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Abstract

In this paper we propose a new algorithm for obtaining the rational integrals of the full Kostant—Toda
lattice. This new approach is based on a reduction of a bi-Hamiltonian system on gl(n,R) . This system
was obtained by reducing the space of maps from Z, to GL(n,R) endowed with a structure of a pair of

Lie-algebroids

1 Introduction

The Toda lattice is arguably the most fundamental and basic of all finite
dimensional integrable systems. It has various intriguing connections with
other parts of mathematics and physics.

The Hamiltonian of the Toda lattice is given by

N-1
1 .
H(Qla"')QNapla"'apN): § 5]912—'— E et dit (1)
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Equation (1) is known as the classical, finite, non—periodic Toda lattice
to distinguish the system from the many and various other versions, e.g., the
relativistic, quantum, periodic etc. This system was investigated in [9], [10],
[14], [18], [21], [22], [24] and numerous of other papers; see [4] for a more
extensive bibliography.

Hamilton’s equations become

q; = Dj
pj — quel—q]‘ _ eqj_qj+1 .
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The system is integrable. Omne can find a set of independent functions

{Hi,...,Hy} which are constants of motion for Hamilton’s equations. To
determine the constants of motion, one uses Flaschka’s transformation:
1 a0 1
a; = §€2<% ) bi = —5Pi - (2)
Then
ai = Gy (bi—i-l - bl) (3)

@ = 2 (CL2 — af_l) .
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These equations can be written as a Lax pair L = [B, L], where L is the
Jacobi matrix

/51 a; 0 oo el 0 \
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I — 0 a9 bg (4)
: e an-1
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and B is the skew—symmetric part of L. This is an example of an isospec-

tral deformation; the entries of L vary over time but the eigenvalues remain

constant. It follows that the functions H; = %tr L' are constants of motion.
Note that the Lax pair (4) has the form

L(t) = [P L(t), L(t)]

where P denotes the projection onto the skew-symmetric part in the de-
composition of L into skew-symmetric plus lower triangular.

The Toda lattice was generalized in several directions.

We mention the Bogoyavlensky—Toda lattices which generalize the Toda
lattice (which corresponds to a root system of type A,,) to other simple Lie
groups. This generalization is due to Bogoyavlensky [1]. These systems were



studied extensively in [15] where the solution of the systems was connected
intimately with the representation theory of simple Lie groups.

Another generalization is due to Deift, Li, Nanda and Tomei [5] who
showed that the system remains integrable when L is replaced by a full
(generic) symmetric n X n matrix.

Another variation is the full Kostant-Toda lattice (FKT) [6], [11], [23].
We briefly describe the system: In [15] Kostant conjugates the matrix L in
(4 ) by a diagonal matrix to obtain a matrix of the form

/51 1 0 - .- O\
aq b2 1
p=|? (') )
: o1
\0 N bn)

The equations take the form

X(t) = [X(1), PX(2)

where P is the projection onto the strictly lower triangular part of X(¢).
This form is convenient in applying Lie theoretic techniques to describe the
system.

To obtain the full Kostant-Toda lattice we fill the lower triangular part of
L in (4) with additional variables. (P is again the projection onto the strictly
lower part of X (t)). So, using the notation from [6], [11] and [23]

X(t) = [X(1), PX(2)] .

where X is in e + B_ and P X is in N_. B_ is the Lie algebra of lower
triangular matrices and N_ is the Lie algebra of strictly lower triangular
matrices. The fixed matrix € has a general form in terms of root systems:



where A denotes the set of simple roots. In fact the FKT lattice itself can
easily be generalized for each simple Lie group; see [2], [11].
In the case of sl(4,C) the matrix X has the form

100
g fo 1 0

X = , 6
hi g2 f3 1 (6)
ki he g3 fa

The functions H; = %Tr X are still in involution but they are not enough
to ensure integrability. This is a crucial point: the existence of a Lax pair
does not guarantee integrability. There are, however, additional integrals
which are rational functions of the entries of X. The method used to obtain
these additional integrals is called chopping and was used originally in [5] for
the full symmetric Toda and later in [6] for the case of the full Kostant-Toda
lattice.

In this paper we use a different method of obtaining these rational integrals
which does not involve chopping. This method uses a reduction of a bi—
Hamiltonian system on gl(N,R), a system which was first defined in [19],
[20]. In [20] A. Meucci presents the bi-Hamiltonian structure of Todas, a
dynamical system studied by Kupershmidt in [16] as a reduction of the KP
hierarchy. Meucci derives this structure by a suitable restriction of the set of
maps from Z; to GL(3,R), in the context of Lie algebroids.

In [19] the bi-Hamiltonian structure of the periodic Toda lattice is in-
vestigated by the reduction process described above using maps from Z; to
GL(2,R). This approach parallels the work of [7] where the continuous ana-
log of the Toda lattice is studied, namely the KdV. If instead the target
space is gl(3,R) one obtains the Boussineq hierarchy. The work of Meucci
is a discrete version of this approach. If one generalizes the cases N = 2,3
i.e. consider maps from Z; to GL(N,R) the resulting system will be denoted
by Today. In the present paper we use the results of [19], [20] as a starting
point. We begin with the bi-Hamiltonian system obtained on gl/(/N, R) in the
particular case d = N and use a further reduction to obtain the dynamics
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of the full Kostant—Toda lattice. We then propose a new algorithm which
produces all the rational integrals for the FKT lattice without using chop-
ping. We present this algorithm by specific examples (N = 3,4) in section 4.
Sections 2 and 3 contain a general review of the old methods and results on
integrability and bi-Hamiltonian structure of the FKT lattice.

2 Integrability of the FKT lattice

Let G = sl(n), the Lie algebra of n x n matrices of trace zero. Using the
decomposition G = By @ N_ we can identify B} with the annihilator of N_
with respect to the Killing form. This annihilator is B_. Thus we can identify
B with B_ and therefore with € + B_ as well.

The Lie Poisson bracket in the case of sl(4,C) is given by the following
defining relations:

{9, 9i1} = i,

{giafi} = — Y,
{gi;fiJrl} = Ui,
{hi, fi} = —hi,
{hi, firo} = Ay,
{91, ha} = ki,

{93, 1} = —k1,
{k1, fi} = =k,
{klvfll} - kl'

All other brackets are zero. Actually, we calculated the brackets on gl(4, C);
the trace of X now becomes a Casimir. The Hamiltonian in this bracket is
H, = % Tr X2

Remark: If we use a more conventional notation for the matrix X, i.e. x;
for 1 > j, x;;.1 = 1, and all other entries zero, then the bracket is simply

{l’ij, xkzl} = 5lixkj — 6jk$il . (7)

The functions H; = %Tr X are still in involution but they are not enough
to ensure integrability. There are, however, additional integrals and the in-
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teresting feature of this system is that the additional integrals turn out to be
rational functions of the entries of X. We describe the constants of motion
following references [6], [10], [23].

For k =0,..., [(ngl)], denote by (X — AId)) the result of removing the
first k rows and last k& columns from X — AId, and let

det (X — Ad)) = Egp N2 + -+ Ep_op, -

Set
det (X — A1Id
( ) =N LN e T o
Eog
The functions I, r = 1,...,n — 2k, are constants of motion for the FKT
lattice.

Example We consider in detail the ¢i(3, C) case:

fi 1.0
X=|ag fo1
hi g2 f3

Taking Hy = %trX 2 as the Hamiltonian, and the above Poisson bracket

.jZZ{HQ,ZU}
gives the following equations:

fl = 0
fz = 91— 92
fs = ¢
0= alfi—f)—h
g = gz(fz f3) +h
hi = hi(fi— f3)

Note that Hy = f1 + fo + f3 while Hy, = %(f% + f22 + fg) + g1 + go. These
equations can be written in Lax pair form, X = [B, X], by taking



0 0 O
B=1g 00
hi g2 O
The chopped matrix is given by

(91 fa — )\>
hi g9 '

The determinant of this matrix is A1 A 4+ g1g2 — h1 fo and we obtain the

rational integral
9192 — ha f2
== (8)

Note that the phase space is six dimensional, we have two Casimirs
(Hy, I11) and the functions (Hs, H3) are enough to ensure integrability.

Another Example In the case of gl(4,C) the additional integral is

_ 919293 — g1.fsha — fagshi + Iuhy

I
21 o

+ fafs — g2 .

and h h
I = % — fo—J3
1
is a Casimir.
In this example the phase space is ten dimensional, we have two Casimirs
(Hy, I11) and the functions (Hsy, Hs, Hy, I51) are independent and pairwise in

involution.

3 bi—Hamiltonian structure

We recall the definition and basic properties of master symmetries following
Fuchssteiner [13]. Consider a differential equation on a manifold M defined by
a vector field y. We are mostly interested in the case where y is a Hamiltonian
vector field. A vector field Z is a symmetry of the equation if

Z,x] = 0.
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A vector field Z is called a master symmetry if

1Z,x],x] =0,

but
[Z,x] # 0.

Master symmetries were first introduced by Fokas and Fuchssteiner in [12] in
connection with the Benjamin-Ono Equation.

A bi-Hamiltonian system is defined by specifying two Hamiltonian func-
tions Hy, H, and two Poisson tensors m; and my, that give rise to the
same Hamiltonian equations. Namely, mVHy; = 1V H;. The notion of bi—-
Hamiltonian system was introduced in [17] in 1978.

We now return to the FKT lattice. We want to define a second bracket
79 so that H; is the Hamiltonian and

79 VHl == 7 VHQ .

i.e. we want to construct a bi-Hamiltonian pair. We will achieve this by
finding a master symmetry X; so that

X (Tr X% =4Tr X"t
We construct X; by considering the equation

X=[,X]+X2. (9)

We choose Y in such a way that the equation is consistent. One solution

1S
n n—1
Y = Z a; By + Z BiEi i1
i=1 i=1
where
ﬁi = iv
i = ifi+ Y4 i
The vector field X7 is defined by the right hand side of (9 ).
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For example, in gl(4, C) the components of X; are:

The second bracket 7 is defined by taking the Lie derivative of 7 in the
direction of X;. The bracket my is at most quadratic i.e. in the case n = 4

196, giv1} = gigiv1 + hifisa,
19i, hi} = gihi,

{gi+1, hi} = —girahi,

19i, fi} = —gifi,

{9i, fis1} = gifir1,

19, fira} = hi,

{9i11, fi} = —hi,

{hi, fi} = =hifi,

{hi, five} = hifise,

{fi, fix1} = gi-

This bracket was first obtained in [3] using the method described above
(i.e. master symmetries). A closed expression for this bracket was obtained
later by Faybusovich and Gekhman in [8]. It was obtained using R—matrices
and the expression takes the following simple form:

sign(k — i)z if j=1

TijTil it k=1
i if k=7+1.



As we will see in the next section, there is a linear and a quadratic bracket
on gl(n, R) whose restriction to the FKT lattice coincides with the brackets
T, To.

4 A new approach

As we mentioned in the introduction, our starting point is the work of A.
Meucci [19], [20]. His work is a discrete analogue of a procedure that produces
the KdV, Boussineq and Gelfand-Dickey hierarcies [7]. For example, the
KdV is bi-Hamiltonian and it can be obtained by reducing the space of
C> maps from S! to gl(2,R). If one considers the space of maps from S!
to gl(3,R) the Boussineq hierarchy is obtained. In [19], [20] the discrete
version of the procedure is considered. The circle, S', is replaced by the
cyclic group Z,; and one considers maps from Z; to GL(N,R). One obtains,
after reduction, equations that are bi—-Hamiltonian. In the case N = 2 the
resulting system is the periodic Toda lattice and for N = 3 a system studied
by Kupershmidt in [16]. We will not get into the details of the procedure
but rather we will use the results as our starting point for our own purposes.
We will content with a short outline of the constructions of [19] and [20].
The basic object is the space of maps from Z; to GL(N,R). This space is
endowed with a structure consisting of a Poisson manifold together with a
pair of Lie-algebroids suitably related. The next step is a Marsden—Ratiu
type of reduction and the result is a bi-Hamiltonian system with a pair of
Poisson stuctures on gl(/N, R). The Lax pair of the resulting system contains
two spectral parameters and the theory of Gelfand—Zakarevich applies. The
system turns out to be integrable with the required number of integrals. We
give explicit formulas that we have computed from [19] in the case N = 3
both for the pair of Poisson brackets, the Lax pair and the integrals of motion.
In the case N = 4 we display the Lax pair and the polynomial integrals of
motion. To obtain the FKT lattice one has to perform a further reduction
to the phase space of the FK'T lattice and to obtain the rational integrals we
propose a new algorithm which is the central new result of our paper. We
illustrate with two examples:
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Example 1: The g¢l(3,C) case
The phase space of the system obtained by the procedure of Meucci is nine
dimensional, i.e. matrices of the form

fl h2 g3
g1 f2 hs
hi g2 f3

We compute the pair of Poisson brackets on the extended space with
variables

{f17 f27 f37917 g2, g3, h17 h27 h3} .

The Lie—Poisson bracket is defined by the following structure matrix

( 0 0 0 —-g 0 g5 —h hy O \

0 0 0 g1 —4go 0 0 —hg h3

0 0 0 0 go —dgs3 hl 0 —hg

g —g1 0 0 —hy hg 0 0 0

0O g —-g h 0 —hy 0 0 O ,

—4gs3 0 gs —hg hg 0 0 0 0

hy 0 —hy O 0 0 0 0 0

—hy hy 0 0 0 0 0 0 0

0 ~hy hy 0 0 0 0 0 0 )

and the quadratic Poisson bracket is defined by A — A! where A is the

matrix
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The Lax matrix with two spectral parameters is given by

(fi+ M hy—p? 1193
Ly = e (fo+Np® hy—p?
hy — i pga (s M)

Let p(A, ) = det L,, . Write

P\ ) = =1 + (N’ + (W) + co(N) -

(0 g1 —93 —gifi hy — ho 931 —hifi hafi 0
00 g gf —g2.f ho — hs 0  —hafs hsfo
00 0 h3—h 923 —33/3 hi f3 0  —hsfs
00 O 0 —hifo—gi92 h3fi+g193 —g1thi 0 g1hs
00 O 0 0 —hafs —gog3 goh1  —goha 0
0 0 0 0 0 0 0 gghg —93h3
0 0 O 0 0 0 0 0 0
0O 0 O 0 0 0 0 0 0

\0 0 0 0 0 0 0 0 0 )

Then
CQ(/\) = )\3 + ]{2/\2 + ]{31)\ + ]430
where
ke = fi+fotfs
ki = fifo+ fifs+ fofs+ g1+ 92+ g3
ko = fifafs + fi92 + fa93 + fsg1 + hq 4 ho + hg
and
Cl()\) = ll)\ + lo
where
li = —hzga — g3hi — hag
lo = —fig2hs + 919392 — gihaf3 — hi1gafo — hahs — hahy — hihs .
Finally,

CQ()\) = hlhghg .
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The functions k;, [;, co are all in involution in the Lie—Poisson bracket. The
functions ko, [1, ¢y are all Casimirs.

In the quadratic bracket k;, [;, and ¢y are all in involution. kg, {y and ¢
are Casimirs.

Let

_ lo _ —f1g92h3 + 919392 — gihafs — higsfao — hahg — hahy — hihs
L —h3go — gzh1 — hagi '

Setting ho = hy = 0 in [ we obtain Iy; (77).

[

Example 2: The gi(4,C) case

In order to give a complete comparison of the previous and the present
method of obtaining the rational invariants we consider first integrability
using chopping.

We consider the matrix L given by

fi-1 0 0
L = a1 f2 —1 0
hi g2 f3 —1
ki ha g3 fa

Note that we are using —e instead of € in order to get the integrals to
match exactly.
In this case the chopped matrix has the form

g fa—A -1
ChiM)=|h g fi—A
kv ho 93
The characteristic polynomial has the form

k1N +(grha+higs—ki fa—k1 f3) A+ g19392— g1 ha f3—hi fags—hiho+ki fa f3+ki1gs -

We obtain the following two rational invariants
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hogi + g3hy

1 —(fa+ f3),

111 =

and

: 919392 — qihafs — hifags — hihe
191 = k +f2f3+92 .
1
We now turn to the gentle approach i.e. integrability without chopping.

Consider the following Lax pair with two spectral parameters:

(Lt kg —pt hapu gapt?
L, = gt (fa+ N ks —pt hap . (1)
" hip gop” (fs+ M kg —p
ky — pt hapu gap® (fa A

Taking determinant we obtain the polynomial
P = =10+ KW' + Ko (\p® + Ky(\p + Ko(N) -
We present the explicit expressions for the polynomials K;(\).

K3(\) = K330* + K3pA\? + K3\ + Ky |

where
Ksz=fi+ fot+ fs+ fa,

Kypo=g1+g2+93+9s+ fifo+ ifs+ [ifa+ fafs+ fafa+ f3fs,

K31 = hi 4+ ho + hs + hy + fifofs + fifofa+ fifafa+ fofafa+ fogu
+f394 + fag1 + fa91 + fa92 + fogs + frg2 + figs

K3y = ki + ko + ks + ks + fifofsfa+ 9193 + 9294 + fohs + fahi +
Jiho + faha + fof3gs + f3fagr + f1fage + f1f293 -
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Ko(A) = Kog\* + K\ + Ko

where

Koy = —hohy — goks — g3ks — hihg — g1ke — k194,

Ko = gohags — gikafs — frhohy — kigafs — k1 fags — f1g2ks — hahafs
—g1ka f3 + g192h3 + h19ag3 + gihags — f193ks — hifahs — goks f4

— fagzka — hoky — hoks — hihsfy — kohg — hgky — hiks — hiks

—kihs — kihy

Koy = —koky — koks — kiky — kikg — kiky — ksky — k1 f294 /3
+f192h4g3 — f1hohaf3 — hika fs — firg2ksfa — f1[293k4
—091929493 + g1hagaf3 — h1fohs fa + g1gohs fa + D1 f29493
—g1ka f3f1 — frhoks — g1kags — fihoks — k19294

+hihags — kohaf3 — fohsks + gahshy — gagaks

—g193ks + gihohs — hiksfi + hihygs — k1 fahs — kihy f3

° Kl()\) = Kll/\ + KlO where

K11 = hikoks + hoksks + kikohy + kihsky |

K19 = hikoksfa + fihoksks — k1gohshy + k1g2gaks + kikahy f3
+k1 fahsky — hihagaks + hihohshy — hikahags — gihahsky
+glkgggl€4 + k1koks + kikoks + koksky + ki1ksks .
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Ko(\) = —kikoksky .

Remark We note that K3(\) gives the polynomial invariants. Clearly H; =
K33 = trace L.

We also have Hy = tracel? = $K3; — K3 and Hs = gtracel® = K35 —
K33K35 + K31.

Finally, Hy = 1 K35 + K33 K31 + 1 K30 — K39 — K33K50.

These last relations hold provided that ky = k3 = k4 = 0, hg = hy = 0 and
g4 = 0.

Remark The next coefficient K5(\) gives the rational invariants:
We form the quotient % and set ko = k3 = k4 = 0 and hy3 = hy = 0. We
obtain

Koy —ga(kifs +kifo — higs — gihe) (h1g3 + g1ha)
= = fo+ f3— :
Koo —k1g4 kq

This is precisely —i1;.

Similarly, we form ﬁ—ig to obtain precisely io;.

Remark The last two terms, namely K;(\) and Ky(\) become identically zero
once we set ko = k3 =ky =0, hg = hy = 0.

In the general case, the polynomial p,, involves polynomials A(\),
Bi(\), ..., Bi(\) and C1(N), ..., Cs(A) with k = [“Y] and s = n — k — 1.
The polynomial A(\) can be used to obtain the polynomial integrals. The
polynomials B;(\) give the rational integrals using the procedure described

above and the C;(\) vanish identically once we restrict to the phace space of
the FK'T lattice.
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