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Lie affgebroids Lie affgebroids morphism

Lie affgebroid structure on ~ 7AA

Lie affgebroids

e Notation
w:A—M, ny:V—-M
TA+ZA+:Aﬁ(A,R)—>M, 1A€r(TA+)

i A= (AT)* =M

int A=A ia(@)(p) = (@), iv:V —A
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Motivation
Lie affgebroids

Lie affgebroids morphism
Lie affgebroid structure on ~ 72A

Har

Lagrangia

Lie affgebroids

Lie affgebroid structure on A:
[,Iv : T(7v) x T(rv) — F(rv) Lie bracket
D : I (7a) x ['(7v) — (7v) R-linear action
pa : A — TM affine map, the anchor map
such that
Dx[Y.Z]v = [DxY,Z]v + [Y,DxZ]v

Dx (fY) = Dx Y + pa(X)(f)Y
for X € T(7a), Y,Z €T(1y), feC®M)
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Lie affgebroids Lie affgebroids morphism

Lie affgebroid structure on ~ 72A

Lie affgebroids

Lie affgebroid structure on A:

I, Qv : T(7v) x T(rv) — T(7y) Lie bracket
D : I (7a) x ['(7v) — (7v) R-linear action
pa : A — TM affine map, the anchor map

such that
Dx[Y,Z]v = [DxY,Z]v + [Y,DxZlv

Dy.vZ =DxZ +[Y,Z]v
fY) = DxY + pa(X)(F)Y

), Y,Z €T(1y), f€C®M)
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Lie affgebroids Lie affgebroids morphism
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Lie affgebroids

Lie affgebroid structure on A:
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such that
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), Y,Z €T(1y), f€C®M)
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Lie affgebroids

Lie affgebroid structure on A:
[,Iv : T(7v) x T(rv) — F(rv) Lie bracket
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pa : A — TM affine map, the anchor map
such that
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Lie affgebroids Lie affgebroids morphism

Lie affgebroid structure on ~ 72A

Lie affgebroids

Lie affgebroid structure on A:
[,Iv : T(7v) x T(rv) — F(rv) Lie bracket
D : I (7a) x ['(7v) — (7v) R-linear action
pa : A — TM affine map, the anchor map
such that
Dx[Y.Z]v = [DxY,Z]v + [Y,DxZ]v
oZ =DxZ +[V.Z]v

+
Dx (fY) = Dx Y + pa(X)(f)Y
for X € T(7a), Y,Z €T(1y), feC®M)
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Lie affgebroids Lie affgebroids morphism

Lie affgebroid structure on ~ 72A

Lie affgebroids

Lie affgebroid structure on A:
[,Iv : T(7v) x T(rv) — F(rv) Lie bracket
D : I (7a) x ['(7v) — (7v) R-linear action
pa : A — TM affine map, the anchor map
such that

Dx[Y,Z]v = [DxY, ]]v + [Y.DxZ]v

), Y,Z €T(1y), f€C®M)
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Lie affgebroids Lie affgebroids morphism

Lie affgebroid structure on ~ 7AA

Lie affgebroids

e Lie algebroid (E, [, -], p) is Lie affgebroid with D = [, -]
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Lie affgebroids Lie affgebroids morphism

Lie affgebroid structure on ~ 7AA

Lie affgebroids

e (A [-,-]v, D, pa) Lie affgebroid = (V, [-,-]v, pv) Lie algebroid
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Lie affgebroids Lie affgebroids morphism

Lie affgebroid structure on ~ 7AA

Lie affgebroids

e (A, [-,-]v, D, pa) Lie affgebroid
~ \
(A, [, -1z, pz) Lie algebroid + 1 € I(7a+) 1-cocycle

Conversely, (U, [, Ju, pu) Lie algebroid and ¢ : U — R
1-cocycle, ¢y, # 0

(3
A = {1} Lie affgebroid with (A, [, I3, pz) ~ (U. [, Ju. pu),
1a~ ¢ and V = ¢~ 1{0}
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Lie affgebroids Lie affgebroids morphism

Lie affgebroid structure on ~ 7AA

e Lie affgebroids
@ Lie affgebroids morphism
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Y on
Lie aﬁgebmlds
Hamiltonian and Lagrangian formalism on Lie aff ds

Lie affgebroids morphism
Lie affgebroid structure on ~ 7”A

Lagrangian subm,

Lie affgebr0|ds

Lie affgebroids morphism

Definition
((F,f), (F',f)) affine morphism between two Lie affgebroids
(A [,Iv,D, pa) and (A, -, -Jv/, D', par) is a Lie affgebroid
morphism if:

i) (F',f) Lie algebroid morphism between (V, [-, -Jv, pv) and
(Vlv II'? ']]V’v pV’)

i) Tfopa=pa oF

i) F' oDxY = (D}, Y') of

X €T(7a), X" €T(ra), Y €T(rv), Y €T(7y:): X' of =F o X
andY'of =F'oY
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Lie affgebroids Lie affgebroids morphism

Lie affgebroid structure on ~ 7”A

Lie affgebroids

Lie affgebroids morphism

Definition
((F,f), (F',f)) affine morphism between two Lie affgebroids
(A [,Iv,D, pa) and (A, -, -Jv/, D', par) is a Lie affgebroid
morphism if:

i) (F',f) Lie algebroid morphism between (V, [-,-Jv, pv) and
(Vlv II ']]V’:PV’)

i) Tfopa=pa oF

i) F' oDxY = (D}, Y') of
X €T(7a), X" €T(ra), Y €T(rv), Y €T(7y:): X' of =F o X
andY'of =F'oY

v
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Y on
Lie aﬁgebmlds
Hamiltonian and Lagrangian formalism on Lie aff ds

Lie affgebroids morphism
Lie affgebroid structure on ~ 7”A

Lagrangian subm,

Lie affgebr0|ds

Lie affgebroids morphism

Definition
((F,f), (F',f)) affine morphism between two Lie affgebroids
(A [,Iv,D, pa) and (A, -, -Jv/, D', par) is a Lie affgebroid
morphism if:

i) (F',f) Lie algebroid morphism between (V, [-, -Jv, pv) and
(Vlv II'? ']]V’v pV’)

i) Tf opa = paoF

i) F' oDxY = (D}, Y') of

X €T(7a), X" €T(ra), Y €T(rv), Y €T(7y:): X' of =F o X
andY'of =F'oY

Diana Sosa Lagrangian submanifolds and dynamics on Lie affgebroids




Lie affgebroids Lie affgebroids morphism

Lie affgebroid structure on ~ 7AA

Lie affgebroids

Lie affgebroids morphism

o ((F,f),(F',f)) Lie affgebroid morphism

A 4F> Al \V/ 4F|> V/
TAi i’TA/ Tvi iTV’
M W M e

_ \’
(F,f) Lie algebroid morphism

- F - ~~ B
A o F@E) = & oF)
Al f | T (F.6)1ay = 1a

M —— M’
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Lie affgebroids Lie affgebroids morphism

Lie affgebroid structure on ~ 7AA

Lie affgebroids

Lie affgebroids morphism

eConversely, (IE,f) Lie algebroid morphism

u — ¢ € T(1u),¢' €T (1u)
o) | ¢(x) #0, ¢/(x') £ 0
. (F.f) ¢ =¢

M — M

\
((F,f),(F' f)) Lie affgebroid morphism

E |

F
A —— A Vv — V/
TAL iTA/ T\/i lTvl
M ; M’ M — M

A = ¢ N1} \Y ¢~ {0} 7w = (1u)/A
A = (o)1} V= (¢)HO} T = (u)a

Diana Sosa Lagrangian submanifolds and dynamics on Lie affgebroids



Lie affgebroids Lie affgebroids morphism

Lie affgebroid structure on ~ 7AA

e Lie affgebroids

@ Lie affgebroid structure on 7AA
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Lie affgebroids Lie affgebroids morphism

Lie affgebroid structure on ~ 7AA

Lie affgebroids

Lie affgebroid structure on 72A

(ta:A—= M, 7y : V — M,([,]v, D, pa)) Lie affgebroid
TAA = {(a,v) € A x TA/pa(@) = (T7a)(V)}
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Lie affgebroids Lie affgebroids morphism

Lie affgebroid structure on ~ 7AA

Lie affgebroids

Lie affgebroid structure on 72A

(ta:A—= M, 7y : V — M,([,]v, D, pa)) Lie affgebroid
TAA = {(a,v) € A x TA/pa(@) = (T7a)(V)}

(TPA L 12 02) T2 TAA—A
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Lie affgebroids Lie affgebroids morphism

Lie affgebroid structure on ~ 7AA

Lie affgebroids

Lie affgebroid structure on 72A

(ta:A—= M, 7y : V — M,([,]v, D, pa)) Lie affgebroid
TAA = {(a,v) € A x TA/pa(@) = (T7a)(V)}

(TPA L 12 02) T2 TAA—A

g0 € T((7)"), 60: TPA—R ¢o(A V) = 1a(8)
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Lie affgebroids Lie affgebroids morphism

Lie affgebroid structure on ~ 7AA

Lie affgebroids

Lie affgebroid structure on 72A

(ta:A—= M, 7y : V — M,([,]v, D, pa)) Lie affgebroid
TAA = {(a,v) € A x TA/pa(@) = (T7a)(V)}

(TPA L 12 02) T2 TAA—A
g0 € T((7)"), 60: TPA—R ¢o(A V) = 1a(8)
e ¢9 1-cocycle, (qbo)l(T;\A)a #0
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Lie affgebroids Lie affgebroids morphism

Lie affgebroid structure on ~ 7AA

Lie affgebroids

Lie affgebroid structure on 72A

(ta:A—= M, 7y : V — M,([,]v, D, pa)) Lie affgebroid
TAA = {(a,v) € A x TA/pa(@) = (T7a)(V)}

(TPA L 12 02) T2 TAA—A
g0 € T((7)"), 60: TPA—R ¢o(A V) = 1a(8)

* ¢o l-cocycle, (¢o) rap), 7O
o (o) HL} = T*A, (00) 1O} =TVA
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Lie affgebroids Lie affgebroids morphism

Lie affgebroid structure on ~ 7AA

Lie affgebroids

Lie affgebroid structure on 72A

(ta:A—= M, 7y : V — M,([,]v, D, pa)) Lie affgebroid
TAA = {(a,v) € A x TA/pa(a) = (T7a)(V)}

(TPA L 12 02) T2 TAA—A
g0 € T((7)"), 60: TPA—R ¢o(A V) = 1a(8)

e ¢ 1-cocycle, (¢0)|(TZ\A)a =

o (o) M1} =T"A, (¢0) {0} =T'A
N8

& TAA — A admits a Lie affgebroid structure with bidual Lie
algebroid (72A, [, 12, p3*) and modelled on (TVA [ 1, o)
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The Hamiltonian formalism
Hamiltonian and Lagrangian formalism on Lie affgebroids The Lagrangian formalism

The Legendre transformation

Q Hamiltonian and Lagrangian formalism on Lie affgebroids
@ The Hamiltonian formalism
@ The Lagrangian formalism
@ The Legendre transformation and the equivalence
between the Hamiltonian and Lagrangian formalisms
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The Hamiltonian formalism
Hamiltonian and Lagrangian formalism on Lie affgebroids The Lagrangian formalism

The Legendre transformation

Q Hamiltonian and Lagrangian formalism on Lie affgebroids
@ The Hamiltonian formalism
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The Hamiltonian formalism
Hamiltonian and Lagrangian formalism on Lie affgebroids The Lagrangian formalism
The Legendre transformation

Hamiltonian and Lagrangian formalism on Lie affgebroids
The Hamiltonian formalism

(ta:A—=M,7y :V = M, ([,-]v,D,pa)) Lie affgebroid
(R TV =V 1Y oY)
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The Hamiltonian formalism
Hamiltonian and Lagrangian formalism on Lie affgebroids The Lagrangian formalism
The Legendre transformation

Hamiltonian and Lagrangian formalism on Lie affgebroids
The Hamiltonian formalism

(7a: A - M,y :V — M ([[- -]]V,D,pA)) Lie affgebroid

(72 TAV* =V [, ]] )

(x ) local coordinates on M

{€0, €4} local basis of I'(7;) adapted to 14 (1a(eo) = 1, 1a(ea) = 0)
I[eOv eOé]]A = C’y €y |Ie0“ eﬂ]]ﬂ = Cgﬁe’Y

9 )
pz\(eo):pb% pz\(ea):p'aﬁ
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The Hamiltonian formalism
Hamiltonian and Lagrangian formalism on Lie affgebroids The Lagrangian formalism
The Legendre transformation

Hamiltonian and Lagrangian formalism on Lie affgebroids
The Hamiltonian formalism

(ta:A—=M,7y :V = M, ([,-]v,D,pa)) Lie affgebroid
™ . Ay * * M. . T Ty
(TA TV = V[ ]];,p/x)
(x') local coordinates on M
{€0, €4} local basis of I'(7;) adapted to 14 (1a(eo) = 1, 1a(ea) = 0)
I[e07 eoa]]ﬂ = Cgae’y |Ieou eﬂ]]ﬂ = Cgﬁe’y
ey — i 0 a0
PA(eo) = Po% PA(ea) = PQW
(x',y®,y®) local coordinates on A

(xf,yo,ya) the dual coordinates on A"
(x',y4) local coordinates on V*
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The Hamiltonian formalism
Hamiltonian and Lagrangian formalism on Lie affgebroids The Lagrangian formalism
The Legendre transformation

Hamiltonian and Lagrangian formalism on Lie affgebroids
The Hamiltonian formalism

{&0,8&,,8,} local basis of F(rg)
Bo(%) = (eolr (V). b )
€all) = (Cali (@ rhg ) Sl = 0o )

4

(x',¥a; 2% 2%, v,) local coordinates on TAV *
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The Hamiltonian formalism
Hamiltonian and Lagrangian formalism on Lie affgebroids The Lagrangian formalism
The Legendre transformation

Hamiltonian and Lagrangian formalism on Lie affgebroids
The Hamiltonian formalism

{&0,8&,,8,} local basis of F(rg)
Bo(%) = (eolr (V). b )
€all) = (Cali (@ rhg ) Sl = 0o )

)
(x',¥a; 2%, 2%, v,) local coordinates on TAV*
@ 4 : AT — V* the canonical projection
u(e) = ¢ linear map associated with
@ h:V* — AT Hamiltonian section of 4
h(x',¥a) = (x', =H(X),¥5), Ya)
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The Hamiltonian formalism
Hamiltonian and Lagrangian formalism on Lie affgebroids The Lagrangian formalism
The Legendre transformation

Hamiltonian and Lagrangian formalism on Lie affgebroids
The Hamiltonian formalism

» Th:TAV* — TAA*
Th(a, Xa) = (&, (Tah)(Xa))
\
(7h,h) Lie algebroid morphism
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The Hamiltonian formalism
Hamiltonian and Lagrangian formalism on Lie affgebroids The Lagrangian formalism
The Legendre transformation

Hamiltonian and Lagrangian formalism on Lie affgebroids
The Hamiltonian formalism

» Th:TAV* — TAA*
Th(a, Xa) = (&, (Tah)(Xa))
\
(7h,h) Lie algebroid morphism

M= (Th,h)*(Az) @ = (Th,hy ()

Az and Q; are the Liouville section and the canonical symplectic section associated
with A
Lt i
M €T((7)7) Qo € TN (TAVY)Y)

Q= —d7"V"\,

Diana Sosa Lagrangial nifolds and dynamics on Lie affgebroids



The Hamiltonian formalism
Hamiltonian and Lagrangian formalism on Lie affgebroids The Lagrangian formalism
The Legendre transformation

Hamiltonian and Lagrangian formalism on Lie affgebroids
The Hamiltonian formalism

> prp: TAV* — A the canonical projection on the first factor

4

(pr1, 7)) Lie algebroid morphism
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The Hamiltonian formalism
Hamiltonian and Lagrangian formalism on Lie affgebroids The Lagrangian formalism
The Legendre transformation

Hamiltonian and Lagrangian formalism on Lie affgebroids
The Hamiltonian formalism

> prp: TAV* — A the canonical projection on the first factor

\
(pr1, 7)) Lie algebroid morphism
n:TAV* =R (pre, 7y)*(1a) =7
n(a, Xa) = 1a(a) 1, is a 1-cocycle = 7 is a 1-cocycle
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The Hamiltonian formalism
Hamiltonian and Lagrangian formalism on Lie affgebroids The Lagrangian formalism
The Legendre transformation

Hamiltonian and Lagrangian formalism on Lie affgebroids
The Hamiltonian formalism

> prp: TAV* — A the canonical projection on the first factor

4

(pr1, 7)) Lie algebroid morphism

n:TAV* =R (pre, 7y)*(1a) =7

n(a, Xa) = 1a(a) 1, is a 1-cocycle = 7 is a 1-cocycle
\ .

(Qn,n) is a cosymplectic structure on T/{V c TAV* = V™

fmr@nn. " AQ () #£0, forall aeV*
d7"V'p =0 d7V'Q,=0
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The Hamiltonian formalism
Hamiltonian and Lagrangian formalism on Lie affgebroids The Lagrangian formalism
The Legendre transformation

Hamiltonian and Lagrangian formalism on Lie affgebroids
The Hamiltonian formalism

@ Ry € F(T~ ) the Reeb section of (Q2n,7): ir, 2% =0, ir,n=1

Rh =€ + gT}—léa - (C’yﬁy’y Y3 + pla g,'j. C oYv)€a
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The Hamiltonian formalism
Hamiltonian and Lagrangian formalism on Lie affgebroids The Lagrangian formalism
The Legendre transformation

Hamiltonian and Lagrangian formalism on Lie affgebroids
The Hamiltonian formalism

@ Ry € F(T~ ) the Reeb section of (2, 7): ir, 2, =0, ign=1
Rh = €o + gT}—léa - (C’yﬁy’y Y3 + pla g,'j. C y’y)
4
the integral sections of Ry, (i.e., the integral curves of the vector
field p;\V (Rp)) are just the solutions of the Hamilton equations
forh
dx'

at Po +

OH | dya - OH § OH
Oy(), p(] dt p(}, XI + y ( O(\ + da Oy

—
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The Hamiltonian formalism
Hamiltonian and Lagrangian formalism on Lie affgebroids The Lagrangian formalism

The Legendre transformation

Q Hamiltonian and Lagrangian formalism on Lie affgebroids

@ The Lagrangian formalism
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The Hamiltonian formalism
Hamiltonian and Lagrangian formalism on Lie affgebroids The Lagrangian formalism
The Legendre transformation

Hamiltonian and Lagrangian formalism on Lie affgebroids
The Lagrangian formalism

(ta :A—=M,7y : V — M, ([, ]v, D, pa)) Lie affgebroid
A . TA A S TA
(TA.TA—>A,[[,]]A,p;&)

(x') local coordinates on M
{€0, €4} local basis of sections of 7; adapted to 14
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The Hamiltonian formalism
Hamiltonian and Lagrangian formalism on Lie affgebroids The Lagrangian formalism
The Legendre transformation

Hamiltonian and Lagrangian formalism on Lie affgebroids
The Lagrangian formalism

(ta :A—=M,7y : V — M, ([, ]v, D, pa)) Lie affgebroid
A . TA A S TA
(TA.TA—>A,[[,]]A,/);&)

(x') local coordinates on M
{€0, €4} local basis of sections of 7; adapted to 14

N J
{To, Ta, Vo } local basis of sections of T/{A
- 9
To(@) = (eo(ra(@): rb )
- i a a
T = I~ V — _
a(a) (ea(TA(a))v Pa OXI |a) a(a) (07 aya |a)
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The Hamiltonian formalism
Hamiltonian and Lagrangian formalism on Lie affgebroids The Lagrangian formalism
The Legendre transformation

Hamiltonian and Lagrangian formalism on Lie affgebroids
The Lagrangian formalism

(ta :A—=M,7y : V — M, ([, ]v, D, pa)) Lie affgebroid
A . TA A S TA
(TA.TA—>A,[[,]]A,/);&)

(x') local coordinates on M
{€0, €4} local basis of sections of 7; adapted to 14

.
{To,Ta,V.} local basis of sections of T
. )
To(a) = (eo(TA(a)),P'oﬁl )
_ B 0
Ta(a) = (ea(7a(a)), p"%m) Va(a) = (0, ayiala)
!

(x',y%,ye, z) local coordinates on TAA
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The Hamiltonian formalism
Hamiltonian and Lagrangian formalism on Lie affgebroids The Lagrangian formalism
The Legendre transformation

Hamiltonian and Lagrangian formalism on Lie affgebroids
The Lagrangian formalism

» {TO T Vo) the dual basis of {To, Ta, Va !
Y

TO = ¢y is globally defined and it is a 1-cocycle
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The Hamiltonian formalism
Hamiltonian and Lagrangian formalism on Lie affgebroids The Lagrangian formalism
The Legendre transformation

Hamiltonian and Lagrangian formalism on Lie affgebroids
The Lagrangian formalism

» {TO T Vo) the dual basis of {To, Ta, Va !
Y

TO = ¢y is globally defined and it is a 1-cocycle

ev:1 CR— Ais admissible if (Tj-ca\'y):p;\oiAOfy

or locally if ~y(t) = (x'(t),y“(t)) and i o+ PLy*”

Diana Sosa Lagrangial nifolds and dynamics on Lie affgebroids



The Hamiltonian formalism
Hamiltonian and Lagrangian formalism on Lie affgebroids The Lagrangian formalism
The Legendre transformation

Hamiltonian and Lagrangian formalism on Lie affgebroids
The Lagrangian formalism

» {TO T Vo) the dual basis of {To, Ta, Va !
Y

TO = ¢q is globally defined and it is a 1-cocycle
ev:1 CR— Ais admissible if (770\’}/) =pzoinoy
. i dxi i i\
or locally if ~(t) = (x'(t),y“(t)) and ot = Potray

ol € F(rg‘) is a second order differential equation (SODE) on
A if the integral sections of ¢, that is, the integral curves of the
vector field p%’*(f), are admissible.
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The Hamiltonian formalism
Hamiltonian and Lagrangian formalism on Lie affgebroids The Lagrangian formalism
The Legendre transformation

Hamiltonian and Lagrangian formalism on Lie affgebroids
The Lagrangian formalism

» L :A — R Lagrangian function

the Poincaré-Cartan 1-section and 2-section
O, =Lgo + (dT™AL) oS € F((71*)")
Q= —d7*e € M(A2(r7)")

the vertical endomorphism S:A — TAA® (T;A)*
S=(T*-y*T%aV,
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The Hamiltonian formalism
Hamiltonian and Lagrangian formalism on Lie affgebroids The Lagrangian formalism
The Legendre transformation

Hamiltonian and Lagrangian formalism on Lie affgebroids
The Lagrangian formalism

~v: 1 C R — Ais a solution of the Euler-Lagrange equations iff
i) ~ is admissible
1) (ia(y()) 5 2L (y(1)) =0

orlocally ~(t) = (x'(t),y“(t)) and

dx' d oL, ;oL 5, OL
a *p0+pay a(ﬁ)*paa)o (CO(J{J’_C;‘ay )()ya/
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The Hamiltonian formalism
Hamiltonian and Lagrangian formalism on Lie affgebroids The Lagrangian formalism
The Legendre transformation

Hamiltonian and Lagrangian formalism on Lie affgebroids
The Lagrangian formalism

2
oy~oyh i
equivalently, (Q, ¢o) is a cosymplectic structure on 7A

e L is regular iff the matrix (W,z) = ( ) is regular or,
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The Hamiltonian formalism
Hamiltonian and Lagrangian formalism on Lie affgebroids The Lagrangian formalism
The Legendre transformation

Hamiltonian and Lagrangian formalism on Lie affgebroids
The Lagrangian formalism

2
e L is regular iff the matrix (W,3) = ((‘)ya@él)_yﬁ) is regular or,

equivalently, (., ¢o) is a cosymplectic structure on TAA

e If L is regular
\
the Reeb section of (2., ¢o), Ry, is the unique Lagrangian
SODE associated with L
4

the integral curves of the vector field p%‘A(RL) are solutions of
the Euler-Lagrange equations associated with L
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The Hamiltonian formalism
Hamiltonian and Lagrangian formalism on Lie affgebroids The Lagrangian formalism

The Legendre transformation

Q Hamiltonian and Lagrangian formalism on Lie affgebroids

@ The Legendre transformation and the equivalence
between the Hamiltonian and Lagrangian formalisms
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The Hamiltonian formalism
Hamiltonian and Lagrangian formalism on Lie affgebroids The Lagrangian formalism
The Legendre transformation

Hamiltonian and Lagrangian formalism on Lie affgebroids
The Legendre transformation and the equivalence between these formalisms

L : A — R Lagrangian function
O € F((T/{A)*) the Poincaré-Cartan 1-section

the extended Legendre transformation
Leg. : A— A" Legi(a)(b) = ©L(a)(z)
a,b € Ac,z € (TPA)a 1 pri(z) = ia(b)
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The Hamiltonian formalism

Hamiltonian and Lagrangian formalism on Lie affgebroids The Lagrangian formalism
The Legendre transformation

Hamiltonian and Lagrangian formalism on Lie affgebroids
The Legendre transformation and the equivalence between these formalisms

L : A — R Lagrangian function
O € F((T/{A)*) the Poincaré-Cartan 1-section

the extended Legendre transformation
Leg. : A— A" Legi(a)(b) = ©L(a)(z)
a,b € Ac,z € (TPA)a 1 pri(z) = ia(b)

the Legendre transformation
leg. :A—V* leg. = poleg.
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The Hamiltonian formalism

Hamiltonian and Lagrangian formalism on Lie affgebroids The Lagrangian formalism
The Legendre transformation

Hamiltonian and Lagrangian formalism on Lie affgebroids
The Legendre transformation and the equivalence between these formalisms

L : A — R Lagrangian function
O € F((T/{A)*) the Poincaré-Cartan 1-section

the extended Legendre transformation
Leg. : A— A" Legi(a)(b) = ©L(a)(z)
a,b € Ac,z € (TPA)a 1 pri(z) = ia(b)

the Legendre transformation
leg. :A—V* leg. = poleg.
. 4
Tleg, : TAA — TAV*  (Tleg,)(b,Xa) = (b, (TalegL)(Xa))
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The Hamiltonian formalism
Hamiltonian and Lagrangian formalism on Lie affgebroids The Lagrangian formalism
The Legendre transformation

Hamiltonian and Lagrangian formalism on Lie affgebroids
The Legendre transformation and the equivalence between these formalisms

Proposition

The Lagrangian L is regular if and only if the Legendre
transformation leg, : A — V* is a local diffeomorphism.
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The Hamiltonian formalism
The Lagrangian formalism
The Legendre transformation

Hamiltonian and Lagrangian formalism on Lie affgebroids

Hamiltonian and Lagrangian formalism on Lie affgebroids
The Legendre transformation and the equivalence between these formalisms

Proposition
The Lagrangian L is regular if and only if the Legendre
transformation leg, : A — V* is a local diffeomorphism.

e L is hyperregular if leg, is a global diffeomorphism
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The Hamiltonian formalism
Hamiltonian and Lagrangian formalism on Lie affgebroids The Lagrangian formalism
The Legendre transformation

Hamiltonian and Lagrangian formalism on Lie affgebroids
The Legendre transformation and the equivalence between these formalisms

Proposition

The Lagrangian L is regular if and only if the Legendre
transformation leg, : A — V* is a local diffeomorphism.

e L is hyperregular if leg, is a global diffeomorphism

e If L is hyperregular
U

(7'leg,,leg,) is a Lie algebroid isomorphism

U
h:V*— AT h:LegLoIegfl
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The Hamiltonian formalism
The Lagrangian formalism

Th 4 p a The Legendre transformation
La(|\an(uar'\ su an ea old

Hamiltonian and Lagrangian formalism on Lie affgebroids
The Legendre transformation and the equivalence between these formalisms

Theorem

If the Lagrangian L is hyperregular then the Euler-Lagrange
section R, associated with L and the Hamiltonian section Ry,
associated with h satisfy the following relation

Rp o Ieg._ = TIegL oR|.

Moreover, if v : | — A'is a solution of the Euler-Lagrange
eguations associated with L, then leg, o~ : | — V* is a solution
of the Hamilton equations associated with h and, conversely, if
~ : 1 — V*is a solution of the Hamilton equations for h then

v = Iegl_*1 o 7 is a solution of the Euler-Lagrange equations for
L.
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Q The prolongation of a symplectic Lie affgebroid
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The prolongation of a symplectic Lie affgebroid

The prolongation of a symplectic Lie affgebroid

Definition
Let be a Lie affgebroid 75 : A — M modelled on the Lie
algebroid n, : V — M. ltis said to be a symplectic Lie
affgebroid if ny, : V — M admits a symplectic section €, that is,
Q is a section of the vector bundle A?V* — M such that:
i) Forallx € M, the 2-form Q(x) : Vx x Vx — R on the vector
space Vy is non-degenerate and

i) Qis a 2-cocycle, i.e., dVQ =0.
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The prolongation of a symplectic Lie affgebroid

The prolongation of a symplectic Lie affgebroid

7a : A — M Lie affgebroid modelled ~y : V — M
n: TAV* L R, n(a, X,) = 1a(2), n is 1-cocycle
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The prolongation of a symplectic Lie affgebroid

The prolongation of a symplectic Lie affgebroid

7a : A — M Lie affgebroid modelled ~y : V — M
n: TAV* L R, n(a, X,) = 1a(2), n is 1-cocycle
nH{1} = pp(TV?) 9 {0} =TVV"
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The prolongation of a symplectic Lie affgebroid

The prolongation of a symplectic Lie affgebroid

7a : A — M Lie affgebroid modelled ~y : V — M
n: TAV* L R, n(a, X,) = 1a(2), n is 1-cocycle

nH{1} = pp(TV?) 9 {0} =TVV"
U
pA(TV*) is a Lie affgebroid over V* = my« : pa(TV*) — V*
(@ X) = mve(X)
modelled on the Lie algebroid ’7'\7/—\/ - TVV* — V* which admits a
canonical symplectic section Qy,
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The prolongation of a symplectic Lie affgebroid

The prolongation of a symplectic Lie affgebroid

7a : A — M Lie affgebroid modelled ~y : V — M
n: TAV* L R, n(a, X,) = 1a(2), n is 1-cocycle

nH{1} = pp(TV?) 9 {0} =TVV"
U
pA(TV*) is a Lie affgebroid over V* = my« : pa(TV*) — V*
(@ X) = mve(X)
modelled on the Lie algebroid ’7'\7/—\/ - TVV* — V* which admits a
canonical symplectic section Qy,

)
v pa(TV*) — V*is symplectic Lie affgebroid
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The prolongation of a symplectic Lie affgebroid

The prolongation of a symplectic Lie affgebroid

(ta: A= M,7y : V — M,([,]v,D, pa)) Lie affgebroid
o f € C*°(M) the complete and vertical lift f¢ and f¥ of f to A
fé(a) = pa(a)(f)  f'(a) =f(ma(a)) acA
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The prolongation of a symplectic Lie affgebroid

The prolongation of a symplectic Lie affgebroid

(ta: A= M,7y : V — M,([,]v,D, pa)) Lie affgebroid

o f € C*°(M) the complete and vertical lift f¢ and f¥ of f to A
fé(a) = pa(a)(f)  f'(a) =f(ma(a)) acA

e X €l(ry) = X& XY € X(A) = X XY el(rA):
X°(8) = (X(13(8)),X°(8))  X¥(8) = (O(r, (é)) X"(a))
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The prolongation of a symplectic Lie affgebroid

The prolongation of a symplectic Lie affgebroid

(ta: A= M,7y : V — M,([,]v,D, pa)) Lie affgebroid
o f € C>°(M) the complete and vertical lift f and f¥ of f to A
fe(a) = pa(@)(f)  fY(a) =f(7a(a)) acA
o X el(r5) = X, XV € X(A) = X, XVel(r -
X°(8) = (X(73(8)),X°(8))  X¥(&) = (o( A(é)), X"(a))
e Xel(ry) = ivoXel(rz) = (v oX) € X(A)
(iv o X)p € X(A)
= the complete and vertical lift of X
X¢ = (iy o X)|A el(np) XV=(iyo X)‘l’A e r(n)
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The prolongation of a symplectic Lie affgebroid

The prolongation of a symplectic Lie affgebroid

Proposition

If « is a section of the vector bundle AKXV * — M, then there
exists a unique section af of the vector bundle AK(TVA)* — A

such that
a®(X$,... . XS) = a(Xg,...,X)°
aC(Xi’,Xf,...,Xkc) = a(Xl,Xz,...,Xk)"
a®(XY, .. XY, XS g, XE) = 0 if 2<s<Kk

for X1, ..., Xg € M(7v). Moreover, d7"Aa¢ = (dV o).

The section of of the vector bundle AK(7VA)* — A'is called the
complete lift of «
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The prolongation of a symplectic Lie affgebroid

The prolongation of a symplectic Lie affgebroid

Theorem

Let 74 : A — M be a symplectic Lie affgebroid modelled on the
Lie algebroid n, : V — M and Q be a symplectic section of
7v : V — M. Then, the prolongation T”A of the Lie affgebroid A
over the projection 75 : A — M is a symplectic Lie affgebroid
and the complete lift Q¢ of Q to the prolongation 7VA is a
symplectic section of 7 : TVA = A.
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e Lagrangian submanifolds and dynamics on a Lie affgebroid
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Lagrangian submanifolds and dynamics on a Lie affgebroid

Lagrangian submanifolds and dynamics on a Lie affgebroid

Definition
Let S be a submanifold of the symplectic Lie affgebroid A and
i © S — A be the canonical inclusion. Denote by 73 : S — M the map
given by 73 = 74 o i and suppose that
v (Visa) + (Tam3)(TaS) = T.s@M, foralla € S. Then, S is said to
be Lagrangian submanifold if the corresponding Lie subaffgebroid

S
(7s : pa(TS) — S, : TVS — S) of the symplectic Lie affgebroid
(T2 TAA — A 7* : TVA — A) is Lagrangian*.

A Lie subaffgebroid of A is a Lie affgebroid morphism ((j : A’ — A,i : M’ — M),
(' : V' +— V,i: M’ — M)): jis injective and i is an injective inmersion
*A Lie subaffgebroid of a symplectic Lie affgebroid is Lagrangian if the corresponding

Lie subalgebroid is Lagrangian.
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Lagrangian submanifolds and dynamics on a Lie affgebroid

Lagrangian submanifolds and dynamics on a Lie affgebroid

Definition

Let S be a submanifold of the symplectic Lie affgebroid A and

i © S — A be the canonical inclusion. Denote by 73 : S — M the map
given by 73 = 74 o i and suppose that

v (Visa) + (Tam3)(TaS) = T.s@M, foralla € S. Then, S is said to
be Lagrangian submanifold if the corresponding Lie subaffgebroid
(7s : pa(TS) — S, 7 : TVS — S) of the symplectic Lie affgebroid
(T2 TAA — A 7* : TVYA — A) is Lagrangian*.

A Lie subaffgebroid of A is a Lie affgebroid morphism ((j : A’ — A,i : M’ — M),
(' : V' +— V,i: M’ — M)): jis injective and i is an injective inmersion
*A Lie subaffgebroid of a symplectic Lie affgebroid is Lagrangian if the corresponding

Lie subalgebroid is Lagrangian.
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Lagrangian submanifolds and dynamics on a Lie affgebroid

Lagrangian submanifolds and dynamics on a Lie affgebroid

Definition
Let S be a submanifold of the symplectic Lie affgebroid A and
i © S — A be the canonical inclusion. Denote by 73 : S — M the map
given by 73 = 74 o i and suppose that
v (Visa) + (Tam3)(TaS) = T.s@M, foralla € S. Then, S is said to
be Lagrangian submanifold if the corresponding Lie subaffgebroid

S
(7s : pa(TS) — S, : TVS — S) of the symplectic Lie affgebroid
(22 : TAA — A, 7* : TYA — A) is Lagrangian®.

A Lie subaffgebroid of A is a Lie affgebroid morphism ((j : A’ — A,i : M’ — M),
(' : V' +— V,i: M’ — M)): jis injective and i is an injective inmersion
*A Lie subaffgebroid of a symplectic Lie affgebroid is Lagrangian if the corresponding

Lie subalgebroid is Lagrangian.
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Lagrangian submanifolds and dynamics on a Lie affgebroid

Lagrangian submanifolds and dynamics on a Lie affgebroid

Definition
Let S be a submanifold of the symplectic Lie affgebroid A and
i © S — A be the canonical inclusion. Denote by 73 : S — M the map
given by 73 = 74 o i and suppose that
v (Visa) + (Tam3)(TaS) = T.s@M, foralla € S. Then, S is said to
be Lagrangian submanifold if the corresponding Lie subaffgebroid

S
(7s : pa(TS) — S, : TVS — S) of the symplectic Lie affgebroid
(T2 TAA — A 7* : TVA — A) is Lagrangian*.

A Lie subaffgebroid of A is a Lie affgebroid morphism ((j : A" — A,i : M’ — M)
(' : V' V,i: M’ — M)): jis injective and i is an injective inmersion

*A Lie subaffgebroid of a symplectic Lie affgebroid is Lagrangian if the corresponding

Lie subalgebroid is Lagrangian.
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Lagrangian submanifolds and dynamics on a Lie affgebroid

Lagrangian submanifolds and dynamics on a Lie affgebroid

Definition
Let S be a submanifold of the symplectic Lie affgebroid A and
i © S — A be the canonical inclusion. Denote by 73 : S — M the map
given by 73 = 74 o i and suppose that
v (Visa) + (Tam3)(TaS) = T.s@M, foralla € S. Then, S is said to
be Lagrangian submanifold if the corresponding Lie subaffgebroid

S
(7s : pa(TS) — S, : TVS — S) of the symplectic Lie affgebroid
(T2 TAA — A 7* : TVA — A) is Lagrangian*.

A Lie subaffgebroid of A is a Lie affgebroid morphism ((j : A’ — A,i : M’ — M),
(' : V' +— V,i: M’ — M)): jis injective and i is an injective inmersion
*A Lie subaffgebroid of a symplectic Lie affgebroid is Lagrangian if the corresponding

Lie subalgebroid is Lagrangian.
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Lagrangian submanifolds and dynamics on a Lie affgebroid

Lagrangian submanifolds and dynamics on a Lie affgebroid

» (7a:A— M,7y :V — M) Lie affgebroid

h:V* — AT Hamiltonian section
(Qn,n) cosymplectic structure on 7AV *
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Lagrangian submanifolds and dynamics on a Lie affgebroid

» (7a:A— M,7y :V — M) Lie affgebroid
h:V* — AT Hamiltonian section
(Qn,n) cosymplectic structure on 7AV *

Rn € [(72") the Reeb section

A
° n(Rp) =1
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Lagrangian submanifolds and dynamics on a Lie affgebroid

Lagrangian submanifolds and dynamics on a Lie affgebroid

» (7a:A— M,7y :V — M) Lie affgebroid
h:V* — AT Hamiltonian section
(Qn,n) cosymplectic structure on 7AV *

Rn € [(72") the Reeb section

A
@ n(Rp) = 1= Ru(V*) C pa(TV™)
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Lagrangian submanifolds and dynamics on a Lie affgebroid

Lagrangian submanifolds and dynamics on a Lie affgebroid

» (7a:A— M,7y :V — M) Lie affgebroid
h:V* — AT Hamiltonian section .
(Qn,n) cosymplectic structure on 7AV *

Rh € F(Tg) the Reeb section

@ n(Rp) = 1= Ru(V*) C pa(TV™)

Sh = Ry (V") Lagrangian submanifold of px (TV™)
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Lagrangian submanifolds and dynamics on a Lie affgebroid

Lagrangian submanifolds and dynamics on a Lie affgebroid

» (7a:A— M,7y :V — M) Lie affgebroid
h:V* — AT Hamiltonian section .
(Qn,n) cosymplectic structure on 7AV *

Rh € F(Tg) the Reeb section

@ n(Rp) = 1= Ru(V*) C pa(TV™)

Sh = Ry (V") Lagrangian submanifold of px (TV™)

Wy {curvesin V*} «—— { curves in Sy}
c:l—-V* +—— Rpoc:|I— S
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Lagrangian submanifolds and dynamics on a Lie affgebroid

Lagrangian submanifolds and dynamics on a Lie affgebroid

o7 :1—SpCpi(TVH) CTAV* C A x TV*
t = (71(t),72(t))
is admissible if v, : 1 — TV*,  4o(t) = c(t)
c:l—->V*c=mnysoy
my+ : TV* — V* the canonical projection
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Lagrangian submanifolds and dynamics on a Lie affgebroid

Lagrangian submanifolds and dynamics on a Lie affgebroid

o7 :1—SpCpi(TVH) CTAV* C A x TV*
t = (71(t),72(t))
is admissible if v, : 1 — TV*,  4o(t) = c(t)
c:l—->V*c=mnysoy
my+ : TV* — V* the canonical projection

Under the bijection W}, the admissible curves in the Lagrangian
submanifold Sy, correspond with the solutions of the Hamilton
equations for h.

Diana Sosa Lagrangian submanifolds and dynamics on Lie affgebroids
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Lagrangian submanifolds and dynamics on a Lie affgebroid

» L: A — R Lagrangian function

Ap : pa(TV*) — (TVA)* the canonical isomorphism
between pry |- (rv+) : pa(TV*) — Aand ()" : (TVA)* — A
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Lagrangian submanifolds and dynamics on a Lie affgebroid

» L: A — R Lagrangian function

Ap : pa(TV*) — (TVA)* the canonical isomorphism
between pry |- (rv+) : pa(TV*) — Aand ()" : (TVA)* — A

(A3 o d7"AL)(A) Lagrangian submanifold of pi(TV*)
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Lagrangian submanifolds and dynamics on a Lie affgebroid

Lagrangian submanifolds and dynamics on a Lie affgebroid

» L: A — R Lagrangian function

Ap : pa(TV*) — (TVA)* the canonical isomorphism
between pry |- (rv+) : pa(TV*) — Aand ()" : (TVA)* — A

(A3 o d7"AL)(A) Lagrangian submanifold of pi(TV*)

VY { curvesin S } «— { curvesin A}
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Lagrangian submanifolds and dynamics on a Lie affgebroid

oy i1 S.Cpi(TVH) CAXTVH, tis (c(t),2(t))
is admissible if 2 : 1 — TV*,  ~,(t) = c*(t)
c*:l—=V* c*=ny-o0
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Lagrangian submanifolds and dynamics on a Lie affgebroid

oy i1 S.Cpi(TVH) CAXTVH, tis (c(t),2(t))
is admissible if 2 : 1 — TV*,  ~,(t) = c*(t)
c*:l—=V* c*=ny-o0

Under the bijection ¥, the admissible curves in the Lagrangian
submanifold S, correspond with the solutions of the
Euler-Lagrange equations for L.
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Lagrangian submanifolds and dynamics on a Lie affgebroid

» L:A — R hyperregular Lagrangian
O, Q = —dTAA@L the Poincaré-Cartan sections
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Lagrangian submanifolds and dynamics on a Lie affgebroid

Lagrangian submanifolds and dynamics on a Lie affgebroid

» L:A — R hyperregular Lagrangian
O, Q = —dTAA@L the Poincaré-Cartan sections
(iv,1d) : TVA — TAA
(iv,1d)(v, Xa) = (iv(V), Xa)
)

(iv,Id) is a Lie algebroid morphism over the identity of A

(L, ¢o) cosymplectic structure on TAA: (iv,1d)*¢o =0
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Lagrangian submanifolds and dynamics on a Lie affgebroid

» L:A — R hyperregular Lagrangian
O, Q = —dTAA@L the Poincaré-Cartan sections

(iv,1d) : TVA — TAA
(iV7 Id)(V7 Xa) = (|V (V),Xa)
Y

(iv,Id) is a Lie algebroid morphism over the identity of A

(L, ¢o) cosymplectic structure on TAA: (iv,1d)*¢o =0
\

(iv,1d)*Q is a symplectic section of 7" TVA — A
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Lagrangian submanifolds and dynamics on a Lie affgebroid

» L:A — R hyperregular Lagrangian
O, Q = —dTAA@L the Poincaré-Cartan sections

(iv,1d) : TVA — TAA
(iV7 Id)(V7 Xa) = (|V (V),Xa)
Y

(iv,Id) is a Lie algebroid morphism over the identity of A

(L, ¢o) cosymplectic structure on TAA: (iv,1d)*¢o =0
\

(iv,1d)*Q is a symplectic section of 7" TVA — A

4
(7 TAA — A, i TVA — A) is a symplectic Lie affgebroid
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Lagrangian submanifolds and dynamics on a Lie affgebroid

@ R, the Reeb section of (2, ¢o): ¢o(RL) =1
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Lagrangian submanifolds and dynamics on a Lie affgebroid

@ R, the Reeb section of (2, ¢o): ¢o(RL) =1

4
R € r(TXA)
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Lagrangian submanifolds and dynamics on a Lie affgebroid

@ R, the Reeb section of (2, ¢o): ¢o(RL) =1

4
R € r(TXA)

Sr, = RL(A) Lagrangian submanifold of 7AA
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Lagrangian submanifolds and dynamics on a Lie affgebroid

Lagrangian submanifolds and dynamics on a Lie affgebroid

@ R, the Reeb section of (2, ¢o): ¢o(RL) =1

4
R € r(TXA)

Sr, = RL(A) Lagrangian submanifold of 7AA

WSRL : { curvesin Sg } «— { curvesin A}
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ev:l—Sg CTARACAXTA, t (n(t),72(t))
is admissible if v, : 1 — TA, v(t) = c(t)
C=mpovy:l—A
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ey:l—Sg C TAACAXTA, t ((t),72(t))

is admissible if v, : 1 — TA, v(t) = c(t)
C=mpovy:l—A

If the Lagrangian L is hyperregular then under the bijection
\USRL the admissible curves in the Lagrangian submanifold Sg,

correspond with the solutions of the Euler-Lagrange equations
for L.
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L : A — R hyperregular = leg, : A — V* global diffeom.
h:V* — A* Hamiltonian section h = Leg oleg*
@ The Lagrangian submanifolds S| and Sy, of the symplectic Lie
affgebroid p;(TV™*)

@ The Lagrangian submanifold Sg, of the symplectic Lie affgebroid
TAA

If the Lagrangian function L : A — R is hyperregular and
h:V* — AT is the corresponding Hamiltonian section then the
Lagrangian submanifolds S; and Sy, are equal and

T1egL(Sr, ) = SL = Sh
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