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1. The Inverse Problem in the Calculus

of Variations.

“When are the solutions of

ẍa = F a(t, xb, ẋb) a, b = 1, . . . , n

the solutions of

∂2L

∂ẋa∂ẋb
ẍb +

∂2L

∂xb∂ẋa
ẋb +

∂2L

∂t∂ẋa
=

∂L

∂xa

for some L(t, xa, ẋa)?”

So, find regular gab (and L) so that

gab(ẍ
b − F b) ≡ d

dt

(
∂L

∂ẋa

)
− ∂L

∂ẋa

- The multiplier problem.



Helmholtz conditions (Douglas 1941, Sarlet

1982)

necessary and sufficient conditions on gab:

gab = gba, Γ(gab) = gacΓ
c
b + gbcΓ

c
a

gacΦ
c
b = gbcΦ

c
a,

∂gab

∂ẋc
=

∂gac

∂ẋb

where

Γa
b : =

−1

2

∂F a

∂ẋb
, Φa

b := −∂F a

∂xb
− Γc

bΓ
a
c − Γ(Γa

b)

Γ : =
∂

∂t
+ ua ∂

∂xa
+ F a ∂

∂ua

Helmholtz conditions: 1st order linear alge-

braic/differential equations for gab with data

fa, Γa
b , Φa

b .



Two approaches/problems:

1. For given F a find all g’s

e.g.

ẍ + ẏ = 0

ÿ + y = 0

admits no multipliers.

2. For given n classify 2nd order ode’s

according to existence and multiplicity of so-

lutions of the Helmholtz condition.

Done by Douglas for n = 2.



Current Status

• Still not done for n = 3.

• done for some cases for arbitrary n, eg

Φ = µIn, Φ diagonalisable with distinct

e’vals and integrable eigendist’ns

• pretty poor really!!



2. Compensations

• geometric theory of SODE’s

• geometrisation of Euler-Lagrange eqns and

classic thms

• geometry along the projection

• degenerate and constrained systems

• classical mechanics of Riemannian mani-

folds



• classical mechanics of contact manifolds

• affine geometry of Euler-Lagrange eqns

• Berwald connections and Finsler geome-

try

• higher order mechanics

• and so on.....



3. Geometric Formulation

Theorem (CPT 1984) Given a SODE Γ,

necessary and sufficient conditions for the ex-

istence of a Lagrangian whose E − L field is

Γ are that there exists Ω ∈ Λ2(E) :

1. Ω has max’l rank

2. Ω(V1, V2) = 0 ∀V1, V2 ∈ V (E)

3. iΓΩ = 0

4. dΩ = 0

Every SODE satisfies these locally except the

second one!



Details:

E := R× TM (t, xa, ua)

↙ t ↓ π dim(E) = 2n + 1

R ←−
t

R×M (t, xa)

ẍa = F a(t, xb, ẋb)

→ Γ =
∂

∂t
+ ua ∂

∂xa
+ F a ∂

∂ua
∈ X(E)

E is equipped with

• vertical dist’n V (E) = Sp{Va := ∂
∂ua}

• contact dist’n
Θ(E) = Sp{θa := dxa − uadt}

• vertical endomorphism S = Va
⊗

θa



Γ =
∂

∂t
+ ua ∂

∂xa
+ F a ∂

∂ua
, S = Va ⊗ θa

︸ ︷︷ ︸
LΓS

TE = Sp{Γ} ⊕H(E)⊕ V (E)

Projectors:

PΓ = Γ⊗ dt, PH = Ha ⊗ θa, PV = Va ⊗ ψa




Ha := ∂
∂xa − Γb

a
∂

∂ub, ψa := dua − F adt + Γa
bθb

[Ha, Hb] = Rd
abVd




Jacobi endomorphism:

Φ := PV ◦ LΓPH



When ẍa = F a(t, xb, ẋb) are (normalized) Euler-

Lagrange equations, then Γ is the unique vec-

tors field on E s.t.

iΓ dθL = 0, dt(Γ) = 1


θL := Ldt + dL ◦ S = Ldt + ∂L

∂uaθa

dθL = ∂2L
∂ua∂ubψ

a ∧ θb






Usually begin the search for Ω by assuming

1., 2., 3 i.e.

Ω = gabψ
aΛθb, |gab| 6= 0

and requiring

dΩ = 0.

dΩ(X, Y, Z) = 0 give the Helmholtz condi-

tions e.g.

dΩ(Γ, Va, Hb) = 0 ⇔ Γ(gab)− gbcΓ
c
a − gacΓ

c
b = 0

dΩ(Γ, Va, Vb) = 0 ⇔ gab = gba

dΩ(Γ, Ha, Hb) = 0 ⇔ gacΦ
c
a = gcaΦ

c
b

etc.



4. Geometrisation of SODE’s

The model is the auto-parallel eqn of a linear

connection with torsion.

∇ZZ = 0

Shape map:

AX(Y ) = ∇Y X − T (X, Y )

= ∇XY − [X, Y ]

If Z is auto-parallel then AZ is the key to

Raychaudhuri’s eqn, Morse theory etc.

Only need ∇Z for these purposes.



For a given SODE Γ:

• on R×M no connection, but:

AZ := σ∗ZPV

Jacobi eqn

∇2
ZX = −Φ̄(X)

This coincides with the autoparallel case.

• on E connection is the Massa and Pagani
∇̂ with

AΓ = −PV ◦ LΓPH − PH ◦ LΓPV

= −Φ− PH ◦ LΓPV

Jacobi eqn

∇̂2
ΓX = −Φ(X)



Open Questions

• quantum mechanics of Lagrangian sys-

tems

• solution of the Inverse Problem – what is

the classification for arbitrary n ?

• Morse theory of SODE’s

• relation to contact manifolds

• congruence design problems

• mechanics with quadratic forms



Selected References

1. I. Anderson and G. Thompson. The in-
verse problem of the calculus of varia-
tions for ordinary differential equations.
Memoirs Amer. Math. Soc. 98 No. 473
(1992).

2. M. Crampin, E. Mart́ınez and W. Sar-
let. Linear connections for systems of
second–order ordinary differential equa-
tions. Ann. Inst. H. Poincaré Phys.
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