
Workshop on Proof Theory

Ghent University

June 26, 2009

Venue

Room B
Department of Pure Mathematics and Computer Algebra
Building S22
Krijgslaan 281
B 9000 Gent
Belgium

Program

09:15 Coffee
09:30 Sato Kentaro - An impact of infinity
10:30 Sam Sanders - More infinity for a better mathematics!
11:00 Coffee
11:15 Michiel De Smet - Phase transitions related to the pigeonhole principle
11:45 Wim Van Hoof - Phase transitions for transfinite iteration hierarchies
12:15 Frederik Meskens - Phase transitions for (Buchholz) hydras

Abstracts

Michiel De Smet - Phase transitions related to the pigeon-
hole principle

The pigeonhole principle is one of the most well-known combinatorial principles,
due to both its simplicity and usefulness. It is attributed to Dirichlet in 1834
and also known as the chest-of-drawers principle or Schubfachprinzip. Although
known for a long time now, the principle still has interesting properties to reveal.
So it is not surprising it gained the attention of several mathematicians lately.
Terence Tao, for example, uses the example of the so called “finitary” infinite
pigeonhole principle in an essay on his blog. Gaspar and Kohlenbach commented
on his ideas and wrote a paper about it.

The pigeonhole principle is an instance of the finite Ramsey theorem for 1-
tuples and is interesting with regard to the classical Ramsey for pairs problem in
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reverse mathematics. Motivated by their simplicity and surprising strength we
investigate the recursion-theoretic complexity of two assertions which are related
to the pigeonhole principle. We show that resulting density principles give rise to
Ackermannian growth. After parameterizing these assertions with respect to a
number-theoretic function f , we investigate for which functions f Ackermannian
growth is still preserved. It will turn out that there is an interesting connection
between the threshold functions of both density principles.

Sato Kentaro - An impact of infinity

By comparing the reversemathemticses, namely Friedman-Simpson’s classical
reverse mathematics and Cook-Nguyen’s bounded reverse mathematics, an im-
pact of the allowance of infinity is investigated.

Frederik Meskens - Phase transitions for (Buchholz) hy-
dras

In [5] Kirby and Paris introduced the “Hercules and Hydra” game, a combina-
torical game on finite unlabeled trees in its most general form depending on a
function f : N → N choosen by the Hydra. Let Qf be the statement that for
all hydra the game ends for the function f and Qn

f the analouge statement for
hydras of height at most n. Then Qf is true for any f but Qid is not provable
in PA. This result was improved in [4] to PA 0 Q|·|d and PA ` Qlog* .1 In [6]
we obtainded a further improvement starting from the classification of provable
recursive functions [7] a classification of phase transition threshold functions for
hydras (and the same for Goodsteinsequences):

PA ` Qfα
⇔ α < ε0 with fα(i) = |i|H−1

α (i),

IΣn ` Qn
fα
⇔ α < ωn+1 with fα(i) = H−1

α (i)
√
|i|n−1.

In [3] Gardner remarked that the Kirby and Paris’ interpretation of hydras
grew only in width and suggested a stronger version which grew in width and
height. In [2] Buchholz introduced such a version as a transformation on la-
beled trees and showed that the corresponing statetment QBH

id is not provable
in

(
Π1

1 − CA
)

+ BI, a subsystem of analysis2; the notation he used is introduced
in [1] and is basicly a simplification of Feferman’s θ-functions. We apply on
a more complex but with the same strength variation of the Buchholz hydras
our methods to obtain the classification of Kirby and Paris’ hydras and find a
similar classification: for any n 6 ω

IDn ` QBHn+1
fα

⇔ α < λ with fα(i) = G−1

λ[H−1
α (i)](i) and λ = ψ0 (εΩn+1).

1Here |x| is the binary length of x, |x|d the d times iterated binary length and log*(x) the
inverse of the iterated exponentiation with base 2, i.e. the number of times | · | needs to be
taken to get below 2.

2QBH
f is the statement that any Buchholz hydra terminates for the function f ; Q

BHn+1
f is

the similar statement for hydras which labels are at most n.
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Here Gα and Hα are the well known slow growing and Hardy hierarchy. Surpris-
ingly we need the comparisation theorem between the fast growing and extended
Grzegorczyk hierarchy, which is the first application of this theorem.
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Sam Sanders - More infinity for a better mathematics!

Hilbert’s famous program sought to base all of mathematics on intuitively acceptable
constructive grounds. History and Gödel did away with this finitistic dream. As we see
it, the future of mathematics lies not in finitism, but in the embracement of infinity. In
particular, we discuss ‘stratified’ or ‘relative’ nonstandard mathematics, in which the
usual dichotomy of finite versus infinite is replaced by a hierarchy of different ‘levels’
or ‘degrees’ of infinity. We show how this multitude of infinities yields an elegant, and
surprisingly constructive, theory of analysis and arithmetic. Using this formalism, we
introduce a new hierarchy of Peano arithmetic and link it to bounded arithmetic.

Wim Van Hoof - Phase transitions for transfinite iteration
hierarchies

In this lecture we take a look at transnite iteration hierarchies. These are constructed
by a starting function g and controlled by another number theoretic function h. At
a certain moment these functions become quite large with the consequence they are
no longer PA-computable. First of all we investigate, in terms of a concrete starting
function, for which functions h this phase transition occurs. This characterisation will
be used to have a look at the structural stability of our system: small perturbations of
g do not affect the phase transition. Next we generalize this idea for arbitrary starting
functions. For instance, we apply our obtained formula to fastly growing functions and
wonder how the phase transition looks like. This research arose from joint work with
A. Weiermann. The obtained results are a nice generalisation of the phase transitions
obtained in Classifying the phase transition threshold for Ackermannian functions of
E. Omri and A. Weiermann (published in Annals of Pure and Applied Logic).
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