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More notation

Forabundle tT: E — M and its dual t: E* — M we denote;:
* the tensor product over M: ®5,(E) = E®m - @m E,

* the set of sections of the above tensor bundle: ®(),
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Forabundle tT: E — M and its dual t: E* — M we denote;:
* the tensor product over M: ®5,(E) = E®m - @m E,

* the set of sections of the above tensor bundle: ®(),

* for K € ®*%(t) we have the obvious pairing

UK) : @%(m) 3 a — (K(m), a) € R,

* for X being a section of T we have the operator of insertion
ix: (M > W @+ @ a1 =

Xy M2 ® -+ - @ Ky € ®X (),

* in particular, for A € ®*(T) we have A:E — E*, given by
AoX = 1x/\.
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Lagrange formalism for TM (according to W.M.Tulczyjew)

M - the configuration manifold, T*M - the phase space,
L: TM — R - the Lagrangian.
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Lagrange formalism for TM (according to W.M.Tulczyjew)

M - the configuration manifold, T*M - the phase space,
L: TM — R - the Lagrangian.

TT°M TT°M T"TM

Nﬁ/\/
\/

The dynamics is a first-order differential equation D C TT*M.
In the reqular case

D = oy (dL(TM)).
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Lagrange formalism for TM (according to W.M.Tulczyjew)

A solutiony: I — T*M of the dynamics D is a phase space
trajectory of the system.

Trajectories in the configuration space (i.e. tpq o y) are solutions
of the second order Euler-Lagrange equation.

The Euler-Lagrange equation can be obtained directly from D:

* Take the prolongation PD = TD N T°T*M
* Projectto T°M by T?mpm : T°T"M — T?M:

Er = T?ntm(PD).

|
Ghent, 21-27 August, 2005 — p.7/17



Lie algebroids as double vector bundle morphisms

Grabowski and Urbanski proposed an alternative way of
encoding an algebroid structure:
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Lie algebroids as double vector bundle morphisms

Grabowski and Urbanski proposed an alternative way of
encoding an algebroid structure:

* Traditionally: a bilinear bracket on sectionsof t: E —» M,
together with the anchor a : E — TM,;

* By JG and PU: a particular double vector bundle morphism
e: T'E — TE*

T"E* 2> TE*

Ry 7

T°E

/\ is the double vector bundle morphism given by the 2-contravariant tensor
/\ canonically associated with the bracket.
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Algebroids as double vector bundle morphisms

“E TE"
™
id

.

T i Er T7 .
- S/

\M/ e \M

™

On the cores Ec:T"M — E*
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Algebroids as double vector bundle morphisms

T°E TE”

E* id 7 E*/ %
NN

On the cores Ec: T"M — E*

A A= C]S-(X)Ekagi & agj + p{’(x)a& ® Oybo — O'ja(X)axa & agj

e (X960 E) o e = (X%, i, pR(X)YY, cK(0yime+ of (x)pa)

er: (x% %) o gr = (x4 pR(x)y™)

EC . (Xa> &l) C&c = (X'aa O—?(X)pb)'

)
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Algebroids as double vector bundle morphisms

Remark: An algebroid (E, ¢) is a Lie algebroid if and only if the
corresponding tensor A is a Poisson tensor. It means in
particular that ¢, = (e¢)* (p = 0).
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Algebroids as double vector bundle morphisms

Remark: An algebroid (E, ¢) is a Lie algebroid if and only if the
corresponding tensor A is a Poisson tensor. It means in

particular that ¢, = (e¢)* (p = 0).

Canonical example: Canonical algebroid of TM is described by
the Tulczyjew o~

oaom : T'TM — TT*M
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Lagrange formalism for general algebroid

The algebroid analogue for the Tulczyjew triple. E replaces TM.

~

T°E* TE* T°E

NVA A
i / /

VAR YARRY
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Lagrange formalism for general algebroid

The algebroid analogue for the Tulczyjew triple. E replaces TM.

T°E* TE* T°E

\ﬂ N TN
/ / / T
VAR VARY

Any function ("Lagrangian™ L : E — R defines dL(E) C T*E and

D =¢(dL(E)) C TE".
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Lagrange formalism for general algebroid

The Lagrangian defines two smooth maps:
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Lagrange formalism for general algebroid

The Lagrangian defines two smooth maps:
(1) The Legendre mapping:

Leg:E— E* definedby Leg=7Tg-0codl

TE* - T*E
. dL

TM =Zpoooooos ............. E
V

E* —0a300033000030306330000C E*
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Lagrange formalism for general algebroid

The Lagrangian defines two smooth maps:
(1) The Legendre mapping:

Leg:E— E* definedby Leg=7Tg-0codl

TE* - T*E
. dL

TM =Zpoooooos ............. E
V

E* —0a300033000030306330000C E*

~ ~

(2) Leg: E— TE® definedby Leg=¢eodl

TE* - T*E 4
BTN R
TM <l ............ E
I ¥
E* <Tee e E*
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Lagrange formalism for general algebroid

For general algebroid we have constructed two equations for
curvesy: I — E:

(1) The equation E] given by
E{ = (TLeg) (D).

The curve vy is a solution of E{ if and only if L4 oy is a solution

of D,
l.e. T(Legoy) C D.

E{ corresponds to the construction of de Léon and Lacomba:

M. de Ledn, E. Lacomba: Lagrangian submanifolds and higher-order mechanical systems,
J.Phys. A: Math. Gen. vol. 22, 1989, (3809-3820).
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Lagrange formalism for general algebroid

(2) The equation E# given by
EZ ={v e TE: TLeg(v) € T?EY),

where T°E* ¢ TTE* is the subset of holonomic vectors w, I.e.
w € TTE* such that t1g- (W) = Tt (W).

The curve vy is a solution of E# if the tangent prolongation

T(Leg 0y) is exactly Leg 0 y. Since Leg oy is in D by definition,
we have
e = TE

E% Is the equation given in works of A. Weinstein, E. Martinez, ...
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Lagrange formalism for general algebroid

The coordinate expression for E# is

oL

ST < aL) - CE(X)yiE(&UHGJ‘a(X)—(X>y)

dt

dt \ oy’ oyk oxe
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Lagrange formalism for general algebroid

The coordinate expression for E# is

dx® k d oL k . oL oL

The coordinate expression for E] is

dt dt \ oy’ dyk x4

for certain (x,yo) € E satisfying Leg(x,y0) = Leg(x,y) and
Er(X,UO) — aT(X>y)1 .e.

oL oL
5yt ) = 3o vol pp(x)y* = pR(x)us.

dx d oL . OL oL
— o2k, ( )—c’-;-(x)ya  (x, 9)4+ 0200 2 (x, ).
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Noether Theorem

* The vertical lift: K € @%(1), v(K) € ®@(tg), in coordinates
VT(fi]..-kei1 QX eik) _ fi1...k ayi1 R R ayik '
* The algebroid lift:

(A5 (K)) = dr(1(K)) 0 €%,
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Noether Theorem

* The vertical lift: K € @%(1), v-(K) € ®(tg), in coordinates
Ve(f ey, ® - ®eq) =7 0,0 @ ® Dy
* The algebroid lift:
L(d5(K)) = dr(L(K)) o e®*.

In local coordinates, for functions:

of
e

ds(f(x)) = y'pf(x) =— (x)

and for sections of T:

of*

d%(fi(x)ei) = fi(x)(rf‘(x)axa + (yipg(x)ﬁ(x) -+ c]-f-(x)yifj(x)> Oy
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Noether Theorem

Theorem. If X Is a section of E and f is a function on M, then
dt (X)L = df(f) (1)

If and only if the function (t(X) — v(f)) o Leg ON E Is a first
Integral of the equation (E%). In particular, if (1) is satisfied, then
(LX) —Vvx(f)) o Leg Is a first integral of the equation (E{).
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Noether Theorem

Theorem. If X Is a section of E and f is a function on M, then
dt (X)L = df(f) (1)

If and only if the function (t(X) — v(f)) o Leg ON E Is a first
Integral of the equation (E%). In particular, if (1) is satisfied, then
(LX) — va(f)) o Leg is a first integral of the equation (E; ).

Remark. One can consider the Hamiltonian part of the Tulczyjew
triple for an arbitrary algebroid and prove the standard
correspondence between the Lagrangian and the Hamiltonian in
the regular case.

To this end, dealing with a Lie and not with an arbitrary algebroid
played no role, contrary to the common opinion that geometrical
mechanics is a Lie algebroid theory.

No brackets have been really used!
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