHOLOGICAL OBJECTS? IS 

THERE A STATEMENT INVOLVING 
NO PATHOLOGICAL OBJECTS WHICH 

IS INDEPENDENT OF ZFC? 
 
The investigation of this 
question is the great 
motivator of Concrete 
Mathematical Incompleteness. 
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Other areas of mathematical 
logic suffer from reliance on 
pathology, or lack of natural 
descriptions.  
 
In recursion theory, there 
has been a huge long term 
investigation of the Turing 
degrees and the r.e. sets, 
both of which came out of 
fundamental investigations in 
f.o.m.  
 
The r.e. sets that are not 
recursive and not complete, 
were extensively studied. To 
this day, no even remotely 
natural example of such has 
ever been given. In fact, it 
is generally believed that 
there are none, although no 
one has a reasonable 
formulation of such a result. 
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Similar remarks apply to the 
Turing degrees and more 
modern reducibility notions. 
 
In set theoretic model 
theory, essentially arbitrary 
structures are investigated 
mostly with the lens of 
predicate calculus. Although 
more presentable descriptions 
arise here than in set theory 
(outside descriptive set 
theory), the focus in set 
theoretic model theory is 
entirely away from structures 
of the kind the mathematical 
community is concerned with.  
 
The part of pure model theory 
that comes closest to being 
mathematically normal is 
countable model theory.  
But even here, this is at the 
outer fringes.  
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Finitely generated structures 
are much more mathematically 
attractive. 
 
On the other hand, various 
topics in applied model 
theory have been directly 
motivated by various areas of 
mathematics, and consequently 
do not rely on pathological 
objects.  
 
Mainstream proof theory does 
not rely on pathological 
objects. There are also 
topics in applied proof 
theory, again directly moti-
vated by considerations from 
various areas of mathematics, 
where pathological objects 
play no role.  
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Discussion of the pervasive 
reliance on pathological 
objects in mathematical logic 
has been taboo ever since the 
mathematical community 
disengaged from them in the 
second half of the 20th 
century.  
 
The general feeling in the 
logic community was that 
acknowledging this issue 
would be of incalculable 
damage, as so many celebrated 
results - including 
Incompleteness - would be 
severely affected.  
 
However, Concrete 
Mathematical Incompleteness 
and other developments point 
the way to a much more 
powerful and relevant form of 
mathematical logic.    
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3. RETURN TO F.O.M. ISSUES. 
 
A. Reverse Mathematics and 
Strict Reverse Mathematics.  
 
The first was founded by us 
in the late 60's and early 
70's, and is now generally 
accepted by the recursion 
theory community. The tech-
niques used are predominantly 
from recursion theory, with 
some techniques used from 
proof theory, and a little 
bit from general model theory 
and from set theory.  
 
RM and SRM were invented by a 
reexamination of the role of 
formal systems generally, and 
some particular formal 
systems from f.o.m., 
specifically.  
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B. Proof Theoretic 
Incompleteness.  
 
This is the use of ordinal 
notations for Incompleteness. 
This started with Gentzen. It 
was applied to combinatorics 
by us, to Kruskal's theorem, 
Higman's theorem, and the 
graph minor theorem.  
 
It was integrated with phase 
transitions and combinatorial 
analysis by Weierman and 
others.    
 
C. Interpretation Theory. The 
foundationally crucial notion 
of interpretations between 
theories is investigated with 
foundational purpose. 
Initiated with Tarski. 
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Major impetus with our 
theorem that essentially 
establishes an equivalence 
between relative consistency 
and interpretability. Joint 
book with Visser is planned.  
 
D. Concrete Mathematical 
Incompleteness. This project 
grows out of the realization 
that pathological objects 
play an essential role in 
current work in set theory 
(outside descriptive set 
theory). This can be traced 
to the work on Borel 
Determinacy (H. Friedman and 
D.A. Martin).  
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E. Tame Model Theory. 
Surprisingly fruitful 
conditions are placed on the 
definable sets in one 
dimension. E.g., 0-minimal, 
minimal, strongly minimal 
structures. Van den Dries, 
Pillay, Steinhorn, Baldwin, 
Lachlan, and others.  
 
F. Applied Proof Theory. Use 
of proof theory to obtain 
uniformities and estimates in 
a uniform way using proof 
theory arising in f.o.m., 
such as cut elimination and 
Gödel's Dialectica 
Interpretation. Kreisel, 
Kohlenbach.   
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4. CURRENT STATE OF CONCRETE 
MATHEMATIAL INCOMPLETENESS. 
 
The examples are quite 
simple, easy to understand, 
and well motivated.  
 
They will get somewhat more 
simple, somewhat easier to 
understand, and somewhat more 
well motivated over the next 
year. 
 
As we shall see today, I am 
in the middle of some 
substantial advances of this 
kind. 
 
After that, the next big step 
will be for the examples to 
make the jump to at least a 
few standard mathematical 
contexts that are in broad 
use.                       
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For this, I have to 
incorporate standard 
mathematical structure, 
rather than have statements 
that employ virtually no 
structure - as they do now. 
 
I have been in pretty regular 
contact with some of the most 
well known stars of the 
mathematics community. Fields 
medalists or equivalent. 
E.g.,  
 
Connes, Conway, Fefferman, 
Furstenburg, Gromov, Manin, 
Mazur, Mumford, Nelson. 
  
Generally speaking, the work 
is accessible enough to have 
extended one on one conversa-
tions with these people - 
they are not logicians.  
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There is an interesting 
phenomenon. These top 
luminaries definitely think 
of mathematics as something 
much broader than what they 
happen to do, or even what 
the entire math community has 
done. Thus they evaluate what 
I am doing in a much more 
broader way than just how 
closely it fits into existing 
mathematics. This kind of 
attitude is very favorable 
for what I am trying to do.  
 
However, very strong 
mathematicians below this 
level generally don't take 
this open minded point of 
view. They often think that 
good mathematics, or 
important mathematics, is 
determined by what the top 
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luminaries do - even if the 
top luminaries disagree! 
 
Ultimately, issues concerning 
naturalness and relevance 
will recede in importance as 
Incompleteness is shown to be 
present anywhere there is 
substantial structure. 
 
5. SUM BASE TOWERS. 
 
Sum base towers are rather 
easy to define and have the 
look and feel of being 
combinatorially fundamental.  
 
In my 48 page abstract 
http://www.math.osu.edu/~frie
dman.8/manuscripts.html #77, 
I give the definition early, 
but I also give it slowly 
with motivation.  
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It makes sense to either give 
the definition right away and 
let it speak for itself, or 
define the notions 
 
a. Base for R ⊆ Z+k. 
b. Sum base for R ⊆ Z+k. 
c. Sum base pair for R ⊆ Z+k. 
d. Sum base tower for R ⊆ Z+k. 
 
Each of these definitions 
gives rise to a substantial 
theory, generally requiring 
imaginative uses of the 
infinite Ramsey theorem. In 
the case of d, much of the 
theory cannot be done without 
large cardinals - either 
using the consistency or the 
1-consistency of large 
cardinals.  
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More specifically,  
 
a. Base for R ⊆ Z+k. These are 
unique, and there is the 
challenge of calculating them 
for simple R. There are 
algorithmic decidability 
results and issues.  
 
b. Sum base for R ⊆ Z+k. These 
are not unique, and there are 
the unique rich and poor sum 
bases. See a. 
 
c. Sum base pair for R ⊆ Z+k. 
Substantial list of theorems 
using various Ramsey 
arguments.  
 
d. Sum base tower for R ⊆ Z+k.  
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The results for sum base 
pairs extend to sum base 
towers, but require large 
cardinals.  
 
I present the definition and 
see what it does for you.  
 
DEFINITION 5.1. Let R ⊆ Z+k. 
We say n is R related to m1, 
...,mk-1 iff R(n,m1,...,mk-1).  
 
DEFINITION 5.2. Let R ⊆ Z+k. A 
sum base tower for R is a 
finite or infinite sequence 
of sets A1 ⊆ A2 ⊆ ... ⊆ Z+ 
such that the following 
holds.  
i. 1 ∈ A1. 
ii. For all n ∈ Ai,+ Ai, 
either n ∈ Ai+1 or n is R 
related to some m1,...,mk-1 < n 
from Ai+1, but not both.  
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Here is a sample independent 
statement. 
 
PROPOSITION 5.3. Every R ⊆ Z+k 
has sum base towers of every 
finite length that start with 
an infinite set of odd 
integers.  
 
Now for the slow treatment. 
 
DEFINITION 5.3. S is a base 
for R ⊆ Z+k if and only if for 
all n ∈ Z+, either n ∈ S or n 
is R related to some m1,...,mk-
1 < n from S, but not both. 
 
DEFINITION 5.4. S is a sum 
base for R ⊆ Z+k if and only 
if for all n ∈ S+S, either n 
∈ S or n is R related to some 
m1,...,mk-1 < n from S, but not 
both. 
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DEFINITION 5.5. A,B is a sum 
base pair for R ⊆ Z+k iff  
i. A ⊆ B ⊆ Z+. 
ii. For all n ∈ A+A, either n 
∈ B or n is R related to some 
m1,...,mk-1 < n from B, but not 
both.  
 
Here is Proposition 5.3 for 
sum base pairs.  
 
THEOREM 5.4. Every R ⊆ Z+k has 
a sum base pair starting with 
an infinite set of odd 
integers.  
 
THEOREM 5.5. Every R ⊆ Z+k has 
a unique base, which may be 
finite. Every R ⊆ Z+k has a 
sum base, which may be 
finite, and may be unique. 
Every R ⊆ Z+k has an infinite 
sum base.  
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Let us return to the sample 
independent statement. 
 
PROPOSITION 5.3. Every R ⊆ Z+k 
has sum base towers of every 
finite length that start with 
an infinite set of odd 
integers.  
 
THEOREM 5.6. Proposition 5.3 
is provably equivalent to 1-
Con(SMAH) over ACA'.  
 
What if R is tame? We can 
take R to be integral piece-
wise linear, or more general-
ly, R to be Presburger. The 
results are the same.  
 
PROPOSITION 5.7. Every tame R 
⊆ Z+k has sum base towers of 
every finite length that 
start with an infinite 
geometric progression.  
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THEOREM 5.8. Proposition 5.7 
is provably equivalent to 
Con(SMAH) over RCA0.  
 
Explicitly Π0

1 form?  
 
PROPOSITION 5.9. Let R ⊆ Z+k 
be tame and r,n >> R,t. R has 
a sum base tower of length t 
starting with 1,r,r2,...,rn. 
The >> can be replaced by an 
exponential type expression 
in t and the integers used to 
present R.  
 
THEOREM 5.10. Proposition 5.9 
is provably equivalent to 
Con(SRP). 
 
Something interesting happens 
if we redo everything with p-
ary sums instead of binary 
sums, where p is a variable. 
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The full logical strength is 
achieved using only sum base 
towers of length 3.  
 
To prove the statements for 
tame R, we use the free 
Abelian semigroup generated 
by a well ordered set of 
generators of type a large 
cardinal. This semigroup is 
well ordered. Build the 
unique transfinite base. Then 
build the finite length 
towers like a Skolem hull 
argument. Using the Ramsey 
combinatorics of Mahlo car-
dinals of finite order, we 
get that the generators 
involved have type ω, and the 
length of terms and coeffic-
ients are bounded. Then we 
can push the finite tower 
back into ω with the usual +.  
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Some more delicate reasoning 
is needed in order to get 
exponential type estimates 
for tame R.   
 
For general R, first one has 
to prepare before lifting to 
this semigroup. The preparat-
ion involves applying the 
usual infinite Ramsey theorem 
in an iterative way. This is 
similar to the proof of the 
main BRT statement. For 
general R, we do not have 
exponential type estimates. 
There are explicitly Π0

2 
forms, exhibiting high growth 
rates.   
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6. A PROPOSED SIMPLIFICATION. 
CONSTANCY TOWERS FOR F. 
 
In preparing this talk, it 
occurred to me that I have 
not properly investigated a 
substantial simplification.  
 
DEFINITION 6.1. Let F:Nk → N. 
A constancy tower for F is S1 
⊆ ... ⊆ St ⊆ N such that  
i. F is constant on Stk. 
ii. For all n ∈ (Si + Si)\Si+1, 
F is not constant on (Si+1 ∪ 
{x})k. 
 
Note that ii represents a 
kind of maximality.  
 
PROPOSITION 6.1. Every F:Nk → 
N has constancy towers of 
every finite length starting 
with an infinite set of odd 
integers.  
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PROPOSITION 6.2. Every tame 
F:Nk → N has constancy towers 
of every finite length 
starting with an infinite 
geometric progression.  
 
PROPOSITION 6.3. Every tame 
F:Nk → N has a finite 
constancy tower of length t 
starting with any given 
finite geometric progression 
whose ratio is sufficiently 
large relative to R,t.  
 
I think that the first is 
provably equivalent to 1-
Con(SMAH), and the second and 
third are provably equivalent 
to Con(SMAH). This does need 
to be worked out.  
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7. PURELY UNIVERSAL SENTENCES 
(INFINITE). 
 
This development is not in 
the 48 page abstract, as it 
is farther away from computer 
investigations than any 
material there, and use 
logical notions - however 
elementary. Nevertheless, it 
is particularly friendly for 
logicians, and we will see 
that it also can be 
reformulated in more or less 
equivalent forms for the 
general mathematical 
community. 
 
We first work exclusively 
with structures of the form M 
= (Q,<,R), where R ⊆ Qk, and < 
is the usual ordering on Q. 
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INFORMAL. Let ϕ be a 
universal sentence in < and a 
k-ary relation symbol. There 
exists R ⊆ Qk, inclusion 
maximal among the R ⊆ Qk with 
(Q,<,R) satisfying T, such 
that the nonnegative integers 
are "indiscernibles for R". 
 
What kind of indiscernibility 
can we demand?  
 
DEFINITION 7.1. Let x,y ∈ Qk. 
We say that x,y are *-related 
if and only if x,y are order 
equivalent, and there exists 
m ∈ N such that the following 
holds.  
i. The coordinates of x,y 
that are < m, are in the same 
positions and are equal, 
position by position. 
ii. The coordinates of x,y 
that are ≥ m are all in N.  
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PROPOSITION 7.1. Let ϕ be a 
universal sentence in < and a 
k-ary relation symbol. There 
exists R ⊆ Qk, inclusion 
maximal among the R ⊆ Qk with 
(Q,<,R) satisfying T, such 
that if x,y ∈ Nk are *-related 
then x ∈ R ↔ y ∈ R.  
 
THEOREM 7.2. Proposition 7.1 
is provably equivalent to 
Con(SRP) over WKL0. This is 
true even for finite T.  
 
In the appropriate sense, *-
related is the strongest 
equivalence relation that we 
can use for Proposition 7.1.  
 
Here is a weak form of 
Proposition 7.1. 
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PROPOSITION 7.3. Let ϕ be a 
universal sentence in < and a 
k-ary relation symbol. There 
exists R ⊆ Qk, inclusion 
maximal among the R ⊆ Qk with 
(Q,<,R) satisfying T, such 
that for all p < 0, R(p,0, 
...,k-2) → R(p,1,...,k-1). 
 
THEOREM 7.4. Proposition 7.3 
is provably equivalent to 
Con(SRP) over WKL0. Proposit-
ion 7.3 is independent of ZFC 
for very small k. Not sure 
just how small. 
 
In the second formulation, we 
replace inclusion maximal 
with a local kind of 
maximality. We will be able 
to obtain a more powerful 
kind of invariance. 
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The upper shift of E ⊆ Qk is 
obtained by adding 1 to all 
nonnegative coordinates of 
all elements of E.  
 
PROPOSITION 7.5. Let ϕ be a 
universal sentence in < and a 
k-ary relation symbol. There 
exists (D,<,R), 0 ∈ D, where 
R is inclusion maximal among 
the R ⊆ Dk with (D,<,R) 
satisfying ϕ, and contains 
its upper shift.   
 
THEOREM 7.6. Proposition 7.5 
is provably equivalent to 
Con(SRP) over WKL0.  
 
For a third approach, we 
again use (D,<,R), 0 ∈ D, but 
replace inclusion maximality 
with another kind of 
maximality.  
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DEFINITION 7.2. Let R,R' ⊆ Dk 
⊆ Qk. R <D R' if and only if 
there exists d ∈ D such that 
R = R' below d, and R ⊆≠ R' 
at d.  
 
PROPOSITION 7.7. Let ϕ be a 
universal sentence in < and a 
k-ary relation symbol. There 
exists (D,<,R), 0 ∈ D, where 
R is <D-maximal among the R ⊆ 
Dk with (D,<,R) satisfying ϕ, 
and contains its upper shift.  
 
THEOREM 7.8. Proposition 7.7 
is provably equivalent to 
Con(SRP) over WKL0.   
 
We now give a truly exotic 
form of Proposition 7.7. We 
use the following relation on 
the subsets of Dk, where D ⊆ 
Q. 
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DEFINITION 7.3. Let R,R' ⊆ Dk 
⊆ Qk. R <D≠ R' if and only if 
there exists d ∈ D such that 
R = R' below d, and R≠ ⊆≠ R'≠ 
at d. 
 
Now this is as expected:  
 
PROPOSITION 7.9. Let ϕ be a 
universal sentence in < and a 
k-ary relation symbol. There 
exists (D,<,R), 0 ∈ D, where 
R is <D≠-maximal among the R 
⊆ Dk with (D,<,R) satisfying 
ϕ, containing its upper 
shift. 
 
Now for something new.  
 
R<p> = {q: (p,...,p,q) ∈ R}.  
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PROPOSITION 7.10. Let ϕ be a 
universal sentence in < and a 
k-ary relation symbol. There 
exists (D,<,R), 0 ∈ D, where 
R is <D≠-maximal among the R 
⊆ Dk with (D,<,R) satisfying 
ϕ, and each R+1 ∩ Q[1,n]k is 
a subset of R with field 
R<(3/2)n>.   
 
THEOREM 7.11. Proposition 
7.10 is provably equivalent 
to Con(HUGE) over WKL0.  
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8. PURELY UNIVERSAL SENTENCES 
(FINITE). 
 
PROPOSITION 8.1. Let ϕ be a 
universal sentence in < and a 
k-ary relation symbol. There 
exists finite (D1,<,R1) ⊆ ... 
⊆ (Dt,<,Rt), 0 ∈ D1, 
satisfying ϕ, such that  
i. If x ∈ Dik\Ri+1 then 
(Di+1,<,Ri+1 ∪ {x}) does not 
satisfy ϕ. 
ii. Each Di+1 contains the 
upper shift of Di.    
 
⊆ can be usual substructure 
relation, or the weaker 
inclusion relation.  
 
We can easily estimate the 
size of the D's, and since we 
are dealing with rationals, 
also the numerators and 
denominators involved.  
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This gives us an explicitly 
Π0

1 sentence equivalent to 
Con(SRP) over EFA. This holds 
even for t = 3. 
 
9. FREE CHOICE. 
 
Let R be a reflexive 
symmetric relation on D. A 
free choice function for R is 
an f:D → D such that  
i. R(x,fx). 
ii. For all x ≠ y from 
rng(f), ¬R(x,y).  
 
THEOREM 9.1. Every reflexive 
symmetric relation has a free 
choice function. 
 
Proof: Let S be a maximal R 
independent set. Take f(x) = 
x if x ∈ S; otherwise 
R(x,fx), fx ∈ S. QED 
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INFORMAL. Let R be a 
reflexive symmetric relation 
on Qk that is tame. R has a 
free choice function that is 
very well behaved over N. 
 
I.e, N is a strong set of 
indiscernibles for composites 
of F. 
 
I think this should be 
equivalent to Con(SRP) over 
WKL0.  
 
If R is arbitrary then we get 
a free choice function where 
every composite is very well 
behaved over some infinite 
set.  
 
I think all of this can be 
made more mathematical using 
a function instead of R.  


