HAMILTONIAN STRUCTURES ON MULTISYMPLECTIC MANIFOLDS

F. Cantrijn^∗ Theoretical Mechanics Division University of Gent

Krijgslaan 281 B-9000 Gent (Belgium)

L.A. Ibort Departamento de Física Teórica Universidad Complutense de Madrid E-28040 Madrid (Spain)

M. de León Instituto de Matemáticas y Física Fundamental Consejo Superior de Investigaciones Científicas Serrano 123 E-28006 Madrid (Spain)

April 4, 2002

Abstract

After a brief review of some basic notions of multisymplectic geometry and a discussion of some examples, special attention is paid to the concepts of Hamiltonian multivector field and Hamiltonian form on a multisymplectic manifold. In particular, it is shown that the space of equivalence classes of Hamiltonian forms, modulo closed forms, can be equipped with a graded Lie algebra structure. Next, it is demonstrated that the tangent bundle of a multisymplectic manifold is also multisymplectic, and that a locally Hamiltonian vector field is determined by a Lagrangian section of this “tangent multisymplectic structure”.

∗Senior Research Associate at the Fund for Scientific Research - Flanders (Belgium)

1 Introduction

Apart from his fundamental work on the symplectic approach to statics and to nonrelativistic and relativistic particle dynamics, W.M. Tulczyjew has also made important contributions to the symplectic formulation of field theories (cf. [11, 20, 21]). His ideas on the subject have also been inspiring for others working in this area and have brought the notions of multisymplectic structure and multiphase space into prominence (see e.g. [9, 10]). In the context of the covariant approach to Hamiltonian field theory, the concept of multisymplectic structure essentially refers to the canonical structure living on a bundle of exterior forms on a (fibred) manifold (see, among others, [2, 5, 6, 7, 12, 20]). This structure, which can be regarded as the field-theoretical analogue of the canonical symplectic structure on the phase space of a classical mechanical system, is defined by a closed (more precisely, exact) differential form which is nondegenerate in the sense that its characteristic distribution consists of the zero-vector field only. (An explicit expression of this form will be given in Section 3).

Just as the notion of symplectic manifold is much more encompassing than that of a cotangent bundle, we may extend the notion of multisymplectic manifold (or structure) in order to include any manifold equipped with a differential form which is closed and nondegenerate. As such, the class of multisymplectic manifolds contains as special subclasses those of the symplectic and the orientable manifolds (a volume form being multisymplectic in the above sense). Properties of general multisymplectic structures therefore in particular apply to the symplectic and orientable cases. Conversely, it is also of interest to find out which properties of the latter two structures admit an extension to the more general multisymplectic setting. The previous arguments already suffice to say that, from a purely mathematical point of view, multisymplectic geometry is a topic worth investigating in its own right. Inspired by some interesting work on the subject by G. Martin ([16, 17]), we have embarked in [1] on a systematic study of the geometry of multisymplectic manifolds. In the present contribution we will mainly concentrate on certain aspects of Hamiltonian structures (i.e. Hamiltonian (multi-)vector fields and Hamiltonian forms) on multisymplectic manifolds. The scheme of this paper is as follows. In the next section we will briefly recall some of the basic concepts introduced in [1], and Section 3 will be devoted to some illustrative examples of multisymplectic manifolds. Section 4 then deals with the notions of Hamiltonian multivector field and Hamiltonian form. The main result thereby consists in the identification of a particular graded Lie algebra structure on the space of (equivalence classes of) Hamiltonian forms, modulo closed forms. Finally, in Section 5, extending a known result from symplectic geometry, we show that the tangent bundle T M of a multisymplectic manifold M admits a natural multisymplectic structure, and that a locally Hamiltonian vector field on M can be fully characterised in terms of a Lagrangian submanifold of T M (with respect to this induced multisymplectic structure).

Throughout this paper, we confine ourselves to real, finite dimensional smooth manifolds. The bundle of exterior k-forms and the bundle of k-vectors (i.e. contravariant skew-symmetric k-tensors) on a manifold M will be denoted by ⋀_k M and V_kM, respectively. The fibres of these bundles over a point x ∈ M are given by ⋀_k (T^∗_x M) and ⋀_k (T_xM), respectively. For k = 1 we have

⋀_1

M = T^∗M and V_1M = T M. The modules of differential k-forms and k-vector fields on M, will be denoted by Ω^k(M) and V_k(M), respectively. The contraction of a vector (field) X and an exterior (differential) form α will be written as i_X α.

2 General definitions

For more details concerning the material presented in this section, we refer to [1]. Starting with the linear case, we say that a multisymplectic vector space of order k + 1 (1 < k + 1 ≤ dim V ) is a pair (V, ω) consisting of a (real) vector space V and an exterior (k + 1)-form ω on V such that for v ∈ V , i_vω = 0 iff v = 0. For any subspace W of V and for each ℓ, with 1 ≤ ℓ ≤ k, the ℓ−th orthogonal complement of W with respect to ω is the linear subspace of V defined by W^{⊥,ℓ} = {v ∈ V | i_{v∧w1∧···∧wℓ} ω = 0, for all w_i ∈ W, i = 1, . . . , ℓ}. In particular, we have the following filtration of orthogonal complements W^{⊥,1} ⊆ W^{⊥,2} ⊆ · · · ⊆ W^{⊥,k}. Obviously, W^{⊥,ℓ} = V whenever ℓ > dim W and W ∩ W^{⊥,k} = ker(ω|_W ) = {w ∈ W | i_w(ω|_W ) = 0}. A subspace W of a multisymplectic vector space (V, ω) will be called ℓ-isotropic if W ⊂ W^{⊥,ℓ}, ℓ-coisotropic if W^{⊥,ℓ} ⊂ W and ℓ-Lagrangian if W = W^{⊥,ℓ}. For k = 1 (i.e. ω a 2-form) the previous notions all reduce to the familiar ones from linear symplectic geometry. The transition from the linear to the differentiable setting is easily made. A multisymplectic manifold of order k + 1 is a pair (M, ω) consisting of a smooth (real, finite dimensional) manifold M and a (k + 1)-form ω on M which is closed, i.e. dω = 0, and nondegenerate in the sense that for a vector field X on M,

i_X ω = 0 iff X = 0.

Any differential form verifying both properties (i.e. being closed and nondegenerate) is called a multisymplectic form.

Given a multisymplectic manifold (M, ω) of order k + 1 (1 < k + 1 ≤ dim M), the form ω induces k vector bundle homomorphisms ω̂_j : V_j M −→ k+1−j⋀ M, U ∈ j⋀ (T_xM) −→ i_U ω(x), (1) for j = 1, . . . , k. The nondegeneracy of ω in particular implies that ω̂_1 : T M → ⋀_k M is injective and ω̂_k : V_kM → T^∗M is surjective.

A submanifold N of a multisymplectic manifold (M, ω) will be called ℓ-isotropic (resp. ℓcoisotropic, ℓ-Lagrangian), for 1 ≤ ℓ ≤ k, if for each x ∈ N, T_xN is a ℓ-isotropic (resp. ℓ-coisotropic, ℓ-Lagrangian) subspace of the multisymplectic vector space (T_xM, ω(x)). Given two multisymplectic manifolds (M_1, ω_1) and (M_2, ω_2) of equal order, a multisymplectomorphism (or, multisymplectic diffeomorphism) is a diffeomorphism Ψ : M_1 → M_2 such that Ψ^∗ω_2 = ω_1. It is known that symplectic and volume forms belong to the category of geometric structures which, in the spirit of Klein’s Erlangen programme, are fully characterised by their respective groups of automorphisms. Therefore, it would certainly be of interest to find out whether such a property also applies to more general multisymplectic structures. Work along these lines is in progress.

3 Some examples

(i) Let E be an arbitrary n-dimensional smooth manifold and consider the bundle ⋀_k E of exterior k-forms on E, with natural projection ρ_k : ⋀_k E → E. Local coordinates on E are denoted by (q^1, . . . , q^n) and the induced bundle coordinates on ⋀_k E are denoted by (q^i, p_{i1...ik} ), with 1 ≤ i_1 < · · · < i_k ≤ n. On ⋀_k E there exists a canonical k-form Θ_E which can be defined in a way completely similar to the Liouville 1-form on a cotangent bundle (see e.g. [1]), and which in canonical coordinates is given by Θ_E = p_{i1...ik} dq^{i1} ∧ . . . ∧ dq^{ik} , with summation running over all 1 ≤ i_1 < · · · < i_k ≤ n. It is then found that the exact (k + 1)-form Ω_E = dΘ_E, which in coordinates reads Ω_E = dp_{i1...ik} ∧ dq^{i1} ∧ . . . ∧ dq^{ik} , (2) is nondegenerate and, consequently, ( ⋀_k E, Ω_E ) is a multisymplectic manifold of order k + 1.

In addition, one can show that the fibres of ⋀_k E are 1-Lagrangian submanifolds and that E

(identified with the zero section of ρ_k) and, more generally, the image of any closed k-form defined on E, determines a k-Lagrangian submanifold of ( ⋀_k E, Ω_E ) (cf. [1]). This clearly yields an extension of the properties of a cotangent bundle.

Next, assume that E is fibred over some manifold M, with projection π : E → M. For any positive integer r, with 1 ≤ r ≤ k − 1, let ⋀_k r E denote the bundle of (k − r)-horizontal k-forms on E, i.e. those k-forms which vanish whenever r + 1 of its arguments are vertical tangent vectors (with respect to π). This bundle is a subbundle of ⋀_k E and it is not difficult to verify that the pull-back of Ω_E to ⋀_k r E still determines a multisymplectic structure (see [1]). For k = dim M and r = 1, this is precisely the multisymplectic structure appearing in first-order field theory (see e.g. [2, 5, 20]).

It should be emphasised that, except in the symplectic case, a general multisymplectic manifold need not even be locally isomorphic to a bundle exterior forms. Stated otherwise, an arbitrary multisymplectic form need not have a local representative of the form (2). In fact, in order for there to be a kind of Darboux theorem in the multisymplectic setting, one has to narrow the concept of multisymplectic manifold by imposing additional conditions (cf. [1, 16]).

(ii) A volume form ν on an n-dimensional orientable manifold M yields a multisymplectic strucure of order n. In this case, the induced bundle homomorphisms ν̂_j : V_jM → ⋀_{n−j} M, defined by (1), are all isomorphisms. Moreover, any ℓ-dimensional submanifold of (M, ν) is ℓ-Lagrangian (cf. [1]).

(iii) A symplectic manifold (M, ω) is obviously multisymplectic (of order 2). Moreover, if dim M = 2n, the symplectic form ω induces n − 1 additional multisymplectic structures on M of even order, respectively, 4, 6, . . . , 2n, namely: ω ∧ ω, . . . , n ω ∧ · · · ∧ ω, whereby the last one is (up to a numerical factor) the standard volume form generated by ω. (iv) Let G be a compact semisimple Lie group and let < , > denote the left invariant metric on G induced by the Cartan-Killing metric of its Lie algebra. One can then define the following 3-form on G: ω(X, Y, Z) =< X, [Y, Z] > + cycl. where, on the right-hand side, the cyclic sum is taken with respect to the vector fields X, Y, Z. Choose a basis θ^i of left invariant 1- forms on G and denote the stucture constants and the components of the Cartan-Killing form (with respect to the dual basis of the Lie algebra) by c^i_{jk} and g_{ij}, respectively. The form ω then reads ω = g_{ij}c^j_{kℓ}θ^i ∧ θ^k ∧ θ^ℓ.

It is straightforward to check that ω is closed and nondegenerate and, hence, defines a multisymplectic structure of order 3 on G.

To close this section we still mention, without going into details, that multisymplectic structures may also appear, for instance, in the study of manifolds with transversally orientable foliations, where the multisymplectic form may be related to the so-called Godbillon-Vey invariant of the foliation (see e.g. [3, 18] for a definition of this invariant). A simple but illustrative example is given by the following. Consider the Lie group Sl(2, ℜ) and let Γ be a discrete subgroup such that the qoutient space M = Sl(2, ℜ)/Γ is compact. It has been pointed out in [3] that M admits a co-dimension 1-foliation, induced by (the projection of) a left-invariant 1-form on Sl(2, ℜ), and a volume form, the (nontrivial) cohomology class of which is an invariant of the foliation.

4 Hamiltonian (multi-)vector fields and Hamiltonian forms

Let (M, ω) be a multisymplectic manifold of order k +1. A vector field X on M will be called locally Hamiltonian if L_X ω = 0 (where L_X denotes the Lie derivative with respect to X). In particular, X will be locally Hamiltonian iff its flow consists of (local) multisymplectomorphisms. Note in passing that if M is orientable and ω a volume form (i.e. k + 1 = dim M), the locally Hamiltonian vector fields are precisely the divergence free vector fields on M. If for a vector field X the k-form i_X ω is exact, i.e. if i_X ω = dα for some (k − 1)-form α on M, then X is said to be Hamiltonian and α is called a Hamiltonian form (of order k − 1). Obviously, the set of Hamiltonian vector fields is a subset of the set of locally Hamiltonian vector fields. In analogy with the symplectic case, one can in fact show that the locally Hamiltonian vector fields on a multisymplectic manifold constitute a Lie algebra (for the Lie bracket of vector fields) and that the set of Hamiltonian vector fields is an ideal of this Lie algebra.

Let us now introduce some notations. We will use Z^ℓ(M) to denote the space of closed ℓ-forms on M (for any ℓ ≥ 0). The set of Hamiltonian forms of order k − 1 will be denoted by H^{k−1}(M), i.e.

H^{k−1}(M) = {α ∈ Ω^{k−1}(M) | i_X ω = dα, for some vector field X},

and the set of Hamiltonian vector fields by V^H_1 (M). In particular, H^{k−1}(M) is a real vector space consisting of those (k − 1)-forms on M the exterior derivative of which are sections of the subbundle ω̂_1(T M) of ⋀_k M. In case ω is either a symplectic form (k = 1) or a volume form (k +1 = dim M), the vector bundle homomorphism ω̂_1 is an isomorphism and H^{k−1}(M) then coincides with C^∞(M) and with Ω^{k−1}(M), respectively.

From the nondegeneracy of ω it follows that for a given α ∈ H^{k−1}(M), the corresponding Hamiltonian vector field X is uniquely determined, and we denote it by X_α. Conversely, given a Hamiltonian vector field X, a corresponding Hamiltonian form is only determined up to a closed (k − 1)-form. Since, obviously, Z^{k−1}(M) is a subspace of H^{k−1}(M), we can introduce the quotient space H̃^{k−1}(M) = H^{k−1}(M)/Z^{k−1}(M), and the above argument shows that the spaces V^H_1 (M) and H̃^{k−1}(M) are isomorphic (as linear spaces). Elements of H̃^{k−1}(M) will be denoted by α̃, with representative α ∈ H^{k−1}(M), i.e. α̃ is the set of all (k − 1)-forms differing from α by a closed form. On H^{k−1}(M) one can define an algebra structure, with product denoted by { , }, as follows. Take any two Hamiltonian forms α, β with associated (uniquely determined) Hamiltonian vector fields X_α, X_β. One immediately finds that i_{[Xα,Xβ ]}ω = d(i_{Xα} i_{Xβ} ω), i.e. i_{Xα} i_{Xβ} ω is a representative of the equivalence class of Hamiltonian forms corresponding to the Hamiltonian vector field [X_α, X_β]. Now, putting {α, β} = i_{Xα} i_{Xβ} ω (3) we infer from the above that [X_α, X_β] = X_{{α,β}}. One easily verifies that the bracket { , } is a ℜ-bilinear skew-symmetric operator (with ℜ the field of real numbers) which satisfies the relation {α, {β, γ}} + cycl. = −di_{Xα} i_{Xβ} i_{Xγ} ω. Within the framework of the Hamilton-Cartan approach to the calculus of variations, a similar algebraic structure on a class of differential forms has been considered, for instance, in [4]. In the symplectic case, (3) yields the Poisson bracket on C^∞(M). In the general multisymplectic case it is readily seen that Z^{k−1}(M) belongs to the kernel of (H^{k−1}(M), {, }) and, hence, the bracket {, } passes to the quotient and induces a genuine Lie algebra structure on H̃^{k−1}(M) with {α̃, β̃}^{def}= ~{α, β}. The Lie algebra (H̃^{k−1}(M), { , }) is isomorphic to the Lie algebra (V^H_1 (M), [ , ]), with isomorphism given by V^H_1 (M) → H̃^{k−1}(M), X_α → α̃.

The above framework for Hamiltonian vector fields and forms can now be extended to multivector fields and differential forms of various order. Let (M, ω) again be an arbitrary multisymplectic manifold of order k + 1. A (k − ℓ)-vector field U on M, with 0 ≤ ℓ ≤ k − 1, is called locally Hamiltonian if the (ℓ + 1)-form i_U ω is closed, and Hamiltonian if this form is exact, i.e. if there exists an ℓ-form α such that i_U ω = dα. The form α is then called a Hamiltonian form of order ℓ, and the set of these forms is a linear space, denoted by H^ℓ(M). Note in particular that, since the bundle homomorphism ω̂_k : V_k(M) → T^∗M is surjective (cf. Section 2), we have H^0(M) = C^∞(M).

For a given Hamiltonian multivector field, the corresponding Hamiltonian form is again determined up to a closed form. Conversely, the Hamiltonian multivector field which can be associated with a given Hamiltonian form of order ℓ, is only determined up to a (k−ℓ)-vector field whose contraction with ω vanishes. The space of Hamiltonian (k − ℓ)- vector fields will be denoted by V^H_{k−ℓ}(M).

Closed forms are trivially Hamiltonian and, therefore, it is convenient to think of Hamiltonian forms as being defined modulo closed forms. To make this more formal, we consider the quotient spaces H̃^ℓ(M) = H^ℓ(M)/Z^ℓ(M), for ℓ = 0, . . . , k − 1, with elements denoted by α̃. In case M is connected, Z^0(M) = ℜ and then H̃^0(M) = C^∞(M)/ℜ. Note that the elements of H̃^ℓ(M) are in one-to-one correspondence with the equivalence classes of Hamiltonian (k − ℓ)-vector fields, whereby two elements of V^H_{k−ℓ}(M) are called equivalent if they differ by a (k − ℓ)-vector field which is annihilated by ω. For later use, we also introduce the direct sum spaces

H^∗(M) = k−1⨁ ℓ=0 H^ℓ(M), and H̃^∗(M) = k−1⨁ ℓ=0 H̃^ℓ(M). Now, let α_1 and α_2 be two Hamiltonian forms of order ℓ_1 and ℓ_2, respectively, with associated Hamiltonian multivector fields U_1 ∈ V^H_{k−ℓ1} (M) and U_2 ∈ V^H_{k−ℓ2} (M). Let [U_1, U_2] denote the Schouten-Nijenhuis bracket of these multivector fields (see e.g. [23] for a definition and for the properties of this bracket). In particular, [U_1, U_2] is a multivector field of order 2k − (ℓ_1 + ℓ_2 + 1). Using the properties of the Schouten-Nijenhuis bracket, and taking into account that dω = 0, i_{U1} ω = dα_1 and i_{U2} ω = dα_2, one finds i_{[U1,U2]}ω = −di_{U1∧U2} ω. (4) This shows that [U_1, U_2] is again a Hamiltonian multivector field with representative Hamiltonian form −i_{U1∧U2} ω. The latter, of course, trivially vanishes whenever ℓ_1 + ℓ_2 + 1 < k. Note that the form −i_{U1∧U2} ω is independent of the choice of the multivector fields U_1 and U_2 associated with the given Hamiltonian forms α_1 and α_2. This prompts us to introduce the following bracket of Hamiltonian forms:

{α_1, α_2} = −i_{U1∧U2} ω. (5)

From the previous discussion it follows that this bracket is well-defined and determines a unique element of H^{(ℓ1+ℓ2+1)−k}(M), or equals zero in case ℓ_1 + ℓ_2 + 1 < k. From the definition (5) one infers that { , } induces a ℜ-bilinear operation on H^∗(M) and that for any α_i ∈ H^{ℓi} (M) (i = 1, 2) {α_1, α_2} = (−1)^{(k−ℓ1)(k−ℓ2)}{α_2, α_1}.

In addition, combining (4) and (5) it is seen that for any three Hamiltonian forms α_i ∈ H^{ℓi} (M), with corresponding Hamiltonian multivector fields U_i ∈ V^H_{k−ℓi} (M) (i = 1, 2, 3), d{{α_1, α_2}, α_3} = i_{[[U1,U2],U3]}ω. Using the graded Jacobi identity for the Schouten-Nijenhuis bracket (cf. [23]) it is found that the cyclic sum (−1)^{(k−ℓ1)(k−ℓ3)}{{α_1, α_2}, α_3} + cycl. yields a closed form.

By construction, the bracket of Hamiltonian forms vanishes whenever one of its arguments is a closed form. Consequently, the algebraic structure induced by { , } on H^∗(M) passes to the quotient space H̃^∗(M), with product defined by {α̃, β̃} = ~{α, β}. This bracket satisfies, among others, the graded Jacobi identity (−1)^{(k−ℓ1)(k−ℓ3)}{{~α_1, ~α_2}, ~α_3} + cycl. = 0, for arbitrary ~α_i ∈ H̃^{ℓi} (M). We now put K^s(M) = H̃^{k−s−1}(M), so that H̃^∗(M) can be rewritten as H̃^∗(M) = ⨁ s≥0 K^s(M), whereby we adopt the convention that K^s(M) = {0} whenever s > k − 1. We then introduce the following grading on H̃^∗(M): for every nonzero homogeneous element α̃ ∈ K^s(M) let

|α̃| = s = k − (order of α) − 1. (6)

Next, we slightly modify the product on H̃^∗(M) by defining a new bracket { , }^∗ according to {α̃, β̃}^∗ = (−1)^{|α̃|}{α̃, β̃}. Putting the various pieces together, it is now a staightforward matter to verify that the bracket { , }^∗, apart from being a ℜ- bilinear operator, satisfies the following properties: |{~α_1, ~α_2}^∗| = |~α_1| + |~α_2|, i.e. the grading operator | . | acts additively with respect to the bracket operation on H̃^∗(M), and for arbitrary α̃, β̃, γ̃ ∈ H̃^∗(M) we have {α̃, β̃}^∗ = −(−1)^{|α̃||β̃|}{β̃, α̃}^∗, and (−1)^{|α̃||γ̃|}{{α̃, β̃}, γ̃} + (−1)^{|β̃||α̃|}{{β̃, γ̃}, α̃} + (−1)^{|γ̃||β̃|}{{γ̃, α̃}, β̃} = 0. Summarising, we have thus shown that the following result holds. Theorem 4.1. ( ⨁ s≥0 K^s(M), { , }^∗) is a graded Lie algebra (with grading defined by (6)).

Moreover, the subalgebra consisting of the equivalence classes of Hamiltonian forms of order k − 1 (i.e. the elements α̃ for which |α̃| = 0), is a Lie algebra.

5 The tangent multisymplectic structure

It is well-known that, given a symplectic manifold (M, ω), the symplectic form induces a symplectic structure on the tangent bundle T M. This fact plays a crucial role in Tulczyjew’s approach to Hamiltonian dynamics ([19, 22]). In particular, he has shown that a (locally) Hamiltonian vector field can be fully characterised by a Lagrangian section of the tangent bundle with respect to this induced symplectic structure. More generally, an arbitrary Lagrangian submanifold of the tangent bundle of a symplectic manifold can be interpreted as a “generalised” (or implicit) Hamiltonian dynamical system (see e.g. [15, 19]). The “tangent symplectic structure” can be introduced in several equivalent ways. For our present needs it suffices to point out that it can be defined as the complete lift ω^c of the given symplectic form ω. (We refer the reader to [13, 24] for the basic definitions and properties of complete and vertical lifts of vector fields and forms on a manifold.)

In this section we will show that the above picture extends to Hamiltonian vector fields on a general multisymplectic manifold. We start with the following important result. Proposition 5.1. Let (M, ω) be a multisymplectic manifold of order k + 1. Then, the complete lift ω^c defines a multisymplectic structure of order k + 1 on T M. Proof. First, since the complete lift operation of forms commutes with exterior differentiation, it immediately follows that dω^c = 0. Next, assume i~_X ω^c = 0 for some vector field X̃ on T M. We then have to prove that X̃ = 0, and we will do this pointwise. At any given point of T M, say u ∈ T_xM, X̃(u) can always be written as

X̃(u) = X^c_1 (u) + X^v_2 (u) (7)

where X^c_1 and X^v_2 denote the complete and vertical lifts of some (local) vector fields X_1 and X_2 on M. Taking into account that i_Xc_1 ω^c = (i_{X1} ω)^c and i_Xv_2 ω^c = (i_{X2} ω)^v, we find

0 = (i~_X ω^c)(u) = (i_{X1} ω)^c(u) + (i_{X2} ω)^v(u). (8)

We now let this act on k arbitrary vertical tangent vectors at u, which can always be represented as the vertical lifts (u_1)^v, . . . , (u_k)^v of k vectors u_i ∈ T_xM. Since the vertical lift of a differential form on M yields a basic form on T M (the vertical lift of forms being essentially the pull-back under the tangent bundle projection) it follows that

ω(X_1(x), u_1, . . . , u_k) = 0,

and this should hold for any k tangent vectors u_i ∈ T_xM. The nondegeneracy of ω then entails X_1(x) = 0 and, hence, X^c_1(u) is vertical. In view of (7), the latter implies that X̃(u) is vertical, i.e. X̃(u) = Y^v(u) for some vector field Y on M. With (8) we now find that (i_Y ω)^v(u) = 0, from which it readily follows that Y (x) = 0. By definition of the vertical lift operation, this finally yields X̃(u) = 0, which completes the proof. □ The multisymplectic structure defined by ω^c on the tangent bundle of a multisymplectic manifold (M, ω) will be called the tangent multisymplectic structure. If, in local coordinates (x^i) on M, ω is given by ω = a_{i1...ik+1} dx^{i1} ∧· · ·∧dx^{ik+1} , then, in the natural bundle coordinates (x^i, v^i) on T M, ω^c reads

ω^c = ∂a_{i1...ik+1} ∂x^j v^j dx^{i1} ∧ · · · ∧ dx^{ik+1} + k+1∑ j=1 a_{i1...ik+1} dx^{i1} ∧ · · · ∧ dv^{ij} ∧ · · · ∧ dx^{ik+1} . (9) In analogy with the symplectic case, we now have the following geometrical characterisation of locally Hamiltonian vector fields on multisymplectic manifolds.

Theorem 5.2. A vector field X on a multisymplectic manifold (M, ω) of order k + 1 is locally Hamiltonian iff its image X(M) is a k-Lagrangian submanifold of the tangent multisymplectic structure (T M, ω^c).

Proof. For an arbitrary vector field X on M we have

L_X ω = X^∗ω^c, (10)

and since X^∗ω^c can be identified with the pull-back of ω^c to X(M) = ImX, this already tells us that if ImX is k-Lagrangian (and thus, in particular, X^∗ω^c = 0), then X is locally Hamiltonian.

Conversely, assume L_X ω = 0. From (10) we then learn that the pull- back of ω^c to ImX vanishes and, hence, ImX is necessarily k-isotropic. By definition of k-Lagrangian submanifold (cf. Section 2) it therefore remains to be shown that at each point u ∈ ImX, (T_u(ImX))^{⊥,k} ⊂ T_u(ImX). This part of the proof can be most easily accomplished in coordinates. Assume u = X(x) and let (x^i) denote local coordinates in a neighbourhood of x ∈ M. Consider then the following tangent vectors at u:

A_i = X_∗( ∂ ∂x^i | | | |_x) = ∂ ∂x^i | | | |_u + ∂X^j ∂x^i (x) ∂ ∂v^j | | | |_u , B^i = ∂ ∂v^i | | | |_u .

The vectors A_i constitute a basis of T_u(ImX) and (A_i, B_i) is a basis of T_u(T M). In terms of the latter, an arbitrary tangent vector C ∈ T_u(T M) reads C = a^iA_i + b^iB_i, for some real constants a^i, b^i. Using the local expression (9) for ω^c, and taking into account the fact that ω itself is nondegenerate, a straightforward computation reveals that C ∈ (T_u(ImX))^{⊥,k} implies b^i = 0 for all i and thus, C ∈ T_u(ImX). This completes the proof of the theorem. □ It is to be expected that for the study of the geometry of multisymplectic manifolds one will have to invoke the full algebra of Hamiltonian multivector fields. In that respect, it will be of interest, among others, to find an appropriate extension of the results described in this section to general Hamiltonian multivector fields. This, and other aspects concerning the Hamiltonian structures on a multisymplectic manifold, will be discussed in forthcoming work.

Acknowledgements. This research was partially supported by a NATO Collaborative Research Grant (no. CRG 940195). F. C. thanks the Fund for Scientific Research - Flanders (Belgium) for continuing support. A. I. further wishes to thank for partial financial support from the DGICYT project PB92-0197 and M. L. for support from the DGICYT project PB94-0106.

References

[1] Cantrijn F., Ibort L. A., de León M., On the geometry of multisymplectic manifolds, Preprint, (1996).

[2] Cariñena J. F., Crampin M., Ibort L. A., On the multisymplectic formalism for first order field theories, Diff. Geom. and its Appl. 1, (1991), pp. 345–374.

[3] Godbillon C., Vey J., Un invariant des feuilletages de codimension 1, C. R. Acad.

Sc. Paris (Série A) 273, (1971), pp. 92–95.

[4] Goldschmidt H., Sternberg S., The Hamilton-Cartan formalism in the calculus of variations, Ann. Inst. Fourier (Grenoble) 23, (1973), pp. 203–267.

[5] Gotay M. J., A multisymplectic framework for classical field theory and the calculus of variations. I. Covariant hamiltonian formalism, in: Mechanics, Analysis and Geometry: 200 Years after Lagrange, M. Francaviglia (Ed.), Elsevier Sci. Publ. B. V., (1991), pp. 203–235.

[6] Gotay M. J., A multisymplectic framework for classical field theory and the calculus of variations. II. Space + time decomposition, Diff. Geom. and its Appl. 1, (1991), pp. 375–390.

[7] Gotay M. J., Isenberg J., Marsden J. E., Montgomery R., Momentum mappings and the Hamiltonian structure of classical field theories with constraints, Preprint, (1990).

[8] Guillemin V., Sternberg S., Symplectic Techniques in Physics, Cambridge Univ.

Press, Cambridge, (1984).

[9] Kijowski J., A Finite-dimensional Canonical Formalism in the Classical Field Theory, Commun. Math. Phys. 30, (1973), pp. 99–128.

[10] Kijowski J., Szczyrba W., Multisymplectic manifolds and the geometrical construction of the Poisson brackets in the classical field theory, in: Géométrie symplectique et physique mathématique, Coll. Int. C.N.R.S. No 237, C.N.R.S. , (1975), pp. 347–378.

[11] Kijowski J., Tulczyjew W. M., A Symplectic Framework for Field Theories, Lect.

Notes in Physics 107, Springer, Berlin, (1979).

[12] de León M., Marín-Solano J., Marrero J. C., Ehresmann connections in classical field theories, in: Proc. III Fall Workshop: Differential Geometry and its Applications, Granada 26–27 September 1994, Cañadas-Pinedo M. A. et. al. (Eds.), Anales de Física, Monografías, (1995), pp.73–89.

[13] de León M., Rodrigues P. R., Methods of Differential Geometry in Analytical Mechanics, Mathematics Studies 158, North- Holland, Amsterdam, (1989).

[14] Libermann P., Marle C.-M., Symplectic Geometry and Analytical Mechanics, Mathematics and its Applications, D. Reidel, Dordrecht, (1987).

[15] Marmo G., Mendella G., Tulczyjew W. M., Symmetries and constants of the motion for dynamics in implicit form, Ann. Inst. Henri Poincaré (Section A) 57, (1992), pp. 147–166.

[16] Martin G., A Darboux Theorem for Multi-Symplectic Manifolds, Lett. Math. Phys.

16, (1988), pp. 133–138.

[17] Martin G., Dynamical Structures for k-Vector Fields, Int. J. Theor. Phys. 27, (1988), pp. 571–585.

[18] Martinet J., Reeb G., Sur une Généralisation des Structures Feuilletés de Codimension Un, in: Dynamical Systems, Peixoto M. M. (Ed.), Academic Press, New York, (1973), pp. 177–184.

[19] Menzio M. R., Tulczyjew W. M., Infinitesimal symplectic relations and generalized Hamiltonian Dynamics, Ann. Inst. Henri Poincaré (Section A) 28, (1978), pp. 349–367.

[20] Tulczyjew W. M., Homogeneous symplectic formulation of field dynamics and the Poincaré-Cartan form, in: Differential Geometrical Methods in Mathematical Physics, Garcia-Perez P. L. et. al. (Eds.), Lecture Notes in Math. 836, Springer, Berlin, (1980), pp. 484–497.

[21] Tulczyjew W. M., A Symplectic Framework of Linear Field Theories, Annali Mat.

Pura Appl. 130, (1982), pp. 177–195.

[22] Tulczyjew W. M., Geometric Formulations of Physical Theories, Monographs and Textbooks in Physical Science, Bibliopolis, Naples, (1989).

[23] Vaisman I., Lectures on the Geometry of Poisson Manifolds, Progress in Mathematics 118, Birkhäuser, Basel, (1994).

[24] Yano K., Ishihara S., Tangent and Cotangent Bundles, Marcel Dekker Inc., New York, (1973).