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1 Introduction

Routh’s procedure, in its original form (as described in his treatise [13]), was concerned with
eliminating from a Lagrangian problem the generalized velocities corresponding to so-called
ignorable or cyclic coordinates. Let L be a Lagrangian on R" that does not explicitly depend
on m of its base variables, say the coordinates 6*. From the Euler-Lagrange equations for these
coordinates,
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we can immediately conclude that the functions 9L/ D6 are constants, say
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these equations express the conservation of generalized momentum. Routh’s idea is to solve
these equations for the variables 8% and to introduce what he calls the ‘modified Lagrangian
function’, the restriction of the function
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to the level set where the momentum is 7,. One can easily verify that the (n—m) Euler-Lagrange
equations for the remaining variables x* can be rewritten as
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For example, if the Lagrangian takes the form
L(2,0,3,0) = $kij(2) 337 + ki()3°0% + Loy (2)0°6° — V (),

the conservation of momentum equations read ki ! + kabéb = 74, and they can be solved for
the variables 0 if (k) is a non-singular matrix. The modified Lagrangian function is

L'(z,&) = & (kij — kkiakjp)3'd? + kkiampi’ — (V + 3k%Pmqm,),

where k% denotes a component of the matrix inverse to (kap), in the usual way. Clearly, the
advantage of this technique is that the reduced equations in L’ involve only the unknowns
and &*; they can in principle be directly solved for the x?, and the ¢ may then be found (if
required) from the momentum equation.

A modern geometric interpretation of this reduction procedure can be found in e.g. [8]. The above
Lagrangian L is of the form 7" — V| where the kinetic energy part is derived from a Riemannian
metric (i.e. we are dealing with a so-called simple mechanical system). The function L is defined
on the tangent manifold of a manifold of the form M = S x G (in this case R™) and it is invariant
under an Abelian Lie group G (in this case the group of translations R™). The main feature
of the procedure is that the modified Lagrangian function and its equations can be defined in
terms of the coordinates on S only. However, to give the definition of the modified function an
intrinsic meaning, we should define this function, from now on called the Routhian, rather as
the restriction to a level set of momentum of
oL
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with A = k%ky, i.e.
R(z, @) = 2 (kij — kkiakjp)d'a? — (V + 3k%Pm,m).

The coefficients Af form a connection on the trivial principal bundle M = S x G — S, usually
called the mechanical connection, and §* + A?#* is in fact the vertical projection of the vector
(#%,0%). The (n —m) Euler-Lagrange equations in 2* then become
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where in the term on the right-hand side
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has a coordinate-free interpretation as the curvature of the connection.

In [9, 10], Marsden et al. extended the above procedure to the case of simple mechanical systems
with a non-Abelian symmetry group G and where the base manifold has a principal bundle
structure M — M/G. The procedure has recently been further extended to cover Lagrangian
systems in general by Castrillon-Lopez [1].

The most important contribution of our paper lies in the geometric formalism we will adopt.
The bulk of the literature dealing with different types of reduction of Lagrangian systems has
relied heavily on methods coming from the calculus of variations. In fact, as in e.g. [1, 5, 10], the



reduced equations of motion are usually obtained by considering some reduced version of Hamil-
ton’s principle. Our method is different from those of other authors in that it doesn’t involve
consideration of variations. It is distinctively Lagrangian (as opposed to Hamiltonian), and is
based on the geometrical analysis of regular Lagrangian systems, where solutions of the Euler-
Lagrange equations are interpreted as integral curves of an associated second-order differential
equation field on the velocity phase space, that is, the tangent manifold of the configuration
space. Consequently our derivation of Routh’s equations is relatively straightforward and is
a natural extension of that used by Routh in the classical case. In particular, we will show
how Routh’s equations can be derived directly from the Euler-Lagrange equations by choos-
ing a suitable adapted frame, or equivalently by employing well-chosen quasi-velocities. This
line of thinking has already provided some new insights into e.g. the geometry of second-order
differential systems with symmetry [3].

We deal from the beginning with arbitrary Lagrangians, i.e. Lagrangians not necessarily of the
form T — V.

As in [10], we explain how solutions of the Euler-Lagrange equations with a fixed momentum can
be reconstructed from solutions of the reduced equations. The method relies on the availability
of a principal connection on an appropriate principal fibre bundle. We will introduce in fact two
connections that serve the same purpose.

We describe the basic features of our approach in Section 2. The reduction of a Lagrangian
system to a level set of momentum is discussed in Section 3, and our generalization of Routh’s
procedure is explained there. Section 4 contains some general remarks about using a principal
connection to reconstruct an integral curve of a dynamical vector field from one of a reduction
of it. In Section 5 we describe the two principal connections that can be used in the specific
reconstruction problem we are concerned with, while in Section 6 we carry out the reduction in
detail, first in the Abelian case, then in general. In Section 7 we specialize to simple mechanical
systems, in order to compare our results with those published elsewhere. We conclude the paper
with a couple of illustrative examples.

2 Preliminaries

We will be concerned with Lagrangian systems admitting non-Abelian (that is to say, not nec-
essarily Abelian) symmetry groups. We begin by explaining what assumptions we make about
the action of a symmetry group.

We will suppose that ¢ : G x M — M is a free and proper left action of a connected Lie group
G on a manifold M. It should be noticed from the outset that this convention differs from the
one in e.g. [3, 6], but resembles the one taken in e.g. [8, 10].

With such an action, M is a principal fibre bundle with group G; we write M /G for the base
manifold and 7" : M — M /G for the projection. We denote by g the Lie algebra of G. For any
¢ € g, € will denote the corresponding fundamental vector field on M, that is, the infinitesimal

generator of the 1-parameter group ), o (t6) of transformations of M. The Lie bracket of two

fundamental vector fields satisfies [€, 7] = —[5,77] (see e.g. [8]). Since G is connected, a tensor
field on M is invariant under the action of GG if and only if its Lie derivatives by all fundamental
vector fields vanish. In particular, a vector field X on M is invariant if and only if [é , X =0
for all £ € g. We will usually work with a fixed basis for g, which we denote by {E,}; then for
X to be invariant it is enough that [Ea,X] =0,a=1,2,...,dim(g).



We suppose that we have at our disposal a principal connection on M. For the most part it will
be convenient to work with connections in the following way. A connection is a left splitting of
the short exact sequence

0—>Mxg—TM — (7")'T(M/G) — 0

of vector bundles over M; we identify M x g with the vertical sub-bundle of TM — M by
(m, &) — €|m. Thus we may think of a connection as a type (1,1) tensor field w on M which is a
projection map on each tangent space, with image the tangent to the fibre of 7. The connection
is principal just when w is invariant, that is, when Lz;w = 0 for all £ € g. The kernel distribution
of w is the horizontal distribution of the connection. An alternative test for invariance of the
connection is that its horizontal distribution should be invariant (as a distribution); that is,
for any horizontal vector field X, [é , X| is also horizontal for all £. We will often refer to a
connection by the symbol of the corresponding tensor field.

Let {X;} be a set of local vector fields on M which are linearly independent, horizontal with
respect to w and invariant. Such a set of vector fields consists of the horizontal lifts of a local
basis of vector fields on M /G, and in particular we may take for the X; the horizontal lifts of
coordinate fields on M/G. We then have a local basis {X;, E,} of vector fields on M. We will
very often work with such a basis, which we call a standard basis. The Lie brackets of pairs of
vector fields in a standard basis are

[X;, Xj] = RSB, [Xi,Eo) =0, [Eqy, By) = —C5E..

The Rj; are the components of the curvature of w, regarded as a g-valued tensor field. The
second relation simply expresses the invariance of the X;. In the third expression the C¢, are
structure constants of g with respect to the chosen basis.

It will sometimes be convenient to have also a basis {Xj, Ea} that consists entirely of invariant
vector fields. Let U C M/G be an open set over which M is locally trivial. The projection
M

7 is locally given by projection onto the first factor in U x G — U, and the (left) action by
Yy (z,h) = (x,gh). The vector fields on M defined by

Eq: (z,g9) — (adg Eg)(z,9) = ;M(Ea(a:,e)).

(where e is the identity of G) are invariant. The relation between the sets {E,} and {E,} can
be expressed as F,(r,g) = Al(g)Ey(x,g) where (A%(g)) is the matrix representing ad, with
respect to the basis {E£,} of g. In particular, Ab(e) = 6b. Since [E,, Ey] = 0, the coefficients .A?
have the property that E,(A§) = CS,AL.

We revert to consideration of a standard basis. We define the component 1-forms w® of the
tensor field w by w = w*E,. Then w*(X;) =0, w*(Ep) = §f. Thus the w® comprise part of the
basis of 1-forms dual to the standard basis. We denote by ¥ the remaining 1-forms in the dual
basis.

Most of the objects of interest, such as the Lagrangian and the corresponding Euler-Lagrange
field T, live on the tangent manifold of M, which we denote by 7 : TM — M. We recall that
there are two canonical ways of lifting a vector field, say Z, from M to TM. The first is the
complete or tangent lift, Z¢, whose flow consists of the tangent maps of the flow of Z. The
second is the vertical lift, ZV, which is tangent to the fibres of 7 and on the fibre over m coincides
with the constant vector field Z,,,. We have T'7(Z°) = Z while T7(ZV) = 0. Moreover, T'M is



equipped with a canonical type (1, 1) tensor field called the vertical endomorphism and denoted
by S, which is essentially determined by the facts that S(Z°) = ZV and S(ZV) = 0. For more
details on this material, see e.g. [4, 16]. The set {XZ, ES, X, EY}, consisting of the complete
and vertical lifts of {X;, E,}, forms a local basis of vector fields on T'M.

Let {Z,} be alocal basis of vector fields on M, and {6} the dual basis of 1-forms. These 1-forms
define fibre-linear functions 6% on TM, such that for any u € T M, u = 6%(u)Zo(m). These
functions are therefore the components of velocities with respect to the specified vector-field
basis. We may use these functions as fibre coordinates. Coordinates of this type are sometimes
called quasi-velocities, and we will use this terminology. In the case of interest we have a standard
basis { X, Ea} and its dual {¥°,w?}; we denote the corresponding quasi-velocities by v* = I,
v = g%

We will need to evaluate the actions of the vector fields X¢, ES, XY and EY on v* and v®. Now
for any vector field Z and 1-form 6 on M,

Z°6) = L40, 2Y(0) =71*0(2).

Most of the required results are easy to derive from these formulae. The only tricky calculation
is that of X7(J*), for which we need the Lie derivative of a connection form by a horizontal
vector field. We have

(Lxw)(Ep) = X&) —w([Xi, Eb]) =0,
(Lxw)(Xj) = —w'([Xi, Xj]) = —Rij;

in the first we have used the invariance of the horizontal vector fields. In summary, the relevant
derivatives of the quasi-velocities are

X)) =0, XY (i) =87, XE(v®) = —R&v, XY (v®) =0,
BS(wi) =0,  EY(') =0, ES(0") = Clat, EY (%) = ot.
Finally, we list some important Lie brackets of the basis vector fields:

[Eg’ch] = [Eain]c =0, [Ec?’ sz] = [Eain]V =0,
[E((1,37 E~Ibc] = [Eav Eb]c == aCbEccv [Ec?v ENIY] = [Em Eb]v == ngX'

3 The generalized Routh equations

We begin by explaining, in general terms, how we will deal with the Euler-Lagrange equations.

Consider a manifold M, with local coordinates (x®), and its tangent bundle 7 : TM — M,
with corresponding local coordinates (z%,u®). A Lagrangian L is a function on T'M; its Euler-
Lagrange equations,

—|=—)—-—%—==0
dt \ Ou® Oz ’
comprise a system of second-order ordinary differential equations for the extremals; in general

the second derivatives &% are given implicitly by these equations. We say that L is regular if its
Hessian with respect to the fibre coordinates,
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considered as a symmetric matrix, is everywhere non-singular. When the Lagrangian is regular
the Euler-Lagrange equations may be solved explicitly for the &%, and so determine a system of
differential equations of the form #* = f(x,4). These equations can in turn be thought of as
defining a vector field I' on T'M, a second-order differential equation field, namely

0 0

I = u® e! .
Y xa+f ou®’

we call this the Euler-Lagrange field of L. The Euler-Lagrange equations may be written

oL oL
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and when L is regular these equations, together with the assumption that it is a second-order
differential equation field, determine I'.

This is essentially how we will deal with the Euler-Lagrange equations throughout: that is, we
will assume that L is regular and we will work with the Euler-Lagrange field I', and with the
Euler-Lagrange equations in the form given above. However, we need to be able to express those
equations in terms of a basis of vector fields on M which is not necessarily of coordinate type.
It is easy to see that if {Z,} is such a basis then the equations

D(Zy(L) = Z5(L) =0

are equivalent to the Euler-Lagrange equations. The fact that I' is a second-order differential
equation field means that it takes the form

I=w*Z +T°Z,
where the w® are the quasi-velocities corresponding to the basis {Z,}.

We now build in the assumption that L has a symmetry group G, which acts in such a way that
M is a principal bundle with G as its group, as we described above. We will suppose that the
Lagrangian is invariant under the induced action of G on T M. This tangent action is defined by
the collection of transformations ¢g* = T4;" on TM, g € G. By construction, the fundamental
vector fields for this induced action are the complete lifts of the fundamental vector fields of the
action on M; the invariance of the Lagrangian can therefore be characterized by the property
E;(L) = 0. We have shown in [11] that if L is invariant, then so also is I', which is to say that
[ES,T] = 0.

We choose a principal connection on M, and a basis of vector fields {X;, Ea} adapted to it (a
standard basis), as described above. Then the Euler-Lagrange equations for L are

NX{(L) = X7(L) =

(2
D(Ey (L)) - EZ(L) = 0.
But by assumption ES(L) = 0: it follows immediately that T'(EY(L)) = 0. So the functions
E?z/ (L) are first integrals, which clearly generalize the momenta conjugate to ignorable coordi-
nates in the classical Routhian picture. We write p, for EY(L). The Euler-Lagrange field is
tangent to any submanifold p, = p, = constant, a = 1,2,...,dim(g), that is, any level set of
momentum. By a well-known argument (see e.g. [8]), we may regard (z,v) — (pg(z,v)) as a
map from TM to g*, the dual of the Lie algebra g, and this map is equivariant between the



given action of G on T'M and the coadjoint action of G on g* (the coadjoint action is defined
as (§,ady p) = (ady &, p1)). We have

E¢ (po) = Eg By (L) = [E¢, Ey](L) = —~Cg,EY (L) = —~Caype,

which expresses this result in our formalism.

We will also need a less coordinate-dependent version of the Hessian. In fact the Hessian of L
at w € T'M is the symmetric bilinear form g on 7,,M, m = 7(w), given by g(u,v) = uVv"(L),
where the vertical lifts are to w. We can equally well regard ¢ as a bilinear form on the vertical
subspace of T, TM, by identifying u and v with their vertical lifts. The components of the
Hessian g with respect to our standard basis will be denoted as follows:

9(Ea, Eb) = gars 9(Xi, Xj) = 9ij,  9(Xi, Ea) = Gia = Gai = 9(Ea, X).

We also have gop = EY (pb), gia = X (pa). In general these components are functions on 7'M, not
on M, and the Hessian should be regarded as a tensor field along the tangent bundle projection
7:TM — M. We will assume throughout that L is regular, which means that g as a whole
is non-singular. Then I' is uniquely determined as a second-order differential equation field on
TM.

We now turn to the consideration of Routh’s procedure. We call the function R on TM given
by
R=L—v,

the Routhian. It generalizes in an obvious way the classical Routhian corresponding to ignorable
coordinates. The Routhian is invariant:

Ey (v"pa) = Civ°pa — v*Ciype = 0,
whence the result.

We now consider the Euler-Lagrange equations I'(XY (L)) — X7 (L) = 0. We wish to write these
equations in terms of the restriction of the Routhian to a level set of momentum, say p, = fiq,
which we denote by N,. To do so, we need to work in terms of vector fields related to X,
X, and E‘g which are tangent to N, (in general there is no reason to suppose that these vector
fields themselves have this property, of course). To define the new vector fields we will assume
that the Lagrangian has an additional regularity property: we will assume that (g,p) is non-
singular. (Note that if the Hessian is everywhere positive-definite then (g,) is automatically
non-singular.) Then there are coefficients A?, BZZ-’ and C’g, uniquely defined, such that

(ch + A?Egl)(pa) = Xz‘c(pa) =+ Ai‘)gab =0
(sz + Bz‘bEIY)(pa) = Xz‘v(pa) + szgab =0

(Eg + CoEY)(pe) = Eg(pe) + Cagoe = 0.
The vector fields X7, X and ES given by

XS = X£+ AYEY

K3
XY = XY+ BEY
ES = ES+CEY

a



are tangent to each level set N,. (The notation is not meant to imply that the barred vector
fields are actually complete or vertical lifts.) We will need to know the coefficients explicitly
only in the case of B¢ and C?: in fact

Bg = _gabgib and C = gbccacpd

This is all carried out under the assumption that (g,p) is non-singular. One has to make such
an assumption in the classical case in order to be able to solve the equations 0L/ 00 = g for
the 6. In the general case the non-singularity of (g.s) is the condition for the level set N, to
be regular, i.e. to define a submanifold of TM of codimension dim(g). The vector fields EY are
transverse to all regular level sets, and the barred vector fields span the level sets. Thus on any
regular level set the bracket of any two of the barred vector fields is a linear combination of vector
fields of the same form. We want in particular to observe that this implies that [ES, XY] = 0.
It is not difficult to see, using the known facts about the brackets of the unbarred vector fields,
that this bracket is of the form P®*EY; this must satisfy P°EY(p,) = P%ga, = 0, whence by
the regularity assumption P* = 0. In fact by similar arguments the brackets of the barred
vector fields just reproduce those of their unbarred counterparts, except that [X ¢ X V] =0. In
particular, [ES, Ef] = —CCbEC The ES therefore form an anti-representation of g, acting on
the level set N, (just as the E, do on M)

We return to the expression of the Euler-Lagrange equations in terms of the Routhian. We will
need to evaluate the actions of X and XY on v®. Using the formulae in Section 2 we find that

XS(w") = (X +AEY)(v") = —R&v! + AY
XY (") = (XY + BYE))(v") = B}

XP(L) = X{(L)— AYEY(L)
= X{(L —v"pa) + (=R + AY)pa + v X (pa) — Afpa
= X7(R) - R~vj;
Xy(L) = XY(L)- B{Ey(L)
= X(L—v"pa) + Bi'pa + v X (pa) — Bi'Pa
= XY(R).

But I'(X}Y(L)) — X;(L) = 0, and T" is tangent to the submanifold N,; thus if we denote by R*
the restriction of the Routhian to the submanifold (where it becomes L — v%u,) we have

L(X)(RM)) = X[(RM) = —paRijv’.

On the other hand, if " is a second-order differential equation field such that T'(EY(L)) = 0
and the above equation holds for all p, then I' satisfies the Euler-Lagrange equations for the
invariant Lagrangian L.

We will refer to these equations as the generalized Routh equations.

Neither R¥ nor I' is ES-invariant. They will however be invariant under those vector fields £,
ey, Which happen to be tangent to the level set N,. These are the vector fields for which
BT =E°Ey, or £4CS pe = 0. We will return to this issue in later sections.



Note that since I" satisfies I'(p,) = 0 it may be expressed in the form
I — o XE + XY 4+ 0" EC.

If the matrix-valued function XY X 7 (R) is non-singular, the reduced Euler-Lagrange equations
above will determine the coefficients I'". We show now that this is always the case, under the
assumptions made earlier.

Recall that XY = X + BfE(‘l’ is determined by the condition that X)(p,) = 0, and that
therefore Bj' = — g™ gi. We may regard X; + BfEa as a vector field along the tangent bundle
projection, and X} really is the vertical lift of this vector field; we will accordingly denote it by
X;. Then

Q(Xi, Ea) = g(Xi, Ea) + le‘)g(EN’bv Ea) = Gia t+ szgab =0;
thus the X; span the orthogonal complement to the space spanned by the E, with respect to the
Hessian of L. That is to say, the tangent space to a regular level set of momentum at any point

u € T'M intersects the tangent space to the fibre of TM — M at u in the subspace orthogonal
with respect to g, to the span of the E. Moreover,

9(Xi, X;) = gij + Bgaj + B}gia + B{ B} gas
= 9ij — 29" giag56 + 99" GicGjagav
= Y — gabgiagjb-
So this is the expression for the restriction of the Hessian of L to the subspace orthogonal to
that spanned by the E,.
Now recall that X(R) = X(L). Thus

XY XY (R) = (XY = g™ g EY) X} (L) = gij — 996905 = 9(Xi, X;).

(2

That is, the ‘Hessian’ of R (i.e. )_(;’)_(;’(R)) is just the restriction of the Hessian of L to the
subspace orthogonal to that spanned by the E,. It follows that the bilinear form with compo-
nents g;; = X;’XJ(R) must be non-singular. For suppose that there is some vector w’ such
that g;juw’ = 0; then g(X;, w’X;) = 0 by assumption, and g(F,, w’ X;) = 0 by orthogonality —
but then w’ X; = 0 since ¢ is assumed to be non-singular.

The sense in which the generalized Routh equations are ‘reduced’ Euler-Lagrange equations is
that (in principle at least) we can reduce the number of variables by using the equations p, = g
to eliminate the quasi-velocities v*. However, these variables appear explicitly in the expression
for I', so it may be considered desirable to rearrange the generalized Routh equations so that
they no longer appear. This can be done by changing the basis of vector fields on the level set
of momentum, as follows. The change is suggested by the fact that, notation notwithstanding,
S(XF) # XY (where S is the vertical endomorphism). Let us, however, set

X = XS+ BES
then since S vanishes on vertical lifts,

S(XC) = S(XS + BES) = XY + BYEY = XV,

(2

We write ‘ o
Ig=v'X+T"X),



so that '
I =T+ (v'Bf +v*)ES.
We will examine the contribution of the term involving ES in I' to the generalized Routh

equations. First we determine ES(R). Since ES(py) = 0,

ES(R) = EJ(L —v"py) = Clpy — ES(0")py = Clpy — CLppv® — C560p, = —CL pyv”.

a. Qa

It follows that

E{ (X} (R) = X} (Eg(R)) = =X (Caepwv®) = ~Cocm By

(2 a
So setting I' = [y + (v! B¢ + v?) ES we have

D(XY(RM) — XE(RM) = To(XY(RM) + (v BE +v*)ES (XY (RM)) — XT(R*) + BEES(RM)
= To(XY(R") — X£(R*) — (V) BY +v*)Copy BE — BICE piyv©
= To(X)(RM) — X£(R*) + v B¢BLCY, i,

and the generalized Routh equations become
Lo(X}) (RM)) = X£(RY) = —pa(RY; + BYB;Ci)v’.

We may say that among the vector fields tangent to a level set of momentum it is X + BES,
not X¢, that really plays the role of the complete lift of X;. Be aware, however, that unless the
symmetry group is Abelian, I'g cannot be identified with a vector field on T'(M/G). We will
return to this matter at the end of Section 5.

To end this section we give a coordinate expression for the generalized Routh equations in their
original form. For this purpose we take coordinates (z') on M/G, and coordinates (z%,0%) on
M such that the §¢ are fibre coordinates; then (z¢, 0, v") are coordinates on NN, 1, Which is to say
that N, can be locally identified with M x /¢ T(M/G). We may write

0

_ aa ~_b8
- Ozt Ea=K

tgga Tt Teopn

X; —
for suitable functions A? and K% on M. (We should note that the K’ are components of a
non-singular matrix at each point; moreover, the invariance property of the X; can be expressed
in terms of the coefficients A? and K?; but we will not actually need either of these facts here.)
From the formulae for the action of complete and vertical lifts on quasi-velocities given at the
end of Section 2 we see that

X{ (') = Eg(v') =0, XY(v/) =0].

1

Thus in terms of x*, 8% and v"* we can write

0 v O e D

7 0
X¢ 0 =XV = .
Pgge T guit e T Tagep

L 9t

It is necessary to be a little careful: the coordinate vector field expressions are ambiguous,
since they can refer either to coordinates on T'M or on IN,. We emphasise that it is the latter
interpretation that is intended here. In view of the possibilities of confusion it will be useful to
have an explicit notation for the injection N, — T'M: we denote it by . The non-singularity

10



of (gap) ensures that, at least locally, we can rewrite the relation p, = p, for the injection
t: N, — TM in the form v® = 1%(z%, 0 v"), for certain functions 1% of the specified variables.

The restriction of the Euler-Lagrange field I' to N, is
I' = (“ES+o'XE+ (TP o)XY

(0 0 » 0
—Hﬂ( —A‘»‘)—k(l”oL) .

. 0
= K g

e GLOY

ozt L oge

0 0
a60 "V ox

+ (I''o L)w;

the equations for its integral curves are

=

0’ I'(z,0,v),
07 = O(2,0,v)K3(z,0) — v'AY(x,0).

These can be considered as a coupled set of first- and second-order equations,

o= T%x,0,1),
0 = O(2,0,5) K¢ (x,0) — A (x,0).

With regard to the second of these equations, we point out that the expression for the velocity
variables % in terms of the quasi-velocities v and v® is just 6% = vP K o —v'A%. What turns these
identities into genuine differential equations is, in particular, substitution for the v® in terms of
the other variables via the functions ¢ — or in other words, restriction to IN,,.

The functions I'¥ may be determined from the generalized Routh equations. These may be
expressed as

g
06e

In the light of the earlier remarks about the interpretation of coordinate vector fields, we point

out that substitution for v* in terms of the other variables in this equation must be carried out

before the partial derivatives are calculated.

d (OR"\ RV . JORE

4 The reconstruction method

We have seen in Section 3 that Routh’s technique consists in restricting the Euler-Lagrange
equations to a level set of momentum N,. This procedure takes partial, but not necessarily
complete, account of the action of the symmetry group G. To make further progress we must
examine the residual action of G on N,,.

As we mentioned before, the momentum map is equivariant between the induced action of G on
TM and the coadjoint action of G on g*. The submanifold N, is therefore invariant under the
isotropy group G, = {g € G | adyu = p} of u. The algebra g, of G, consists of those § € g

such that §bC’§b,uc = 0; this is the necessary and sufficient condition for fc to be tangent to N,.
Note that any geometric object we know to be G-invariant is automatically G -invariant.

The manifold N, is a principal fibre bundle with group G; we will denote its base by N,,/G,,.
The restriction of the Euler-Lagrange field I" to N, is G-invariant, and as a consequence it
projects onto a vector field I" on N,/G,,.
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The task now is to examine the relationship between I' and T'. There are two aspects: the
formulation of the differential equations represented by I'; and the reconstruction of integral
curves of I' from integral curves of I' (supposing that we have solved those equations).

Our methods of attack on these problems will be based on those we developed in our papers [3, 11]
and are similar to (but different from) the ones that were adopted in e.g. [7]. These in turn were
based on the following well-known method for reconstructing integral curves of an invariant
vector field from reduced data. Let w : N — B be a principal fibre bundle with group G.
Any invariant vector field I' on N defines a m-related reduced vector field I' on B: due to the
invariance of T, the relation T7(I'(n)) = I'(w(n)) is independent of the choice of n € N within
the equivalence class of m(n) € B. Given a principal connection €2, an integral curve v(t) of T’
can be reconstructed from an integral curve o(t) of I' as follows. Let 9" (t) be a horizontal lift
of o(t) with respect to © (that is, a curve in N over @ such that Q(o%) = 0) and let g(¢) be the
solution in G of the equation -
(G = AT (D))

where ¢ is the Maurer-Cartan form of G. (We use here the fact that given any curve £(¢) in
g, the Lie algebra of G, there is a unique curve ¢(t) in G which satisfies 9(g(t)) = &(¢) and
g(0) = e; g(t) is sometimes called the development of £(t) into G, see for example [14].) Then
v(t) = wg(t)fDH(t) is an integral curve of T'.

In the following sections we define two principal connections on N, we determine I' and we
identify for both connections the vertical part of I', necessary for the reconstruction method
above.

5 Two principal connections on a level set of momentum

A principal connection Q on N, — N,/G,, is by definition a left splitting of the short exact
sequence
0— Nyxg,—TN,— Nyxn,/q, T(N./Gu) — 0;

all spaces in the above sequence should be interpreted as bundles over N,. We think of € as a
type (1,1) tensor field on N, which is pointwise a projection operator with image the tangent
space to the fibre, and which is invariant under G/,.

The first connection we define uses the Hessian of L to determine its horizontal distribution,
and is therefore analogous to the mechanical connection of a simple system; we denote it by Q™.

Recall that we interpret the Hessian g of L as a tensor field along 7. In particular, its components
with respect to the standard basis {X;, F,} are functions on TM. We will say that a vector
field W on N, is horizontal for Q™ if

g(ga T*W) = 07 Vé- € gu’

where 7, W is the projection of a vector field W on T'M to a vector field along 7 : TM — M.
The definition makes sense only if we assume that the restriction of g to N, x g, is non-singular,
as we do from now on.

In [11] we have shown that if the Lagrangian is invariant then so is g, in the sense that

ﬁég =0, V¢ € g.

12



Here, for a vector field Z on M, Lz stands for an operator acting on tensor fields along 7 that
has all the properties of a Lie derivative operator, and in particular, when applied to a function
f on T'M and a vector field X along 7 gives

X~ 9z° _ox“ 0Z%\ 0
=ZC¢ X = ZB 7 - Xﬂ
Lzf (f), Lz ( OB + orY u ouP 8xﬂ> Ox®
where 9 o
Z=2%2)5—-, X=X%(r,u)5 -
(l?) Oxre ) (x7 u) ox®

Note that if X is a basic vector field along 7 (i.e. a vector field on M), then Lz X = [Z, X].
Furthermore, for any vector field W on T'M we have

Ly (r.W) = 7,]2°, W].

To show that the connection is principal we need only to show that if W is horizontal so also is
(€9, W] for all £ € g,. But for all {,n € g,,,

g(mu[E8, W1,7) = g(Le(rW), 7)) = —g(rW, Le7]) = —g(nW, [, 71]) = g(=W, [€,7]) = 0,
using the properties of the generalized Lie derivative and the invariance of g.

As was mentioned before, { X, ES, X} is a basis of vector fields on N,,. Suppose now that the
basis {Eq} = {Ea, Eq} of g is chosen so that {Ea} is a basis of g,. Then C4yu. = 0, and on
N, we get for the corresponding fundamental vector fields

ES = ES + ¢"Clopalyy = ES.

All EE are therefore tangent to NV, as required. These vector fields span exactly the vertical
space of N, — N, /G, which we have identified with N, x g,. Vector fields of this form are
infinitesimal generators of the G,-action on N,.

If (GAP) is the inverse of the matrix (g4p) (and not the (A, B)-component of (g%)), then the
vector fields

E} = ES-G"YgiEf=EJ - YJEg

X = X{-GYguEf = X7 - YPER,
together with X, are horizontal. (As was the case with the notations E etc., the notation for

the horizontal fields is not meant to imply that E etc. are actually horizontal lifts.) The action
of Q™ is simply

ON(EY) =Ef,  QUEy) =0, Q™X])=0, QX))=0,
and since the arguments form a basis of vector fields on N, these equations specify 0™ explicitly.
We will call 2™ the mechanical connection on IV,,.

The vector fields Xf = Xf —|—B§LE§ introduced earlier are also horizontal; they can be expressed
as X = XI' — g* g, EY.

The vector fields X£ are not horizontal with respect to Q™. However, it is possible to identify
a second principal connection Q¥+ on N, for which these vector fields are horizontal. We will
identify QN in two steps.
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It seems natural to split the basis {X¢, ES, X} into a ‘vertical’ part {ES} and a ‘horizontal’
part {X¢, XY}. To see that it does indeed make sense to do so it is sufficient to observe that the
distributions spanned by {ES} and { X, X}, respectively, are unchanged when the bases {E, }
of g and {X;} of w-horizontal vector fields on M are replaced by different ones. Under a change
of basis for g the {EC} are simply replaced by constant linear combinations of themselves, so
their span is clearly unchanged. On the other hand, if we set ¥; = A]Xj then V¥ = A} XY
and Y;° = Ang + AfX]V (where Af is the total derivative of Ag, not that it matters), so the
distributions spanned by {X7, X"} and {Y;©,Y;"} are the same.

So we can indeed characterize a connection in this way, but it is not a connection on N, —
N,/G,. In fact this construction defines a connection on the bundle with projection N, —
T(M/G) (the restriction of Tn" : TM — T(M/G) to N,), i.e. a splitting of the short exact
sequence

0— NM Xg— TNM — NM XT(M/G) T(T(M/G)) — 0.

(Recall that the vector fields ES, which span the vertical space of the projection N, — T(M/G),
form an anti-representation of g acting on the level set IV,,.) The construction just described is a
version of the so-called vertical lift of a connection on a principal bundle (here w) to its tangent
bundle (this is described more fully in [3]); accordingly we denote the corresponding type (1,1)
tensor field by VY, and we have

OV(Ey) =E;, QU(X7)=0, QX)) =0

Evidently (2V)% = QV. We show now that £ B¢ QY =0 for all A. Firstly, note that
[EE,E(S] = [EEAJ?E(S] = _CxlzlaEbcﬂ
so that B 3 B o o B
(LpeQV)(E) = [ES, QV(ED)] - QV[ES, Bf] = [ES, B¢] + Chl By = 0.

Moreover, since [Ef‘,)_(ic] =0,

(LpeQV)(XP) = [ES, QY(XP)] - QV[ES, X7] =0,
and similarly for X}

The relation between 2V and w may be described more easily if we momentarily break our
convention by specifying connections by their forms rather than by the tensors corresponding
to their splittings: it is easily checked that

OV(Zy) =w(T(To1)Zy), Zy € TN,

This equation has to be read as one between elements of g, obtained by identifying the vertical
subbundle of T'N,, with N, x g and the vertical subbundle of T'"N with M x g, or if you will by
projection onto g.

The vertical space N, x g, of the connection QONe we are looking for is only a subbundle of the
vertical space N, x g of the connection 2V. So in a second step we need to identify a connection
for the following sequence of trivial vector bundles:

0— N,xg,— N,xg— N,xg/g, — 0.
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For this connection we can simply take the restriction of the mechanical connection Q™ defined
earlier to the submanifold N, x g. The connection Q"¢ is then simply Q™o QV (see the diagram
below).

Nuxg, - N.Xg - Nux9/89,
Y Y Y

N/‘ X gy, TNN Nl—‘ XNM/GM T(NM/GM)
Y Y Y
0 Nu xraye) T(T(M/G)) —— Ny Xruye) T(T(M/G))

By construction QYo Q™ = Q™ so QNu = QMo OV satisfies (QVr)2 = Qe as it should. We have
aVe(BS) = E3,  QV(Ej =0, Q¥(XP)=0, 0M(X)=0.

The tensor field Q¢ is G -invariant since both of the tensors of which it is composed are
G -invariant; QN therefore defines a principal G ,-connection.

Note that to define the mechanical connection we do not need a principal connection w on
M — M/G (though we may use one in calculations). If such a connection is available then we
can use either Q™ or O« for the reconstruction method.

The connection V¢ is clearly different from Q™ in general. We can also decompose Q™ into
two connections, in accordance with the short exact sequences in the diagram. The splitting
QY of the middle vertical line, similar to the connection QV of Q™+ can be defined by saying
that a vector field W is horizontal if g(é, W) =0 for all £ € g (not just for § € g,,). For this
connection we have

QX(ES) :E_f, Q?)/(ch) =0, QV(XZV) =0,
where the vector fields XZC are exactly those that we have encountered in Section 2.

To end this section we consider the decomposition of the restriction of the Euler-Lagrange field
I' to N, into its vertical and horizontal parts with respect to the two connections.

Let us introduce coordinates (z?,#?) on M such that the orbits of G, or in other words the fibres
of M — M/G, are given by z' = constant; the 2’ may therefore be regarded as coordinates on
M/G. As before, we will use as fibre coordinates the quasi-velocities (v*,v?) with respect to
the standard basis {X;, E,}. The non-singularity of (g,5) ensures that, at least locally, we can
rewrite the relation p, = i, for the injection ¢ : N, — T'M in the form v® = (*(2*,0,v"), for
certain functions * of the specified variables. The restriction of the Euler-Lagrange field to IV,
is
I' = (“ES4+0'XS+ (IMou) XY
= (W H+THUNES + 1 “EY + ' XE + (I o) XY
A+ T4 YANES + BT + o' XF + (T 0 1) XY,
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The vertical part of I' with respect to the mechanical connection Q™ is (14 + T241* + T ES,
and with respect to the vertical lift connection QVu it is (14 4+ Y42 ES.

Note that neither of the current decompositions of I' coincides with the one we had towards the
end of Section 3, which we should now write I' = (1% + B%v')ES + I'g. The reason is that this
last decomposition is only partial, in the sense that the vector field I'g is the horizontal part of
I" with respect to the connection €Y; it is the horizontal lift of a section of the pullback bundle
Ny Xrvyqy T(T(M/G)), not a vector field on T'(M/G), and this section is only a part of the
data required for the reconstruction method.

6 The reduced vector field

A principal connection is all we need to reconstruct integral curves of an invariant vector field
from those of its reduced vector field. We next examine the latter.

6.1 The Abelian case

Before embarking on the more general case, it is instructive to see what happens if the symmetry
group G happens to be Abelian, i.e. when C'{, = 0. Then as we pointed out earlier for the case
of a simple mechanical system with Abelian symmetry group, g, = g and any level set p, = 14
is invariant under the whole group G. In fact, under the assumption that p, = p, can be solved
locally in the form v* = 1%, N,/G can be interpreted as T'(M/G), with coordinates (z?,v"),
where the x! are coordinates on M/G and the v the corresponding fibre coordinates (no longer
quasi-velocities). In this case there are no ‘E,’-vectors and ES = EC for all a.

The restriction of the Euler-Lagrange field to N, given here by

I = LES+v'XS + (o)XY
= (1" — g% g )ES + ' XF 4+ (TP 0 ) XY
is now also G-invariant. As a consequence, the coefficients I'¥ o ¢ do not depend on the group
coordinates 6% but only on the coordinates (z¢,v?) of T(M/G). In fact the vector fields v! XF +
(T 0 )XY (the QNu-horizontal part of I') and v* X! + (I 0 1) XY (the Q™-horizontal part of
I') both reduce to the same vector field on N, /G, which in this case is exactly a second-order
differential equation field on T'(M/G),

-I-Fi(:v,v)i

D
I ot

=o' —
ox?

The integral curves of this reduced vector field are the solutions of the equations #' = I'?(z, 1)
(with v = &) and, from the introduction, we know that these are equivalent to the equations

_ — _B%rx 4
i melx .

d<8R> oR
dt \ Ovt

6.2 The non-Abelian case

In the general case of a non-Abelian symmetry group we should not expect that the equations
for x* will be completely decoupled from all coordinates 8%. Indeed, in that case the vector field
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I' reduces to a vector field on N,/G,,. This manifold can locally be identified with M/G, x
T(M/G), so the equations for the integral curves of the reduced vector field will depend also on
the coordinates of M/G,,.

To give a local expression of the reduced vector field T' we need to introduce a basis for
X(N,/G,). The bracket relations [ES, XF] = 0 and [ES, XY] = 0 show that X and X
are (,-invariant vector fields on N,; they project therefore onto vector fields Xf and le
on N,/G,. The invariance of the Hessian g amounts for its coefficients to ES(gi;) = 0,
ES(ghe) + Chgea + Clogva = 0, and ES(gip) + CS,gic = 0. From this

BS(rl) = cfexS - rf - cf,

(where we have taken into account the fact that in the current basis Cj5 = 0). It is now easy
to see that the vector fields X! = X — TAES are also G-invariant. In fact, since they differ
from X¢ only in a part that is vertical with respect to the bundle projection N, — N,/G,
they project onto the same vector fields XZC on N,/G,.

The vector fields E¥ are not invariant: in fact [ES, EY] = —Cﬁaﬁg. To obtain a complete basis
for X(N,/G,.), we need to replace the vector fields { E'} by G ,-invariant vector fields. To do so,
we will consider the G-invariant vector fields F, = AgEb on M that we introduced in Section 2.
Let (Af) be the coefficients we find in the relation E. = APEg + AP Ep. The vector fields

El = ASE}

are tangent to the level set IV, and horizontal. Given that C’ﬁ g = 0, it easily follows from the
relation E4(A%) = CEWAX that these vector fields are G,-invariant:

[ES, E0] = Ea(AQ)E} — AJCH5EY = 0.

They project therefore onto vector fields EX on N,/G,. To conclude, the set {XF, XY, EX}
defines the basis for X(N,,/G,) we were looking for.

We denote by (A%‘) the matrix inverse to (Aj) and set PA = A4 oA = A4 TAe LT
and % = Agbﬁ . Then I takes the form
I = ®ES+ BT 40! XS+ (T o)XY,
= OAES + OB 4 ' XP 4+ (I o)XY,
where, as before, the first term is the vertical part of I' with respect to the vertical lift connection
QN (in the first place) and the mechanical connection Q™ (in the second). Obviously vt and
(I'" o ¢) are G-invariant functions. To see that U® is also G-invariant, recall that C§5 = 0
and ES(1F) = Cflvﬂ’ and observe that f?ffl(ﬂg).%fY = —flgEfi(AZ;) = —flg.AgCXa = —Cs-
Therefore . . )
BS(0%) = ES(AS)S + AGES (%) = — A o507 + AGCH 0 = 0.

We conclude that v%, (I' o) and ¥® can all be regarded as functions on N, /G,,. The horizontal
part of I', for both connections, can thus be interpreted as the horizontal lift of the reduced

vector field ‘ ‘
I=9*El +v' X7 + (T o)X}
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on N,/G,,.

For completeness, we point out that it follows from the relations ES(Y2) = C§, 1S C’ﬁ aTg -
C% and ES(.P) = CF.C + CE,YL'Y that the coefficients ®4 and @7} satisfy

ES(®F) = Chc®C,  E{(®) = CAePp.

This shows that they can be interpreted as the coefficients of g,-valued functions ® and @,

on N, satisfying ® o ng# = ad, ® for g € G, (and similarly for ®,,), where 1)™V» denotes the
G-action on N, (see [3]).

We now give a coordinate expression for the reduced vector field. From here on we will use
coordinates (§%) = (64,6%) such that the fibres of G — G/G,, are given by 6% = constant. With
this assumption, there are functions Kj on M such that

- 0 - 0 0
Es=KB _— E,=KB — + KS —_.
A= RAGeEr  Fe= Raggs T Rajgs

We also introduce the functions A? for which

o ., 0

X;=—— — A
ori 7 ogb

as before.

By interpreting N,,/G), locally as M /G X yyq T(M/G), we see that a point of Ny, /G, has coor-
dinates (z',0%,v"). Because of their G-invariance, the functions I’ ot and U* are independent
of the variables #4. Let 7N+ be the projection N, — N,/G,; then for any invariant function
F on N, there is a function f on N,/G, such that F' = fo 7Nk Then for all invariant vector
fields X on N, and their reductions X to vector fields on N, /G, we have

X(F)=X(f) onl,

We will apply this property to the vector fields Eg, X¢ and X} and the invariant functions z°,
v* and 6“. Keeping in mind that for any vector field Z, function f and 1-form 6 on M,

—

Z(r* f) =T Z(f), ZV(r"f)=0, Z°(0)=Lz0, Z"(0)=r1"0(2).

where 0 stands for the fibre-linear function on TM defined by the 1-form 0, and 7 is the tangent
projection TM — M, we find that

Xf@) =06/, X(6°)=-A],  Xf@)=0,
XY@ =0,  XY(0°)=0, XY (v7) = 4],
Ei(al) =0,  EN0°) = AZK],  Bi(W) =0,
from which it follows immediately that
. 0 0 . 0 - 0
Xf= =AY XY == Ef = ANKP—
too0xt L o0’ L ovt’ o = Aak 068
and 9 5 5
I'= (LBKE‘ - v’Af‘)@ + ”laxi + (I o) B
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The equations that determine the integral curves o(t) = (z(t), 8%(t), v'(t)) of the reduced vector
field T are therefore the coupled set

# = Ttoy,
0 = PKG—viAg.

One can easily convince oneself that the right hand side of the equation for é"‘ is indeed inde-
pendent of the variables 6 by considering the coefficients of 0/90% in [E4, Eg] = —ChpEe we
find t?at EA(KE‘).: —CZWK?/‘; since also ES (/%) = Cﬁvﬂ and EA(A;»B) = 0, it follows easily
that Efl(LﬁKg —v'A§) =0, as claimed.

The functions I'* o © on the right-hand side of the equation for the #! can be determined from
the generalized Routh equations of Section 3,

D(XY (R¥)) — XE(RF) = —pa RS,
Since R¥ = R o is G-invariant, so also are X' (R*) and X{(R"). Recall that the Ry, are
functions on M, determined by [X;, X;] = R{; E,. Thus since [F,, X;] = 0,
(Ea<Rfj) - RijSC)Eb =0.
But CY_up, = 0, and so
EZ(R?ij) = EA(R?j)Mb = Rfjcﬁlcﬂb =0.

It follows that the term ,uaR?jvj is G -invariant. The generalized Routh equations therefore
pass to the quotient N,/G,,, and take the reduced form

DX (RY) = X7(RY) = —pa R0’

Following [10], we will call these reduced equations the Lagrange-Routh equations. Under the
regularity assumptions we have adopted throughout, the function-valued matrix (XY )_(]V(R“)) is
non-singular and the coefficients I'or, now interpreted as functions on N /G, can be determined
from the Lagrange-Routh equations. In the current coordinate system the equations become

d [(ORH ORH - ORH
— — - — a ) — A&
dt ( ovt ) ox’ HaRijv” = A 00>

Given a reduced solution o(t) = (z'(t),0%(t),v"(t)) € N,/G,, we can apply the method of
reconstruction using either one of the connections Q™ and QV# to recover a complete solution
v(t) = (2(t), 04(¢),0%(t),v'(t)) € N, of the Lagrangian system. The examples discussed in
Section 8 will make it clear how this method works in practice.

7 Simple mechanical systems

In this section we reconcile our results with those for the case of a simple mechanical system to
be found elsewhere in the literature.

A simple mechanical system is one whose Lagrangian is of the form L = T — V where T is
a kinetic energy function, defined by a Riemannian metric ¢ on M, and V is a function on
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M, the potential energy. The symmetry group G consists of those isometries of g which leave
V invariant. We define a connection on M — M/G by taking for horizontal subspaces the
orthogonal complements to the tangent spaces to the fibres; it is this connection that is usually
called the mechanical connection (for a simple mechanical system). We write g, = g(Ea, Eb),
gij = 9(Xi, X;); by assumption, g(E,, X;) = 0. Then in terms of quasi-velocities,

L(m,v) =3 (gij(m)fuivj + gab(m)vavb) —V(m),

and E;’ Eg’ (L) = gqp etc., so the notation is consistent with what has gone before. Note that since
we assume that g is Riemannian and therefore positive-definite it is automatic that L is regular
and that the matrices (gqp(m)) and (g;5(m)) are both non-singular for all m; in particular we
don’t need to make the separate assumption that (gq) is non-singular. Considered as defining
amap M — g* © g%, (gap) is called the locked inertia tensor. The isometry condition gives

Eu(gbe) + Ch9ea + Cgra =0,  Eq(gi;) = 0.

The first of these is the differential version of the equivariance property of the locked inertia
tensor with respect to the action of G on M and the coadjoint action of G on g* © g*. The
second shows that g;; may be considered as a function on M/G.

The momentum is given simply by ps(m,v) = gab(m)vb. On any level set N, where p, = fiq,
we can solve explicitly for the v® to obtain v® = ¢* .

The Routhian is given by
R =L —pav” = 5gijv'0" — §gapv0” =V,
and on restriction to N, we obtain
R = 390"’ — (V + %gabuaﬂb) :

The quantity V + % g™ liqpp is the so-called amended potential [15] and the term C, = % TS
is called the ‘amendment’ in [10]. Both functions on M are G,-invariant: one easily verifies that
Eq.(C,) = ¢*C% picpg, so in particular for a = A we get E4(C),) = 0.

Note that by the choice of connection Bf = 0; we have X = X¢

7, and the generalized Routh
equations are

Do(XY (RM)) = X{(RY) = —paRijv’.

This equation is the analog in our framework of the one in Corollary II1.8 of [10]. We have
shown in the previous section that it reduces to the Lagrange-Routh equations

D(XF(RY) = X7 (RY) = —pa R0,

which for consistency should be supplemented by the equation that determines the variables
0. As we pointed out earlier, the latter is actually just the expression for genuine velocity
components 0 in terms of quasi-velocities, supplemented by the constraint v® = (* which for a
simple mechanical system takes the form (* = g% pu,.

We can split the reduced Routhian R* in a Lagrangian part £ = % gijvivj — V and the reduced
amendment €,. Since the quasi-velocities v* do not appear in the expression of £, it can formally
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be interpreted as a function on T'(Q/G). The reduced amendment is a function on Q/G,. We
can now rewrite the Lagrange-Routh equations as

D(XY(£) = X7 () = —paRijv” + Xi(€);

in coordinates

d (0L 0L » 0 0
4 ( ) _OE LR+ ( . —Ag) (€,).
dt \ ov* ox* ox’ 00,
This equation is only one out of two equations that appear in Theorem I11.14 in [10], the theo-
rem that states the reduced equations obtained by following a variational approach to Routh’s
procedure. We leave it to the reader to verify that the second equation, in its form (II1.37), is
in fact

V*Chatta = 9 116Chatta-
Since v* = ¢®uy, this is obviously an identity from the current point of view; it certainly
cannot be used to determine 6% in terms of the other variables, and without this information

the equations are incomplete. In this respect, therefore, our reduction results are an improvement
on those in [10].

Let us now check, in the case where the configuration space M is of the form S x G, for an
Abelian symmetry group (C¢, = 0), and a Lagrangian of the form

L(2,0,3,0) = tkij(2) 337 + ki(2)3°0% + Loy (2)0°6° — V (),
that the reduced equations above coincide with those in the introduction. We set

- 0
_ b

Ea=Kapgm

where the Kj' are independent of the §* since we are dealing with the Abelian case. In general,

horizontal vector fields take the form

9 .0

Xi= g0 N ggar

The quasi-velocities adapted to the connection are therefore given, as before, by v' = ! and
Kgob = 6% + A%t

Given that in this case Ea(gbc) = 0 and Ea(gij) = 0, all coefficients of the metric can be
interpreted as functions on M/G = S, and they depend only on the variables ‘. The use of the
mechanical connection entails that g,; = 0. When expressed in terms of the coordinates (i, 9“),
this property fixes the connection coefficients to be of the form A{ = k®k;, and the remaining
coefficients of the metric to be gqp = keq K, gK;;l and g;; = k;j — kabkmkjb. The expression for R*
given in the introduction now easily follows. Since R* is a function only of 2 and v* = &' we
get

_ ORHM - ORH
X' (RM) BIT and X7 (RM) Dt
Moreover,
a 0 a T

and likewise p, = EY(L) = K’m,. So pa kR, = moBj; and the equation from the introduction
follows.
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We now return to the general case (of a simple mechanical system) and consider the reconstruc-
tion process.

We continue to use the mechanical connection on M. Since, in the basis that is adapted to this
connection, g;, = 0, and therefore X' = X¢, the two connections Q™ and Q« coincide. We
denote the common connection on N, by €.

Let 9(t) be a curve in N,,/G,, which is an integral curve of I', and ¥" a horizontal lift of © to N,
(horizontal with respect to §2). The reconstruction equation is

9(9)” = QT oo™

(where ¥ here is the Maurer-Cartan form of G,); this is (at each point on the curve ) an
equation between vertical vectors on N#, but can and should be thought of as an equation on
g, It determines a curve g(t) in G, such that

is an integral curve of I' in N,; again, Ve is the action of G, on N,. So far, this works for an
arbitrary Lagrangian.

Now as we showed earlier in general, the vertical part of I' with respect to the vertical lift
connection QM is (14 + Y4,*)ES. Thus in the case at hand

QT) = (P +THES
(' + G gpar™)ES
_ (gAaMa + GABgBagaa,U/a)EE}

(910 + G (0% — gog““Ina) ES

(g% 1o + G*Ppup — g% 1a) EG

= GABupES.

The first point to note is that the coefficient GABup appearing on the right-hand side of the
final equation above is a function on M, so that in the right-hand side of the reconstruction
equation the argument 9™ can be replaced by its projection into M, which is 7 o ¢ o ¥™.

Next, we interpret GABup in terms of the locked inertia tensor. Recall that the locked inertia

tensor at m € M has components g,5(m). As is the usual practice we consider the locked inertia
tensor as a non-singular symmetric linear map I(m) : g — g*. Now let j be the injection
g, — 9: then pup are the components of j*u € gj,, and gap(m) are the components of the map
I,(m) = j*oI(m)oj. Then

GAP(m)upEa = I (m)(j* 1),
a point of g,. So finally the reconstruction equation may be written
. =1 % . .
W) =1, (c))(*m),  c=Torod".

This is an equation between curves in g,,.

We will now show that this reconstruction equation above is a particular and simple case of one
of the reconstruction equations appearing in [10].
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To do so we must introduce yet another connection, used in [10] and called there the mechanical
connection for the G*-action. This is a connection on the principal fibre bundle M — M/G,,
i.e. a G -invariant splitting of the short exact sequence

0— M xg, —TM— M xyyq, T(M/G,) — 0,

If, as before, {Ea, s} is a basis of g for which {E4} is a basis for g,,, then the vector fields X;

together with the vector fields E,—GAB g 1o Ep form a basis for the set of vector fields which are
horizontal with respect to the mechanical connection for the G*-action. We denote the latter by
w”. Now wt and € are related somewhat as a connection and its vertical lift: in fact (for their
projections onto g,,)

NZy) =w(T(T01)Zy), Zy € TNy,.

We note in passing that since T'(7 o ¢)I'(v) = v for any v € N, we can write the reconstruction
equation as

9(g(t)) = w(v").

The reconstruction equation in [10] that we are aiming for is the third of the four, equation
(IV.6). It seems the one most relevant to our approach because, as Marsden et al. say, in it
they ‘take the dynamics into account’, and this has been our purpose throughout. Now equation
(IV.6) of [10] differs from our reconstruction equation (expressed in terms of I,,) by having an
additional term on the right-hand side involving the mechanical connection for the G*-action
w*. This arises because the authors start with a more general class of curves on M than we do.

In order to show that our equation agrees with theirs we first show that the curve ¢ = 7oro09" in
M is wH-horizontal; the extra term in their equation is therefore zero in our case. By evaluating
w* on the tangent to ¢ and using the relation between w* and 2 we have

Wt (&) = wM(T (1 0 1)oH) = Q1) = 0

because 0" is Q-horizontal. So our reconstruction equation formally agrees with equation (IV.6)
of Marsden et al., when we take the starting curve on M to be ¢: it is the particular case of that
equation in which the curve on M is horizontal with respect to the G, mechanical connection.

To finish the story we must also take into account the fact that equation (IV.6) of [10] is
presented as an equation for the reconstruction of a base integral curve of I'; with momentum p,
from another suitable curve on M, whereas our reconstruction equation gives an integral curve of
I" on N*. But there is no real discrepancy here, because I is a second-order differential equation
field and so knowing its base integral curves is equivalent to knowing its integral curves. Let us
spell this out in detail. We know that if ¢ — g(t) is a solution of our reconstruction equation
then
t i qpév(g;)@H(t)

is an integral curve of I' in N,. The corresponding base integral curve is

£ 7 (W0 0 (1).

But
ToLoq/JéV“:ToquMoL:zpéV[oToL,

so the curve ¢t — 1/1%)0(7&) is a base integral curve of I'. Thus the same curve in G, determines
an integral curve of I in N,, (by its action on 9") and the corresponding base integral curve (by
its action on ¢ = 7 o ¢t 0 9", the projection of v" to M).
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8 Illustrative examples

We give two examples. In the first we derive Wong’s equations using our methods. This example
is intended to illustrate the Routhian approach in a case of some physical interest; however, we do
not pursue the calculations as far as the consideration of the isotropy algebra and reconstruction.
These matters are illustrated in the second example, which is more specific and more detailed,
if somewhat more artificial.

8.1 Wong’s equations

We discuss the generalized Routh equations for the geodesic field of a Riemannian manifold on
which a group G acts freely and properly to the left as isometries, and where the vertical part
of the metric (that is, its restriction to the fibres of 7" : M — M/G) comes from a bi-invariant
metric on G. The reduced equations in such a case are known as Wong’s equations [2, 12].

This is of course an example of a simple mechanical system, with V = 0; we therefore adopt the
notation of Section 7, and we will use the mechanical connection. In order to utilise conveniently
the assumption about the vertical part of the metric g, we will need symbols for the components
of g with respect to the invariant vector fields E, introduced in Section 2; we write

hab - Q(Ea7 Eb) - AzAggcd-

Since both hg, and g;; are G-invariant functions, they pass to the quotient. In particular, the
gi; are the components with respect to the coordinate fields of a metric on M /G, the reduced
metric; we denote by Fl-’“;- its Christoffel symbols.

The further assumption about the vertical part of the metric has the following implications. It
means in the first place that EEcg(Ea, E}) = 0 (as well as EEcg(Ea, E}) = 0). Taking into account
the bracket relations [Ea, Eb] = Cngc, we find that the hg, must satisfy hadC’{fc + hpgCL, = 0.
It is implicit in our choice of an invariant basis that we are working in a local trivialization
of M — M/G. Then the hg, are functions on the G factor, so must be independent of the
coordinates z° on M /G, which is to say that they must be constants. Moreover, E,, E, and AZ
are all objects defined on the G factor, so are independent of the z°. We may write

0
Ozt

X; —42E,

for some coefficients v¢ which are clearly G-invariant; moreover [X;, E,] = v¢C?.F,. We set

Viccgc = /yzba; then hac/yicb + hbc’yicb = 0

We are interested in the geodesic field of the Riemannian metric g. The geodesic equations may
be derived from the Lagrangian

1 a 1 1,7 1 a,b 1 1,7 1 a,.b
L = 5gapu u’ = 590"V + 59apv"V” = 500"V + 5hauww’,

where the w® are quasi-velocities relative to the Ea; we have Agwb = v% The momentum is
given by py = gapv® = AShpw®, where (A?) is the matrix inverse to (A%). The Routhian is

R = 590" — 39" paps.
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It is easy to see that XY (R) = g;jv7. The calculation of X£(R) reduces to the calculation of
Xi(gij) and X; (g?). The first is straightforward. For the second, we note that g,, = flgflghcd;
since the right-hand side is independent of the 2%, so is gqp, and so equally is g%. It follows that

_ ag k‘ . ~
XE(R) = 37, 00" = 27 Eelg™)paps.

Now E,(g%) = —Ad(geeCh, + g*C4), from Killing’s equations. Using the relation between gu,
and hgp, and the fact that ad is a Lie algebra homomorphism, we find that

Ec(g") = —AGAURY C + hICly).

The expression in the brackets vanishes, as follows easily from the properties of hy,. Thus the
generalized Routh equation is

d 69 k ;
o —(gijv?) — % ajz vk = g (v] + F,g ) = —pa ;07

But g = gt = Aghbcwb; so if we set K} = AaRb

i) then MQR% = hchfjwb. The generalized
Routh equation is therefore equivalent to

B+ Tl it = g e K, dtu.

We also need an equation for w®: this comes from the constancy of ., which we may write as
hbc (.Ac b =

If we are to understand this equation in the present context, we evidently need to calculate .Ag
Now

AZ = viXZ-(AZ) + UCE’C(Ab) = va.Ab +vC d.Ad
It follows that

hbc

LA = oo ARG = — o KAy A5 407 €5, %)

dt
=l Ag(v'yig + wCey),

where in the last step we have again used the fact that ad is a Lie algebra homomorphism. Now
from the skew-symmetry properties of hy, we obtain

d 1c 1 i.C e e
hbcE(Aa) = hchg(v Vib +w Ceb)7
and therefore
e 7 (AC %) = heg AL (¢ + 50 ).

The generalized Routh equation and the constancy of momentum together amount to the mixed
first- and second-order equations

B4 Thalit = g h Kf, 3w’
we +yGilw’ = 0.

These are Wong’s equations as they are usually expressed.
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8.2 A Lagrangian with SF(2) as symmetry group

We now consider the Lagrangian (of simple mechanical type)
L=31i? 4+ 192 4 1224 107 4 A((sin6)z + (cos 0)y)0.
The system is regular if A? # 1. The Euler-Lagrange equations are

=0, %('Jr(Acose)e‘):o, %(H(Asme)é)zo, 0 + (Asinf)z + (Acosb)j = 0,

and the solution with (for convenience) 6y = 0 is

(z(t),y(t), 2(t), 0(t))
- (jzot + 20, —Asin(fot) + (1o + Abo)t + yo, A cos(fot) + ot + 20 — A, e'ot) .

The system is invariant under the group SE(2), the special Euclidean group of the plane. The
configuration manifold is R x SF(2), where x is the coordinate on R. We will use the trivial
connection. An element of SE(2) can be represented by the matrix

cosf —sinf y
sinf cosf =z
0 0 1

The identity of the group is (y =0,z = 0,6 = 0) and the multiplication is given by
(y1, 21, 01) * (y2, 22,02) = (ya cos 01 — zosin by + y1,y2sin by + 2o cos 01 + 21,601 + 62).

The matrices

0 0 1 0 00 0 -1 0
=000, e=l0o01]|, e=|10 0],
0 00 0 0 0 0 0 O
form a basis for the Lie algebra, for which [e1,es] = 0, [e1,e3] = e2 and [eg,e3] = —e;. The
corresponding basis for the fundamental vector fields is
a=2  65=9 4-_9,,9,9
oy T e BT oy Yo T ow
and for the invariant vector fields we get
¢ 60 0 +sind ¢ inf— + cosé ¢ 0
é1 = cosf— + sinf— 6o = —sinf— + cos— €3 = —.
! Dy 0z’ 2 Ay 0z’ 2T 00

One can easily verify that the Lagrangian is invariant.

Before we calculate an expression for the level sets p, = o, we will examine the isotropy algebra
g, of a generic point p = piet + pge? + psed in g*. The relations that characterize an element
§=¢Eer + &%y + ey of g, are

=0, Eu=0, Epy—&u =0.
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So if we suppose that p; and pg do not both vanish — we will take them from now on to be 1
and p respectively — then a typical element of g, is { = ¢ Yey + pes). We will also set 3 = 0
for convenience. Since g, is 1-dimensional it is of course Abelian.

Before writing down the coordinate version of the reduced equations in the previous sections
we made two assumptions. First, we supposed that a part of the basis of g was in fact a basis
of g,. So from now on we will work with a new basis {E1 = e1 + pea, By = €9, F3 = es},
with corresponding notations for the fundamental and invariant vector fields. The Lie algebra
brackets in this basis are [Ey, Fa] = 0, [E1, B3] = —uFy + (1 + p?)Ey and [Eo, B3] = —Ey + uFs.
The momentum vector with which we are working takes the form (1+u2)E'+pE? (with uz = 0),
when written with respect to the new dual basis.

The second assumption is that we use coordinates (%) = (#4,6%) on G such that the fibres
G — G/G, are given by % = constant. Then fundamental vector fields for the G-action
on G are of the form K?9/00%. The main advantage of this assumption is that in these
coordinates the expressions in the reduced equations became independent of the coordinates 8.
This assumption is not yet satisfied in our case for the coordinates (y, z,6). The action of G,
on G is given by the restriction of the multiplication, i.e. by

(y1) * (y2, 22, 02) = (y2 + Y1, 22, 62).

We have only one coordinate on G, say 3. The fundamental vector fields that correspond to
this action should be of the form K0/dy’. However, in the new basis, vectors in g, are of the
form K FE7, with corresponding fundamental vector fields

. 0 0

So we should make a coordinate change (y, z,0) — (v/,2',6'), such that

0 0

o 0, 9
oy Oy Faz:

This can be done by putting

Y=y, d=z-—py, 0=0.

We will then have coordinates (', 2/,60', z,4) on Ny, and (2/,6',z,%) on N,/G,. To save typing,
we will use y and 6 for ' and #’, and only make the distinction between z and 2.
The first goal is to solve the reduced equations on N,/G,,. They are of the form
o= TYad,0% 17),
0* = PKg— @A,
For this example there is only one coordinate z on R (we are using the trivial connection on

SE(2) x R — R), but the coordinates §* on SE(2)/G,, are (2',0). The reduced second-order
equation in x above can be derived from the Lagrangian equation in x which is simply

z=0.

It is therefore not coupled to the first order equation in (2/,8), and its solution is z(t) = ot + xo.
For the other equations, we will work first with the variables (y, z, ), and only make the change
to the new coordinates at the end.
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The matrix (K§) in the above expressions is determined by the relation E, = Kb9/06%. 1t is
the lower right (2,2)-matrix of

1 0 0
K= 0 1 0
-z y+puz 1

With the trivial connection, the equations for the other variables on N, /G, are therefore of the
form
=124 (y+ p2)id, 6 =3

We can find the functions (* by solving the expressions p, = p, for v%, with (u1, p2, p3) € g* of
the form ((1 4 p?),1,0). We get

14 p% =9+ pz+ (Acosf + Ausin6)6,

uw=7%+ (Asin6)0,
0= (Acost)y+ (Asin0)z + 0 — z(y + (Acos 0)) + y(z + (Asin )0).

At t = 0, the above equations relate the integration constants and p. We will set from now on
o = 1 — Abg, 20 = p and zg = uyo + Ayo + 0p. It is easy to see that the coordinates v* with
respect to the basis {E£;} (with the trivial connection) are given by

vl :y+zé, UQZé—ug)—uzé—yé, v® = 0.
After substituting this into the equations for the level set, we obtain the expressions v® = 1% as
functions of (y, z,0). After some calculation, the reduced equations become
, A

= 1 ((z — py)(sin® — pcosf) — A(1 — p?)sinf cos§ — A + 211A(cos 0)2),

. 1 )
0 = m(uy — 2+ Acos¥ —|—A,usm6).

Observe that we can now replace (z — uy) everywhere by the new coordinate 2’, so that indeed
the G/,-coordinate y' does not appear in the reduced equations. One can verify that the solution

of the above equations, with the integration constants determined by p, is

(2/(1),0()) = (Acos(dot) + Apsin(fot) + (1 — A2)fo, 6ot ) .

We will now use the mechanical connection to reconstruct the G,-part y(t) of the solution. The
Hessian of the Lagrangian, in the basis {X = 0/0x, E,} is

1+ p? 7 Acost+ Apsind — z + py 0

1 1 Asinf +y 0

Acosf + Apsin® — z + py Asinf+y 1—2Azcosf+ 2Aysinf +y?> + 22 0
0 0 0 1

The determinant of the matrix is 1 — A2. The vector field X¢ = X¢ = §/0z is tangent to the
level sets and horizontal with respect to the mechanical connection Q™.

In general, we regard the Hessian as a tensor field along the tangent bundle projection. A basis
of vector fields along 7 that lie in the g-complement of g,, is

_ poo- - 1 , - a}
FEy— ——F, F3— ——(A 0+ A 0—2)Ey, — ;.
{2 T Bs— g (Acost+ Apsing —En, o
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Notice that they are all basic vector fields along 7 (i.e. vector fields on M). The reason is
that the Lagrangian is of the simple type. We have seen that in that case the g-complement
of g, defines a connection w* on M — M/G,. The connection tensor Q™ of the mechanical
connection is determined by

QW (ES) = EY, QUET =0, Q™(X) =0, Q(XV) =0,

where the vector fields { E"} that are horizontal with respect to the mechanical connection ™
and tangent to the level set are here

_ _ TR _ _ 1 . =
E;I:EQC—WE?, Eil);l:Eg—W(ACOSH‘FA,U/SIHH—Z/)E?.
The explicit expressions of the ES are not of direct concern, we only need to know that they
are tangent to the level set and that they differ from EY in a vertical lift. The vertical part of

I = 9ES + v XF 4+ T¢X) (the restriction of the dynamical vector field to N,,) is here

m % 1 . ~
oI = (L1—|- 1+M2L2+ 1+M2(Acos€+Ausm@—z’)b?’)Ef.

Before we can write down the explicit form of the reconstruction equation g='g = Q™(T o #"),
we need to find the horizontal lift o™ of the reduced solution v = (2/,0,z,%). It is the curve
(Ym, #',0,2,%) in N, whose tangent vector is horizontal with respect to the G-mechanical
connection. By construction this means that %(7‘ o ") should be w¥-horizontal. If we write in
general that %(7— odf) = v Ey + v2Ey + v3Es, then in order for the curve to be horizontal the
v® must satisfy

1
vl = —v21 f/ﬂ —v31 2 (AcosO + Apsind — 2').

By expressing the v as functions of the 6%, we find that the missing y* is a solution of
yH = —Afy cos(fot),
from which y"(t) = —Asin(fgt) + yo. Using this ™ in the reconstruction equation gives

K2
1—|—,u2L +1+,u2

o=+ (Acosf + Apsinf — 2V =1,

once we have evaluated the functions :* in terms of (y", 2,6, x,%). So the solution through the
identity is y1(t) = ¢t. The y-part of the complete solution of the Euler-Lagrange equation is
therefore

y(t) = y1(t) + 4" (t) = —Asin(fot) + ¢ + yo,

as it be should for the given value of the momentum.
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