Preface

The title of this volume refers to a Colloquium on Applied Differential Ge-
ometry and Mechanics, which was held at the Department of Mathematical
Physics and Astronomy, Ghent University, on November 1 and 2, 2002. This
colloquium was organised in honour of Michael Crampin, on the occasion of
his 60th birthday.

Mike Crampin was born on 16 March 1942. He graduated from Oxford Univer-
sity in 1963 and obtained his PhD in Mathematics at King’s College, Univer-
sity of London in 1967. He obtained another BA at the age of fifty-five, this
time in Philosophy, at Birkbeck College, University of London. Mike spent
most of his professional career at the Open University, Milton Keynes, UK.
He took early retirement in 2002 and is currently holding honorary part-time
research positions at Ghent University and the University of London.

Most of the contributors to this volume have come to know Mike Crampin
through the annual Workshop on Differential Geometric Methods in Theoret-
ical Mechanics. Mike was one of the main instigators of this Workshop, which
was held for the first time in Ghent in 1986 and has now been running for
seventeen consecutive years, meeting in Australia, Belgium, Hungary, Italy,
Poland, Spain, UK and USA.

On many occasions, the annual Workshop has been organised around a limited
number of themes, selected a year ahead of the meeting, and with one or two
people being responsible for each subject. Mike has often volunteered to be
one of these session organisers. His own exposés in such sessions have always
excelled in clarity of presentation and depth of insight. These, indeed, are also
the trade marks of his research papers.

Many of the participants at the Colloquium have had the privilege to collabo-
rate with Mike Crampin in the broad field of applied differential geometry and
mechanics. The Editors feel confident that they can speak for all participants
in saying that we all have benefited from these collaborations, both scientifi-
cally and in the sense of human interactions. The variety of topics presented
on this occasion reflects only part of the range of subjects to which Mike has
contributed and, with a few exceptions, the articles contained in this volume
are faithful accounts of these presentations.

We are indebted to the Research Fund of the Faculty of Sciences, Ghent Uni-
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versity, for financial support to publish these Proceedings and are grateful to
Bavo Langerock for invaluable technical assistance in putting it all together.

Willy Sarlet and Frans Cantrijn
Ghent University, Belgium
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Alternative Lie Algebroid structures and
Bi-Differential Calculi

Jaime R. Camacaro and José F. Carinena

Departamento de Fisica Tedrica
Universidad de Zaragoza, 50.009 Zaragoza, Spain.

Abstract

The existence of alternative Lie algebroid structures with the same underlying vector
bundle is shown to provide explicit examples of the bi-differential calculi introduced
by Dimakis and Miiller—Hoissen and the the existence of bi-Hamiltonian structures
of Poisson—Nijenhuis type introduced by Crampin, Sarlet and Thompson are dis-
cussed from this new perspective of the deformation of a Lie algebroid structure.

1 Introduction

In a recent paper [11] Dimakis and Miiller-Hoissen have shown how it is
possible to generate conservation laws (non-local charges) [16,2] in completely
integrable systems, by making use of a bi-differential calculus. More recently,
Crampin et al. proved that the approach of Dimakis and Miiller-Hoissen was
related with the standard approach of bi-Hamiltonian structures of Poisson—
Nijenhuis type [9], and the results were extended in [10], where the Poisson—
Nijenhuis case was discussed in a detailed way. Some interesting remarks on
the so called gauged bi-differential calculus by Dimakis and Miiller—Hoissen
were also given.

The objects behind the structure studied by Dimakis and Miiller—Hoissen,
and also in our case, are the so called non-local charges. These objects had
been introduced in [16] and can be described as a natural generalization of
the standard charges in relativistic quantum field theory. The non-local con-
served currents have later received much attention because of its relation with
different and interesting field theories [1-3,13].

Email address: jcama@wigner.unizar.es.



2 Jaime Camacaro and José Carinena

Our aim in this paper is to show how the recent structures of Lie algebroid
and bi-algebroid are the geometric ingredient for a better understanding of
this bi-differential calculus.

The organization of the paper is as follows: In Section 2 we summarize the fun-
damental results of the bi-differential algebra and the corresponding bicomplex
linear equation whose solutions provide us sequences of D-closed s-cochains.
Some simple ideas of cohomology of Lie algebras which show us how to ob-
tain an alternative Lie algebra structure in the underlying linear space of a
Lie algebra are reviewed in Section 3. The main properties of the structure
of Lie algebroid are recalled in Section 4, in which some examples illustrating
the importance of the concept of Lie algebroid, as the Lie algebroid struc-
ture defined in the tangent bundle by means of a Nijenhuis operator N, are
given. Section 5 is devoted to introduce the exterior differential operator in
a Lie algebroid, and, in particular, to study the relation of the differential
operator corresponding to the Nijenhuis tensor N with the de Rham differen-
tial d, particular examples of this structure being the vertical endomorphism
and a complex structure. The specific example of a bi-differential calculus in
Poisson—Nijenhuis manifolds is reviewed in Section 6, the generalization for
a general Lie algebroid being given in Section 7. Finally, Lie bialgebroids are
reexamined in Section 8.

2 Bicomplex linear equation

Let us begin by recalling some facts about a bi-differential structure, also
called bi-differential algebra or double complex [11].

Definition 2.1 A bicomplez is a triple (M, D, D), where

M=@M

r>0

is a No-graded linear space and D, D are two linear maps of degree 1, i.e.

D, D: M"— M™ such that

D*=0, D*=0, DoD+DoD=0.

Note that the condition D o D + D o D = 0 means that, for any A € R, the
linear map Dy = D + A D is also such that D3 = 0.

Given a bicomplex, we will call “generalized conserved densities” to the D-
closed elements of the bicomplex. The remarkable point is that there is an
iterative construction of such “generalized conserved densities”, as follows:
let assume that for an integer number s > 0 there exists a non-vanishing
Y@ e M*1 such that DJ© = 0, with J© = Dx®. Then, J» e Ms?
defined by J® = Dy© is such that DJ® = —DDy© = 0. If the D-closed
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element J is D-exact, then there exists x(!), not uniquely defined, such that
JO =Dy,

As JM is D-closed we can iterate the process when each D-closed form is
exact, by defining a J® € M* by J@ = DJW and in this way we obtain a
sequence of D-closed elements of degree s, {J® | k =0,1,...}, satisfying

The preceding construction can be expressed in terms of the following diagram:

0<L2_ JO(LX(O)

0 D J2) D X(2)
Dl Dl
0<—2— 38 <P—®

Introducing the formal series in the parameter A

X = A",

m>0

this satisfies the so called bicomplex linear structure:
D(x —x”) =ADx .

Very often we start with a D-closed x(©) € M>~! for which J© = 0, and then
the bicomplex linear structure becomes:

Dx =ADyx .

The remarkable fact is that in the case we are considering this equation is
equivalent to the set of the preceding equations, but the key point is, however,
that in the more general case in which the D-cohomology is not trivial, HP #
0, any solution of the bicomplex linear structure also provides us a sequence of
elements Y™ € M*~!, and therefore the corresponding sequence J™ € M?*.
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It is also frequent to deal with a particular example, that of a graded algebra

QA) =D (A)

r>0

over an associative algebra with a unit A, which extends to a unit on (A),
and for which D and D are assumed to be derivations of degree 1.

In particular, the case for which A = C*(B), Q(A) = A(B), and D is the usual
exterior differential, is a really interesting example which has recently been
studied by Crampin et al. [9], who pointed out that according to Frolicher-
Nijenhuis theory [12], D is a derivation of type d, and there must be a (1,1)-
tensor field R such that D is of the form D = dg and the Nijenhuis torsion of
R must be zero. It is determined by

dpf = R'(df) =df o R .

3 The cohomology of Lie algebras

Let us recall some simple notions of the cohomology of Lie algebras. Let g be
a Lie algebra and a a g-module. That means that a is a module that is the
carrier space for a linear representation W of g, i.e. the map ¥: g — Enda
satisfies

U(a)W(b) — ¥ (b)¥(a) = V(|a,b]) .
A n-cochain is a n-linear alternating mapping from g x --- x g (n times) into
a. We will denote by C™(g, a) the linear space of n-cochains.

For every n € N, we can define a linear map [7] d,, : C™(g,a) — C"(g, a) by

n+1
(Gp)(an, ... ane1) = D (=1 W(a)alar,...,a,. ..\ Gns1)+
i=1
+ Z(—l)zﬂa([ai, Clj], A, . .., ai, ‘e ,aj, ceey an+1) y
1<j

where a; denotes, as usual, that the element a; is omitted.

Such linear maps 9,, satisfy d,.1 0 6, = 0. Then, the linear operator § on
C(g,a) = @2, C"(g,a) whose restriction to each C"(g,a) is 9, satisfies the
nilpotency condition 62 = 0, and, consequently, we can introduce the usual
cohomological notions. We will then denote

B"(g,a)={a € C"(g,a) | 38 € C" (g, a) such that a = 68} =Im6,_;,
Z"(g,a)={a € C"(g,a) | S =0} = kerd, .

The n-th cohomology group H"(g, a) is defined as

H™(g,0) = ——
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and we will define B°(g, a) = 0, by convention.

For each a € g we can define the map
io: C*(g,0) = C" (g, a) |

given by

(tqa)(ay, ..., a5—1) = ala,ay, ..., a5_1) .
Particular examples in which a is either the set of vector fields or forms of a
manifold on which a Lie group G with Lie algebra g acts, have been shown to
be of relevance in the theory of symmetry groups in classical mechanics [5].
The case we are concerned here is when g = a and we consider the Lie algebra

g as a g-module by means of the adjoint action, i.e. ¥ : g — End g is given by
U(a)b = la,b.

Then, a 1-cochain is a linear map A : g — g. The coboundary of such 1-cochain
is

0A(a1, a2) = [ar, A(az)] = [as, A(ar)] = A([ar, as]) -

Note that the linear map A is a derivation of the Lie algebra g if and only if
0A =0.

The coboundary of a 2-cochain ( : g x g — g is

6¢(ar, az,a3) = [a1,((az, a3)] — (([a1, az], az) + [az, ((as, a1)]
— (([az, a3, a1) + [as, C(a1, az)] — (([as, ai], az) .

Then, the Jacobi identity in the Lie algebra can be written 6¢ = 0 where
¢ is just the bilinear map defining the composition law in the Lie algebra,

¢(a,b) = [a,b].

For any linear map A, 0 A defines a skew-symmetric bilinear map [a;, as]4 by
[a1,as)a = 6A(ar,az) = [A(ar), as] + a1, A(az)] — A([a1, as]) -

We will analyze next under what conditions the skew-symmetric composition
law [-, -] 4 defines another Lie algebra structure in g, i.e. under what conditions
the bracket [-, |4 satisfies the Jacobi identity.

The Nijenhuis torsion of A, T(A), is defined by
T(A)(a1, a2) = A([ar, A(az)] — [az, A(ar)] — A(lax, az])) — [A(ax), Aaz)] ,
or, using the definition of [, -] 4,
T(A)(ar, a2) = A(lar, az]a) — [A(a1), A(az)] -

Then, A is said to be a Nijenhuis map if its torsion vanishes, T'(A) = 0.
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As far as the Jacobi identity for [-,-]4 is concerned, note that for any three
elements, a1, a9, a3 € g,

[ab [a2’ a3]A]A + [ai’n ai, CLQ]A]A + [aQ’ [a?n al]A]A - [A(a1)> [A(a2)> QSH
+[A(ar), [az, A(as)]] — [A(ar), A ([a2, as])] + [A(as), [A(a1), as]]
+[A(as), [a1, A(az)]] — [A(as), A ([a1, az])] + [A(a2), [Aas), a1]]
+[A(az), [as, Aar)]] — [A(az), A ([as, a1])] + [a1, A ([A(az2), as])]
+A ([ag, A(as)]) — A" ([az, as])] + [as, A ([A(a1), az])] + A ([a1, A(az)])
—A? ([a1, az])] + [az, A ([A(as), ar])] + A

and using the Jacobi identity for [-, -], we finally get

a1, [ag, az] 4] 4 + [as; [a1, az]a]a + |ag, (a3, a1]a]a = [as, T(A) (a1, az)]
+ [az, T(A)(as, a1)] + a1, T(A)(az, a3)]

Therefore, we see that if A is a Nijenhuis map, T'(A) = 0, then [, -] 4 satisfies
Jacobi identity and therefore it defines a new Lie algebra bracket. This is
a sufficient, but not necessary, condition for A to define a new Lie algebra
bracket.

We also remark that the vanishing of the Nijenhuis torsion of A, T'(4) = 0
also implies that A : (g,[-,-]a) — (g,],]) is a Lie algebra homomorphism,

because
A[ar, azl) — [A(ar), Alaz)] = T(A)(ar,a2) = 0 .

In summary, the knowledge of a Nijenhuis map A allows us to define a new
Lie algebra structure on g, such that the map A is a homomorphism of Lie

algebras A : (g, [, ]a) — (g, ])-

A particularly important case is that of g = X(B). Then the linear maps are
given by (1, 1)-tensor fields in B . Given a (1, 1)-tensor field N, the Nijenhuis
torsion of N is defined by

T(N)(X,Y) = N([N(X), Y]+ [X, N(Y)]) = N*([X,Y]) = [N(X), N(Y)] ,

for any pair of vector fields X, Y € X(B).

A Nijenhuis structure on B is a (1, 1)-tensor field N with vanishing Nijenhuis
torsion,

T(N)(X,Y)=0.
Such a Nijenhuis structure allows us to define an alternative Lie algebra struc-
ture on X(B) with the new Lie algebra bracket

(X, Y]y = [N(X), Y]+ [X, N(Y)] = N ([X,Y]) .

Moreover, as a consequence of the vanishing of T'(N), the linear map

N (%(B), ['7 ]N) - (%(B)’ ['7 ])
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is a Lie algebra homomorphism.

4 Lie algebroids

Lie groups and Lie algebras have been shown to be very efficient tools in the
development of physical theories during the last fifty years. But the gener-
alization of such concepts, Lie groupoids and Lie algebroids, have only been
incorporated in the physics literature during the very recent years. We will
see that the concept of Lie algebroid is useful for a better understanding of
bi-differential calculus. Moreover, as Lie algebroids are directly related with
the theory of Poisson structures, they should play a relevant role in Physics.
The main point to be remarked here is that they are endowed with a nilpotent
differential operator providing us a generalized exterior differential calculus.
Furthermore, as it has been shown recently, it is possible to develop a gen-
eralized Lagrangian mechanics in Lie algebroids in full similarity with the
usual geometrical approach [19,17,6]. Finally, the structure of Lie algebroid
is also related to that of super-manifolds endowed with a special homological
super-vector field.

Let us first recall the definition and some properties of Lie algebroids. The
concept of Lie algebroid, which was introduced by Pradines [18], not only
generalizes the concept of Lie algebra but also that of tangent bundle of a
manifold B. We recall that such tangent bundle, 7 : TB — B is a vector bundle
in which the set of its sections, the vector fields, I'(1) = X(B), is endowed with
a Lie algebra structure. Moreover, the sections of the bundle act as derivations
on the associative and commutative algebra of functions in the base manifold
B. Both properties, together with a compatibility condition, are the essential
ingredients of a Lie algebroid structure: given a function ¢ € C*°(B) and two
sections X, Y € I'(7), the following relation holds:

(X, Y] =0 [X,Y]+ (Xp)Y .

Two other properties which will be generalized also to the case of Lie alge-
broids are that there exists a (regular) Poisson structure on the dual bundle,
in our case the cotangent bundle 7B, and that there is a graded exterior
differential operator which is a derivation of degree one in the graded alge-
bra of forms, d : Q"(B) — Q""}(B), such that d*> = 0. Here Q"(B) denotes
Q"(B) =I(T*BA -~- NT*B).

Definition 4.1 A Lie algebroid with base B is a vector bundle 75 : E — B,
together with a Lie algebra structure in the space of its sections given by a Lie
product [-,-]g, and a vector bundle map over the identity in the base, called
anchor, p : E — TB, inducing a map between the corresponding spaces of
sections, to be denoted with the same name and symbol, such that:
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1. p: () — X(B) is a Lie algebra homomorphism
[p(X), p(Y)] = p([X, Y]g) -

2. For any pair of sections for g, X,Y, and each differentiable function ¢
defined in B,

Let {z' | i =1,...,n} be local coordinates in a chart on an open set U C B,
and let {e, | @« = 1,...,7} be a basis of local sections of the bundle Ug =
7 (U) — B. Each local section Vi is written V = y®e,. The local coordinates
of p € Ug are p = (a%,y%).

The local expressions for the Lie product and the anchor map are (summation
on repeated indices is understood):

;0
[ea, eslp = Cap 7 €y, plea) =p'a Oz’ (4.2)

where o, 3,7 = 1,...,7, and ¢ = 1,...,n. The functions C,z" € C>(U)
and p', € C™(U) are called structure functions of the Lie algebroid. The
conditions for p to be a Lie algebra homomorphism are

. 12
Z <pzaagﬁxz +Co”/ucﬁ’yy> =0,

cycl(a,8,7)
and the compatibility conditions between p and [-, -] are
i apz B j apz a ;
a—= — — ="', Cop”
p] ax] p] B axj p Y B8

These equations are called structure equations.

Examples of Lie algebroids are the tangent bundle of a manifold B, with the
identity as anchor map and the usual bracket of vector fields, or any integrable
subbundle of it, and also a finite-dimensional Lie algebra g, considered as a
vector bundle over a point, for which the anchor vanishes identically and the
bracket is that of g. In the first case, with the usual choice of coordinates (¢*, v*)
in TB induced from coordinates (¢*) in the base B, the structure functions
are
Cl'jk:O, pZ]:(S;,

but in arbitrary coordinates the structure functions, in general, do not vanish.
For the case of the Lie algebra g as a vector bundle over a point, B reduces
to a single point, TB = {0}, and F = g. Then E = g can be seen as a Lie
algebroid for which p = 0, the sections are the elements of g and

V.Wlg=[V,Wlg .
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The structure functions are the structure constants of the Lie algebra, C,37.

As another example of interest, consider a Poisson manifold (B, P). Let us
recall that the Poisson bi-vector P, i.e. such that [P, Plse, = 0, where [+, ‘|sen
denotes the Schouten bracket, allows us to define the Poisson bracket of two
functions in B by {f,g} = P(df,dg). We can also use the Poisson bi-vector
P to define a map P:T*B — T B, which is a vector bundle morphism, by
contraction of P with the corresponding covectors, i.e.

(8, P(a)) = P(a, ),

for each pair of covectors o and 3. This map induces another one between the
spaces of sections of both vector bundles, also denoted P, P : Q'(B) — X(B),
by the same expression, but where now a and ( are 1-forms.

We call Hamiltonian vector field corresponding to the function f € C*(B) to
the vector field given by X; = —P(df), and it can be shown that [X;, X;] =
_X{fvg}

Moreover (see e.g. [4] and references therein), Fuchsteiner and Koszul, inde-
pendently, showed that the set of 1-forms Q'(B) can be endowed with a Lie
algebra structure by defining the following bracket:

[av B]P = Eﬁ(a)ﬁ - Eﬁ(ﬁ)a - d(P(Oé, ﬁ)) ) (43)

where Ly denotes Lie derivative with respect to X. This Lie product is such
that

ldf, dg)” = d{f,g} ,

and, therefore,

P(ldf,dg]") = P(d{f.g}) = ~X(rqy = [X1, X,] = [P(df), P(dg)] .

ie. P:(QYB),[,]F) — (X(B),[,"]) is a Lie algebra homomorphism.

Using
Eoné = fEon + (’L(X)Oé) df s

for any function f in B, we arrive at

[, £ 51" = (P(a)f) B+ fla. 5" (4.4)

and, therefore, we can endow the vector bundle 7 : T*"B — B with a Lie
algebroid structure where the Lie bracket of 1-forms is given by (4.3) and the
anchor map by p = P because P is a vector bundle morphism P:T*B—TB

such that P(|o, 8]7) = [P(a), P(8)], and (4.4) provides the compatibility
condition between the anchor and the Lie bracket.

Finally, the most relevant example of Lie algebroid for understanding bi-
differential calculus is the Lie algebroid structure defined by a Nijenhuis tensor
in a manifold B. In fact, as we showed before, a (1,1) Nijenhuis tensor in B
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allows us to introduce a different Lie algebra bracket in the set of sections for
7:TB — B as follows:

(X, Y]y = [N(X), Y]+ [X, N(Y)] = N ([X,Y]) .

As N is a linear map N : (X(B), [, ]ny) — (X(B),[,-]), this suggests us to
introduce a new Lie algebroid structure in the vector bundle 7 : TB — B by
means of the Lie bracket [-,-]y and the anchor map p= N : TB — TB.

In fact, we have pointed out before that N being a Nijenhuis tensor, the
bracket [, -]y satisfies Jacobi identity, then (X(B), [-,|x) is a Lie algebra, and
N :(X(B), [, ]n) — (X(B),[,]) is an homomorphism of Lie algebras.

Furthermore, for any function f € C*°(B), and any pair of fields X, Y € X(B),
we have that

(X, fY ]y = [IN(X), FY]+ [X, fN(Y)] = N ([X, fY])
= (N(X))Y + fIN(X), Y]+ (X [) N(Y)
+ [IX,N(Y)] = (Xf) N(Y) = f N ([X,Y])
= (N(X)NY + fIX, Y]y,

and therefore,

X fYn =X Y]y +(NX)N)Y,
which is the compatibility condition of the anchor N with the Lie bracket
[.7 ']N~

5 Exterior differential of a Lie algebroid.

Given a Lie algebroid, (E,p, |-, ]r), the sections of 75 will play the role of
vector fields, and will be called E-vector fields, and the sections of the dual
bundle g : £* — B that of 1-forms, and will be called E-1-forms. Similarly,
we can consider the bundles E* A --- A E*, sections for the projections from
E*A--- A E* onto B, which allows us to construct the exterior algebra A®* E*
of the dual of E. The sections of A®* E* are called E-forms. The set of them,
L(A*E*) = Q(F), is a C°(B)-module. An E-k-form is a E-form such that
0 € T(A\* E*). Here, by convention I'(\° E*) = C*(B).

The exterior differential giving rise to de Rham cohomology can also be gen-
eralized to this more general framework and we can define a differential op-
erator dgp which maps, in a linear way, each E-k-form into a E-(k + 1)-form,
dp : T(AF E*) — T(A\* E¥), as follows:
dpd(Vi, .., Virr) = D (=1 p(V)O(Vi, .., Vi oo, Vi) +
D (Vi Vile Vi Vi Vi Vi)

1<j
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for Vi,...,Viyq € T'(7g), where v denotes, as usual, that the element Vj is
omitted.

The Lie algebroid axioms imply the following properties:

(i) If f € C*°(B), then (dgf, V) = p(V)f.
(i) &2 —
(iii) dg is a super-derivation of degree 1, i.e. when 6 is homogeneous of degree
10|, then
dp(@NC) =def AC+ (=)0 A dC .

Moreover, the exterior differential dg is fully characterized by these properties,
because if § : [(A* E*) — T(A*™ E*) satisfies these properties, then § = dp.

Observe that an exterior derivation dp satisfying d% = 0 on T'(A* E*) is equiv-
alent to the Lie algebroid structure on E, because both p and [-,:] can be
recovered from the expressions

p(V)f:=def(V), O(V,W]):=p(V)O(W) = p(W)6(V) — dgb(V, W),

for V,\W € I'(1g), f € C=(B), 0 € N'(E).

This implies that, given two Lie algebroid structures on the same vector bundle
g : I — B, with associated differential operators dg) and dg), then the

condition dg) Odg) = dg) Odg) means that, for any real number A, dg‘) = dg) +

A dg) is also a derivation of degree one such that d%\) o d%\) = 0 and, therefore,

d%\) defines a new Lie algebroid structure in 75 : £ — B. The new Lie bracket
in the linear space of sections for 7z is given by [-,-]x = [, ]1 + A [, -]2 and the
anchor map by py = p1 + A ps.

In local coordinates of E* as indicated above, dg is determined by
dpr' = p' e, dEewzCagﬂfea/\eﬂ ,
where {e* | @ =1,...,r} is the dual basis of {e, |a=1,...,r}.

The conditions d%4x' = 0 and d%e® = 0 are equivalent to the structure equa-
tions:

C 0y 5 0
Pogs P 0u = PG
Z P a aﬁ’z +Caz/ C,Bﬂ/ =0.
cyclic(aBy)

In the particular case of £ = T'B, the anchor is the identity and the commu-
tator of vector fields is the product [-,-|g, then the exterior operator is

dEe(‘/b ey ‘/i7 ceey Vk-i—l) = Z(_l)z—i_l‘/ze(‘/la .. '7‘/723 sy Vk-i—l)

DOV, Ve, Vis e Vi, Vi Vi)

1<j
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which is the de Rham operator, and its associated cohomology is the usual de
Rham cohomology

In the other example in which £ = g, p = 0 and [e;, ¢j]g = cap” €4, with
cop” € R, then the differential operator is defined by:
dEe(‘/la OS] Vk-i—l) :Z(_1)2+]9([‘/7,7 ‘/j]Ea‘/la' . '7‘/72'7' . '7‘/7]'7' . '7Vk+1) 5
i<j
i.e. in this case this operator is the Chevalley (Chevalley—FEilenberg), and gen-
erate the Lie algebra cohomology of g.

If N is a Nijenhuis structure in B and we consider the corresponding Lie
algebroid structure in T'B, then the differential operator dy on I'(A*T*B)
turns out to be such that

dN:[iN,d]s:iNOd—dOiN, (55)

where d is the de Rham differential and iy is a derivation of degree 0, defined
as

iNOé(Xl,...,Xn) :ZOZ(Xl,,N(XZ),,Xn) i
=1

for any differential n-form «, with n > 1. For a function f € C*(B), inf =
0, by convention. Here [Dy, Ds]s denotes the supercommutator (or graded
commutator) of graded derivations

(D1, D3], := Dy o Dy — (=1)!P111P2lDy o Dy |

where |D;| denotes the degree of the derivation D;, for i = 1,2. In fact, dy
is a derivation of degree one which is defined by its action on functions and
on 1-forms. Let us now consider the action of dy on functions and on 1-forms
and we will find that the relation (5.5) holds.

a) If f is a function,
dnf(V) =NMV)f,
while iy (df) = N*(df), d(in f) = 0, and, therefore,

dn f=in(df) = d(inf) -
b) If & € T(A Y(T*B)), then
(dyva)(V1,Va) = N(Vi)a(Va) = N(Va)a(V1) — a([Vi, Valn) ,
while
in(do)(V1,Va) = do(N(V4), V2) + da(V1, N(V2))

= N(Vi)a(Vs) = Vaa(N (V1)) — ([N (V1), Va])
+ Via(N(V2)) = N(Va)a(V1) — a([Vi, N(12)])
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and
d(ina)(Vi, V2) = Via(N(V2)) = Vaa(N (V1)) — a(N([V1, V2])) |
and, therefore,

(in(dar) — d(ina))(Vi, V2) = N(Vi)a(Va) = N(Va)a(Vh)
+ a(N([V1, Va])) — ([N (V1), Va]) = a([V1, N (V2)]) -

Having in mind that
Vi, Valy = [N(V1), Vo] + [Vi, N (V2)] = N([V1, Va])
it shows that
in(da) —d(iya) = dya .
The two exterior differential operators d and dy acting over I'(A*T*B), are
derivations of degree 1, such that satisfy
d>=0, d% =0, (5.6)

and, as dody =doiyod,dyod=—doiyod,

[d,dy]s =dody +dyod=0. (5.7)
Consequently, the pair (d,dy) gives rise to the classical theory of the bi-

differential calculus of Frolicher—Nijenhuis.

As a first example, let S be the vertical endomorphism S of the tangent bundle
[8]. This is a (1,1) tensor such that Im S = ker S and is integrable in the sense
that its Nijenhuis torsion vanishes. It allows us to endow the tangent bundle
rp : T(TB) — TB with an alternative Lie algebroid structure, for which the
Lie bracket in I'(7rp) is

(X, Y]s = [S(X), Y]+ [X, S(Y)] = S(IX,Y]) .

and the anchor map is S itself.
The corresponding differential operator is given by:

k+1 .

dSQ(Xlu s 7Xk—i—l):Z(_l)H_lS(Xi)e(Xl? R 7XZ'7 R 7Xk+1)
i01

I (=D)0([X, X, Xav oo, Xy oo, Xy Xi)

i<j
and it satisfies
ds = [ig,d]s .
As indicated above, dods = —dgod = —doigod.
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Remark that S? = 0, and that dsa = 0 does not necessarily implies that
there exists a 1-form 3 such that o = dg/3. This differential operator is used
to define the Cartan 1-form, 0, = dgL, and the Lagrangian 2-form defined
by a Lagrange function in TB is Q = —d(dsL) = ds(dL). Then Q(TB) is
endowed with a bi-differential structure (Q2(TB), d, ds).

Another interesting example is that given by the tangent bundle of a complex
manifold. Let (B, J) be a manifold of real dimension dimg B = 2m, endowed

with an almost complex structure, given by a (1,1)-tensor field .J, i.e. such
that J? = —I and the Nijenhuis torsion 7'(.J) vanishes

T(J)(X,Y)=0, VX,Y € X(B).

Then, T'B can be endowed with a new Lie algebroid structure given by the
bracket
(X, Y], = [J(X), Y]+ [X, J(Y)] - J (X, Y]) |

and with anchor p = J, and, therefore,
J(X,Y]y) = [J(X), J(Y)] .
The differential operator d; acts on I'(A*T*B) and is such that

dy=lis,ds .

So, the vector bundle 7 : T'B — B has an alternative Lie algebroid structure
given by a deformation of the usual Lie bracket by J and with an anchor map
p = J. Once again, dody; = —dyod = —d o iy od, and the pair (d,d;) gives
rise to a bi-differential calculus.

6 Bi-differential calculi and Poisson—Nijenhuis structures

The use of a bi-differential calculus for generating conservation laws developed
by Dimakis and Miiller-Hoissen has recently been related for s = 1 with the
standard approach using bi-Hamiltonian structures of the Poisson—Nijenhuis
type for systems with a finite number of degrees of freedom [9,10]. Crampin
et al. assumed that a differentiable manifold B is endowed with a symplectic
structure wp and a (1,1)-tensor field R such that

WO(R(X>7 Y) = WO(Xv R(Y)) ) (68)

so that wy defined by w1(X,Y) = wo(R(X),Y) is a 2-form. If, moreover, w; so
defined is closed, then we can define

{fag}l = wl(Xf>Xg) s



Alternative Lie Algebroid structures and Bi-Differential Calculi 15

where Xy and X, are the Hamiltonian vector fields (with respect to the sym-
plectic structure wy) corresponding to f and g, respectively. The conditions
T(R) = 0 and dw; = 0 imply that {-,-}; is a Poisson bracket compatible
with the first one, and R is the recursion operator of the structure, which is
R =0y o@, where @; : X(B) — AY(B), i = 0,1, is defined by contraction,
Le. (0;(X),Y) =wi(X,Y), for all pairs X,Y € X(B).

Now, since

{f,9h = wo(Xy, R(Xy)) = —R(Xy) [ = —drf(X,) ,

we see that
(™, gt = —drx"™(X,) = dx"™ T (X,) = (X", g} .

The (1,1)-tensor field can also be seen as a C°°(B)-linear map from Q'(B)
into Q'(B) and it will be denoted R*. With this notation, the condition (6.8)
is written as &g o R = RT o &y, because ((g o R)(X),Y) = wo(R(X),Y) and
(BT 0@1)(X),Y) = (@1(X), R(Y)) = wo(X, R(Y)).

When @ is invertible, (6.8) reduces to
RoP=PoR", (6.9)
with P being the Poisson bi-vector field corresponding to wg. This is the

connection with the theory of Poisson—Nijenhuis manifolds.

We first remark that if P is a Poisson tensor and N a Nijenhuis in B satisfying
condition (6.9) for R = N, then we can define a new Poisson bi-vector PY by

PV(a, §) = (8, N(P(a))) .

which, obviously, is a bi-vector, because

P (B, a) = (o, N(P(B))) = (o, P(NT3)) = —P(a, NT(8))

and

PY(a, B) = (8, N(P(a))) = (NT(B), P(a)) = P(a, N(9)) ,
from which P¥(a, 8) = —PY (3, a). It can be shown that the fact that N is a
Nijenhuis tensor implies that P¥ is also a Poisson tensor, i.e. [PV, PN]., = 0.

The coexistence of two different structures always leads to the study of com-
patibility conditions between them. A Poisson-Nijenhuis (P—-N) structure, as
introduced by Magri and Morosi and later studied by Kosmann—Schwarzbach
and Magri, is made up by a pair of a Poisson and a Nijenhuis structures in a
manifold B, (N, P), satisfying

NoP=PoNT ,
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i.e. P intertwines N and its transpose N7, and with the following compatibility
condition:

[, 817" = ([N"(@), B + o, NT(3)]” = N ([, 8))) = 0.

In a recent paper, Crampin et al. [10] have shown for s = 1 that, if ((B), d, dy)
is the bi-differential calculus defined by a Nijenhuis tensor N in a Poisson—
Nijenhuis manifolds (B, N, P), and the function x(© satisfies ddyx® = 0,
then the functions of the sequence {x™ | m = 0,1, ...} defined by dy™+" =
dnx™ satisfy

XM XM =P (dx(m), dx(")) =0, forallmmn>0.

These Poisson—Nijenhuis structures correspond in the framework of Lie al-
gebroids to a particular case of the so called Lie bialgebroids [15]. We once
again recall that when (B, P) is a Poisson manifold, we have simultaneously
algebroid structures for both the tangent and the cotangent bundles, and cor-
respondingly, not only the de Rham differential operator d acting on the set
Q(B) of forms, but also a differential operator dp acting on the set of multi-
vector fields, which, as indicated above, corresponds to consider the Schouten
bracket with the bi-vector field P. For instance, the integrability condition
[P, P] = 0 is written dpP = 0. Then, if X and Y are vector fields in B,

dP([X> Y]sch) = [P’ [X’ Y]sch]sch = HP’ X]Scha Y]sch + [Xa [P> Y]Sch]sch )

where use has been made of the graded Jacobi identity satisfied by the Schouten
bracket. In other words, dp is a derivation

dp[X, Y]seh - [dP(X)7 Y]sch + [X, dP(Y)]sch .

What happens in the case of a Poisson—Nijenhuis manifold is something sim-
ilar, but for the new structure of Lie algebroid in T'B which is obtained from
N, (TB,|-,"]n,N), and the Poisson structure PV.

7 The case of a general Lie algebroid

In much the same way as we did before with the sections of 7z in a Lie
algebroid (15 : E—B,p, |-, ]r), which were a generalization of vector fields,
we can consider the exterior algebra, which is a graded algebra whose elements
will be called F-multi-vector fields. There is also a graded Lie bracket on the
linear space I'(A® E) of sections of A* E', which constitutes with the associative
and graded commutative product A the so called Gerstenhaber algebra of the
Lie algebroid. Then, we can define a F-Poisson structure by a E-bivector field
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Il such that [Ilp, gl = 0, where [-,-](p) is the Gerstenhaber bracket
defined on I'(A® F).

A section of E ® E* will be called a E-(1,1)-tensor. Given a E-(1,1)-tensor
field, i.e. N € I'(E ® E*), we can associate with it a map iy which is a
derivation in the tensor algebras of sections of 7 and 7g, such that

inX = N(X) for X e I(E),
inp = NT(p) for p e D(E").

We will say that N is a Nijenhuis structure for the Lie algebroid E if the
torsion Tg(N)(X,Y') vanishes for all E-vector fields X, Y, where Tg(N)(X,Y)

is defined as

Tp(N)(X,Y) = N (IN(X),Y]g + [X, N(Y)]z = N([X,Y]) )= [N(X), N(Y)]g -

An FE-Nijenhuis tensor N induces a new Lie algebroid structure on E defined
by the bracket

(X, Y]gn = [N(X),Y]e + [X, N(Y)|g — N([X,Y]Eg) ,

and anchor map p" = p o N where p is the original anchor map of E.

Note that the torsion being zero is equivalent to N : (E, [, |gn) — (E, [, |E)
to be a homomorphism:

N([X,Y]pn) = [N(X), N(Y)]p .

The exterior differential operator dgy in I'(A®* E*) turns out to be such that
dEN = [’LN,dE] :iNOdE—dEOiN .

Once again we find a bi-differential structure associated in this case with the
E-Nijenhuis tensor field N which is defined by the pair of differential operators
(dg,dgN), where both differential operators are of degree 1 and satisfy

dQE:d%Nzoa ldg,dgn]|s =dgodgn +dpnodg =0,
because
dpodpy =dgoigpodg, dpyodp=—dgoigodg .

Of course, when E' = T'M we recover the theory of bi-differential calculus of
Frolicher—Nijenhuis.

An interesting example of this E-Nijenhuis tensor field which may be useful
in the development of Lagrangian mechanics in Lie algebroid is the vertical
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endomorphism in the extended Lie algebroid introduced by Martinez [17,6] as
an appropriate counterpart of the tangent bundle of the tangent bundle of a
manifold.

As indicated above, the concept of Poisson structure can also be generalized
to the framework of Lie algebroids, using the Gerstenhaber bracket of F-bi-
vector fields instead of the Schouten bracket of bi-vector fields. So, an E-
Poisson structure Ilg in a Lie algebroid has associated a vector bundle map
Iz : E* — E when it is evaluated on E-1-covectors, and allows us to define a
Lie algebroid structure on E* by means of a Lie bracket on E-1-forms given
by

[Oz, 6]HE = dﬁE(a)ﬂ - dﬁE(g)a - d(HE(Oz,ﬂ)) : (7'10)

and with an anchor map given by p* = po II5. Here, if X is an E-vector field,
dx denotes dy =ix odp +dpoix.

The corresponding E*-exterior differential operator turns out to be dg« =
dHE = [HE'7 ](E)

A concept of E-Poisson—Nijenhuis can also be introduced as a pair (N, I1g) of
a F-Nijenhuis structure and a E-Poisson tensor such that N o ﬁE = ﬁE oNT
satisfying an additional compatiblity condition, which we do not write here in
an explicit way.

8 Lie bialgebroids

Kosmann—Schwarzbach, using the notion of Lie bialgebroid structure of Macken-
zie and Xu, presented the compatibility condition for P-N structures in a sim-
pler way. First of all, we recall that a Lie bialgebroid is a pair ((E, p), (E*, p*))
of Lie algebroids, where E* is the dual bundle of F, such that the differential
dp of E is a derivation of the graded Lie algebra (I'(A®* E*), [, /| g+ ), and the dif-
ferential dg+ of E* is a derivation of the graded Lie algebra (I'(A* E), |-, /| g+)-

We mentioned an example of Lie bialgebroid: when (B, P) is a Poisson mani-
fold, ((TB, -], 7), (T*B, [, -]*, 7TB)) is a Lie bialgebroid. The result obtained
by Kosmann-Schwarzbach [15] is that (B, P, N) is a Poisson—Nijenhuis mani-
fold if and only if ((TB, [, lv, N), (T*B, [, -]F, f’)) is a Lie bi-algebroid. More-
over, she also proved that given a Lie bialgebroid (F, E*) there is an associated
Poisson structure on the base manifold B given by (see [14])

{f. 9t ey = {def de-g) ,

where (-,-) denotes the pairing of elements of E* with those of E. When
(B, P) is a Poisson manifold, £ = T'B and E* = T*B, endowed with the
Lie algebroid structure (4.3), then the Lie bialgebroid structure (T'B,T*B) is
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such that dg- = dp = [P, ], so {f, 9} (&g~ = P(df,dg), which is the original
Poisson structure of B.

The generalization for F-Poisson—Nijenhuis structures is also possible, giving
rise to Lie bialgebroids and different bi-differential calculi.

References

[1] E. Abdalla, M. Abdalla, J. Brunelli, A. Zadra, The algebra of non-local charges
in non-linear sigma models, Comm. Math. Phys. 166 (1994) 379-396.

[2] E. Brezin, C. Itzykson, J. Zinn-Justin, J-B. Zuber, Remarks about the existence
of non-local charges in two-dimensional models, Phys. Lett. B 82 (1979) 442
444.

[3] D. Buchholz, J. Lopuszanski, Non-local charges: a new concept in quantum field
theory, Lett. Math. Phys. 3 (1979) 175-180.

[4] J.F. Carinena, J. Grabowski and G. Marmo, Contractions: Nijenhuis and
Saletan tensors for general algebraic structures, J. Phys. A: Math. Gen. 34
(2001) 3769-3789.

[b] J.F. Carinena and L.A. Ibort, Noncanonical groups of transformations,
anomalies, and cohomology, J. Math. Phys. 29 (1988) 541-45.

[6] J.F. Carinena and E. Martinez, Lie Algebroid Generalization of Geometric
mechanics, In: “Lie Algebroids and related topics in differential geometry”,
Banach Center Publications 54, p. 201 (2001)

[7] C. Chevalley and S. Eilenberg, Cohomology theory of Lie groups and Lie
algebras, Trans. Amer. Math. Soc. 63 (1948) 85-124.

[8] M. Crampin, On the differential geometry of the Euler-Lagrange equations and
the inverse problem of Lagrangian dynamics, J. Phys. A: Math. Gen. 14 (1981)
2567-75.

[9) M. Crampin, W. Sarlet and G. Thompson, Bi-differential calculi and bi-
Hamiltonian systems, J. Phys. A: Math. Gen. 33 (2000) L 177-180.

[10] M. Crampin, W. Sarlet and G. Thompson, Bi-differential calculi, bi-
Hamiltonian systems and conformal Killing tensors, J. Phys. A: Math. Gen.
33 (2000) 8755-8770.

[11] A. Dimakis and F. Miiller—Hoissen, Bi-differential calculi and integrable models,
J. Phys. A: Math. Gen. 33 (2000) 957-974.

[12] A. Frolicher and A. Nijenhuis, Theory of vector-valued diferential forms, Proc.
Ned. Acad. Westensch. Ser. A 59 (1956) 338-3509.

[13] J. Grant, I. Strachan, Hypercomplex integrable systems, Nonlinearity 12 (1999)
1247-1261.



20 Jaime Camacaro and José Carinena

[14] Y. Kosmann—Schwarzbach, Exact Gerstenhaber algebras and Lie bialgebroids,
Acta Appl. Math. 41 (1995) 153-165.

[15] Y. Kosmann—Schwarzbach, The Lie bialgebroid of a Poisson—Nijenhuis
manifold, Lett. Math. Phys. 38 (1996) 421-428.

[16] M. Liischer, K. Pohlmeyer, Scattering of massless lumps and non-local charges
in the two-dimensional classical non-linear o-model, Nucl. Phys. B 137 (1978)
46-54.

[17] E. Martinez, Lagrangian mechanics on Lie algebroids, Acta Appl. Math. 67
(2001) 295-320.

[18] J. Pradines, Théorie de Lie pour les groupoides différentiables. Relations entre
propiétés locales et globales, C. R. Acad. Sci. Paris Sér. I Math. 236 (1966)
907-910.

[19] A. Weinstein, Lagrangian mechanics and groupoids, In: Mechanics Day,
Shadwick W.F., Krishnaprasad P.S. and Ratiu T.S. eds., Fields Institute
Communications, American Mathematical Society, 1996.



Tulczyjew’s triples and lagrangian
submanifolds in classical field theories

Manuel de Leén, David Martin de Diego,
Aitor Santamaria-Merino
Instituto de Matemdticas y Fisica Fundamental

Consejo Superior de Investigacion Cientifica
Serrano 123, 28006 Madrid, Spain

Abstract

In this paper the notion of Tulczyjew’s triples in classical mechanics is extended to
classical field theories, using the so-called multisymplectic formalism, and a conve-
nient notion of lagrangian submanifold in multisymplectic geometry. Accordingly,
the dynamical equations are interpreted as the local equations defining these la-
grangian submanifolds.

1 Introduction

In middle seventies, W.M. Tulczyjew [23,24] introduced the notion of special
symplectic manifold, which is a symplectic manifold symplectomorphic to a
cotangent bundle. Using this notion, Tulczyjew gave a nice interpretation of la-
grangian and hamiltonian dynamics as lagrangian submanifolds of convenient
special symplectic manifolds.

The other ingredients in the theory were two canonical diffeomorphisms « :
TT*Q) — T*TQ and § : TT*Q — T*T*Q. § is nothing but the mapping
obtained by contraction with the canonical symplectic form wg, but the defini-
tion of «v is more complicated, and requires the use of the canonical involution
of the double tangent bundle T7TQ).

The theory was extended to higher order mechanics by several authors (see for
instance [2,3,6,8,12]). But the extension to classical field theories has not been
achieved up to now. There is a good approach by Kijowski and Tulczyjew [11],
and in fact, the present approach is strongly inspired in that monograph.
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The key point is a better understanding of the geometry of lagrangian sub-
manifolds in the multisymplectic setting. A systematic study of the geometry
of multisymplectic manifolds was started by Cantrijn et al at the beginning of
the nineties [7], followed by a pair of papers which clarify that geometry [4,5]
(a more detailed study [18] is in preparation).

A multisymplectic manifold is a manifold equipped with a closed form which
is non-degenerate in some sense. The canonical examples are the bundles of
forms on an arbitrary manifold, providing thus a nice extension of the notion
of symplectic manifold. However, this definition is too general for practical
purposes. Indeed, in order to have a Darboux theorem which would permit
us to introduce canonical coordinates, we need additional properties. In other
words, if we want to deal with multisymplectic manifolds which locally behave
as the geometric models we need to consider multisymplectic manifolds (P, §2)
with additional structure, given by a 1-isotropic foliation W satisfying some
dimensionality condition, or, even a “generalised foliation” £ defined roughly
speaking on the space of leaves determined by W.

The tangent and cotangent functors are now substituted by the jet prolonga-
tion functor and the exterior power functor, respectively, E(l/that we obtain
canonical diffeomorphisms & : J'Z* — AT Z and § : J'Z* — AT Z*,
where Z is the 1-jet prolongation of the fibred manifold Y — X, X being
the space-time n-dimensional manifold, and Z* is the dual affine bundle of
Z. Here a tilde over a manifold of jets means that we are taking a quotient
manifold in order to have only those elements with the same divergence.

Using a convenient formulation of the field equations with Ehresmann connec-
tions, we construct the corresponding lagrangian submanifolds which encode
the dynamics. Indeed, we present a compact form for the De Donder and field
equations as follows. From the lagrangian density . = Ln (n is a volume
form on X)), we construct the Poincaré-Cartan (n + 1)-form Q7 on Z; then
the extremals for L coincide with the horizontal sections of any Ehresmann
connection h in the fibred manifold Z — X satisfying the equation

ih QL = (n - 1)QL

Since a connection in Z — X can be interpreted as a section of the 1-
jet prolongation J'Z — Z, we have all the ingredients we need. In fact,
the Euler-Lagrange equati@i/ are just the local equations defined by a k-
lagrangian submanifold of J'Z*, the latter being a multisymplectic manifold

equipped with the multisymplectic form €2, dragged via & from the canonical
one on Ay Z.

A similar procedure can be developed in the hamiltonian setting, but in this
case we would need to choose a convenient hamiltonian form. This hamiltonian
form is obtained through the corresponding Legendre transformation Legy, :
Z — Z*. Finally, both sides are related.
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2 Lagrangian submanifolds and classical mechanics
2.1 Some prelimaries

Let (V,w) a finite dimensional symplectic vector space with symplectic form
w. This means that w is a 2-form on a vector space V' which is non-degenerate
in the sense that the linear mapping

vEVi—i,we V"

is injective (and hence it is a linear isomorphism).

Therefore, V has even dimension, say 2n, and the non-degeneracy is equivalent
to the condition w™ # 0.

A linear isomorphism ¢ : (Vi,w;) — (Va,ws) is called a symplectomorphism
if ¢ preserves the symplectic forms, say ¢*w, = ws.

Take a subspace E C V, and define the w-complement of E as follows:

Et={veV|ipw=0, foralle € E}.

The subspace E is said to be isotropic (resp. coisotropic, lagrangian, symplec-
tic) if E C B+ (resp. E* C E, E = E+, ENE+ ={0}).

An useful characterization of a lagrangian subspace F| is that it is a maximally
isotropic subspace or, equivalently, on a finite dimensional symplectic vector

space, it is isotropic and dim F = 3 dim V.

The algebraic model for a symplectic vector space is the following. Given
an arbitrary vector space V we construct Vy = V @ V* equipped with the
symplectic form wy defined by

wy ((v1,71), (v2,72)) = 71(v2) — Y2(v1),

for all (vi,71), (v2,72) € V.

We know that V' and V* are lagrangian subspaces of (Vy,wy). Moreover,
every symplectic vector space (V,w) is symplectomorphic to (V,,w,) for any
lagrangian subspace £ of (V,w).

In addition we can prove that a linear isomorphism ¢ : (Vi,w;) — (Va, ws)
is a symplectomorphism if and only if its graph {(v,¢(v)) |v € V1} C V) X Vs,
is a lagrangian subspace of the symplectic manifold (Vi X V,,w; © wy), where
W1 Owy = Tjwy — Mawa, M @ V1, XV — Vy and my @ Vi, XVy — V5 being the
canonical projections.

A symplectic manifold is a pair (P,w), where w is a closed 2-form such that
the pair (T, P,w,) is a symplectic vector space for any = € P. Thus, P has
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even dimension, say 2n.

Therefore, given a function f : P — R there exists a unique vector field (the
hamiltonian vector field X; with hamiltonian energy f) such that

in W = df

Let now 7 : T*Q) — @ be the cotangent bundle of an arbitrary manifold Q).
There exists a canonical 1-form g on T*() defined by

0o (7)(X) = (7, Tmo(X))

for all X € T,(7T*Q) and for all v € T*Q). fg is the Liouville 1-form, and in
bundle coordinates (¢, p) we have

0o = pdg.

S0, wg = —dfg is a canonical symplectic form on 7%() such that wg = dgAdp.

As is well known, Darboux theorem states that any symplectic manifold is
locally symplectomorphic to a cotangent bundle. More precisely, one can find
local coordinates around each point of a symplectic manifold (P, w) such that

w = dq A dp.

The following results are the main examples of lagrangian submanifolds.
Theorem 2.1

(i) The image of a hamiltonian vector field Xy on a symplectic manifold
(P,w) is a lagrangian submanifold of the tangent lift symplectic manifold
(TP,wh).

(i) The fibres of T*Q are lagrangian submanifolds of (T*Q,wq).

(i1i) The image of a 1-form v on a manifold Q) is a lagrangian submanifold of
(T*Q,wq) if and only if v is closed.

(iv) Given a diffeomorphism ¢ : (Py,w;) — (P2, wq) between two symplectic
manifolds then ¢ is a symplectomorphism if and only if its graph is a
lagrangian submanifold in the symplectic manifold (P X Pa, w1 © wo).

There is an important theorem due to A. Weinstein which gives the normal
form for a lagrangian submanifold £ in a symplectic manifold (P, w).

Theorem 2.2 Let (P,w) be a symplectic manifold, and let L be a lagrangian
submanifold. Then there exists a tubular neighbourhod U of L in P, and a
diffeomorphism ¢ : U — V = ¢(U) C T*L into an open neighbourhood V' of
the zero cross-section in T*L such that ¢*w, = wyy, where w, is the canonical
symplectic form on T*L.
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2.2 Lagrangian and hamiltonian dynamics

We shall recall the main results, more details can be found in [19].

Let L : T(Q) — R be a lagrangian function. We construct a 2-form wy by
putting

wy, = —d@L
where 0, = S*(dL). Here S* is the adjoint operator of the canonical vertical

endomorphism S = dq ® — . We have omitted the indices of the coordinates,

g

and used the notation (g, ¢) for the bundle coordinates on the tangent bundle
70:TQ — Q.
The energy function is defined by

E,=A(L)-L

0

where A = QF is the Liouville or dilation vector field.
q

In local coordinates we have

wL:dq/\dﬁa ELZQﬁ—L,

where p = Er The lagrangian is regular if and only if the hessian matrix
q

8L
940G

is non-singular, where 7,7 =1,...,n = dim Q.

We have that L is regular if and only if wy is symplectic. In such case, there
is a unique vector field &, satisfying the equation

ifL wr, = dEL (21)

&1, is a second order differential equation on T'Q) such that its solutions (the
curves in () whose lifts to T'Q) are integral curves of &) are just the solutions
of the Euler-Lagrange equations for L:

d (0L oL

Let now H : T*() — R be a hamiltonian function. We denote by Xy the cor-
responding hamiltonian vector field with respect to wg. In bundle coordinates

we have
_oH 9 OH I
"7 0p aq  oq dp
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Therefore, the integral curves (¢(t), p(t)) of Xy satisfy the Hamilton equations

dqg OH
dt — dp
dp  OH
dt — dq

The lagrangian and hamiltonian formalisms are connected through the Legen-
dre transformation. More precisely, given a lagrangian function L : TQ) — R
we define a fibred mapping Legy, : T'QQ — T*(Q) over () by

. oL
Legr(q,4) = (q, 8_)
q

We know that L is regular if and only if Legy is a local diffeomorphism. For
simplicity, we will assume that £ is hyperregular, which means that Legy, is a
diffeomorphism. In such case, Legy, is in fact a symplectomorphism and, there-
fore, £, and Xy are Legy-related, when H = E; o Leg;, ™. As a consequence,
the Euler-Lagrange equations are translated into the Hamilton equations via
Legy,.

2.3  Dynamics as lagrangian submanifolds

In [23,24] W.M. Tulczyjew defined two canonical diffeomorphisms

a:TTQ — T*TQ
G:TT"Q — TT*Q

locally given by

a(q,p,4,p) = (4,4, p)
ﬁ(cbpacbp) = (q7p7 _p7 Q)

with the obvious notations, where we have omitted the indices for the sake of
simplicity.

The second diffeomorphism is nothing but the contraction with the canonical
symplectic form wg on T*Q). The intrinsic definition of a is more involved,
and we remit to [23] for details. We have the following commutative diagram
which justifies the name of Tulczyjew’ s triple for the above construction:

T*TQ TT* T*T*Q

o' 0 16}
WA TW/ 7& %@
TQ TQ
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The manifold TT*@ is endowed with two symplectic structures, in principle
different. Indeed, they are w, = a*wpg and wg = F*wr-g. A direct compu-
tation shows that both coincide up to the sign (say w, + ws = 0), and, in
addition, that the symplectic form w,, is nothing but the complete or tangent
lift wé of wg to TT*Q.

We denote by 0, = a*0rqg and 03 = [(*0p«g, such that w, = —dbf, and
wg = —db. In local coordinates we have
0o = pdq + pdq

03 = —pdq + ¢dp

In fact, TT*Q, equipped with the symplectic form w, = —wg = wg is an
example of special symplectic manifold according to the definition introduced
by Tulezyjew in [23].

Definition 2.3 A special symplectic manifold is a symplectic manifold (P, w)
which is symplectomorphic to a cotangent bundle. More precisely, there exists
a fibration w : P — M, and a I1-form 6 on P, such that w = —df, and
a: P — T*M is a diffeomorphism such that myy o v = m and a*0y = 6.

The following is an important result for our discussion.

Theorem 2.4 Let (P,w = —df) an special symplectic manifold, let f - M —
R be a function, and denote by Ny the submanifold of P where df and 6 co-
incide. Then Ny is a lagrangian submanifold of (P,w) and f is a generating
function.

Theorem 2.4 applies to the particular case of Mechanics. Indeed, if we consider
a lagrangian function L : T() — R we obtain a lagrangian submanifold Ny,
of the symplectic manifold (TT*Q, w,) with generating function L.

Now, assume that H : T*() — R is a hamiltonian function, with hamiltonian
vector field Xp.

We have the following results.
Theorem 2.5

(i) The image of Xg is a lagrangian submanifold of (TT*Q,w,).
(i) The image of dH is a lagrangian submanifold of (T*T*Q,wr+q).
(111) B(Im Xy) = Im dH.

Finally, we relate both lagrangian submanifolds Ny and Im Xp.

Theorem 2.6 Let H be the hamiltonian function corresponding to the hy-
perregular lagrangian function L, say H = Er o Leg;'. Then we have Nj =
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3 Multisymplectic manifolds and their lagrangian submanifolds
3.1  Multisymplectic vector spaces

Definition 3.1 Let Q be a (k + 1)-form on a vector pace V. The pair (V,2)
is called a multisymplectic vector space if the form ) is non-degenerate, that
18, the linear mapping

vEV i, e AFY*

is injective. The form § is called multisymplectic.

Let (V1,€1) and (M, 22) be two multisymplectic vector spaces (of the same
order (k+ 1)) and let ¢ : (V1,81) — (V2,€22) be a linear isomorphism.

Definition 3.2 ¢ is called a multisymplectomorphism if it preserves the mul-
tisymplectic forms, i.e. ¢*Cly = €)y.

Example 3.3 Let V be an arbitrary vector space and consider the direct
product Vi =V x A¥V*. Define a k-form Qy on Vy as follows:

k
QV((Ub 71)7 R (Uk-i-l? ’Yk-i-l)) = Z (_1)271'(2]17 s 7,[)2'7 s 7Uk’+1)a
=1

for all (v;, ;) € Vv, i =1,...,k+1, where a check accent over a letter means
that it is omitted. A direct computation shows that )y is indeed multisym-
plectic.

If E is a vector subspace of V, we consider the subspace VI, = V x AFV*,
where A*V* denotes the space of k-forms on V vanishing when applied to at
least r of their arguments from E. Of course, Vj, equipped with the restriction
QF of Qy to Vy, is a multisymplectic vector space. If E = {0} we recover Vy.

Let (V,) be a multisymplectic vector space of order k + 1, and W C V a
vector subspace. We define

WHE =10 €V | ipnuwgnnn 2 = 0, for all wy, ..., w, € W}

Definition 3.4 W s said to be
(i) l-isotropic if W C Wi,
(ii) l-coisotropic if Wt C W;
(iii) [-lagrangian if W = Wi,
(iv) multisymplectic if W N WHF = {0};
Proposition 3.5 A subspace W is l-lagrangian if and if it is l-isotropic and
maximal.

Proposition 3.6 Let V' an arbitrary vector space. Then:

(i) V is a k-lagrangian subspace of Vv and Vi,, for all r;
(ii) A*V* (resp. AFV*) is a 1-isotropic subspace of Vy (resp. Vi, ).
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Proof (i) A direct computation shows that

Vl’k = {(.T,’Y) ‘ Qv((ﬂf,’}/), (xla0)7 ceey (.Tk,O)) = 07 for all L1y - ?xk’}

which is equivalent to the condition ~(z1,...,2x) = 0 for all zq,..., 2 € V,
and therefore v = 0. Hence V% =V,

The same proof holds for Vy,.
(77) We have to prove that

Akv* C (Akv*)l,l
which is obvious because

§(0,7)A02) v = 0.

The same argument works for V. O

Remark 3.7 In addition, notice that
(Akv*)J_,l _ Akv*

which implies that A*V* is in fact 1-lagrangian.

Theorem 3.8 [20,21] Let (V, ) be a multisymplectic vector space and W C
V a 1-isotropic subspace such that dim W = dim A*(V/W)* and dim V/W >
k. Then there exists a k-lagrangian subspace V' of V which is transversal to VW
(i.e. V.OW = {0}) such that (V,Q) is multisymplectomorphic to the model

Vv, Q).

Proof First step: Define the mapping

LW — AF(V/W)*

v o= (V) = 0,82

where Z:Q is the induced linear form from 4,2 € A*¥V*. Notice that Z:Q is
well-defined because the isotropic character of WW. In addition, ¢ is a linear
isomorphism because of the regularity of €.

Second step: Such a subspace W is unique. First of all, we shall prove that
if u,v € V are linearly independent vectors satisfying i, s, 2 = 0, it fol-
lows that span (u,v) N W # {0}. Otherwise, we could choose vy,...,v;_5 €
V with v; ¢ W such that {u,v,vq,...,vx_o} are linearly independent and
span (u, v,v1, . ..,Uk_2) N W = {0}, because the codimension of W is at least
k. But for any w € W we would have ¢y,aurvnv Anv,_o §8 = 0 which contradicts
the fact that « : W — A¥(V/W)* is an isomorphism.
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Next, let W and W’ be two subspaces of V satisfying the hypothesis of the
theorem. Assume that VW # W'; then, there exists v € W' such that v ¢ W.
Using the argument above, we deduce that W N W'’ has dimension at least 1.
Consider the subspace Z = 7(v) A Ag—1(V/W) of A,(V/W), where A,V is the
space of r-vectors on V, and m : V — V/W is the canonical projection. Of
course, dim Z > 1, and we have «(w)(z) = 0 for any w € WN W' and for any
z € Z. Hence we would have w € ker¢.

Third step: There exists a k-lagrangian subspace V such that V =W @ V.
Obviously, there are k-isotropic subspaces U such that UNW = {0}. To show
this last assertion, one could take a vector v € V such that u ¢ W. It is
obvious that span (u) is k-isotropic.

Assume that U @& W = V. Then WNU* C ker ¢ and hence WNUL* = {0}.
Therefore U = UL*, and U is k-lagrangian.

Suppose now that U @ W # V, then U # UL*; indeed, if U = ULF (that
is, if U were k-lagrangian) then there would be a vector € V such that
x ¢ U@ W, and then U @ span (z) would be k-isotropic in contradiction
with the maximality of U. Therefore, there is a vector v € ULF such that
v ¢ UUW, and we would have a k-isotropic subspace U’ = U @ span (u) such
that U N W = {0}. If U' @ W # V, we can repeat the argument and will
eventually arrive at a k-isotropic subspace V' which is complementary to W.
And using the argument above, we conclude that V is in fact k-lagrangian.

Fourth step: Define a linear mapping

bW — AFV*
I
p(w) = —k—H(ZwQ)W

A direct computation shows that ¢ is an isomorphism. Next, we define

vV — V x AV
U(v,w) = (v, p(w))

which is also an isomorphism such that ¥*Qy = €. O

Remark 3.9 A direct application of Theorem 3.8 shows that there exists a

basis (a Darboux basis) {e1, ..., €n, fa,..a ; Such that {e;} is a basis of V' and

{far..0n, } 1s a basis of W satisfying the relations
oy 2= €qy N oo N €

Qg

where {e7,..., e’} denotes the dual basis of {ej,...e,}. Therefore we have
Q= fi a Neb N Neb (3.3)
where {fx .} is the dual basis of {fa,..a;}-



Tulczyjew’s triples and lagrangian submanifolds in field theories 31

Definition 3.10 A triple (V,Q, W) satisfying the hypothesis in Theorem 3.8
will be called a multisymplectic vector space of type (k + 1,0).

Theorem 3.11 Let (V,Q2) be a multisymplectic vector space and W C V a 1-
isotropic subspace. Assume that £ C V /W is a vector subspace of the quotient
vector space V/W. Let us denote by w:V — V/W the canonical projection.
Assume that

(1) Gynne, Q=0 if w(v;) € E, foralli=1,... r;
(ii) dim W = dim A*(V/W)*, where the horizontal forms are considered with
respect to the subspace &;

(iii) dim(V/W) > k.

Then there exists a k-lagrangian subspace V' of V which is transversal to VW
(i.e., V.OW = {0}) such that (V,Q) is multisymplectomorphic to the model
Wy, ).

Proof First, we define the linear isomorphism

LW — ARV /W)

w = L(w) =i,

where 7, is the induced k-form using that W is isotropic and that €2 satisfies
the first condition above.

Next, one follows the arguments given in the proof of Theorem 3.8. a

Remark 3.12 A direct application of Theorem 3.11 shows that the multi-
symplectic form (2 can be written as the canonical multisymplectic form €,
on Vi, by choosing a convenient Darboux basis.

Definition 3.13 A triple (V,Q,W,E) satisfying the hypothesis in Theorem
3.11 will be called a multisymplectic vector space of type (k+ 1,r).

Let (V1,821) and (Va, Q2) be two multisymplectic vector spaces of order k + 1.
Take the direct product Vi x V, endowed with the (k + 1)-form Q; © Qy =
i — w3, where m @ Vi X Vo — V) and my V) X Vy — Vs, are the
canonical projections. Then (V; x Vs, 1 © €2y) is a multisymplectic vector
space.

Proposition 3.14 Let (V1,82;) and (Va,€) be two multisymplectic vector
spaces of order (k+ 1) and ¢ : Vi — Vs a linear isomorphism. Then ¢ is a
multisymplectomorphism if and only if its graph is a k-lagrangian subspace of
the multisymplectic vector space (V1 X Vo, €21 © £)y).

Proof We recall that

(graph ¢)=F = {(z,y) € V1 x Vs |
(Q 0 N)((z,y), (x1,0(x1)), .. ., (xk, d(k)) = 0, V1, ..., 2% € Vi }
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Assume that ¢*Qy = €, then if (z, ¢(x)) € graph ¢, we have

(1 © Q)((z,8(2)), (71, 0(21)), - - -, (T, B(T))
=W (z,21,. .., 2) — Qa(P(x), p(x1), ..., d(zk))
=W (z,2q,. .., 2) — 0"z, 21, ..., 2%)

=0

which implies that graph ¢ C (graph ¢)>*.

Conversely, if graph ¢ is k-isotropic, we have (x, ¢(x)) € (graph ¢)t* for all
x € Vi, and therefore ¢*()y = €);.

In addition, if graph ¢ is k-isotropic, it is also k-lagrangian. In fact, if (x,y) €
(graph ¢)-* then we have

M(o(z) —y, ¢(21),..., ¢(xx)) =0

for all zy,...,x, € V; and therefore y = ¢(z) because of the regularity of the
multisymplectic form 25 and the fact that ¢ is an isomorphism. O

3.2 Multisymplectic manifolds

Definition 3.15 A multisymplectic manifold (P, 2) is a pair consisting of a
manifold P equipped with a closed (k4 1)-form Q such that the pair (T, P, ;)
is a multisymplectic vector space for all x € P. The form € is called multi-
symplectic.

Example 3.16 Let A*M be the space of k-forms on an arbitrary manifold
M, and denote by p : A¥AM —— M the canonical projection. We define a
canonical k-form ©%, on A*M as follows:

@];W(V)(Xla s 7Xk) = 'Y(Tle, ca ,TpXk)’

for all Xy,..., Xy € T,,(A*M) and for all v € A*M.

A direct computation shows that (A*M, Q% = —dO%,) is a multisymplectic
manifold (of order k + 1).

Assume now that M is a fibred manifold over a manifold N, say 7 : M — N is
a fibration. Consider the bundle A* M of k-forms on M which are r-horizontal
with respect to the fibration 7 : M —— N, that is, those k-forms v on M
such that ix,r..anx, ¥ = 0 when Xi,..., X, are m-vertical. The space A,’fM is
a submanifold of A*M, and hence we have the restriction (©,)* of ©%, to
AEM. A simple computation shows that the pair (A¥M, (Qy)F = —d(0©)F)
is also a multisymplectic manifold. Of course, we have (Q5,)asn = ()}
The canonical projection will be denoted by p, : A*M — M.

Following the notion of special symplectic manifold introduced by Tulczyjew
we can give the following definition.
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Definition 3.17 A special multisymplectic manifold (P, Q) is a multisym-
plectic manifold which is multisymplectomorphic to a bundle of forms. More
precisely, Q = —dO, and there exists a diffeomorphism a : P — A*M (or
a:P — AM), and a fibration 7 : P — M such that poa = m (resp.
proa=m)and © = a*Ok, (resp. © = a*(Oy)F).
Definition 3.18 Let N be a submanifold of a multisymplectic manifold (P, Q)
of order k + 1. N is said to be l-isotropic (resp. l-coisotropic, [-lagrangian,
multisymplectic) if TN is a l-isotropic (resp. l-coisotropic, l-lagrangian, mul-
tisymplectic) vector subspace of the multisymplectic vector space (T, P, Q) for
allz e N.
Proposition 3.19

(i) The fibres of p: AXM — M (and of p, : N\FM — M ) are 1-isotropic.
(ii) The image of a k-form v on M (resp. a r-horizontal k-form) is k-lagran-

gian if and only if v is closed.

Proof It follows from Proposition 3.6. O

If v is a (r-horizontal) closed k-form on M, then (—d(©y)¥) = 0 which

implies that ((©y)F)

[Imy
Tmy is locally closed, say

((031)") 1yn, = 0.
and 6 is called a generating k-form.

Definition 3.20 A triple (P,Q2, W), where W is a 1-isotropic involutive dis-
tribution on (P, Q) such that the triple (T, P,Q, W(x)) is a multisymplectic
vector space of type (k + 1,0), for all x € P, will be called a multisymplectic
manifold of type (k + 1,0).

Remark 3.21 Along the paper, the distribution YW and the corresponding
vector bundle 7y : W — P over P will be denoted by the same letter.

Theorem 3.22 [21] Let (P,Q, W) be a multisymplectic manifold of type (k+
1,0). Let L be a k-lagrangian submanifold such that TL N W,z = {0}. Then
there exists a tubular neighbourhood U of L in P, a manifold N and a dif-
feomorphism ® : U — V = ®(U) C A*N into an open neighbourhood V of
the zero cross-section in A*N such that ® : L — N is an immersion and
O*((Q5)v) = Qu, where Qi is the canonical multisymplectic (k+1)-form on

ARN.
Proof The proof is a direct consequence of Lemmas 3.24 and 3.25. a

First of all, we recall the relative Poincaré lemma, which will be very useful
in what follows.
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Lemma 3.23 (Relative Poincaré lemma) Let N be a submanifold of a
differentiable submanifold M, and let U be a tubular neigbourhood of N with
bundle map m : U — N. Notice that my : U — N is a vector bundle.
Denote by A the dilation vector field of this vector bundle, and let @; be the
multiplication by t. If we define an integral operator on forms on U as follows

1
1(Q), = /0 in, r$pdl
where A; = %A, and p € U, then we have
I(d€Y) +d(I2) = Q — w3 (Qn)

where Qn is the form on N obtained by restricting Q2 pointwise to TN (observe
that U can be taken as a normal bundle of TN in M ).

Next, we shall prove the following result.

Lemma 3.24 Let (P,Q, W) be a multisymplectic manifold of type (k+ 1,0).
Let L be a k-lagrangian submanifold of P which is complementary to W (that
is, TL ® W)z = TPz). Then there is a tubular neighbourhood U of L and a
diffeomorphism ® : U — V C A*L where V is an neighbourhood of the zero
section, such that ®|. is the standard identification of L with the zero section

of A*L, and
O (()v) = Q-

Proof Firstly, we define a vector bundle morphism over the identity of £ by

1
o) = =g
w ¢ AFL
o p
L

Obviously ¢ is injective, and since the dimensionality assumptions, we deduce
that ¢ is in fact a vector bundle isomorphism (see the diagram).

Since TPy = TL® W), then ¢ induces a diffeomorphism on a tubular neigh-
bourhood defined by W onto a neighbourhood of £ in A*L (as usual, the
latter embedding is understood as the identification of £ with the zero sec-
tion). We shall denote the restriction of ¢ to this tubular neighourhood by f.
Notice that the restriction of f to L is just the identity, so that T'f is also
the identity on T'L; on the other hand, T'f restricted to W coincides with ¢
because it is fiberwise linear. Using the identifications TP, = T'L ® W and
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TAL ) =TL® AL, we have

f*Q]Z((Ub wl)? SR (Uk-i-l? wk’-i-l)) = QIZ((Ub ¢(w1)7 ) (Uk’-i-la ¢(wk+l))

k-+1
= Z(_l)i d(w;)(ve, .., Diy oo Vig1)
o
= Z k—HQ Vly ey Wiy ooy Ukt1)
- Q((Ub w1)> R ('Uk+1, wk-i—l))

which implies f*Q% = Q on L.

Next, we use f to pushforward €2 to obtain a k+ 1-form §2; in a neighbourhood
of £ in A*L. Using Lemma 3.23 we deduce that Q; = dO;, where ©, = ().
Recall that Qf = —dOk and

(OF)c=(O1))=0 (3.4)
because of the definition of /. Define
Q=08 +1(, - Q%), telo1].

Since

(Q)ie = ()i = (e
is non-singular, and this is an “open condition”, we can find a neighbourhood
of £ in A*L on which all ; are non-singular for all ¢ € [0,1]. In addition,
W, = ker{Tp : TA*L — TL} is l-isotropic for all €, in such a way that
(AFL, 4, W,) is a multisymplectic manifold of type (k+ 1,0), for all ¢. Notice
that Q; — QF = d(©, + 6%).

From (3.4) we deduce that there is a unique time-dependent vector field X
taking values in W, (in other words, p-vertical) such that

ix, % =—-0k+0,

Since the vector field X; vanishes on £, we can find a neighbourhood of £ in
A*L such that the flow ¢, of X, is defined at least for all t < 1. Therefore we
have

d. . a0
2 (1%) = ¢} (Lx, %) + i dtt)

= ¢; (dix, ) + @7 (1 — Q]Z)
= 0} (=d(©, — OF) + O — Q) = 0.
Then we have
Pi = o = Q.
But (X¢)z = 0 implies (¢;)|z = id|z, and then we deduce that ¢ o f gives the
desired local diffeomorphism. O
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Lemma 3.25 Let (P,Q, W) be a multisymplectic manifold of type (k+ 1,0).
Let L' be a k-isotropic submanifold of P which is transversal to VW (that is,
TL NW,z ={0}). Then there is a k-lagrangian submanifold £ of P which is
complementary to W and contains L.

Proof Since £’ is transversal to W we can choose a submanifold £” of U’
such that £’ is a deformation retract of £L”, and L£” is complementary to W.
As in the theorem above, since TP zr = T'L"®W, v, then W induces a tubular
neighbourhood of £” in the usual way: m : U — L.

Next, we apply the relative Poincaré lemma to the restricted form €2 to this
tubular neigborhood. Therefore, there is a k-form p on U’ such that

dp = Q@ — 7 (Qer)

(indeed, p = I(2)).

Now, we can repeat the construction developed in the proof of Lemma 3.24
for the k 4+ 1-form dp. In fact, the mapping ¥ : W — AFL" defined by

Y(u) = A (i, dp) is a vector isomorphism, and it induces a local diffeo-

morphism g : U” C U’ — g(U") C A*L"; g restricted to £” is the identity,
and 1 on the fibers. Again we can prove

g*Q]ZN = dlU

since (dpu) v = 0. Proceeding as in the proof of Lemma 3.24 we can find a local
diffeomorphism V¥ from a tubular neighourhood V' of L” onto a neighbourhood
of the zero section of A*L" which maps £"” onto the zero section, and such
that

Ok, =Q
on V.

Now, if j : £ — L” is the natural inclusion, we know that j induces an iso-
morphism in cohomology. Therefore j*(Q|zv) = Q= 0 implies [Qz]pr = 0,
and we deduce that s+ = dv, for some k-form v on £”. A direct computation
shows now that

L=V"o(—v)(L")

is a k-lagrangian submanifold in (P, ), and in addition TP = TL ® W.
O

Corollary 3.26 A multisymplectic manifold (P,Q, W) of type (k + 1,0) s
locally multisymplectomorphic to a canonical multisymplectic manifold A*M
for some manifold M. Therefore, there are Darboux coordinates around each
point of P.
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Proof We only need to choose a point in Lemma 3.25, and then apply The-
orem 3.22. O

Definition 3.27 Let (P,Q) be a multisymplectic manifold of order k + 1.
Assume that W is a 1-isotropic foliation of (P,Q), and £ is a “generalised
distribution” on P in the sense that E(x) C T, P/W(x) is a vector subspace
for allx € P. Assume that the quadruple (T, P, Q, W(x),E(x)) is a multisym-
plectic vector space of type (k+1,r), for all x € P. A quadruple (P,Q,W,€E)
satisfying these conditions will be called a multisymplectic manifold of type
(k+1,7).

Theorem 3.28 Let (P,Q,W,E) be a multisymplectic manifold of type (k +
L,7). Let L be a k-lagrangian submanifold such that TL "W, = {0}. Then
there exists a tubular neighbourhood U of L in P, a manifold N, and a dif-
feomorphism ® : U — V = ®(U) C A*N into an open neighbourhood V' of
the zero cross-section in A*N such that ® : L — N is an immersion, and
O (((W)F)v) = Qu., where (QU)F is the canonical multisymplectic (k + 1)-
form on AFN .

Proof The proof is a consequence of the following two lemmas, which are
proved in a similar way to Lemma 3.24 and Lemma 3.25. O

Lemma 3.29 Let (P,Q,W, &) be a multisymplectic manifold of type (k+1,r).
Let L be a k-lagrangian submanifold of P which is complementary to WW. Then
there is a tubular neighbourhood U of L and a diffeomorphism V : U — V C
AFL, where V' is an neighbourhood of the zero section, such that Wz is the
standard identification of L with the zero section of A*L, and

T ())v) = Qu.

Lemma 3.30 Let (P,Q,W,E) be a multisymplectic manifold of type (k+1,r).
Let L' be a k-isotropic submanifold of P which is transversal to W. Then
there is a k-lagrangian submanifold L of P which is complementary to VW and
contains L.

Corollary 3.31 A multisymplectic manifold (P, 2, W, E) of type (k+1,r) is
locally multisymplectomorphic to a canonical multisymplectic manifold A M
for some fibration M — N. Therefore, there are Darboux coordinates around
each point of P.

Proof We only need to choose a point in Lemma 3.30, and then apply The-
orem 3.28. O
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4 Lagrangian and hamiltonian settings for classical field theories
We remit to [1,9,10,13-17,22] for more details.
4.1 Lagrangian formalism

Let mxy : Y — X be a fibred manifold, where X is an oriented n-dimensional
manifold with volume form 7. We choose fibred coordinates (2#,%") on Y such
that

n=dz=dx'N---Ada", mxy (2", y") = (z"),
where p=1,...,n,i=1,...,m, and dimY = n + m. The notation

A"t =4 o d'x
OxH

will be very useful, since da* A d* 1ot = d"x.

Let L : 7 — A™X be a lagrangian density, that is, I is an n-form on Z
along the canonical projection wxz : Z — X. Therefore, . = Ln, where
L : Z — R is a function on Z, and n equally denotes the volume form on X
and its lifts to the different bundles over X.

One constructs an n-form ©7 on Z locally given by

GLZ(L_Z“azi)d x+8zidy AdV ek,
w w

The (n + 1)-form Q; = —dOy, is called the Poincaré-Cartan form.

The de Donder equation is

where h is a connection in the fibred manifold 7y, : 7 — X.

Indeed, if o is a horizontal section of a solution h of (4.5) then o is a critical
section of the variational problem determined by L.

If L is regular (that is, the hessian matrix

0*L
azﬁ 0z

is regular) then such a section o is necessarily a 1-jet prolongation, say o = jl7,
where 7 is a section of the fibred manifold 7xy : ¥ — X.

If h is a solution of equation (4.5) and

0 0 o, .0

aor) = g Ty T

h(
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then we have

S = (0= 1) (4.6)
if and only if
. 0L
J_ i =0 (4.7
(ylj le) 82&82;@ ( )
2 2 2 2
oL 0L _jaL g o°L +(?/Z—ZZ)8L =0 (4.8)

Ayt Otz In oyi0zl, " 02,07 Oyi0z,

If L is regular, then Eq. (4.7) implies ) = 2/ and Eq. (4.8) becomes

2 2 L
oL oL ;9L 4 O _y (1.9)
oyt Oxrdz,  Foyidz, M Oz,02

If h is flat (that is, the horizontal distribution is integrable) and o : X — Z
is an integral section, then o = j!'(wyz o o), and (4.9) are nothing but the
Euler-Lagrange equations for L:

oL " d (0L

i
4.2 Hamiltonian formalism

Denote by A"Y the vector bundle over Y of n-forms on Y, and by ATY its
vector subbundle consisting of those n-forms on Y which vanish contracted
with at least r vertical arguments.

We have the short exact sequence of vector bundles over Y
0 — ATY — AY — Z" = AJY/ATY — 0

We choose coordinates as follows:

ATY = (2" p)

AY (2", y' p, )

Z* : (x/JI?yZ?péL)

since the generic elements in ATY (resp. A3Y') have the form pd"z (resp.
pd'z + pi dyt A d ik,

In order to have a dynamical evolution in the hamiltonian setting one need to
choose a hamiltonian form A on Z*, that is, a section h : Z* — AZY of the
canonical fibration pr: AJY — Z*.
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The canonical multisymplectic form (Qy )5 on ALY induces a multisymplectic
form (of the same type)
Qn = h"(Qy)s.
If ©), = h*(Oy)} then Q) = —dO.
Since
(Q)y = —dp Nd"x — dp!' Ady' A d"
and
h(a,y',pl) = (2", y',p = —H (2", y", pl'). pf)
(in other words, h = —Hd"x + pl'dy’ A d"~'2z*) we obtain

QO =dH ANd"x — dpt' Ady' Ad" ot (4.11)

Consider a connection h* in the fibred manifold 7xz« : Z* — X, and assume

that
*(i) — i + ¢ 0 + pY 0
arr’ ~ ggn T Um oy’ Piu oy
Then
ins Q= (n—1)Q, (4.12)
if and only if
; OH
OH
o 4.14
%: P = "% (4.14)

If 7: X — Z* is an integral section of h*, and 7(2") = (z#, y'(z), p'), then
it satisfies the Hamilton equations

oyt OH

opy  OH
Do = 5 (4.16)

I

4.8 The Legendre transformation

Let L be a lagrangian. We define the extended Legendre transformation

legr, : Z — AJY

oL oL,
“azﬁ’ 02!, ’

legr (z", v, ZZL) = (2", y", L — z
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and the Legendre transformation
Legy, : Z — Z*

by Leg;, = prolegy. A direct computation shows that L is regular if and only
if Legy, is a local diffeomorphism. L is said to be hyperregular if Leg; is a

global diffeomorphism. In such case, h = legy o Leg; ' is a hamiltonian form
on Z*.

Since the next diagram

Legr,

Ty 7z Ty z*
Y

is commutative and Leg;(©,) = Op, we deduce that Equations (4.6) and
(4.12) are equivalent. This means that the solutions of both equations are
related by the Legendre transformation.

5 The multisymplectomorphism &

Consider the vector bundle A3 Z with generic elements of the form
a;dy’ A\ d"z + bfdzi Nd"x

a;,bt) in the manifold

This allows us to introduce local coordinates (z#, ", 2,
AL Z.
On the other hand, we shall denote by J'Z* the manifold of 1-jets of local
sections of the fibred manifold mxz+ : Z* — X. We have a canonical projec-
tion

jiryge : P2 — Z
Denote by (z*, y*, p!', 3., pl,) the induced coordinates on J'Z* respect to mx z«
Z* — X, such that

jlﬂ-YZ* (xll7 yi7p?7 yi,pély) = (‘Zﬂu? yi’ y;)

Define a mapping
a: J'Z7F — AT Z
by
a(@ y', oy, ph) = (4 yl, > Pl ).
"

The mapping « is a surjective submersion, or in other words, a : J'Z* —
AT Z is a fibred manifold. In order to obtain a diffeomorphism, we need to
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“reduce” the manifold J'Z*. To do that, we introduce the following equiva-
lence relation:

jloy = jlog if and only if they have the same divergence,
which in local coordinates (z#, 3", pt', v, ph) and (2", 4*, pt', i°, pl,) means

—1 7

g=y, =0 u=yl. D P => 1.
7 p
The corresponding quotient manifold will be denoted by ﬁ\Z/*, and we have a
fibration pr : J'Z* — J1Z*. The induced mapping
& 12— A Z

is a diffeomorphism, and we have an induced projection

Jimy g Nz — 27

Therefore, we can transport the canonical multisymplectic (n + 2)-form
Q)5 = —d(©2)51 on AT Z to J1Z* such that (J1Z* Q,) is a multisym-
plectic manifold, where €, = a*((Qz)5™).

Remark 5.1 Following the terminology introduced by W.M. Tulczyjew in
th/e\iymplectic context, and accordingly to Definition 3.17, we could call
(J1Z*,Q,) a special multisymplectic manifold, since it is multisymplectomor-
phic to a bundle of forms, and the multisymplectic (n+ 2)-form is Q, = —dO,
(where ©, = a*((02)5*"). In addition, the following diagram is commutative:

— o

T\ Z* A3t Z

jlﬂ'yz\\ AS“Z
A

Let L : Z7 — A" X be a lagrangian density, that is, L is an n-form on Z along
the projection 7xy : Z — X.

We put
NL = {u€ TZ| (fimxz- ) (@) = (©a)u}

Theorem 5.2 N is a (n+ 1)-lagrangian submanifold of the multisymplectic

manifold (ji\Z/*, Q). In addition, the local equations defining N, are just the
Euler-Lagrange equations for L, where . = Ln.
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Proof From the definition it follows that
d(NL) = imdL,
In addition, we have

(©2)5™ = ady’ Nd "z +Vidz, Nd"x
a*((02)51") = plhdy' Ad"x + plidy), N d"x
oL

n a TL
dIL—a—d “Nd ;E—ir&—dyu/\d

u

Since

(jlrxz«)*(dL) = O,
if and only if

pri(jlrxze (dL) —©,) =0

which is in turn equivalent to
(4'mxz+)"(dL) = a”(©2)3,

we deduce that A is locally defined by

oL
o
% P o (5.17)
oL
Ko

Equations (5.17) imply that &(Np ) = ImdL, and hence Np is a (n + 1)-
lagrangian submanifold of (J'Z*,(2,).

Furthermore, we have

0 oL
S =Y (o) = 5
1 p “p
which are just the Euler-Lagrange equations for L. a

6 The multisymplectomorphism B

Recall that there exists a one-to-one correspondence between connections in
the fibred manifold mxz« : Z* — X and sections of the 1-jet prolongation
Tgepige o JIZ* — Z*. (At a pointwise level we have a one-to-one correspon-
dence between horizontal subspaces in the fibred manifold 7xz- : 2% — X
and 1-jets in J'Z*.)
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Define a mapping

B:J'Z — AT 2
as follows: given a connection h* in the fibred manifold 7xz : 7 — X, we
take the (n + 1)-form

BhY) = ine U — (1 — D).

An arbitrary (n + 1)-form in A3 Z* is written as
Aidy' Nd"z + Bl dp} Nd"x

so that we can introduce local coordinates (z*,y’, p}', A;, B},) on A7,

If we put
0 0

. 0 0
() = um

-+ P A
ayz I ap]

+y,i

or, equivalently,

h* (2", y", pi) = (2", ¥, i, Yo D,)
(when h* is considered as a section of J'Z* — Z*), then a straightforward
computation shows that

ﬂ(,f“, Yy 7péL7 ywpw) = (xﬂ, Yy 7p57 Z péfu + ay’ ’ _yﬂ +
I

oH
o

The mapping [ is a surjective submersion. Thus, in order to have a diffeomor-
phism we consider the induced mapping 3 : J1Z* — AT Z*. Therefore we
obtain a commutative diagram

7 Az

WZ*AS+IZ*

™

Z*
where p : J\Z* — Z* is the induced projection from the canonical one
p:J 7 — Z*.
Define a (n + 1)-form ©4 on TIZ* as 04 = *((©2-)5"1). Therefore, the pair
(J1Z*,Qp), Qs = —dOg, is a multisymplectic manifold of type (n + 2, 2).

Remark 6.1 It should be noticed that pair (ji\Z/*, 3) is a special multisym-
plectic manifold.

Theorem 6.2 Let h* be a solution of the de Donder equation. Then the pro-
jection Ny, of the image of h* by pr is a (n+ 1)-lagrangian submanifold of the
multisymplectic manifold (ji\Z/*, Qg). In addition, the local equations defining
N, are just the Hamilton equations for h.
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Proof Since | |
(07:)57" = Aidy' A d"x + Bldpl N d"x

we have

Jig
)ap A d"x.

ﬂ ((GZ*>2+1> - (pzu a Z)dy Nd'x +( a ,u

Therefore, the projection N, of the image of h* by pr is just the inverse
image of the zero-cross section of A5t Z* and hence it is a (n + 1)-lagrangian

submanifold of (jl\Z/*, Q).

The second part of the theorem follows directly from the preceding discussion.
O

7 Relating & and 3

The above constructions are collected in the following diagram:

An—l—lz Jl 7 An+1 Z*
WZA’R %, Z\ %A”“Z*

pr*(0a) = phdy’ A d"x + p, dyu Nd"x

Since

H)dpl Nd"x

H
)dy' A d'z + (—y 5

. 0
pri(©p) = (P, + oy

we deduce that
(00 — ) = dh — (y,dp + pl'dy},) A d"x
= dh — d(p!' yu) ANd'x
=d (h — (Pi'y;,) A d”x)
which implies that €, = Qg.

Theorem 7.1 Let L be a reqular lagrangian, and assume that h = legy, o
(Legr)™'. Then Ny, = Nj,.
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Abstract

In this paper we will approach the study of degenerate metrics from the point of
view of their geodesics. Thus the geodesic equation for a degenerate metric is derived
by means of an optimal control formulation of the problem of determining the
shortest path joining two points. The equation of geodesics will in general be implicit
and the study of their solutions will require the application of the presymplectic
constraints algorithm to the presymplectic problem equivalent to Pontriaguine’s
principle. Along the application of the algorithm we will observe that the stability
of the secondary constraints is equivalent to the integrability of the characteristic
distribution of the degenerate metric, a condition that was derived in [7] by different
means. The existence of geodesics passing through a given point is related to the
completeness of the space. In particular it is shown that the integrable points for
the equation of geodesics must necessarily be contained in the b-completion of the
space of regular points. Finally, a simple example is discussed exhibiting some of
the main features of the previous constructions.

1 Introduction: Degeneracy versus singularities

The celebration of Mike Crampin 60th birthday gives us the extraordinary
occasion to look back to some of the ideas that so masterly he taught us. One
the very first problems studied by Mike was the geometrical properties of a
differentiable manifold M with a degenerate metric g [7].

He proved then that there exists a symmetric torsionless metric connection
for a constant rank degenerate metric provided that the first structure func-
tion of the orthonormal frame bundle defined by the degenerate metric will
vanish, the condition being also necessary. Such condition was also shown to
be equivalent to the fact that the null vector fields of the metric were Killing,

Email address: albertoi@math.uc3m.es.
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which implied in addition that the null distribution N of the metric were inte-
grable, defining a foliation A. Thus, if we are in the neighborhood of a regular
leaf of the foliation defined by N, then the leaf space M /N inherits a smooth
structure around such point and the degenerate metric descends to a nonde-
generate one ¢ defined on such neighborhood. The geodesics for the metric g
constructed locally in the quotient space M /N, can be lifted up to the original
manifold constituting the geodesics of the degenerate metric, more properly
called degenerate or singular geodesics. These ideas were recast in the setting
of reduction of singular lagrangians in [5] and it was shown that the existence
of such connection was equivalent to the fact that the singular kinetic energy
Lagrangian defined by the metric was of type II.

It would be our purpose here to continue the study of such geodesics for de-
generate metrics not necessarily of constant rank, and connect this problem
to other problems of interest in the geometry and topology of pseudorieman-
nian manifolds. For that we will look at it from the point of view of studying
the existence and uniqueness of solutions of the equation of geodesics for a
degenerate metric.

The equation of geodesics for a metric degenerate or not, that will be derived
in Section 2 as an easy application of a problem in optimal control theory,
becomes an implicit equation when the metric is degenerate . To solve it we
will apply the recursive constraint algorithm invented to extract the integrable
part of an implicit differential equation [17], [15], i.e., the set of points through
which pass at least a solution of the equation. The obstruction in the first step
of the algorithm to the existence of such points will be shown to be equivalent
under the appropriate conditions to Crampin’s theorem on the vanishing of
the first structure function of the orthonormal bundle defined by the metric.

At the time that Mike was writing his paper on degenerate metrics, the study
of singularities of space-time was reaching a climax with the publication of
various articles by S. Hawking and R. Penrose [12], [13] showing the existence
of singularities under appropriate conditions (see [14] for a masterly exposition
of the subject). Even though by that time there was not a completely clear
understanding of what a singularity of a space-time geometry was (see [4] for
a detailed history of the subject) it was clear that some sort of degeneracy
of the metric could be responsible for such phenomena. In fact a singularity
in a broad sense can be thought as points where Einstein’s equations doesn’t
make sense because some components of the curvature tensor are not defined.
In this sense the study of degenerate metrics was a natural problem in order
to understand how such singularities emerged ! .

This point of view was not pursued further. However more recently there have

I Even though this was not the true reason why Mike was interested in the problem
as I was told by him but rather trying to understand some conformal properties of
asymptotically flat spaces.



Degenerate metrics and singular geodesics 51

been emerging alternative foundations of General Relativity where degenerate
metrics where not excluded. For instance Ashtekar’s formulation of General
Relativiy allows degenerate metrics as solutions of the equations of the theory
2], [3]. Even more recently, other ideas like signature change and topology
change in General Relativity have appeared where degenerate metrics play an
important role.

We will review in Section 3 the geometrical theory of singularities of connec-
tions as established by Schmidt [18] and developed further by Friederich [10],
Dodson [9], and a number of researchers (see [4] and references therein) un-
til more recently [1]. Then we will apply it to the regular manifold obtained
by removing the points where the metric degenerates, obtaining in this way
the b-completion of a degenerate metric with respect to the Levi-Civita con-
nection it defines in the regular open submanifold. It will be clear from the
previous results that the integrable points of the geodesic equation according
to the theory described previously, will be in the b-boundary of the regular
manifold. We will conjecture that both sets agree. The difficulty of the actual
computation of the b-completion of a metric has been a serious drawback of
the theory, that apart from other difficulties like the, in general non Hausdorff
character of the b-completion, has caused its abandon by the researchers in
the field. These notes will offer an alternative way to approach the problem
that apart from providing a new source of examples, it will also give explicit
computations of b-completions and will bring more light on the subject.

2 Singular geodesics for degenerate metrics

2.1 Geodesics equation for degenerate metrics: an optimal control theory
point of view

We shall consider a differentiable manifold ) with local coordinates x* and
a symmetric bilinear form g defined on it (possibly degenerate) that will be
called a metric or a degenerate metric if we want to emphasize the fact that
is not necessarily nondegenerate. For that metric g it makes sense to consider
the problem of determining the “shortest” path joining two given points, i.e.,
determining the minima of the functional

50) = [ o0 A0t

on the space of piecewise C! curves 7: [0, 1] — Q. This problem can be equiv-
alently formulated as a problem in optimal control theory as follows:

Determine the piecewise C! curves o: [0,1] — T'Q, o(t) = (y(t),v(t)), such
that the dynamical equation
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Y(t) = w(t),
is satisfied and that minimizes the objective functional

S(0)= [ gy (o(e), 00t

together with the endpoint conditions:

7(0) = o, V(1) = 1.

Natural local coordinates on the tangent bundle T'Q) of the manifold @) will
be denoted by (z',v") and by (z’,p;) on the cotangent bundle T * Q.

It is well-known that the solution to this problem is given by Pontriaguine’s
maximum principle [16], that states that a solution (o(t) = (v(t),v(t)) to the
previous problem exists if there exists a lifting £(¢) = (v(¢), p(t)) of the curve
7(t) to the cotangent bundle 7@, such that the curve (y(t), p(t), v(t)) verifies
the equations,

B0 = OO0, 00), 5.0 = ~F 200,600, 0(0)

where Hy denotes Pontriaguine’s Hamiltonian function:

H()(Jf,p, U) - pivi - L(l’, U)a
where L denotes the Lagrangian density defining the objective functional S,
the endpoint conditions and the maximum condition:

Ho(v(t), v(t), p(t)) = max Ho(y(t), p(t), 0)-

Hence the solutions of the optimal control problem piecewise C! will be found
among the paths satisfying the extremal equations:

_ oy OHy  OHy _ (1)
- Op b= "5z o

i,i

The previous equations are readily seen to be given in local coordinates by

i . j - j
T =v, pk__§axkvv7 pi_gijv>

thus they are equivalent to the set of implicit second order differential equa-
tions on @) given by

gijﬂ'fi + Fz’jki"ji"k =0, (2)
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where I';j; denote the Christoffel symbols of first class. Equations (2) will be
called the geodesic equation of the metric g. A solution of such equation will
be called a geodesic of g.

A point z € @ will be called regular if det g;;(z) # 0 and singular (or degen-
erate) otherwise. The open dense set of regular points of ¢ will be called the
regular submanifold of () and denoted by @.... The set of all degenerate points
of g will be called the degenerate locus of g and denoted by ¥(Q). Notice that
if  is a regular point, then the geodesic equation can be written in normal
form in an open neighborhood of z, hence there will be a local solution of
eq. (2) passing through x, that will be an ordinary geodesic of the metric ¢
restricted to an open neighborhood of x where it is nondegenerate. However if
x € X(Q), then in general there is no reason for the existence nor uniqueness
of solutions passing through it.

A solution of the geodesic equation passing through a degenerate point will be
called a degenerate or singular geodesic. Our purpose is to characterize the set
of points in @) such that there exists a geodesic or a singular geodesic passing
through them. Such points will be called integrable and denoted by Q... It is
clear from the previous observations that Q... C Q.-

2.2 A geometrical description

Before entering the delicate problem of studying the solutions of the equation
of geodesics, we will rephrase the previous discussion in a more palatable
geometrical setting.

We shall denote by My = T*Q x¢o T'Q the fibrered product over ) of the
cotangent and tangent bundles over ). We shall also denote by py: My — T#Q
and by qo: My — T'Q the corresponding canonical projections. We shall denote
by €y = piwo the pull-back to M, of the canonical symplectic form on 7).

Clearly €y is degenerate with a rank n characteristic distribution K = ker €2y,
spanned by the “vertical” vectors 9/dv’, i.e., K = ker T'p,. Pontriaguine’s
Hamiltonian Hj is well defined on M, an given by,

HO(x>pa U) - 90(.23,}9)(’0) - L(‘T? U)>
where 6y denotes the canonical Liouville 1-form on 7). We will define in
this way the presymplectic Hamiltonian system (Mg, o, Hy) with dynamical
vector field I' defined by the equation:

irQ = dHp. (3)

Clearly there will exists a vector field I' satisfying the previous equations if
and only if izdHy = 0 for all Z € K, i.e., if and only if the following equations
are satisfied
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. 9Ho
$i - v

=pi—gyv/ =0, i=1...,n (4)

For generic metrics g the subset defined by the previous conditions (4), that
can be called primary constraints of the presymplectic system above, is a
smooth submanifold of M, that will be denoted by M;. Hence restricted to
M the dynamical vector field I' defined by the presymplectic system takes
the form:

.0  10gy ; . 0 .0
Fe=v'=—— — =22y — + C'— )

=Y oz 28xkvvﬁvz+ o'’ 5)
with C* undetermined functions. Equation (5) provides the geometrical de-
scription of Pontriaguine’s equations (1).

2.3 Solving the degenerate geodesics equation

It is clear from the previous argument that the geodesic equation (2) will have
a solution lying on M; or, equivalently, there will exists a vector field I'c whose
integral curves will be contained in M; if and only if there exists C%’s such
that the corresponding vector field I'¢ is tangent to M, this is, if:

To(eV) = 0, on M.

In other words if the equation,

gZJCZ = —Fz-jkvjvk, (6)
has solution on M;. If ¢ is nondegenerate (6) has a unique solution and I'c

is uniquely determined on M;. There is an alternative way of looking at this
fact that will be useful later on.

Denoting by p; the restriction of pg to M; we will see immediately that €y =
pijwo. Thus €25 is symplectic if and only if p; is a local diffeomorphism. Moreover
notice that ker(py), = KNTM; = TN where N" denotes the vertical lifting of
the null distribution of g. Thus 2; will be nondegenerate iff g is nondegenerate
and hence there will exists a unique solution for I' given by the equation:

iFQI = dH1

Notice that the regular submanifold of M;, i.e., those points where €2 is
nondegenerate, is precisely the set pfl(TéregQ) and the singular points of M,
that is the points where €); fails to be nondegenerate, are the critical points
of po, i.e., the points in M; where T'pg is not submersive. Let us denote such
points by ;.
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We must study then the points in ;. A necessary and sufficient condition for
the equation (6) to have solution at a singular point is that

. .0
‘Tyr=0, VZ=n'— €N, 7
77 ]k 77 axl ( )
in other words, denoting by a; the 1-form on T'Q) along the projection ¢
given by I';;zv/v*dz?, the previous condition is equivalent to

1700 :O,VZEN

Let us recall that a metric g is of type II if 2dim V' (ker wy) = dim ker w,, where
wg is the Cartan 2-form defined by the kinetic energy Lagrangian given by
g, i.e., w, = —dS*(dK,), with K, = 1/2(g;jv'v?). If ¢ is of type II, then N
is integrable [5]. Moreover if the vector fields Z € N are Killing vector fields,
then g is of type II and it has a global dynamics.

In general however (7) will not be satisfied and we will have secondary con-
straints:

(2)

p. =g, 00, a=1,...,dim N,

where Z, form a basis of V.

We are clearly in the setting of Dirac’s constraints algorithm [8] (see [15],
[17] and references therein for a modern perspective). Then, stability of the
secondary constraints

on M; will define tertiary constraints and so on. Eventually we will obtain a
final constraint submanifold M., where the dynamical equation

ir,, Qoo = dH o,

could always be solved. The projection of the integral curves of the vector field
I's to @ will be solutions of the equation of geodesics for g. Thus the projection
of the final constraint submanifold M., to Q will define a subset Q... C Q
where the equation of geodesics could be solved. Unfortunately so far we do
not have a geometrical interpretation of the higher order constraints eventually
arising in the theory so we cannot say in advance when the presymplectic
constraint algorithm will stop.
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3 Singularities of connections and b-completion
3.1  What is a singularity?

We will follow here the discussion in [14] about the nature of singularities in
space-time manifolds. However the arguments with a physical origin are much
weaker here as we plan to apply them to manifolds which are not necessarily
Lorentzian. In any case if we are considering a manifold with a metric defined
on it, it would be reasonable to think that the given space has a singularity
if it could not be extended to another space without considering points where
the metric tensor or some of the other tensors derived from it were undefined.

We could in principle, simply remove these points, but we will be left with the
question if in the remaining manifold we could determine if some singularities
have been cut off along this process. This is if the manifold without the singular
points still “detects” its shadow presence. One way to detect them would be
by means of studying if the manifold we are considering is incomplete in some
sense.

There are various forms of incompleteness. The simplest and more fundamen-
tal one is the notion of m-completeness, or Cauchy completeness, that can be
defined whenever we can equip our manifold with the structure of a metric
space. Of course, if g is positive definite, there is a natural distance defined on
the manifold M as d(x,y) = inf,cq@,y) [(y) with Q(z, y) the space of piecewise
C! curves on M joining x and y, and

)= [ 140 | dt

The manifold (M, d) will be said to be m-complete if every Cauchy sequence is
convergent. An alternative characterization of m-complete spaces is that any
curve of finite length has an endpoint, where a point p is called an endpoint for
the curve 7 if for every neighborhood U of p there exists T such that v(¢) € U
forallt > T.

When the metric we are considering is not definite it is not possible to intro-
duce a metric as above, however we can still speak of g-completeness. We will
say that (M, g) is g-complete if every geodesic can be extended to arbitrary
values of its natural parameter. For a definite metric g, both notions agree.

In Lorentzian manifolds, the notion of m-completeness makes no sense, but it
is clear that timelike geodesic incompleteness is a clear exponent of the exis-
tence of a singularity. However Geroch [11] constructed a geodesically complete
space-time which contains an inextensible time-like curve of bounded acceler-
ation and finite length. For making sense of the latest statements we need to
define a natural parameter for all curves and then define a notion of complete-
ness by requiring that any piecewise C! curve of finite length as measured by
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such parameter has an endpoint. This can be done as follows.

Let v(t) an arbitrary curve and (o) = p a point on it. Let us consider now
a frame r = (p, eq,...,e,) at it. We shall parallel propagate the frame r along
the curve by solving the linear equation Vye(t) = 0 with initial condition
ex(to) = ex. With respect to the parallel frame thus constructed we can write
Y(t) = v*(t)ex(t). Then define the natural parameter as s = [ /v*(t)v*(t)dt.
We will say that M is b-complete with respect to the connection V if any
curve of finite length with respect to a natural parameter has an endpoint.

It is clear that b-completeness implies g-completeness, but we can already
pointed out that the converse is not true. We will say that a space with
connection is singularity-free if it is b-complete and singular otherwise.

3.2 The b-completion of a singular space

If we have a singular space (M, g), i.e., M is not b-complete with respect to
the Levi-Civita connection defined by g, we would like to know whether it is
possible to complete it and to understand where the finite length curves end.
The role played by the added points should be a matter of further analysis
in the context of the problem studied. There is a natural and elegant way to
b-complete M due to Schmidt [18] and described carefully in [1] and [6]. We
shall sketch the construction.

Let m: F(M) — M the frame bundle of M and ¢ the canonical R"-valued
I-form on it. If r = (m;ex) € F(M) is a frame, we denote by 7: R" — T,,M
the natural isomorphism 7(z) = z*e;, € T,, M. Then ¢,.(X) = 7~ (m.(r)(X))
for every X € T,F(M). We shall consider now a principal connection 1-form
A on F(M) and the metric g4 defined on F'(M) associated to A given by

ga=(A®A) + (¢ ©9),

or acting on vectors, ga(X,Y) = (A(X), A(Y)) + (¢(X), ¢(Y)), for any scalar
product (-,-) defined on R" and the corresponding one defined on the Lie
algebra of GL(n,R). It can be proved that (F'(M),ga) is m-complete if and
only if (M, g) is b-complete. Thus, the non-completeness of F'(M) indicates the
non b-completeness of M. Thus it makes sense to consider the m-completion of
F(M) and then passing to the quotient under the induced action of GL(n,R).
More precisely, consider the m-completion F'(M )m of F(M). The right action
of GL(n,R) on F(M) can be extended uniquely to a continuous action of
GL(n,R) in F(M)". We consider now the quotient space F(M)" /GL(n,R)
with the induced topology. Such space contains M and will be called the b-
completion of M and denoted by M. The b-boundary of M will be denoted
by 9,M and is by definition
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M =" — M.
The points in J,M are the endpoints of b-incomplete curves in M. Among
the various difficulties arising with this notion we must mention that the b-
completion of M needs not to be Hausdorff and the points in 9,M need not
to be separated from the points in M. In fact, in general M is not an open
subset of M.

These negative results, apart from the difficulty of its actual computation,
have prevented the notion of b-completion, even if completely general and
mathematically sound, to be fully accepted as a correct completeness notion
for physical General Relativity.

4 A conjecture

The previous discussion clearly brings together two different aspects of the
theory of spaces with metrics (degenerate or not): its b-completeness and the
existence of geodesics (degenerate or not). Thus, denoting again by (Q, g)
a differentiable manifold with a smooth metric g, possibly degenerate, and
denoting by @).., as before the set of regular points of such space, then it is
clear that

Que C Q.
because, if © € @), there is a geodesic passing through it, then it is the end-
point of a curve. Alternatively, we can think that the geodesic v, together with
a parallel frame along it, defines a lifting to a horizontal curve on the frame
bundle F(Q,.,). Such lifting can be completed and projects on the endpoint
of the curve 7.

Conversely, as points in 0,Q.., correspond to projections of endpoints of finite
length curves in F'(Q,.,), we can approximate, finite length curves by polygonal
geodesics and thus construct approximations of horizontal curves in the frame
bundle F(Q,.). Thus if a point r is a limit point of a finite length curve,
it is a limit point of limit points of horizontal curves defined by geodesics,
hence it is reasonable to think that there is a limit geodesic passing through
the projection of the limit point, hence the point of the b-boundary is in the
integrable set of the degenerate geodesic equation. Hence we establish our
conjecture:

—b
Qint - Qreg'

If the previous conjecture would be true, this would imply, among other things,

that the b-completion of a space with singularities such that the metric can be

extended to a degenerate metric is Hausdorff and can be explicitly computed
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by using the recursive algorithm for implicit differential equations described
in section 2.3.

5 An example: the fold

Let @ be the subset of R? defined by the equation ¢(z,y) = 2 —y> = 0
and by p: Q@ — R the projection onto the first factor, i.e., p(z,y) = z. Let
g be the metric on ) defined by pulling back the euclidean metric on R
along p, i.e., g = p*go, with go = dx?. Notice that a global chart of @ is
provided by the projection along the y-axis. In these coordinates we have
g = 4y?dy?. The metric g degenerates at (0,0) € Q and Ny = R = TpQ.
Moreover @Q,., = R —{0}. The degenerate geodesic equation is given by (in y
coordinates):

v+t =0

Introducing the optimal control approach of section 2, we see that the total
space M is the space T*Q xgo TQ = R* with (global) coordinates (y,p,v).
The lagrangian density is L(y,v) = 2y*v?. The Hamiltonian is H(y,p,v) =
pv — 2y%v? and the presymplectic structure €y = dy A dp. Pontriaguine’s
equations are given by

Y=, p:4yv2, p—4y2v = 0.

The manifold M, is defined by ¢, (y, p,v) = p—4y?v = 0 and the presymplectic
form in coordinates (y,v) is given by Qg = 4y?dy A dv. Notice that K = 0 at
any point different from (0,0, v) and, K0, = R? = TM,.

We shall consider now the compatibility of the dynamical equation (3) on the
submanifold M;. For that we compute ¢; to obtain (on M),

0 = p — Syyv — 4y*0 = —dyv? — 49°C,

where C' = o, hence either y = 0 or if y # 0, then C = —v?/y. Thus the
dynamics is completely determined in the regular set of @), the set of points
with y # 0, and the points of the form (0,0,v) are singular on M;. Notice
that the stability of the singular set determined by the secondary constraint
©® =y implies that ¢ = 0, thus the consistency of implicit equation demands
that v = 0. Hence there is a solution passing through the point (0,0,0), the
constant solution. All other points in the vertical axis are nonintegrable for
the presymplectic system (M, gy, Hp).
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1 Introduction

The inverse problem in the calculus of variations goes back to Helmholtz
[11]. In the physics community this problem was raised by Wigner [17] in the
framework of quantum mechanics, hoping that different commutation relations
might introduce a cut-off at high frequencies and thus eliminate some of the
divergencies in field theories [14].

The paper by Wigner was the starting point for Green to introduce paras-
tatistics [10].

Here we shall not take up these problems but we will share the point of view
of Dirac [5]:

“Classical mechanics must be a limiting case of quantum mechanics. We
should thus expect to find that important concepts in classical mechan-
ics correspond to important concepts in quantum mechanics and, from an
understanding of the general nature of the analogy between classical and
quantum mechanics, we may hope to get laws and theorems in quantum me-
chanics appearing as simple generalizations of well known results in classical
mechanics”.

We will try to find out which are the quantum counterpart of bi-Hamiltonian
descriptions for classical systems. To examine these aspects we shall consider
Weyl systems and *-products in this setting.

The further scheme of the paper is the following.

Section 2. Reviewing the Feynman’s problem
Section 3. Weyl systems and *-products
Section 4. Weyl systems associated with alternative Lagrangian descriptions

Email address: marmo@na.infn.it.
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Section 5. The inverse problem for quantum systems
Section 6. The classical limit of some alternative quantum descriptions
Section 7. Comments and conclusions

2 Reviewing the Feynman problem

Dyson has reported on an unpublished result of Feynman showing that the
only interaction for a quantum particle compatible with localizability and the
canonical relation [¢7, px] = ihd}, is the Lorentz force law of electrodynamics
[6].

After the presentation of this result, modifications of Feynman’s procedure
have been used to “prove” several other interactions. They include the de-
scriptions of relativistic particles, spinning particles in an electromagnetic
field, particles with isospin moving in a Yang—Mills field, and particles in
a gravitational field [13].

According to Dyson, Feynman’s real interest was not simply recovering the
standard minimal coupling for electrodynamics, but rather in finding new
kinds of descriptions, possibly not equivalent to the Lagrangian ones. In this
respect, Feynman’s result was a no-go theorem, showing that unless some well
founded physical conditions are removed, the new descriptions are reducible
to the Lagrangian ones.

Here, in order to avoid unnecessary complications due to operator ordering we
shall discuss only the classical analogue of the Feynman procedure.

Taking the point of view that classical mechanics should be considered as
a limit of quantum mechanics, the appropriate setting for the description
of classical systems would be in terms of Poisson brackets and Hamiltonian
function. The former is regarded as the classical limit of the commutator
brackets of quantum observables, and the latter is the classical limit of the
quantum Hamiltonian operator.

Upon taking the classical limit of the quantum system, the carrier space could
inherit a non trivial topology. (For example, for the case of a spinning particle
belonging to an irreducible representation of SU(2), the classical phase space
is a 2-dimensional sphere). The classical limit of a quantum system is then
said to be a Hamiltonian system defined on a Poisson manifold, i.e. a carrier
space M equipped with a Poisson bracket.

More precisely, let F = F(M) be the algebra of classical observables on the
manifold M, F(M) may be obtained as a certain commutative limit (A — 0) of
the non-commutative algebra of quantum observables Oy, of a quantum system.

1
The Poisson bracket {-, -} on M is defined by {F', G} = iliin(l) —h[F , G], where
—0 |

F= ;Lirr(l) Fy, and {-, -} is a skew-symmetric bilinear map on F which satisfies
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the Jacobi identity and the Leibnitz rule:

{F7 {G> H}}:{{FvG}7 H}+{G7 {F7 H}}
(F,GH} = {F.G}, H+G, {F, H}.

This constitutes the formal definition of a Poisson structure on the classical
carrier space M. We notice that both properties express the Leibnitz rule with
respect to the two bilinear products on F, the Poisson bracket and the point-
wise product. These derivation properties are very important and, thanks to
them, we may associate with any Poisson bracket a bivector field, the so called
Poisson tensor. As usual, this tensorial character of the brackets allows us to
perform computations in any coordinate system while preserving their general
significance.

In a set of local coordinates, £%, for M we may write a dynamical vector field

in the form ' = F“i and a Poisson bracket in the form {£¢, £} = A% with

o¢e
associated Poisson tensor A = A% 8%““ A % The derivation property allows
to write oF 50

F .G} = @ —— = A(dF, dG) .

(F.G) = S e €) 555 = AP, do)
Any function H € F defines a dynamical system on M by the formula
dF g H
- = {H, F} or, in local coordinates, CZ = A Z_gb The corresponding Ha-

miltonian vector field Xy is written as Xy = —A(dH).

3 The inverse problem for Poisson dynamics

Starting with a second order dynamics on the configuration space @, say
Z; = fj(x, %), we must look for a bundle over (), a Poisson bracket {, } and a
function H, such that

ij:{H, xj}’ jj:{H’ {H> xj}}:fj(x’jj)'

It is clear that we may use as a bundle over () just the tangent bundle T'Q).
Other choices would be possible, in any case our system would be related to
one on 7'Q). Thus, we may always consider the Hamiltonian inverse problem
for a second order dynamics in terms of a first order dynamics on 7'Q).

The way we have formulated our problem, i.e. to solve the problem in terms
of the pair ({, }, H), makes it highly non trivial.

Feynman introduced a simplification by requiring, on physical grounds, that
{z;, x1} = 0. This innocent looking simplification allows us to transform the
problem into a linear one. More specifically to an inverse problem in terms of
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a Lagrangian function, the unknown pair ({, }, H) is replaced by an unknown
function L.

Let us formulate first the inverse problem in the Lagrangian setting.

We consider the usual formulation of Euler-Lagrange equations on Q:

d oL oL

&t o, 0w, "

and expand it into

02,0, dt | Oi,0my dt 0z,

T
Now we replace d—tk with fi(z, ) and we transform the equation for the

trajectories into an equation for the Lagrangian

0’L oL oL
P
T

+ — iy ——=—=0.
g 0t ,;0xy, g Oz,
This is a linear equation for a function L, if we are able to transform the
nonlinear equation for the pair ({, }, H) into one for £, we have been able to
linearize our problem.

We refer to [3] for a general analysis of this problem. Here we give a very simple
proof at the expenses of adding a further condition, namely that translations

in the velocity space are canonical transformations, i.e. Er {, } = 0. Starting
L
0
with @, = {H, z;} we take the derivative with respect to e to find
L
OH
Oip = =———{ T, T} .
* = B, 08, Lo W)

Therefore, the bracket is invertible and the Hessian of H is not degenerate. We
may use a Legendre-type transformation to go from H to £ and thus linearize
the problem.

4 Solving the inverse problem for linear systems

When the first order dynamics is linear, i.e. I' = £/ 4J0/9¢7, Al € R, the prob-
lem is tractable and reduces to a problem in linear algebra [8]. The unknown
Poisson tensor A is given by A% = {&/, ¢*} the unknown Hamiltonian func-

1 ; H
tion H = §§ka8§8 and the inverse problem becomes £~ A7, % = A" g—gn aigk,

or, in more compact notation, A =A- H.
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Thus, all decompositions of A into a skew-symmetric matrix A times a sym-
metric matrix H will provide us with alternative Hamiltonian descriptions for
our dynamics.

Taking into account the properties of A and H (skew-symmetric and symmet-
ric, respectively) we find several interesting consequences:

(1)

Dynamical systems associated with odd powers of A represent different
linear Hamiltonian systems with respect to the same Poisson bracket and
Hamiltonian functions

H® = %gT(HAHAH)rSgS.

These Hamiltonian functions are in involution, i.e.
)
2k+1 2417 _
{H , H97 1 =0

for any pair of exponents.
If T represents any linear invertible transformation, we have

T'AT =T 'AHT =T 'AN(TH'T'HT .

Therefore, when T-'AT = A, we get that any symmetry transformation
for A provides us with a new Hamiltonian description for I', provided that
TAT! # A, i.e.,if T is not a canonical transformation. It is not difficult to
see that all even powers of A represent noncanonical transformations (if
they are invertible, otherwise we may consider exp A?). Thus it is possible
to find always alternative Hamiltonian descriptions for linear Hamiltonian
systems.

It should be noticed that even if the vector field is linear we may find alterna-
tive Hamiltonian descriptions with nonconstant symplectic (Poisson) descrip-
tions and nonquadratic Hamiltonians. An interesting example is provided by
the harmonic oscillator.

On M = R?", we consider

U 0 0
L=> X\ <pk6—qk_qk—>

k=1 O

with \x € R.

For any constant of the motion F'(p,q) we construct

OF oF
S d () ha ()
=2t <5Pk> <5qk>

k
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with p, € R We find easily, because of

0 0 0 0
I —|=-\x—, I' — | =X\ —,
[ apk] g gy, l 5%1 g Opx,

that pr F = 0.
A different way to generate alternative invariant two-forms is provided by the

0 0
1 — 1)-tensor field J = dpr @ — —dg, @ — |.
( ) Xk:,Uk < Pk Dar qk am)

It is immediate that LrJ = 0, thus dd;f = w; determines invariant two-
forms for any constant of the motion f. When wy is not degenerate, we find
alternative descriptions.

A particular example, for a two-dimensional isotropic oscillator (A = Ay = 1),

is provided by

F=0I+d)+W+d), Fo=pa@—pa, Fs=pp+ag
all of them will give constant symplectic structures. The function F' = (p* +
*)(1+ f(p*+ ¢*))? provides the most general invariant two-form for the one-

dimensional harmonic oscillator. Specifying F = exp(p* + ¢°)=

5 we get wp =
dP A dQ, with

P = Apexp @(ﬁ + q2)>
Q = Agexp (%(ﬁ + q2)>

with
{P.Q} = X exp(Ap* + ¢))[1 + Ap* + ¢*) [ {p. ¢}
providing the Poisson bracket for the new variables in terms of the old ones.

Equations of motion will be again linear in the new variables

d d
—P =— —Q =P.
dt @ dtQ

It may be useful to notice few facts:

(1) In each canonical coordinate system, say (p,q) and (P, Q), we have the
following tensor fields:

0 0
CL) A:pa—p+qa—q,
0 0
ap T 9%q

w=dpANdq, s=dp®dp+dq® dq

b) A =P W =dPAdQ, §=dP®dP+dQ®dQ
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all these tensor fields are preserved by dynamical evolution. In each set
of coordinates we have a realization of the symplectic group (preserving
w) and the rotation group (preserving s), our dynamics preserves both
structures, therefore it is an element of the unitary group.

(2) The two different realizations of these groups are linear, but they are not
linearly related. This is explained by the following example:

P 0 D .
the vector and the vector add to the vector , their im-

0 q q
Y A
Ap exp =p? 0 Apexp = (p* + ¢%)
ages are 2 , ) and re-
0 Agexp g Agexp 3 (p° +¢°)

spectively, it is thus clear that the sum of two vectors (in the (p,q) co-
ordinates) is not mapped into the sum of the images of the two vectors
taken separately.

5 Weyl systems

Given a symplectic vector space (E,w), a Weyl map is a strongly continuous
map from E to unitary operators on some Hilbert space H:

W . E—UH)
satisfying the condition
W(61>W(€2>WT(61 + 62) = le%w(elv@) .

It is a projective unitary representation of the Abelian vector group associated
with E [16].

A theorem due to von Neumann says that there exists such a map for any
finite dimensional symplectic vector space [15]. Indeed, the Hilbert space H
can be realized as the space of square integrable functions on any Lagrangian
subspace of E. By using a Lagrangian subspace L it is possible to decompose
Einto E=L&® L*=T*L=L"® (L*) =T*(L").

The Lebesgue measure is a translational invariant measure on L and we have
a specific realization of W. We define U = Wy, V. = W], and their action
on L*(L,d"x) is given by

V) (@) = v +y), U@)p)(e) =),

for z,y € L, a € L*, ¢ € L*(L,d"x).

The strong continuity requirement in the definition of W allows to use Stone
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theorem to get
W(v) =R VoeE,

with R(v) the infinitesimal generator of the one parameter unitary group
W (tv), t € R, depending linearly on v.

When we select a complex structure J, J : E — E, J?> = —1 it is possible to
define “creation” and “annihilation” operators

(R(v) +1R(Jv))

a'(v) = —=(R(v) — iR(Jv)).

With this complex structure we also associate an inner product on F by setting
(v1,v9) = w(Jvy,v9) — iw(vy, Va).

The Weyl map allows to associate automorphisms on the space of operators
with elements of the symplectic linear group on E, by setting vs(W (v)) =
W (Sv) = ULW (v)Usg, at the level of the infinitesimal generators of the unitary
group, we have

ULR(v)Us = R(Sv).
The Wigner map can be defined for functions on T*L = E in the following
way, where, for simplicity, we introduce (g, p) coordinates in F.

We define the Fourier transform of f € F(F)

fla.p) = [0 (o, 2)dads
and we associate with it
Ay = /f(oz,a:)ei(aQ”P)dozdx.

Of course some qualifications are necessary for these formulae to make sense,
we shall not worry about these points. We assume throughout that various
formulae have meaning when the operators and symbols appearing in them
are chosen from appropriate spaces (very often operators are assumed to be
Hilbert-Schmidt and functions square integrable, but this can be generalized).

We simply notice that other correspondences are also used, for instance
Ay = /dadxf(a,x)ew@eizp

or

Af = /dadxf(a,x)e(o‘”z)aTe(o‘_”)a.

Various maps are associated with different orderings (symmetric, normal, anti-
normal and mixed) [1].
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The map associating the function f, with the operator A 7 in integral form, is
often called the Weyl map. With any operator A acting on H we associate a
function f4 on the symplectic space E by setting

fa(v) = Tr (AW (v)),

this map is called the Wigner map.

This way of writing allows us to easily derive several properties we are inter-
ested in, even though at a formal level.

We introduce a deformed product *, defined as
(faxfp)(v) =Tr ABW(v),

thus we find an associative product on F(E), which is not commutative. The
dynamics on F(FE) can now be written as

L d
ihy fa="Ta*Ta—Ffaxta-

We have obtained a way to write both classical and quantum mechanics on
the same vector space of functions F(E), the difference being in the product
we use to multiply functions.

In this approach, we should expect that

p ,
ﬁfgz—%(fg*fg—fg*fg),

in the limit A~ — 0, should reproduce the classical Poisson bracket, this is
indeed the case.

To consider this limit, it is convenient to use either an explicit form in terms of
bidifferential operators or an integral form. We have, by denoting coordinates
for £ with (z,vy),

(fx9)(z,y) = f(z,y)e

where a standard notation for physicists has been used, i.e. 82 and 82 mean
T Y

that the operators act on the left or on the right, respectively.
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As B and aﬁ commute, we can rewrite the x-product in the following form
x Y
, 1.0 , h 0
= “h— o=
(f*g)(z,y) = f (m tahg, VS 8x> 9(z,y) o
) ho
/ _ / v
= f(z,9)9 (93 t5a, V25 )
x'=z,y' =y

The expression in terms of bidifferential operators is very convenient, when
either one of f or g is a polynomial.

An integral formula gives the product by the following expression
(f*g)(z,y) =
[ @y gy ) exp [~ Ry — ) 4y = 2) +y (- 2]

The cyclic expression in the exponential represents twice the area of the phase
space triangle with vertices (x,y), (2/,y/), (=", y").

Summarizing what we have seen up to now, we have:

(1) alternative quantum descriptions at the level of Hilbert spaces (Schrodinger
picture) are provided by different Hermitean products on the same set of
states, preserved by the dynamical evolution;

(2) alternative quantum descriptions within the Heisenberg picture are pro-
vided by different associative products on the space of observables. These
products are such that the linear map, associated with the dynamics, be-
comes an inner derivation.

6 Weyl systems associated with alternative Lagrangian descrip-
tions

In this section we would like to show how to construct Weyl systems out of
Lagrangian descriptions.

We consider the tangent bundle TE of an affine space E. A Lagrangian func-

oL ,
tion £ will define a two-form w, = d (8—> A dg’. We assume that w, is not

Uj
degenerate.

We now define a vector space structure on T E adapted to w,.

We consider vector fields X, Y given by

. oL .
ix;we = —d <%> ) iy;we = dg; .
J
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It is easy to see that [X;, Y] = 0, [X;, Xi] = 0, [Y}, Yi] = 0, i.e. we have
defined on T'F the infinitesimal action of an Abelian Lie group.

We now make the assumption that this actually integrates to an action of R?"
(dim E = n) which is free and transitive. By selecting any fiducial point as the
origin, we induce a vector space structure on T'E adapted to the Lagrangian
function L.

We are now able to use our previous construction to associate with w, a Weyl
system and a x-product.

oL

By defining E; = v; 0. L, we may write the “quantum equations of mo-
Uj

d
tion” in the form ih Ef =FEr*x; f— [xc Ef.

We notice that alternative Lagrangians will define alternative x-products and
alternative realizations of the equations of motion, i.e.

Eﬁl *[:1 _f *El Eﬁl = EEQ *52 f - f *52 ELQ .

Clearly, the use of von Neumann theorem will require the realization of the
Hilbert space H on different spaces which are Lagrangians with respect to w,,
or we,. The two Lagrangian subspaces need not to be linearly related.

The spectrum of the vector field will not depend on the specific realization we
use.

We shall now formulate the inverse problem for quantum systems indepen-
dently of the descriptions via the Weyl map.

7 The inverse problem for Quantum Systems

a) The Schrédinger Picture

The carrier space is the space of states. Because of the superposition principle
for states, arising from interference phenomena, the space of states is usually
required to be a vector space H. The realization of states in terms of wave
functions and the interpretation of them as probability amplitudes, justifies
the requirement that the carrier space must be identified with an Hilbert space

[5]. The equations of motion on this carrier space are given by a linear vector
field

i
I=—-H
h

with associated differential equations

i) i
a - v
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The requirement that the evolution should be compatible with the probabilis-
tic interpretation is satisfied by assuming that the associated one-parameter
group is a group of unitary transformations. By Stone—von Neumann theorem
one gets that H should be an essentially self-adjoint operator in the Hilbert
space H.

Remark: The vector field I' : H — T'H = 'H & H is more appropriately
described by T'(¢)) = (v, %H 1), but with abuse of notation we identify it with
the second component.

The self-adjoint character of H implies the preservation by I' of the inner
product in the Hilbert space. We may write

Lr(y | @) = (L @) + (¢ | Lr) .

If we decompose the Hermitean structure associated with the inner product
into its real and imaginary part, we obtain (-|-) = s(-, ) + iw(-,-), where
the real scalar product s(-,-) is the real part of (-, -} and the imaginary part
w(-, +) defines the symplectic structure on H.

The invariance of the Hermitean structure under the flow of I' imposes the sep-

1
arate invariance of s and w. In particular, if we introduce fy(v) = §(w | Hy),

we have irw = dfy, therefore quantum evolution requires the vector field to
be Hamiltonian.

Thus, the inverse problem for quantum systems, in the Schrodinger picture,
is formulated by the equation Lp(¢| ) = (Lr¢) | ) + (¢ | Lry), where the
unknown is the scalar product ().

To avoid domain problems and topology problems arising from operators act-
ing on infinite dimensional vector spaces, we shall make few considerations by
restricting our analysis to finite level quantum systems, i.e. Hilbert spaces are
represented by C™.

Let us start with a one-level quantum system.
The Schrodinger equation

d i
b =~ HY

can be written in real form by using a two-component vector

d [ 110 —H| |

W\ ) PlH 0] |
By introducing w = H/h our equations become

U1 +wipy =0 o 4+ wihy = 0.
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This situation extends to many dimensions.

As a matter of fact, because the flow is unitary, for any finite level quantum
system the vector field is always equivalent (connected by similarity transfor-
mations) with the vector field of a “classical harmonic oscillator”, with finite
number of degrees of freedom. Assuming our equation of motion is given on the

carrier space C" (or R?" with a complex structure J : R?® — R?" J? = —1),
say
d 1
Yo=-thu
dt¢ h 4
or
d Y| | O — H/h| |
Wy, |Hm 0 ]|
we find

¢1+<%)2¢1=07 @524‘(%)2%:0,
where 1, 1o € R".

If we keep fixed the complex structure on R?”, the quest for alternative
quantum descriptions is now reduced to searching for Euclidean products
on R™, whose representative matrix, say S = |S;;||, satisfies the relation
SH + H!S = 0 with H. We denote it by s; and we find on R*"

(W[ ¥) = s1(1, 1) + s1(a, ¥a),

while the symplectic structure is given by

wi (Y1, Wa), (p1, p2)) = s1(P1, p2) = s1(p1, P2) -

The associated Hermitean structure will be

(Wle) = s1(¥1, 1) + 51(¢2, p2) +i(s1(Y1, p2) — s1(p1, 1))

It is known that, in finite dimensions, any two Hermitean structures can si-
multaneously be brought to diagonal form. In particular, this means that we
may express one in terms of the other, namely the product

W] p)a = (¥] Ap)

defines (- | )4 out of the initial metric and a positive matrix A. For the invari-
ance of this new product with the dynamics we have

d ) dip
Fwlon= () +(v1%)

= oragwia(-2o)

= (V| [H, Alp) =0
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if and only if [, A] = 0. This observation allows us to find a large family
of alternative Hermitean products on the space of states by using appropri-
ate elements in the commutant of H. With appropriate care, due to domain
problems; we may define in this way alternative Hermitean structures also on
infinite-dimensional Hilbert spaces.

b) The Heisenberg Picture

In this picture the dynamics takes place on the algebra of observables and is
usually written in the form

ihiB:B~H—H-B:[B, H].
dt
As we have already seen in the section dealing with Weyl systems and *-
products, the space of observables has a linear structure and a product, in
formulating the inverse problem in this picture, we start with a linear map
D acting on the space of observables and write an equation of motion in the
form

d
th—A=D(A).
pn (4)
The inverse problem now consists of searching for all associative products
which turn the linear space into an algebra and make the linear map D into

an inner derivation.

If we denote by § : A x A — A, the associative product in the algebra A,
we are imposing that [ satisfies the relation 5(H, A) — G(A, H) = D(A).
Therefore, given D, the unknowns are 3 and H, very much like in the inverse
problem for the Poisson dynamics.

Remark: Very much like in the Poisson case, we could have searched just
for alternative Lie algebras structures on the space of observables with the
requirement [A, B -C] = [A,B]-C + B - [A, C]. However a theorem by Dirac
[5], [9] shows that the Lie algebra structure, compatible with the associative
products in the sense of previous formula, is necessarily of the form [A, B] =
AMA - B — B - (), therefore in the inverse problem we have to search for
alternative associative products on the space of observables.

A general approach to the search for alternative associative products requires
the use of the Hochschild cohomology, we refer to [2] for general considerations.
Here we only consider a simple instance of alternative associative products.

Given a generic operator k, we define a product out of the starting one by
setting
AB=AeMNB.

With this new product we have a new Lie bracket

[A, By = A,B — B; A,
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and this is compatible with the dynamics D(A) = [H, A], if, and only if,
[H, K] =0.

It is interesting to consider the classical limit of this new associative product,
this can be done with the help of the Wigner map.

8 The classical limit of some alternative quantum decriptions

By using the correspondence
Tr ABW (v) = (fa * f5)(v)
we find that for A — 0 we obtain

fa*xfp— fa-[fB

and Pk fo— fox
A th B fA—>{fA,fB}-

We may therefore consider the deformed product
Tr A]{?BW(U) = fA *p fB(U) = (fA * fk * fB)(U)

and look for the limit when A — 0.
We find

fa*k fB— fa-fr-fB

and

fa*i fB— fB*K fa
h

Denoting by X the Hamiltonian vector field associated with fj, we get
{fa, [}k = falx, fB — fBLx, fa+ fulfa, fB}

i.e. the limit is a Jacobi Bracket rather than a Poisson Bracket.

— falfe. fB} + fB{fa, fu} +{fa, B} fr

What is more relevant, however, is that all these brackets are compatible
among them, therefore these deformations of the associative product on the
space of operators do not provide us with the alternative Poisson Structures as
those arising in the study of complete integrability for bi-Hamiltonian systems.

It is this result which obliges us to look for more general deformations of the
associative product of operators [2].

We shall now consider an example, by applying our general considerations to
the Harmonic Oscillator. The Schrodinger equation for the one-dimensional

oscillator p -
i = H = (p— + kq2> Y

2m
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defines a vector field which is self-adjoint with respect to the Hilbert space of
square integrable functions on R.

To deform the Hermitean structure on the Hilbert space we may set

Wleh = [@e ).

This new product defines a new symplectic structure and therefore a new Pois-
son Bracket on the Hilbert space, compatible with the dynamical evolution.
By using the eigenstates of H, we set 1 = |n)(n| and get

W) =S (W]e M |n)n|p) = Ze (Y [n)(n| ).

n

Let us consider the Heisenberg picture. We introduce the usual creation and
annihilation operators a, a' obeying the bosonic commutation relations

[a,al] = 1.

The number operator

>

IS
pir

IS

satisfies the commutation relations

The realization of these elements as operators on some Hilbert space allows
to construct the vacuum state |0), which obeys the equation

al0)=0.

Excited states are built by setting

and they are eigenstates of the number operator n

nln)=nln) , nelZ.
T T
Equations of motion, for H = w, are
a=1ilH, a] = —ia

al = —i[H,a'] = ial.
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The vector field on the space of operators is given by

al 0 +il |at

Now we notice that A = af(n), AT = f(7)al satisfy the same equations of
motion

It is obvious that
Al0)=0,
therefore we may construct excited states by setting
_ @A
-~ /n!

We may define two different Hermitean structures on H by using either

IN)

10).

(n|m)=20pm or (N|M)=0nu-.

With the new excited states we have constructed a new scalar product. Let
us denote the two scalar product by

(n|m)=10pm and (N|M)=0pm-
The operators will have the form
a=3 In-1)va
A= Xn: In— 1) f(n)vn(n|.
Having two different metrics it is now clear that the notion of adjoint will

change, while A and AT are adjoint of each other in the old metric, the adjoint
of AT in the new constructed scalar product (described by the round bracket)

will be the operator B = a——.
f(R)

The commutation relations give

B, A"l =a
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i.e. B and A" provide a new realization of the Heisenberg algebra and in terms
of these variables we have again

Af 0 +i| [ Af

The introduced deformation gives an alternative description in terms of A, Af
with alternative commutation relations AAT— ATA = (n+1)f2(n+1) —nf?(n)
compatible with the dynamical evolution. We may also think of it as taking
place on a new realization of the Heisenberg—Weyl algebra acting on the space
of states with a new Hilbert space structure.

9 Comments and conclusions

All our analysis on the classical equations of motion seems to imply that all
physical aspects of the dynamics are completely captured by the equations of
motion, the Lagrangian and the Hamiltonian descriptions seem to be purely
instrumental to connect symmetries and conservation laws, or to write in some
economical and covariant way interacting terms when considering composite
systems. As a matter of fact, this is consistent with the way equations were
written out of the experimental evidence, for instance Newton’s equations,
Maxwell’s equations for electrodynamics, Einstein’s equations for general rel-
ativity, Schrodinger’s and Dirac’s equations for quantum particles all were
written without a Lagrangian or Hamiltonian descriptions, these came only
later. A particular instance where the Hamiltonian seems to play a relevant
role is in the computation of the free energy via the partition function in sta-
tistical mechanics. However, recently it has been shown that in many cases
the free energy also turns out to be independent of the particular Hamiltonian
and symplectic structure one uses to define the partition function for a given
dynamical system [7].

In this paper we have shown that these conclusions seem to apply also to the
quantum equations of motion.

A further comment is in order, if there are many commutation relations com-
patible with a given dynamical evolution, it seems reasonable that, in agree-
ment with the general Einsteinian point of view, the commutation relations
should be dynamically determined [4], i.e. we should have some field equations
for them very much as we have field equations for the metric tensor on the
space time.

Most of the material presented here has been obtained by the author in several
collaborations, it may be useful to list some of them [12].
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Parallel transport and decoupling

Eduardo Martinez

Departamento de Matemdtica Aplicada,
Universidad de Zaragoza, 50009 Zaragoza, Spain

Abstract

The problem of decoupling second-order differential equations by coordinate trans-
formations is studied in terms of parallel distributions with respect to the linear
connection associated to that differential equation.

1 Introduction

One of the most fruitful tools in the analysis of qualitative properties of system
of second-order differential equations (SODE) during the last decades has been
the nonlinear connection [2] associated to such SODE and the corresponding
linear connection [5], also known as Berwald connection. For instance, it is very
useful in the analysis of the Inverse Problem of Lagrangian Mechanics [11],
it is fundamental to characterize those SODEs which can be transformed to
linear SODEs by a coordinate transformation [9,5] and also to characterize
those systems of second-order differential equations which decouples under
a coordinate transformation in two subsystems of independent second-order
differential equations [8,1], to mention a few problems in which it has been
successfully applied.

In [6] Crampin provides a geometrical interpretation of the parallel transport
map associated to the linear connection D along horizontal and vertical curves,
which moreover characterizes such connection. The interpretation of the par-
allel transport along integral curves of a projectable horizontal vectorfield is
given in terms of Lie transport under the flow of this vectorfield. This fact
strongly suggests that a parallel distribution must satisfy some property of
invariance under some flows, and therefore there should be a connection with
the integrability of such distribution.

Email address: emf@posta.unizar.es.
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The aim of this paper is to explore this relation and to apply this results to
the problem of decoupling of second-order differential equations, providing a
simplified alternative derivation of the results in [1]. In this sense many of the
results in this paper are already in the literature, and its merit is mainly to
provide simpler and more readable proofs of such results.

The paper is organized as follows. In section 2 the notation and preliminary
results that will be needed in the rest of the paper are introduced. In section 3
we recall the construction of the linear connection associated to the nonlinear
connection defined by a SODE. In section 4 we recall Crampin’s interpretation
of parallel transport for such connection, and in section 5 we show that a
parallel subbundle is necessarily integrable. In section 6 we characterize those
SODEs which can be decoupled by a coordinate change and finally in section 7
the case of a complete decoupling into scalar second-order differential equa-
tions is analyzed.

2 Preliminaries

Let 7: £ — R be a fibre bundle with fibre dimension n, and let 7;: J'7r — R
be its first jet bundle. The vertical bundle with respect to the bundle projec-
tion 7 is denoted by Ver(w), whereas the vertical bundle with respect to the
projection myp: J'm — E will be denoted by Ver(myg), i.e. Ver(r) = Ker(T'r)
and Ver(mo) = Ker(T'my).

We consider the canonical coordinate t on R and natural bundle coordinates
(t,2') on E and (¢,2",v") on J'w. Any time-preserving coordinate transforma-
tion (t,2') — (¢,7"), where ¥ = 7'(t,x) leads to the following formulas for
the coordinate transformation on J'r,

. . R A
t=t, T =7'(t, x), vt = J

ot T owi

from where we can clearly see the affine character of the bundle J'7, whose
associated vector bundle is Ver(w). The fibre over an element m € E can be
considered as an affine hyperplane of the tangent space at m, and therefore we
have the following sequence of vector spaces 0 — Ver(w),, — T,,E — R — 0,
where the map in the right consists in taking the t-component v — (dt,v).
Elements of J'7 can be identified with tangent vectors to E which projects
onto 9/0t. This identification may be regarded as defining a map T': J'm —
TE, given by T(jlv) = 74(t). We therefore have the following commutative
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diagram of vector bundles over E, where the row is an exact sequence,

0—= Ver(r) —>TE—>E x R—0.

TT %ﬂ

Jir

A section of 7j,(T'E) is said to be a vectorfield along 7. Alternatively, it
can be considered as a map X: J'7r — TFE such that 75 0 X = 79, that is
X (p) € T,,E for every p € (J'7),,. The section associated to this map is just
p+— (p, X(p)). For instance, the map T above can be considered in a natural
way as a vector field along 7, called the total time derivative, and which in
coordinates reads

0 0

T=—+v—.
8t+vaxl

Any vectorfield Y on E gives rise to a vectorfield along 719 by composition with
the projection 7. Explicitly the associated section of the pullback bundle is
p — (p,Y(m)) where m = mo(p). The vectorfields along 79 which arise in
this way are called basic.

A SODE on E is a vectorfield I' € X(J'7) which projects onto T'. In coordinates
it is of the form p p 5

"= e T s
where f' = f'(t,27,v7). Therefore the system of differential equations for the
integral curves of I' is the non-autonomous second-order system of differential
equations, written as a first order system,

it = ' = fit,T,v).

or in second-order form ' = fi(t,x, ).

After a time-dependent coordinate transformation the coordinate expression
for I' becomes

o 0 .0
r-9 539 7 d
o Ve e
where o P o g2
5 _ " ; T ik T ; i
I =55 * w2 ma” T e

a formula which remind us how the fiber coordinates v* enter into the trans-
formation law.

The problem we are faced to is to find a coordinate transformation such that
the system of second-order differential equations is transformed to the so-called
submersive form

it = fit, 2, &) i,j=1,...,d
it = fAt 2 2B i 2P AB=d+1,...,n
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or to a separated or decoupled form

xi:fi(txﬂ' i) i,j=1,...,d
= fA(t, 2B, P) A B=d+1,...,n.

3 The linear connection associated to a sode

The fibration my: J'm — E determines an exact sequence of vector bundles
over J'm

0——= o Ver(m) = T(J'r) —L= iy (TE) —=0,

where ¢V is the vertical lifting map (given by £V (p,v) = 4|,_o(p + tv)) and j
is the projection j(V,) = (p, Tm10(V})).

A (nonlinear) connection on J'7 is a splitting of such sequence, that is, a linear
bundle map h: 7}, (TE) — T(J'r) such that j o h = id. In other words, it is
equivalent to a vector subbundle Hor(7¢) of T'(J'7) which is complementary
to the vertical subbundle Ver(mg), and is therefore called horizontal.

A SODE I' on J'm determines a connection on J'w. The projector onto the
horizontal bundle is given in terms of the vertical endomorphism S = (da’ —

vidt) ® (0/0v') by the formula

1
The coordinate expressions for a basis {Hy, Hy, ..., H,} of horizontal vector
fields are 3 3 3 3
Hy=— —T)—— d H=-—-TI—~
o Yo M oz ' owd
where ,
oft ; 10f7
T = —fi 4+ 20 d r=-22"
0 J 2U ovI o ! 2 vt

Note that, in particular, the SODE I is itself horizontal; it is the horizontal lift
of the canonical vectorfield T'.

By a kind of linearization of the given nonlinear connection, we can define a
linear connection on the pullback bundle pr,: 7j,TE — J'm. The associated
covariant derivative is given by

DX = k([PuZ, YY) + j([Py Z,Y™]) + Pu(2)(Y,dt)T,

where Z is a vectorfield on J'7, Y is a vectorfield along 7 (i.e. a section of
70T E), Py and Py are the horizontal and vertical projectors of the nonlinear
connection, Y and Y are the horizontal and vertical lifting of Y, and & is the
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connection map r: T(J'w) — 75,(Ver(r)), defined by the relation £V or = Py .
See [5,4] for the details.

The curvature of this connection was also studied in [5]. In particular, most
of the components of the curvature tensor are determined in terms of the so
called Jacobi endomorphism, ® defined by

¢(X)=R(T,X),

where R is the curvature of the nonlinear connection. Its coordinate expression

is @ = &’ (da? —v7dt) ® a(?;i with

We remark that in general, for any connection on Jlm, the horizontal lift of
T is a SODE on J'm, but it is to be noticed that the connection defined by
this SODE is not the original one. This is the case only when the connection
is a SODE-connection as above. Notice also that not every connection is the
SODE-connection for some SODE.

Proposition 1 A linear connection on wiy(TE) is the linear connection de-
fined by SODE if and only if it is torsionless, i.e.

DxHY— DyHX - [X,Y]

for every pair of basic vectorfields X,Y € X(FE).

The torsionless condition can be equivalently written in the form [X# YV] —
[VH XV] =[X,Y]V for every pair of basic vectorfields X, Y.

In the local base {I', H;, V;} of vectorfields in J'm, where V; = 9/0v’, and
the local base {T,0/0x'} of vectofields along 7 the linear connection is
determined by

0 0
Vi <8;EJ> 0, Y o'’
o\ ort o
o <0xj> Qv Oxk’ Du 1" =0,
B L0
e (55) =g DiT =0

In particular, from this expressions it is clear that D restricts to a connection
on 7iy(Ver(m)): if Y is vertical over R, then the expression of the covariant
derivative simplifies to

DX = k([PuZ, YY) + j([PyZ, Y]).
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In what follows, to simplify as much as possible, we will consider the restriction
of the connection to 7j,(Ver(m)). Therefore, we will consider only vertical
vectorfields along 7.

4 Parallel transport

The parallel transport map associated to the linear connection defined above
was interpreted in the case of the autonomous formalism by Crampin in [6],
and extended to the non-autonomous case in [10]. In this section this inter-
pretation is presented (in a slightly different way).

Let X be a vector field on E and X € X(J') its horizontal lift with respect
to the given connection. Denote by ¢, the flow of X and by ¢, the flow of X#.
When the connection is linear, then ¢, is a linear map in the tangent bundle
TFE, which is but the parallel transport map along the integral curves of X.
When the connection is nonlinear, we can linearize the flow obtaining a linear
bundle map W, : 7, (Ver(r)) — m;,(Ver(r)) over ¢, as follows. We take p € J'm
and v € Ver(m), over the same point m € FE, so that (p,v) € 7j,(Ver(r)). Then
we consider the linearization z = &L ¢ (p+ sv) ’s—o' This is a vector at the point

¢:(p) which is vertical, since X* is projectable and thus 7o o ¢; = ¢; o .
Therefore, there exists a vector P(p,v) € Ver(m),, ) whose vertical lifting
to the point ¢;(p) is the above vector z, i.e. z = £"(¢:(p), Pi(p,v)). Then we
have the map W;(p,v) = (é¢(p), Pi(p,v)), which is the parallel transport map
along the flow of X# (and hence along horizontal curves).

In other words, if we consider the inverse x: Ver(myy) — 7;(Ver(m)) of the
vertical isomorphism &V : 73, (Ver(r)) — Ver(myg) C T'(J'7), then the map U,
is defined by

U, =roTh o€

Therefore, it follows that for every vectorfield Y € X(F) vertical over R, we
have

d
.DxHY == E(\Ijt oY o th)‘

which is equivalent to the relation DxuY = s([ X YV]).

t=0’

For parallel transport along vertical curves we can prescribe a complete par-
allelism rule as follows. Let v: [a,b] — J'7 be a curve in the fibre 715 (m), i.e.
mo(7(t)) = m, and let p; = y(a) and p; = v(b) the endpoints of the curve. We
take an element of our bundle z € 7j,(Ver(m)) at the initial point p;, that is
z = (pi,v) for some v € Ver(m),,. Then the parallel transport of z from p; to py
along the curve vy is P , (pi,v) = (py,v). It is clear that parallel transport is
independent of the curve v that joins the point p; and p; as long as this curve
is vertical, and it is in this sense that we speak about complete parallelism.
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5 Parallel distributions are integrable

The relation between parallel transport and Lie transport that we have seen
in the last section, suggests that there must be some relation between the
properties for a distribution of being parallel and being invariant under Lie
transport by the flows in the distribution, which is known to be equivalent to
the integrability of the distribution. In the case we are considering (the case
of the SODE-connection) with the help of the torsion-free condition we can
see that parallel distributions along 71y are integrable. The precise meaning
of this terminology is as follows.

By a distribution along 719 we mean a subbundle D of 7}, (T F). A distribution
along o is said to be basic if there exists a distribution £ on F such that
D = & o my, that is, D, = &x ) for every v € Jtmw. A distribution D along
T 1is said to be integrable if it is basic D = £ o mp and the distribution £ is
integrable.

On the other hand we will say that a distribution D along 7y, is parallel if
it is invariant under parallel transport P*D C D for every curve v in Jlr.
It is easy to see that D is parallel if and only if it is invariant by covariant
differentiation, i.e. DyD C D for all W € X(J'r).

As we mentioned before, we only consider the subbundle 75, (Ver(r)) C 77, (TE),
and therefore in the rest of the paper we consider only R-vertical distributions.

Theorem 2 If a distribution along o is parallel then it is integrable.

Proof If D is invariant by parallel transport over vertical curves then it is a
basic distribution. Indeed, parallel transport along vertical curves is (p;, 2) —
(pf, 2), and therefore, a distribution D is parallel along vertical curves iff D,
depends only on the point m = mo(p). Defining &, = Dy, then we have that
D, =&,.

Moreover, since the connection is torsionless we have that DynY — Dyue X =
[X,Y] for all X,Y € X(F). Therefore if X,Y are vectorfields in the distribu-
tion £ we have that Dy#Y and DxrY are in £, and hence [X,Y] is also in
E. Thus £ is involutive and therefore integrable. O

It is to be noticed that from the properties of the linear connection D, one
can see that it is enough to impose the invariance condition D;D C D for
mo-vertical vector fields Z and for Z = I', being the invariance under D for
Z a horizontal vectorfield a consequence of those.

It would be nice to understand in more detail the implications of the torsionfree
condition in what respect to parallel transport along horizontal curves.
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6 Submersive sodes

In this section we will use the results in the last section in order to characterize
those systems of second-order differential equations that can be decoupled.
The following is an adaptation to the non-autonomous case of the definition
of submersive SODE given in [7] for the time independent case.

Definition 3 A sope I' € X(J'm) is submersive if there exists a bundle
m: E — R, a submersion : E — E over the identity in R, and a SODE
[ on J'7 such that T and T are J'@-related, i.e. T(J'@)oT =T o Jtp

We say that a SODE I' is locally submersive at a point m € E if there is an
open neighbourhood U C E of m fibred over the real line 7y : U — R, such
that the restriction of T to J'my is submersive.

We will only consider the local problem, i.e. the word ‘submersive’ must be
understood as ‘locally submersive’.

We can take coordinates adapted to the submersion ¢, i.e. (t,2') on £ and
(t,2',24) on E, with i = 1,...,k, A = k+1,...,n, such that the coordi-
nate expression of ¢ is ¢(t,z%,24) = (t,2°). Then the SODE I' with forces
fi(t, 27, 2P, 07 vB) and fA(t, 27, 28,07, vP) is submersive iff the coefficients f*
depends only of the coordinates (¢, 2%, v?) and does not depend on (22, v5). It
follows that the differential equations for the integral curves can be written as

it = fi(t, 27 v7) A= A 27 2t 0 o),

i.e. the evolution of the z* coordinates is independent of the evolution of the
coordinates x4, v4.

Theorem 4 A SODE I' is submersive if and only if there exists a distribution
D along w9 which is parallel and ®-invariant, that is

e DD C D for all W € X(J'7), and
e &(D)CD.

Proof (=) Since D is parallel we have that it is involutive. Let (¢, 2%, z%),
1=1,...,d,A=d+1,...,n a system of local coordinates, such that D =
span{@/axAM d+1,...,n}. Moreover, since DrD C D we have that
Dr‘amA = I'y;% + IT'55% € D, from where it follows that Iy = 0. Thus
f# does not depend on the coordinates v4, i.e. fi = fi(t 2!, A vj).

Moreover, D is also ®-invariant, so that ®(3%;) = ¢, 2 + ®5-2; € D, form
where we have ®); = 0. From the local expression of ® and taklng mto account
that T = 0 we get

oft

@ = 2T mr ) = -

af

gea =0
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Thus f? does not depend on z4,v4, i.e. fi = fi(t,27,v7). We conclude that
the first d equations decouple from the others.

(«<) If in some coordinate system (¢,2%, ) the SODE is submersive, then
fi = fi(t,27,v7) from where we have that 25 = 0 and 25 = 0. It follows

that in this coordinates I'y = 0 and ®) = 0, from where it is clear that the
distribution D = (32;) is parallel and ®-invariant. O

Definition 5 We say that a SODE T' € X(J'w) decouples if there exist two
bundles m;: E; — R, i = 1,2, a diffeomorphism ¢: E — F; xg Ey over the
identity in R and two SODEs I'; on J'm;, i = 1,2 such that T and (I'1,Ty) are
Jtp-related.

We say that the SODE I locally decouples at a point m € E if there is an open
neighbourhood U C E of m fibred over the real line my: U — R, such that the
restriction of I' to J'my decouples.

It is clear that I decouples if and only if it is submersive with respect to two
complementary subbundles F; and Es, where by complementary we mean that
E\ xg Ey is (diffeomorphic to) E. Therefore, in adapted coordinates (¢, 2%, z4),
we have that the differential equations for the integral curves of I' are the union
of two separate subsystem of second-order differential equations:

B=fital0?) B = A,

. From the above observation and the results in this section we immediately get
the following result, where as above the word ‘decouples’ must be understood
as ‘locally decouples’.

Theorem 6 Let Dy, Dy be two complementary distributions, in the sense that,
mio(Ver(m)) = Dy @ Do, with dimension dy and dy, respectively (and dy + dy =
n). If both distributions are parallel and ®-invariant, then the second-order
differential equation decouples in two subsystems of dimension dy and ds.

And iterating the above process

Theorem 7 Let Dy,..., D, be complementary distributions wj,(Ver(m)) =
D1 @ ---® D,, of dimension dy,...,d,., respectively, which are parallel and
®-invariant. Then I' decouples in r subsystems of dimension dy, ..., d,.

Note that since every distribution D; & - -- @ D; is parallel (being a sum of
parallel distributions) then it is integrable, and therefore it is possible to find
coordinates simultaneously adapted to all the distributions.

7 Complete decoupling

Taking into account the results in the above section, it is easy to characterize
those systems which completely decouples in n scalar second-order equations,
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as we did in [1]. In the case of a SODE such that ® is diagonalizable with n
different eigenvalues we have the following simple result, where the bracket of
(1,1) tensor fields is just the commutator bracket [A,B] = Ao B — Bo A.

Theorem 8 Let I be a SODE such that ® is diagonalizable with n different
eigenvalues. Then T’ completely decouples if and only if [Dy ®, @] = 0.

Proof If we denote by D; the i-th eigendistribution of ®, we obviously have
that they are ®-invariant, and since ® is diagonalizable we have that they are
complementary. Moreover, the condition given above implies that if Z is an
eigenvector with eigenvalue A, then

[Dw®,®](Z) = (A — ®)’DwZ = 0.

Therefore Dy Z is in the same eigendistribution, and it follows that the
eigendistributions are parallel.

Conversely, if the system completely decouples, then @ is a diagonal sum of
the ® of each individual SODE, and the off-diagonal connection coefficients F;
vanish. Therefore, [Dy ®, @] is a diagonal sum of 1-dimensional commutators,
and hence vanishes. O

It is to be noticed that in the above theorem we have really proved that if
® is diagonalizable then the system decouples into subsystems accordingly to
the eigendistributions, whether these are one dimensional or not. In the case
of degenerated eigenvalues one has to impose additional conditions, as it was
done in [1].
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Enrico Massa

Dipartimento di Matematica dell’Universita di Genova
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Abstract

A gauge-invariant formulation of the Legendre transformation in mechanics, extend-
ing to arbitrary non-autonomous systems the symplectic approach of W.M. Tulczy-
jew is presented.

1 Introduction

In recent papers [8,11,10] a new geometrical framework for analytical me-
chanics automatically embodying the gauge invariance of the theory under
arbitrary transformations L — L + % of the Lagrangian has been pro-
posed. The construction relies on the introduction of a principal fiber bundle
m: P — ), over the configuration space-time V, 1, with structural group
(R, +), referred to as the bundle of affine scalars.

A formulation of the Legendre transformation, extending to the newer context
the symplectic approach originally developed by Tulczyjew in time-indepen-
dent mechanics [14-18] was subsequently worked out in [9].

In this paper, the results obtained so far are briefly reviewed, mainly in con-
nection with the gauge—theoretical aspects underlying the construction of the
Legendre transformation.

The foundations of the method are dealt with in § 2. These include a revisita-
tion of the Lagrangian and Hamiltonian bundles, as well as a motivation for
their introduction.

In the subsequent analysis, in §3, a diffeomorphism between three higher
jet extensions of the Lagrangian and Hamiltonian bundles is established.
The argument, extending to the newer context the so called Tulczyjew triple
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T(T*(M)) ~ T(T*(M)) ~ T*(T(M)), provides a convenient geometrical
setup for the study of the Legendre transformation. The dynamical implica-
tions of the scheme are discussed.

2 Geometrical preliminaries
2.1 The Lagrangian bundles

For later use, we present here a brief review of the gauge—invariant formulation
of Lagrangian mechanics developed in [8], with special emphasis on the basic
definitions and concepts.

To every a mechanical system subject to (smooth) positional constrains we
associate a double fibration P =V, 4 R, where:

i) Vi L R is the configuration space-time of the system,;

ii) P 5 V,, is a principal fiber bundle, with structural group (R, +), called
the bundle of affine scalars over V,, ;.

The action of (R, +) on P results into a 1-parameter group of diffeomorphisms
¢ : P — P, conventionally expressed through the additive notation

Ye(v) == v+& VEER, veP (1)

The bundle P is diffeomorphic — in a non canonical way — to the cartesian
product V,1; x R. Every function u : P — R satisfying

u(v+&) =u(v)+¢£

is called a (global) trivialization of P. If u, v is any pair of trivializations, the
difference v — v’ is (the pull-back of) a function over V, ;.

The assignment of a trivialization u allows to lift every local coordinate sys-

tem t,q'...,q" over V,41 to a corresponding “fibered” coordinate system
t,qt...,q" uwover P. The group of fibered coordinate transformations has the
form

t=t+c, ¢ =q(tq,....d"), a=u+flt,q.....q")

In particular, in any fibered coordinate system, the generator of the group
action (1), usually referred to as the fundamental vector field of P, coincides
with the field 2.

The (pull-back of the) absolute time function determines a fibration P 5 R.
The associated first-jet space will be indicated by j,(P,R) = P. As usual, we
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shall refer j;(P,R) to local jet-coordinates t,q", u,q", u, with transformation
laws

f=t+c, g =q'(tq) , u=u+ f(t,q) (2a)
5 0g ., 07 - f of _ .

7': = 2
q 8qkq 5 U= (9 k4 Y u+f (2Db)

The manifold j; (P,R) is naturally embedded into the tangent space T'(P). In
local coordinates, this results into the identification

g .. .0

PR e = |GGty o ©

The geometrical properties of j;(P,R) include, in the first place, all attributes
coming from the jet-bundle structure (contact bundle, fundamental tensor,
fiber differential, etc.). These will be regarded as known [3,12,6,7,4,13]. For
the notation, terminology, etc. the reader is referred to [11] and references
therein.

A local basis for the contact bundle C'(j1(P,R)) is provided by the 1-forms

W= du —adt, W= dg® — ¢t dt, k=1,....n (4)

In terms of these, the fundamental tensor J of j;(P,R) and the fiber differ-
ential of an arbitrary function g over j;(P,R) are respectively expressed in
components as

_9 K _ 99 0,99
J= o0 +ak®w g =55 @'+ g (5)

In addition to the jet attributes, the space ji(P,R) carries two distinguished
actions of the group (R, +), both arising from the principal bundle structure
of P, and related in a straightforward way to the identification (3).

The first one is simply the push-forward of the action (1), restricted to the
submanifold j; (P,R) C T(P). In jet coordinates, a comparison with eq. (3)
provides the local representation

8 0 . 0
expressed symbolically as
¢£* : (taqi7u7qi7u) - (t7q17u+£7qz7u) (6b)

The quotient of j;(P,R) by this action is a (2n + 2)-dimensional manifold,
henceforth denoted by L£(V,41). As shown in [8], the quotient map makes
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J1(P,R) into a principal fiber bundle over £(V, 1), with structural group
(R, +). By eq. (6b) it is also clear that £(V,11) is an affine bundle over V, 1,
with coordinates t,¢’, ¢*, 1.

The second action of (R, +) on j;(P,R) comes from the invariant character of
the field a%v and is given by the addition

0 o 0 . 0
we=er(g) = |Gri@gre@ o g] o

or, more synthetically
¢§ : (taqi>u7qi>u) I (t>qlauaqlau+€) (7b)

The quotient of j;(P,R) by this action is again a (2n + 2)—dimensional man-
ifold, henceforth denoted by L£(V,1). More specifically, in view of eq. (7b),
L(Vy41) is a fiber bundle over P (and therefore also on V, 1), with coordi-
nates t, ¢*, u, ¢*. The quotient map makes j, (P, R) — £¢(V,;1) into a principal
fiber bundle, with structural group (R, +) and group action (7a).

The final step in the definition of the Lagrangian bundles relies on the obser-
vation that the group actions (6a), (7a) commute. Each of them may therefore
be used to induce a group action on the quotient space generated by the other.
As illustrated in [8], this makes both £(V,11) and £°(V,,41) into principal fiber
bundles over a common “double quotient” space, canonically diffeomorphic to
the velocity space j1(V,i1)-

The situation is summarized into the commutative diagram

(P R) —— L(Vnp1)

L

LVny1)) — j1(Vas1)

in which all arrows denote principal fibrations, with structural group isomor-
phic to (R,+), and group actions obtained in a straightforward way from
egs. (6b), (7b).

The principal fiber bundles £L(V,11) — 71(Vny1) and LVyq1) — j1(Vay1) are
respectively called the Lagrangian and the co-Lagrangian bundle over j1(V,11).

The geometrical setup arising from diagram (8) provides the natural environ-
ment for a gauge-invariant formulation of Lagrangian mechanics. As pointed
out in [8], this is achieved by giving up the traditional approach, based on the
interpretation of the Lagrangian L(t,¢',¢") as the representation of a (gauge-
dependent) scalar field over j;(V,41), and introducing instead the concept of
Lagrangian section, meant as a section [ : j1(Vp11) — L(Vy41) of the La-
grangian bundle. For each choice of the trivialization u of P, the description
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of [ takes the local form
uw=L(t,q" ¢") 9)
i.e. it does indeed rely on the assignment of a function L(t, ¢*, ¢") on j;(V,11).

However, according to eq. (2b), as soon as the trivialization is changed into
u = u+ f, the representation (9) undergoes the transformation law

W=+ f=Ltq,¢)+[=Ldqdq)

involving a different, gauge equivalent “Lagrangian”.

Referring to [8] for further comments, we conclude this Subsection with a
review of the algorithm assigning to each Lagrangian section [ a corresponding
Poincaré—Cartan 1-form on j;(V,41). To this end, starting with I, we consider
in turn:

e the trivialization v, of the bundle £(V,11) — j1(V,y1) induced by [, de-
scribed locally by the function u — L(t, ¢*, ¢*)Q;

e the pull-back of ¢; on j; (P, R), denoted by 1y, and described locally by the
function ¥y (t, ¢*, u, ¢, u) = @ — L(t, q", ¢").
It is then an easy matter to verify the validity of the following assertions:

i) 1y is a trivialization of the bundle j;(P,R) — L£(V,41); as such, it
determines a section [ : LE(Vng1) — ji(P,R), expressed locally as i =
L(t,q",¢"). The sections [ and [, together, give rise to a principal bundle
homomorphism, summarized into the commutative diagram

[’C(Vn-i-l) — jl(R R)

T

G1Vnt1) —— LVai1)

ii) the fiber differential of zﬂl, expressed locally as

dv¢l:dv {U_L(taq7q)}:w0_a—q‘kwk (11)

determines a connection on the principal bundle j; (P,R) — L(V,41).
In view of i) and ii), the pull-back of d,); through the diagram (10) defines

a connection on L(V,11) — j1(Vny1), described locally by the 1-form

N OL
I*(dytpy) = du — L dt — 9 w" (12)

The difference du—1I*(d, ¢;) is then (the pull-back of) a 1-form 9, over j; (Voi1),
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called the Poincaré—Cartan 1-form of [, expressed in coordinates as

oL
Oy = Ldt + — wF 13
l ) q’“ ( )
The behaviour of ¥; under an arbitrary change of trivialization is obtained by
comparing the representations

I*(d, Qzl) = du — 7" (¥)) = du — 7*(0;)

7 denoting the projection £°(V,11) — 71(Vny1) - From this, setting @ = u+ f,
we get the transformation law

W*(ﬁl—ﬂl):d(ﬂ—u)zﬂ*(df) = ’(gl:’(%—i—df (14)

The exterior differential 2; := d1J;, known as the Poincaré—Cartan 2-form of
[, is therefore a gauge-invariant object over ji(V,11), identical, up to a sign,
to the curvature of the connection (12).

By means of the correspondence [ — €); one recovers the whole content
of classical Lagrangian mechanics. The argument is standard, and will be
regarded as known. For further information, see e.g. [8] and references therein.

2.2 The Hamiltonian bundles

Paralleling the discussion in §2.1, let us now consider the fibration P — V), 1,
as well as the associated first jet space j;(P, V,;1) — P. Every fibered coordi-
nate system ¢, ¢*, u on P induces local coordinates ¢, ¢*, u, po, p; on ji (P, Vpi1),
with transformation laws

t=t+c, q'=q'tq), i=u+ f(tq) (15a)
po—po+a+<pk+a—qk>ﬁ, D = pk+a—qk 6(? (15b)

Egs. (15a, b) ensure the invariance of the contact 1-form
O =du— pydt — p; dq’ (16)

henceforth referred to as the Liouville 1-form of ji1(P, V,i1).
The manifold j;(P,V,.1) is naturally embedded into the cotangent space

T*(P). In local coordinates, this results into the identification

n=|du—po(m)dt —p(m)dg'| ~ Vn€jp(PVuy)  (17)

(n)

On the basis of eq. (17), one can easily establish two distinguished actions of
the group (R, +) on ji (P, Vut1), respectively denoted by e, 1 71(P, Voy1) —
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J1(P, V1) and ¢ : j1(P, Vit1) — J1(P, Vig1), and expressed locally as
Ven) = (V_¢)," () = |du— po(n)dt — pi(n)dq'| (18a)

dcn) =1 = E(dt)ay = | du— (po(n) + &) dt — pi() dq"]ﬂ(

m(n)+€

. (sb)

VEeR, ne€ ji(P, Vo).

The first one, written symbolically as

¢§* : (tvqiauap()?pi) I (tvqi7u+£7p07pi)

is essentially the pull-back of the (inverse of) the action (1). Let H(V,41)
denote the quotient of j; (P, V,11) by this action. The following properties are
entirely straightforward [8]:

e H(V,.1) is an affine bundle over V,,, 1, with coordinates ¢, ¢*, po, p; , modelled
on the cotangent bundle T*(V,11);

e the quotient map makes ji(P, V1) — H(V,11) into a principal fiber bun-
dle, with structural group (R, +) and fundamental vector field %;

e the contact 1-form (16) determines a connection on j1(P, V1) — H(Vai1),
henceforth called the Liouville connection. The curvature of the latter, de-
scribed, up to a sign, by the exterior 2-form

Q:=—-do :dpo/\dt+dpi/\dqi (19)

endows the base manifold H(V,, 1) with a canonical symplectic structure.

The second action of (R, +) on ji(P,V,+1), described by eq. (18b), and sum-
marized into the symbolic relation

QSE : (tvqiau7p07pi) — (tvqiauapo—i_é-vpi)

comes from the invariant character of the 1-form dt. The quotient of j1 (P, V,41)
by this action will be denoted by H¢(V,,.+1). Once again, one has the properties:

o H°(V,,1) is a fiber bundle over V, 1, with coordinates ¢, ¢", u, p;;

e the action (18b) makes j; (P, V1) — H(Vny1) into a principal fiber bundle,
with structural group (R, +) and fundamental vector field aipo'

Exactly as in the Lagrangian case, an important aspect of the previous con-
struction is the fact that the group actions (18a, b) commute. Each of them
may therefore be used to induce an action on the space of orbits associated
with the other. As illustrated in [8], this makes both H(V,+1) and H(V,41)
into principal fiber bundles over a common “double quotient” II(V, 1), iden-
tified with the phase space of the system. The situation is summarized into
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the commutative diagram

jl(P> Vn—i—l) B HC(Vn—H)

]

H(Vn-i-l) - H(Vn-i-l)

in which all arrows denote principal fibrations, with structural group iso-
morphic to (R, +), and group actions arising in a straightforward way from
egs. (18a, b).

The principal bundles H(V,,11) — II(Vit1) , H*(Vis1) — I(V,41) are respec-
tively called the Hamiltonian and the co-Hamiltonian bundle over II(V, 1) .
Every section h : II(V,41) — H(V,i1) is called a Hamiltonian section.
Consistently with the traditional notation, for each choice of the trivialization
u of P, we shall express h locally as

p0:_H(t>ql>'"aqn>pl7""p”) (21)

The function at the right-hand-side of eq. (21) will be called the Hamiltonian.

The previous arguments provide a convenient geometrical setting for the
Hamiltonian formulation of classical mechanics.

Referring to [10] for the necessary details, we focus once again on the al-
gorithm assigning to every Hamiltonian section h : II(V,41) — H(Vat1) a
corresponding Poincaré—Cartan 1-form ¥, over I1(V,1). To this end we lift
h to a section h 1 HE(Vuy1) — j1(P,Vai1), described locally by the same
equation (21).

The sections h and iL, together, give rise to a principal bundle homomorphism

HVor1) —— 51(P, Voin)

T z

M(Vpp1) —— HVup1)

By means of the latter, the Liouville connection of j; (P, V,4+1) — H(V,11) may
be pulled back to a connection over H¢(V,+1) — II(V,41), with connection
1-form

W (©) = du+ H(t,q', p;) dt — p; dg’ (23)

The difference du—h*(©) is then (the pull-back of) a 1-form 9, over ILI(V,41),
expressed in coordinates as

9, = —Hdt + p; d¢’ (24)

and called the Poincaré—Cartan 1-form induced by the section h.
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Exactly as in §2.1, the behaviour of 1, under an arbitrary change of trivial-
ization u — u + f is easily recognized to be

Oy = Oy, + df (25)

The exterior differential €2, = dv}y, known as the Poincaré—Cartan 2-form of
h, is therefore a gauge-invariant object over I1(V, 1), identical, up to a sign,
to the curvature of the connection (23).

In terms of €2, the dynamical flow of the system is completely characterized
as the unique vector field Z over I1(V, 1) satisfying the conditions

(Z.dt)=1,  Z1Q=0 (26)

In local coordinates, a straightforward comparison with eq. (24) provides the
representation

Z:——F—'—-——-— (27)

The integral curves of Z are therefore solutions of the Hamilton equations

dt  Op; ’ dt  Oq

(28)

3 The Legendre transformation
3.1 Higher jet spaces

The identifications (3), (17) provide a natural pairing between the fibers of the
first jet spaces j;(P,R) = P and ji(P, V,41) — P, expressed in coordinates
as

) = [gi g+ | [awminapenar] ) e

(z € 1(P,R), n € j1(P,Vyi1), w(z) = m(n)). In view of egs. (6a), (18a), the
correspondence (29) satisfies the invariance property

(Peu(2) s Yealm)) = (Ve(2), (W), () = (27) VEER  (30)

thereby giving rise to an analogous pairing between the fibers of the bundles
LVpi1) = Va1 and H(Vyi1) — Va1, or, what is the same, to bi—affine map
of the fibered product L(V,,41) Xy, ,, H(V,+1) onto R, expressed in coordinates
as

¢, o — F(¢ a) = uC) — polo) —pi(0) ¢'(C) (31)
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Let S denote the submanifold of £(V,.1) Xy
equation

H(V,11) described by the

n+1

8 =1{(¢.0) € LVus1) Xy, HVar), F(¢0) =0} (32)

A straightforward argument, based on eq. (31), shows that S is fibered on
both £(V,+1) and H(V,11). The former circumstance is made explicit by
referring S to local coordinates t, ¢', ¢*, 1, p;, with the p;’s regarded as fiber
coordinates. The second circumstance is similarly accounted for by referring S
to coordinates t, ¢*, po, pi, ¢, related to the previous ones by the transformation

W = po+ pid’ (33)

and with the ¢’s playing the role of fiber coordinates.

A useful characterization of the manifold S comes from the fact that all spaces
under consideration have the nature of affine bundles over the configuration
space-time V1. From this, using a suffix (--), to denote the fiber of the
manifold (--) at the point z € V, 41, one can easily draw the following con-
clusions:

1) both maps E(Vn+1)\z - jl(Vn+1)\z7 H(Vn+1)\z - H(Vn—i-l)\z are affine
surjections as well as principal fibrations, with structural group (R, +);

ii) for each 0 € H(Vy11)jw, the annihilator [o]°, defined as the totality of
points ( € L(Vy41)). satisfying F(¢, o) = 0, is an affine section of the
bundle £(Vy11)je — j1(Vat1))e , described in coordinates as

i = po(c) + pi(o) ¢’ (34a)

Conversely, every affine section ¢ : j1(Vnt1)jz — L£L(Vny1). may be ex-
pressed in the form (34a) for precisely one choice of the element o €
H(Vn+t1)jz - We have therefore a canonical identification of H(Vni1)s
with the space of affine sections of the bundle £L(V,11)z — j1(Vat1)jo

iii) in a perfectly symmetric way, for each ¢ € £(V,41)}s, the annihilator [(]°

is an affine section of H(V,41)je — II(Vaq1) , described in coordinates as

Po = U(O - qi(C) Dbi (34b)

Once again, the correspondence ¢ — [¢]° allows to identify £(Vpi1)s
with the space of affine sections of the bundle H(V41)jz — H(Voi1))s -

DenOting by jl (‘C(Vn—i-l)\za jl (Vn-i-l)\z) and jl (H(Vn+l)|x> H(Vn-i-l)\z) the first
jet spaces associated with the principal fibrations described in i), the previous
results are summarized into the following

Theorem 3.1 Both spaces j1(L(Vn41) (2> 1 Vat1)12)s J1(H(Vit1) 2 L(Vig1) )
are canonically diffeomorphic to the fiber S|, of the manifold S at x.
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Proof Given any pair (¢,0) € L(Vy41)je X H(Vit1)je , the condition for the
point ¢ to belong to the section [ ]°, or, reciprocally, for the point o to belong
to the section [(]° are both expressed by the same equation F((,0) =0.
From this, given any ((,0) € S|,, by the very definition of first jet space
we conclude that the pair (¢, [o]?) is an element of j1(L(Vit1)jzs 51 (Vas1)12) »
namely a point ¢ in £(V,41)j, and a hyperplane through ¢, while the pair
(0,[¢]%) is similarly an element of j;(H(Vnt1)zs I(Vii1))s) . namely a point
0 € H(Vy11)» and a hyperplane through o.

A straightforward argument, left to the reader, shows that both correspon-
dences S\x - jl(ﬁ(Vn+1)|m, j1(Vn+1)\x) and 8|m - jl(H(Vn+1)\x, H(Vn+1)|m)
obtained in this way are affine diffeomorphisms. a

By varying =, Theorem 3.1 provides the identification [9]

U .]l n+1 \xa]l n+1 \x = U .]l n+l ER) H(Vn-l—l)\x) (35)

TEVp41 TEVp41

A significant enhancement of eq. (35) is obtained by considering the first
jet spaces j1(L(Vnt1), 71(Vnt1)) and 51 (H(Vis1), I(V,11)) respectively asso-
ciated with the bundles L(V,,11) — j1(Vas1) and H — I1(V,41) .

These are naturally fibered over the spaces U, j1(£L(Vit1)jzs 1 (Vnt1)je) and
Uz 51(H(Vas1) (@, H(Vns1)j2) , the fiber projections having the nature of quo-
tient maps associated with suitable equivalence relations. More specifically:

o every section [ : j1(Vpi1) — L(Vyg1), restricted to a fiber ji(Vny1)z, de-
termines a section [ : j1(Vn41)jz = L£(Vnt1)}z - When two sections [, " have
a first order contact at a point z € ji(Vy41)|e, their restrictions [, I" also do.

Conversely, a necessary and sufficient condition for two restrictions L1 to
have a first order contact at z is that the original sections satisfy

(2)=U(2),  |do(l- z')]‘z =0

As an affine bundle over j;(V,,41), the manifold U, j1(£L(Vas1)jz» J1(Vat1)2)
is therefore the quotient of ji(L£L(Vit1),71(Vas1)) by the vector bundle
formed by the totality of semibasic 1-forms on ji(V,41);

e a similar argument characterizes ji(H(Vit1)e, [II(Va41)2) as the quotient
of j1(H(Vas1), II(V,41)) by the bundle of semibasic 1-forms on II(V,11).

Collecting all stated results we conclude that both spaces j1 (L(Vas1), 71 (Vis1))
and ji3 (H(Vus1), H(Vya1)) are fibered over S. This fact will be explicitly ac-
counted for by adopting common base coordinates (indifferently ¢, ¢*, ¢, i, p;
or t,q', 4", po, p; ) on both manifolds, and completing them with fiber coordi-
nates wo, w; on j1(LWVui1), 1(Var1)) and vg,v; on j1(H(Vai1), I(Vai1))-

With this choice, the Liouville 1-forms of the bundles ji (L(Vni1), 51 (Vas1))
and j1(H(Va11), II(Vay1)), respectively denoted by ©, and ©4, , are expressed
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in coordinates as

O, = di — wodt — w; dg* — p; dg’ (36a)
O = di — vy dt — v; dg* — p; d§* = dpy — vo dt — v; dg* + ¢ dp; (36b)

the last equality depending on the transformation law (33).
On this basis, we can state

Proposition 3.1 There exists a unique affine isomorphism

HLVn1), 1 Vas1)) —— 1 (HVr1), T(Voi1))

l l

S j— S
fibered over S and satisfying 1*(©4) = Op.

Proof In coordinates, the assignment of ¢ relies on the choice of n + 1 affine
functions *(vg), ¥*(v;). Together with eq. (36b), these provide the evalua-
tion

1 (O) = du — ¢ (v) dt — ¢ (v;) dg’ — p; dg’

The condition ¥*(©4) = O, is therefore equivalent to the requirement
V(vo) =wo,  ¥(vi) = w;

This establishes at one time the existence and the uniqueness of . a

Proposition 3.1 provides a canonical identification between the first-jet spaces
J1(LWVns1), 51 (Vas1)) and j1(H(Vis1), T(Vas1)) [9]. This result is further en-
hanced making use of the fibration H(V,.+1) — R determined by the compo-
sition H(Vy41) — Vni1 — R. Denoting by j1(H(V,41), R) the associated first
jet space, and recalling that the manifold H(V, 1) is canonically endowed
with the symplectic structure (19), we have in fact the following

Theorem 3.2 The manifolds j1(H(Vyu41),R) and j1(H(Vat1), H(Vii1)) are
canonically diffeomorphic.

Proof By definition, both manifolds may be viewed as affine subbundles,
respectively of the tangent space T(H(V,41)) and of the cotangent space
T*(H(Va11)), according to the identifications

AHVoi1),R) = {X | X € T(H(Voyn)), (X, dt) = 1} (37a)

G (HWVus1), TVoi1)) = {w |w e T (HVun)) <% W) = 1} (37b)
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The conclusion then follows from the identity

0 0 .
—,—-X1Q)= —X/\—‘d ANdt+dp; Ndg' ) = (X, dt
{ o )= =X ngoe | dpondttdpndg' )= (X, dt)
showing that the correspondence X — —X 1 Q maps the subbundle (37a)
injectively onto the subbundle (37b). O

In view of the previous results, all spaces j1(H(V,11), R), 71(LVs1), 1 (Vas1))
and j1(H(Vn+1), I1(V,41)) are mutually diffeomorphic, and may be identi-
fied [9]. For definiteness, and without any loss in generality, we choose to
regard all of them as different copies of the manifold j;(H(Vy41),R). De-
pending on the context, we shall refer the latter to ordinary jet coordinates
t,q', po, pi, ', Do, Pi, or to coordinates t,¢", w, pi, ¢*, po, Pi, related to the previ-
ous ones by the transformation (see eq. (33))

i—po—pid =0 (38)

With the stated choice, the Liouville 1-forms (36a, b) collapse into a single
geometrical object, henceforth denoted by ©, expressed in coordinates as

O :=di — podt — p;dq’ — p; dg§' = dpo — po dt — pidq’ + ¢ dp; (39)

The previous expression helps determining the coordinate representation of
the first jet extension of an arbitrary section [ : j;(V,i1) — L(Vay1) to a
section 71(1) : j1(Vns1) — J1(LVnt1), j1(Vat1)), (respectively, the first jet
extension of a section h : II(V,11) = H(Vai1) to asection ji(h) : H(Vny1) —
A (HVus1), I(Vas1)) ), the significant requirement being in any case the van-
ishing of the pull-back of the Liouville 1-form (39) under the extended map.

As a final remark we observe that, by an argument similar to the one dis-
cussed in § 2, the manifold j;(H(V,41), R) is naturally endowed with two dis-
tinguished actions of the group (R, +), both arising from the principal bundle
structure of H(V,.4+1) — II(Va41). Analogous conclusions hold for the spaces
1L Vnr1), 11Vit1)) s G1(H(Vis1), H(Vay1)) , the group actions being respec-
tively inherited from the principal bundle structures of L(V,11) — j1(Vat1)
and of H(Vy41) — II(Vit1)

A straightforward argument, left to the reader, shows that, under the identi-
fication ji(H(Vai1),R) = j1(LVas1), 1 (Vis1)) = j1(H(Vis1), H(Viga)) , all
these actions collapse into a single pair of actions, respectively generated by

o _ 0 0
the vector field o0 = 93 and oo -
The quotient of ji (H(V,41),R) under the action of % will be denoted by
B, and will be referred to coordinates t, ¢*, ¢, p; , Do , p;. Exactly as in §2 we
have the properties:

e the quotient map makes j; (H(V,11),R) — B into a principal fiber bundle;
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e the 1-form (39) endows j;(H(V,11),R) — B with a canonical connection;

e the curvature 2-form of ©, defined up to a sign by

endows B with a canonical symplectic structure.
3.2 Legendre maps

The arguments of §3.1, summarized into the commutative diagram

J1(LVnt1), 1(Vir1)) = 1(H(Vng1), R) = ji(H(Vig1), T(Viia))

|

E(])ln-l,-l) B H(
| )

|
/\ fﬂ

provide the necessary tools for a revisitation of the Legendre transformation
in time dependent analytical mechanics [9].

)
J1(Vnt1) Vii1)

The line of approach, extending the one originally exploited by Tulczyjew
[14,17], may be traced as follows: given any section [ : j;(Vyi1) — L(Vig1),
consider the jet extension j1(1) : j1(Vat1) = 71(LVnt1), 1 (Vit1)). Compos-
ing the latter with the (significant) vertical arrows of diagram (41) gives rise
to correspondences A; : j1 (V1) = H(Vus1), A1 j1(Ves1) — U (Veyq) and
Ky J1(Vay1) — B.

In coordinates, expressing [ as @ = L(t,q", ¢"), and recalling egs. (38), as well
as the characterization of j;(I) in terms of the Liouville 1-form (39), we get
the representations

Ay pizg—;; pozL—ng; (42a)
A pi = g; (42b)
Ky Pz‘zg—;; Pozz—f; Pz‘:g—; (42c)
In view of egs. (40), (42c), the map k, satisfies the identity
k((T) = k)" (dpo A dt + dp; A dg' + dp; A di') =
:d(%—f dt+§; dqi+§—;dqi> =0 (43)



The Legendre transformation in mechanics 109

showing that the image space ; (j1(Vn11)) is a Lagrangian submanifold of B.

A perfectly symmetric construction holds starting with a Hamiltonian section
h : H(Vn+1) — H(Vn+1) .

Once again the jet extension ji(h) : II(V,11) — j1(H(Vuy1), H(Vyi1)) , com-
posed with the significant vertical arrows of diagram (41), generates maps
Ahi H(Vn_H) — E(Vn+1), )\hi H(Vn_H) — jl(Vn—‘,-l) and Ryt H(Vn_H) — B,
expressed in coordinates as

OH . OH

A, - 0 . =-—H+—p; 44
. OH
Ap q = (44b)
Op;
, OH . OH ) OH
Kp - q = a; ; Po=—7 3 DPi= “ g (44c¢)

H(t,q',p;) denoting the Hamiltonian function involved in the local represen-
tation of h. Exactly as above, eqs. (40), (44c) provide the identity

ki (Y) =k (dpo Adt + dp; A dg' + dp; A di') =

OH = 0oH ., OH

@JEO (45)

showing that the image space k,(H(V,+1)) is a Lagrangian submanifold of 5.

A special instance of the previous construction occurs when the map \; asso-
ciated with the Lagrangian section [ is a diffeomorphism, i.e. when the image
space A;(j1(Vai1)) projects injectively onto I1(V,.1). Under the stated as-
sumption, the correspondence h := A;- A7t : TI(V,y1) — H(Vay1) is a section
of the bundle H(V,11) — II(V,41), described in coordinates as

po="L(t.d',d") —p:id' :=—H(t.¢',p:) (46)

with the variables ¢' defined implicitly in terms of the p;’s through eqs. (42b).
From egs. (42b), (46), by elementary computations, we get the identities
OH 0L o¢
Opi  OF p;

oy OH

pja—p:qz§ L:—H‘i‘pia—p

3

(47)

Comparison with eqs. (44a, b) provides the identifications
)\h:)\l_l; l:Ah')\l

pointing out the perfectly symmetric role played by the sections [ and h.

Every diffeomorphism j;(V,41) «— II(V,41) determined by a Lagrangian
section [ : j1(Vas1) — L(Vay1), or by a Hamiltonian one h : II(V,41) —
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H(Vyy1) through the algorithm described above is called a Legendre transfor-
mation.

3.8  Dynamics

As a final topic, we discuss the Lagrangian and Hamiltonian formulation of
dynamics within the geometrical framework developed so far [9]. The analysis
will provide a gauge-invariant extension to non-autonomous systems of the
classical results of Tulczyjew [14-18].

Let [ : j1(Vas1) — L(V,41) denote a Lagrangian section, expressed in coordi-
nates as @ = L(t, ¢, ¢"). On account of the discussion following eq. (39), the
first jet extension ji(1) : j1(Vas1) — 51(L(Vni1), 51 (Vns1)) is then described
by the equations

oL . 0L oL

u:L(tan7qZ)7 pozaa pzza—qzu pz:aqz

(48)

The map j; (1) carries a complete information on dynamics. Indeed, according
to diagram (41), the image space £ := j1(I)(j1(Vas1)) may be viewed as a
submanifold of j;(H(V,11),R). Switching to coordinates t,q", po, pi, ¢*, Po, Pi
through eq. (38), let us accordingly rephrase egs. (48) in the equivalent form

oL , oL oL oL

po = L(t,q',¢") o 0 Po=gr =g pi = o0 (49)

By the very definition of j; (H(Vu41), R), egs. (49) provide a system of ordinary
differential equations, not in normal form, for the determination of the family
of sections v : R — HVui1) (& v(t) = (¢, (1), po(t), pi(t))) whose jet
extension 4 := j;(y) satisfies 4(t) € € Vt € R. In the resulting context, the
last pair of relations (49) reproduce the content of Lagrange’s equations

d(oL\ _oL _, .
i\ oq o 1=1,....,n

while the first pair describes the evolution of the Hamiltonian H := — L+ gfz q.

Precisely the same state of affairs occurs if one considers a Hamiltonian section
h: MI(Vui1) — H(Vay1), expressed in coordinates as pg = —H(t,q¢",p;) . In
view of eq. (39), the first jet extension ji(h) : [II(V,11) — j1(H(Vni1), T(Vni1))
is now described by the system

i oem oM ., oH
po=—H(t,q¢",pi), Po=—"5" Pi——a—qia Q—api (50)

Once again, according to diagram (41), the image &£ := j;(h)(II(V,41)) may
be viewed as a (2n+ 1)-dimensional submanifold of j;(H(V,+1),R) . Egs. (50)
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play then the role of a system of ordinary differential equations (now in normal
form) characterizing the totality of sections v : R — H(V,4+1) whose jet
extension satisfies §(t) € €& Vt. More specifically, the last pair of egs. (50)
reproduces the content of Hamilton’s equations, while the first pair determines
the evolution of the Hamiltonian.

A significant implication of the previous discussion is the fact that, in the
environment j; (H(V,41), R), the Lagrangian and Hamiltonian approaches to
mechanics are nothing but different representations of the same (2n + 1)—
dimensional submanifold, described indifferently as & = 71(1)(j1(Vas1)) or
E = ji(h)(II(V,41)) . This aspect is further enhanced by observing that, by

construction, the embedding € - ji(H(Va41), R) satisfies the identity
i"(©) =0 (51)

The hypersurface £ is therefore horizontal with respect to the canonical con-
nection of j;(H(Vay1),R) 5 B.

On the other hand, a straightforward argument shows that every horizontal
submanifold i : & — j;(H(V,41),R) has dimension <2n+1 .

Regular dynamical systems may therefore be viewed as horizontal submani-
folds of mazimal dimension in j;(H(V,41), R), projecting injectively onto both
J1(Vny1) and TL(V,11).

The previous arguments extend to the newer context the results originally
established by Tulczyjew in the autonomous case [14-18] (in this connection
see also [1,2,5,19]). The analogies are easily understood by observing that
the projection ji(H(Vay1),R) = B sets up a 1-1 correspondence between
horizontal slicings of maximal dimension in j; (H(V,11),R) and Lagrangian
submanifolds in B. The details are straightforward, and are left to the reader.
In coordinates, the previous assertions have their analytical counterpart in
egs. (48), (50).
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A note on integrability and closure conditions
in the inverse problem in the calculus of
variations.
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Abstract

The inverse problem in the calculus of variations for a given set of second order
ordinary differential equations consists of deciding whether their solutions are those
of Euler—Lagrange equations and exhibiting the non-uniqueness of the resulting
Lagrangians when they occur.

The necessary and sufficient conditions for the existence of equivalent Euler-Lagrange
equations are called the Helmholtz conditions and this paper discusses the inte-

grability of these conditions in an elementary way which nonetheless gives a new

overview of their structure.

Mike Crampin

This paper is dedicated to Mike Crampin on the occasion of his 60" birthday.
It has been a pleasure to know and work with Mike over 20 years and to
acknowledge his influence and assistance over that period. I wish him many
more happy years of influential mathematics.

1 The inverse problem in the calculus of variations

The inverse problem in the calculus of variations involves deciding whether
the solutions of a given system of second-order ordinary differential equations

i = F(t, 2%, a,b=1,...,n

Email address: G.Prince@latrobe.edu.au.
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are the solutions of a set of Euler-Lagrange equations

oL ., L ., L 0L

Die0ir” T amoiet T tom  ae

for some Lagrangian function L(t, 2%, #). The problem dates to the end of the
19" century and it still has deep importance for mathematics and mathemat-
ical physics.

Because the Euler-Lagrange equations are not generally in normal form, the
problem is to find a so-called multiplier matrix gq (¢, z¢, ©¢) such that

d [ OL 0L
..b J— b = — J—
gab(x F ) = < B ) ore’

The most commonly used set of necessary and sufficient conditions for the
existence of the g, are the so—called Helmholtz conditions due to Douglas [11]
and put in the following form by Sarlet [22]:

agab agac
ab — Ybas r ab) — acrc CFCC“ acq)c - CCI)CCU AP K
Jab = b (9ab) = Gacl's + g JacPh = b 95— Db
where L 9Fe HFe
L= =5, @ i= = — IjTe — D(T}),
and where 9 9
= — @ F° .
ot T e T e

This inverse problem has spawned significant advances in the theory of sec-
ond order ordinary differential equations [6,15,16,20,19] and tangent bun-
dle geometry [1,17,18,26] and the most recent work on the inverse prob-
lem [1,2,9,10,13,14,23-25] uses some very sophisticated and often purpose-
built differential geometry. The purpose here is to step back a pace or two
and to explore the integrability conditions on the Helmholtz conditions us-
ing simple exterior calculus. While it is true that the detailed analysis of the
inverse problem for arbitrary n and even for n = 2 and 3 requires compli-
cated mathematical machinery, an overview is often obscured and I hope to
show that some useful observations about specific integrability conditions can
be obtained by looking at them in their entirety as closure conditions on a
particular class of two forms.

The next section contains that part (dating from the 1970’s and 80’s) of the
geometric formulation of second order ordinary differential equations that we
will need. There then follows a standard presentation of the inverse problem
which integrates the Cartan form approach to Lagrangian dynamics and the
foregoing theory of second order O.D.E.’s. This part contains an examina-
tion of the sources of the algebraic and differential parts of the Helmholtz
conditions.
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The last section is a statement and exploration of the entire set of closure con-
ditions on the two—form of the Helmholtz conditions. These closure conditions
are at most second order differential conditions on the multiplier g,, and I show
that in fact only one subset of them are at most second order. I also give some
results on lower order consequences of these conditions. These results account
for some features of the inverse problem which have arisen in more complex
analyses. I have attempted to make the presentation self-contained but the
paper is by its nature brief and the reader might find the book chapter [21]
a helpful starting place for a more detailed study. Mike Crampin and Felix
Pirani’s book, Applicable Differential Geometry [7] is still a good reference for
the underlying differential geometry of differential equations.

2 Geometric formulation

Mike Crampin was one of the pioneers of the geometric formulation of both
second order O.D.E.’s and Lagrangian dynamics [3-5,8] and most of the mate-
rial presented in this section bears his stamp although I have been influenced
by Jon Aldridge’s presentation of the Helmholtz conditions as closure condi-
tions on a certain set of two forms [1].

2.1 2™ order o.d.e’s

Suppose that M is some differentiable manifold with generic local co-ordinates
(). The evolution space is defined as E := R x T'M, with projection onto the
first factor being denoted by ¢ : £ — R and bundle projection 7 : £ — R x M.
E has adapted co-ordinates (t, 2%, u®) associated with ¢ and (z%).

A system of second order differential equations with local expression
i = F(t, 2%, ), a,b,=1,...,n

is associated with a smooth vector field I' on E given in the same co-ordinates

by
0 0 0
I=— ¢ F* .
ot u 0x® * u®
' is called a second order differential equation field or SODE. It can be thought
of as the total derivative operator associated with the differential equations.
The integral curves of I' are just the parametrised and lifted solution curves

of the differential equations.

The evolution space F is equipped with the vertical endomorphism S, defined
locally by S :=V, ® 0 (see [8] for an intrinsic characterisation). S combines
the contact structure and vertical sub—bundle, V(E), of E, 8% being the local
contact forms 0% := dz® — u®dt and V, := aia forming a basis for vector fields
tangent to the fibres of 7 : E — R x M (the vertical sub-bundle).
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It is natural to study the deformation of S produced by the flow of I', LpS.
The eigenspaces of this (1, 1) tensor field produce a direct sum decomposition
of each tangent space of E. It is shown in [8] that LrS (acting on vectors) has
eigenvalues 0, +1 and —1. The eigenspace at a point of F corresponding to the
eigenvalue 0 is spanned by I', while the eigenspace corresponding to +1 is the
vertical subspace of the tangent space. The remaining eigenspace (of dimen-
sion n) is called the horizontal subspace. Unlike the vertical subspaces these
eigenspaces are not integrable; their failure to be so is due to the curvature of
this nonlinear connection (induced by I') which has components

10F?
2 Qus’

Iy =

The most useful basis for the horizontal eigenspaces has elements with local
expression

0 9
Oz “Oub
so that a local basis of vector fields for the direct sum decomposition of the
tangent spaces of E is {I', H,, V,} with corresponding dual basis {dt, 6%, ¢*}

where

H, =

P = du® — Fdt + T30".
The components of the curvature manifest themselves in the expression for
the commutators of the horizontal fields:

[Ha, Hy) = Ry, Va
where the curvature of the connection is defined by

g L(OF BFU 1 (OF 9 OF° O'FY
a9\ gregub  OxbOur ' 2 \ Aue Qucdub  Oub ducdus ) )

It will be useful to have some other commutators:

1, 9*F¢ . .
[H,, Vy| = —i(m)vc = Vo(L)Ve = Vo (Tp) Ve = [Hy, Va),
T, H,) =T°H, +®"V,, [[,V,]=—H,+T"V,

and, of course, [V, V}] = 0.
2.2 The Helmholtz conditions

Now we turn to the geometric formulation of the ordinary problem in the
calculus of variations. The extremals of the variational problem with regular
Lagrangian L € C*°(FE) are the base integral curves (on M) of the Euler-
Lagrange equation, now represented by a SODE I, called the Euler-Lagrange
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field. The primary object of the Cartan-Hamilton formulation is the Cartan
one-form, 6, of the Lagrangian L:

O := Ldt +dLo S.

In co-ordinates,

oL
Jus
The key result is (see Goldschmidt and Sternberg [12] and Sternberg [27]):

0, = Ldt + 0”.

Proposition 1 If L is a reqular Lagrangian (so that the matriz whose entries
0L

are ENEN is everywhere nonsingular), then there is a unique vector field I’
utou

on E such that

I'vdf, =0 and dt(T") =1.

This vector field is a SODE, and the equations satisfied by its integral curves
are the Fuler-Lagrange equations for L.

The coefficients F'* in the expression for the Euler-Lagrange field I' are deter-
mined by the equation

oL ., oL 0L , O°L

durdnd 0zt ouwort ' ousor

If we use the basis {dt, 0% ¢*} we obtain a particularly simple expression for
the Cartan 2-form df;,:

0*L
ou*Qub
and this points the way to obtaining the Helmholtz conditions in a geometric
form.

o, = N

2

Notice first of all that W must satisfy all the conditions on the multiplier
utou

matrix g., and secondly that, in the basis {dt,0% ¢*}, df; is completely
0?L

determined by ENT These two facts indicate that we should look for a
uou

closed 2—form of maximal rank amongst 2-forms in Sp{#® A 1/*}. The follow-

ing theorem from [8] gives a transparent geometric version of the Helmholtz

conditions.

Theorem 2 Given a SODE T, the necessary and sufficient conditions for
there to be Lagrangian for which T is the Euler—Lagrange field is that there
should exist a 2—form §Q such that

Q(V1,Va) =0, V¥V Vi,V, € V(E)
Q=0

d2=0

Q is of maximal rank.



120 G. E. Prince

(The second and third conditions imply that £r§2 = 0 and the fourth condition
means that 2 has a one-dimensional kernel which the second condition shows
is spanned by T".)

Necessity is obvious and the proof of sufficiency is a simple matter of starting
with an arbitrary two-form € Sp{0® A 6°,4* A §°} and showing that
Q= gap* NG

where g, satisfies Douglas’s Helmholtz conditions.

The simplest way to see how the Helmholtz conditions arise from Theorem 2
is to put Q 1= gup1® A 6° and compute df2:

dQ = (D(ga) — 9ol — Gacl's)dt A p* A 6°
+ (Ha(gab) — g V(L))" A 6" A 6
+ Vel gan)V AP A O°
+ g™ AP A dt
+ Gea®50" A O° A dt
+ Gea Hp (TS0 N 6° A 07,

The four Helmholtz conditions are

dQ(T, V,, Vi) = 0, dQ(T, V,, Hy) = 0,
dQ(T, H,, Hy) = 0, dQ(H,, Vy, V) = 0.

The remaining conditions arising from d{2 = 0, namely
dQUH,, Hy, V.) =0 and dQ(H,, Hy, H.) =0,

can be shown to be derivable from the first four (notice that this last condition
is void in dimension 2).
At this point it is worthwhile identifying the separate sources of the algebraic

and differential conditions. Recall the identity

dUX,Y, Z) =X (Y, Z)) + Y(QAZ, X)) + Z(QX,Y))
- U[X, Y], Z2) - Y, Z], X) — Q([Z, X],Y) (1)

for an arbitrary 2-form {2 and vector fields X, Y, Z. The first 3 terms involve
the derivatives of €2 and the last 3 do not. In our case using

{X> Y> Z} = {F> Ha> Hb}a {F> Vaa ‘/17}7 {Hm Hba Hc}>

in turn makes the corresponding conditions, dQ2(X,Y, Z) = 0 purely algebraic
(in gap). Any other choices produce (first order) differential conditions (except
dQ(V,, Vi, V) = 0 which is identically satisfied).
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3 Closure conditions

We see from the foregoing we can treat the inverse problem as the one of
finding closed two forms, 2, in the submodule Sp{t® A §°}. This problem has
been treated using exterior differential systems theory [2,1], but our task here
is to obtain an overview at a simpler level, so we write this closure problem
on an appropriate subset U of E as

dOUX,Y,Z) =0, ¥ X,Y,Z e X(U), 2)
the necessary and sufficient conditions for (2) are
ddQUX,Y,Z))=0 on U

= WAdQUX,Y,Z) =0 Y X,Y,Z,W € X(U) (3)

Notice firstly that we do not have to know that dQ2(X,Y, Z) = 0 at a point in
U for (3) to be necessary and sufficient for (2) because if (as a result of (3)),
for fixed XY, Z, dQUX,Y,Z) =k € Ron U and dQ(fX,Y,Z) =m € R for
some non-constant f € A°(U) then k =m = 0.

However, we would like to deal with the closure conditions in terms of our
{T", H,, V,} basis by considering

W(dQUX,Y,Z)) =0 for all basis elements XY, Z W.
Because

d(X,Y,Z) =0, Y X,Y,Z e X(U)
—dQX,Y,Z)=0, VX,Y,Z ina basisfor X(U),

and because W(f) =0 VW € X(U) < W(f) =0 VW in a basis for X(U),
in place of (3) we only need to consider

W(dQUX,Y,Z)) =0 for basis elements W, X,Y, Z, (4)

if we know that dQ(X,Y, Z) = 0 at some point in U.

Conditions (3) and (4) are, on the face of it, second order in g and it is of
interest to identify lower order consequences of the conditions (4) in particular.

Proposition 3 Suppose that Q € N*(E). Then W(dQUX,Y,Z)) = 0 for all
W, X,Y,Z € X(U) if and only if

X(dQUW,Y, Z)) + Y (dUW, Z, X)) + Z(dUW, X,Y)) = 0

for al W, XY, Z € X(U).
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Proof The forward direction is straightforward since W(dQ(X,Y,Z)) = 0
is assumed true for all W, X, Y, Z € X(U). To see the reverse direction, as-
sume for all W, X,Y,Z € X(U) that X(dQW,)Y,Z)) + Y(dQW, Z, X)) +
Z(dQW,X,Y)) = 0 and generate three similar equalities by interchange W
with XY, Z respectively. This gives

W(dQUX,Y, Z)) + Y (dUX, Z,W)) + Z(dQUX, W, Y))

X(dUY, W, Z)) + W(dQ(Y, Z, X)) + Z(dQ(Y, X, W))
X(dUZ,Y, W) + Y (dUZ, W, X)) + W(dQUZ, X,Y))

0,
0,
0.

Adding twice the original equality to the sum of the three above gives the
result. O

Remark: The statement of proposition 3 continues to hold if W, XY, Z are
taken to be basis elements.

The next lemma gives a neat first order consequence of the closure conditions
(3).
Lemma 4 [fW(dQ(X,Y,Z)) =0 for all W, X,Y,Z € X(U) then

T+ AW, X],Y, Z) + dO(X,[W,Y],Z) + dUX,Y,[W,Z) =0  (5)

Proof Using the three form identity (1) twice and the Leibniz rule we get
the identity:

WX, Y, Z)) = X(dQW,Y, 2)) + Y (W, Z, X)) + Z(dAW, X, Y))
- dQ(W [X> Y]>Z) - dQ(VV, [Y> Z]aX) - dQ(W [Z>X]>Y)

(6)
+ dQ(W, X),Y, Z) + dQX, [W, Y], Z) + dQUX, Y, [W, Z])

and the result follows immediately from the assumption of the lemma. O

Remark: This lemma also holds if W, XY ,Z are taken to be basis elements.

The next theorem will allow us to identify the redundant second order condi-
tions amongst (4).

Theorem 5 For all basis elements W, XY, Z € X(U),
X (AW, Y, 7)) = W(dX, Z,)) (7)
and

AW, X],Y, Z) + dUX, W, Y], Z) + dUX, Y, W, Z]) =0 (8)



A note on integrability and closure conditions in the inverse problem 123

if and only if W(dUX,Y,Z)) =0 for all basis elements W, X, Y, Z € X(U).

Proof Forward direction: using the identity (6) we see that

—dQ(VV, [Xa Y]? Z) o dQ(W [K Z]>X) o dQ(W [Z> X]>Y)

+dQU[W, X],Y, Z) + dUX, W, Y], Z) + dQAUX, Y, [W, Z]) =0
— WdQUX,Y,Z)) = XdQW,Y, Z)) + Y dQUW, Z, X)) + Z(dQUW, X,Y)).
Using X (dQ(W,Y, Z)) = W(dQUX, Z,Y)), Y (dQUW, Z, X)) = W(dUY, X, Z))
and Z(dQ(W, X,Y)) = W(dQ2(Z,Y, X) on the right hand side of this expres-
sion gives the result.

Backward direction: this follows directly from lemma 4 and the trivial state-
ment that

VW, X,Y,2) WAUX,Y,Z)) =0 = X(dUW,Y,Z)) = W(dQUX,Z,Y))

O

Remark: Conditions (8) appear because W, X, Y, Z are basis elements: if (7)
holds for all W, X,Y,Z € X(U) then (3) holds immediately (for example,
replace X by fX in (7) ).

Now we will deduce some properties of the basis expressions W (dQ(X,Y, 7))
and the conditions (4) as a result of the equivalence demonstrated in theorem
5 of the joint conditions (8), (7) to (4).

We order the conditions (4) as

W(dQUT, H,, Hy)) = 0, W(dQUT, V,,V,)) =0, W(dQ(H,, Hy, He)) = 0, (9)
=0

W(dQ(V;la‘/ln Vc)) ) W(dQ(VV,KZ)) =0, (10)
HL(dVe, Vo Hy)) = 0, Vi(dOHy, Hy, Vi) = 0, (1)
F(dQ(Vca H,, Hb)) =0, F(dQ(Hm Vas Vb)) =0 (12)
Ho(dQ)(V,, T, Hy)) = 0, Va(dQ(H,,T,Vy)) =0, (13)
Hc(dQ(Vd> Ha> Hb)) = 0? V;l(dQ(Hda %7 ‘/c) =0. (14)

Because dQ)(T", H,, Hy), dQ(T',V,,, V},), dQX(H,, Hy, H.) are algebraic in g, con-
ditions (9) are first order and the first of conditions (10) is identically true
because d2(V,, V,, Vo)) = 0. The remaining conditions are potentially second
order.

Suppose now that (7) holds for all basis elements W, X, Y, Z ((8) does not nec-
essarily hold so that we are not assuming (4) ). The second of conditions (10)
are now identically zero because conditions (7) impose symmetry in Y, Z on
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W(dQUW,Y, Z)). Further, if (7) holds then conditions (9) and (10) imply con-
ditions (12), (13) and (14). The contrapositive of this statement is useful: if
(9) and (10) do not imply conditions (12), (13) and (14) then (7) does not
hold and there is no solution of the Helmholtz conditions. In this way the
second order conditions (11) are distinguished amongst the second order clo-
sure conditions (4) as not necessarily being a consequence of the lower order
conditions (9) and (10) in order for solutions to exist.

We now examine condition
Ha(dQ(‘/ca Hb7 ‘/d> = ‘/C(dQ(Hlu ‘/(17 Hb)

of theorem 5, the “A conditions” of [24,25], along with the corresponding joint
condition (8).

The expanded internal structure of the generic condition (5) is informative:
using the three form identity (1) and the Jacobi identity on (5) gives

- WX, Y], 2)) = WY, 2], X)) — W(Q([2, X],Y))

+ ZQUX YL W) + Z(Q(W, X],Y)) + Z(Q[Y, W], X))

+ XY, 2], W) + X(QW, Y], 2)) + X(Q([2,W].Y)) (15)
+ Y (QZ, X], W) + Y(QX, W], Z)) + Y(Q(W, 2], X))

- XYz, W)

+ W XI(QY, 2)) + [W.Y]

Putting W := H,, X :==V,, Y :=V; and Z := H, in (15) gives a case of (8)

) + Ve(Q[Ha, Val, Hy))
) + Va(Q([Ve, Ha), Hy))
QVe, Ha)) — [Hy, VeJ(Q2(Va, Ha))
) + [Ha, Va](Q(Hy, V2))

which simplifies to

Vd(rg) (‘fe(gca) - ‘/c(gea)) + ‘/d(FZ) (‘/C(geb) - ‘/e(gcb))
+ Ve(T3) (Vi(gea) — Ve(9aa)) + Va(T'2) (Ve(gm) — Valges)) = 0.

The identity (6) shows that the above expression is equivalent to the necessary
condition

H,(dX(V,, Vy, Hy)) = Vo(dUH,, Vg, Hy)) + Va(dU(H,, Hy, Ve))
+ Hb(dQ(Ha, V., Vd)).

In a similar manner to the proof of theorem 5, this condition taken with the
“A conditions” H,(dQ(V,, Hy, Vy) = V.(dQ(H,, V4, Hy) is sufficient to establish
H,(dQ(V., Vg, Hy) =0 and  V.(dQ(H,, Hy, Vy) = 0.
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In this note we have shown that the A conditions appear naturally as members
of the class (7) which, along with the first order conditions (8), are equivalent
to the standard closure conditions (4). Moreover, the corresponding conditions
(11) are distinguished amongst the other potentially second order conditions in
(4) by not being necessary consequences of the lower order closure conditions
(9) and (10) in order for solutions to exist.
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Lagrangian equations and affine Lie algebroids
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1 Introduction

Lagrangian equations on Lie algebroids are the leitmotiv for this text, but large
parts of it are excursions into general features such as the concept of an affine
Lie algebroid and, even more generally, generalised connections on an affine
bundle and affineness of such connections. As such, it is a review of recent
work which was carried out jointly with Eduardo Martinez and Tom Mestdag
[7,10,11] and which constitutes also part of the PhD work to be submitted by
Tom Mestdag in 2003. I am grateful to these co-authors for letting me use the
results of our joint efforts for this occasion.

My contribution to the Colloquium in Ghent (November 2002) was the pre-
sentation of an overview of the activities at the Workshop on differential geo-
metric methods in theoretical mechanics, since its creation in 1986. The reason
for that is the fact that Mike Crampin was to a large extent the initiator of
this workshop and that it proved to be a very successful organisation over the
years. I therefore chose to let my presentation at the 17th edition of this work-
shop in Levico Terme, Italy (September 2002), be the core of my contribution
to this special volume.

2 Lagrangian equations on a Lie algebroid

Let us first have a look at the analytical format of Lagrangian equations on
a Lie algebroid. The by now familiar analytical expression of such equations
read:

i'=p},(r) y*
1)
d(0L\ ,0L . ,0L . (
a <a—ya>_paaxi o Oaﬁy ay,y ) LeC (V)
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The underlying geometrical structure is that the coordinates y® are the fibre
coordinates of a vector bundle 7 : V' — M, 2% being the coordinates on the
base M; the functions p!, represent the so-called anchor map, which is a vector
bundle map from V' into T'M; the C7; are the structure functions coming from
a bracket defined on sections of 7, and there are some compatibility conditions
to be satisfied, roughly coming from a compatibility between the bracket on
Sec(m) and the Lie bracket of vector fields on M. Among these, we mention

;0 0pl
Pa oxt P oxt

=plCls. (2)

For more details, see for example [6,13].

What I would like to indicate here already is that, if the main interest would
be to model equations of type (1)(2), there is room for generalisation. For
example, if one tries to derive such kind of equations from a (formal) calculus
of variations approach, there is no need to assume that the bracket on Sec()
satisfies a Jacobi identity.

My own involvement in the subject (always in collaboration with Eduardo and
Tom) started from the question: “What would be a time-dependent generali-
sation of such systems?” The claim is that such a generalisation will give rise
to equations of the following type:

'=p’ (t, x)y* + pi(t, x)

3)
d(0L\ 0L . 5 . 0L (
dt <aya> =Pa axl + (Cﬁay + C'Oa)ay,y )

where this time the pl,, pf), C 5, Cg, are functions of ¢ and z satisfying,

i ap! i Opl, ;
apj i ap] i 3p] o
Bt TP~ P = Pl ()

Notice that one sees a certain affineness entering the equations here and of
course, the extra time coordinate makes that there is a zero component of the
structure functions and a corresponding extra compatibility condition. The
usual framework for time-dependent mechanics in general and time-dependent
Lagrangian mechanics in particular, is the first jet bundle J'M of a manifold
M fibred over R (cf. [2]). Therefore, a natural extension of the Lie algebroid
generalisation is to consider an anchor map with values in J*M rather than
in TM and whose domain may then just as well be an affine bundle £ — M
rather than a vector bundle. If one does that, the result is a theory which we
described in [11] and is centred around the following diagram.
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JE
/ \
J;E l o E

VENYZ

M

Without going into any detail now, let me briefly point out the main ingredi-
ents and features of this diagram. The bottom part is the scheme of an affine
Lie algebroid. The bundle £ — M appears on the right again, with its own
first jet bundle J'E. J)E is in fact the pullback bundle of J'E under p. An
important point is, however, as discussed first by Mackenzie [5] and fully ex-
ploited for standard Lie algebroids in [6], that one should look at the total
space of this pullback bundle as being fibred over E via 7z o p' (with less
emphasis on the usual projections of a pullback bundle, here called 75 and
pt). If one does so, one discovers that there is a kind of complete lift from the
Lie algebroid structure at the bottom to one at the top, and the Lagrange
equations shown above should be regarded as coming from special sections of
the prolonged bundle JJE — E.

However, it is possible to work in a more general framework. This will in
particular be fruitful for exploring the affine nature of a Lie algebroid in all
generality, and for some of the aspects of the digression I want to make now,
one does not even need the full structure of an algebroid.

3 Playing with diagrams to understand generalised connections

Consider the following general scheme as depicted on the diagram below: 7 :
V' — M is a vector bundle; p : V' — T'M is an “anchor map”, to be understood
here as a vector bundle morphism about which no further structure is assumed
at the moment; p: P — M is an arbitrary fibre bundle.

Definition: A p-connection on the bundle p is a linear bundle map h : W*V —
TP, such that the following diagram commutes: popy = Tuo h.

The best source for a general study of p-connections is [1].
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TP

The form of the preceding picture no doubt is reminiscent of the first one.
For comparison, therefore, let us discuss the prolongation idea in some more
detail in this more general context. In the next picture, the right part is the
same as in the preceding one, but rather than pulling V' back along pu, we pull
TP back along p. The total space

TP ={(v,X,) €V xTP| p(v) =Tu(Xp)}
is not called p*T P, however, because the fibration we are primarily interested

in is not p' : p*TP — TP or p? : p*TP — V, but u* = 7p o p'. The bundle
put: TPP — P is called the p-prolongation of u: P — M.

TP
/ \3
TrPP l“l P

2 T™ p
14 ——M

The p-prolongation in many respects has the features of a tangent bundle. For
example, there is a vertical subbundle V?P := ker u? = {(0,Q)} C TP, and
there are also deeper similarities, upon which we will not dwell here, however.

The sort of overall structure of this diagram is the same as in the previous
one, in the sense that, by the very construction of a pullback bundle, there is
a commuting diagram around the anchor map here as well. In fact, this is the
reason why I prefer to keep representing points of 7”7 P as a couple of elements,
one from V and the other one a tangent vector to P at some point p, whereby
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this base point in the fibration over P thus is not given a separate entry in
the notation.

In view of the similarity in structure, it is tempting to put the last diagram
on top of the previous one, which would require pushing the two competing
spaces apart. This, in fact, can easily be done because T” P is naturally fibred
over p*V. The result is the following overall diagram.

Having brought the fibration j into the picture and thinking of the injection
of the vertical subbundle VP into T” P, we are facing a short exact sequence

0— VP —TPL 1V —0.

This suggests a way of defining a possibly different kind of p-connection on g,
namely as a splitting of this sequence or, in other words, as a horizontal lift
operation  from p*V (or sections of it) to T?P. We then have a direct sum
decomposition

T°P =H'P & VP,

with corresponding horizontal and vertical projectors P, and P,, as in the
usual theory of non-linear connections on a tangent bundle. The point is that
these two different looking notions of generalised connection are completely
equivalent [10], and we have p' o = h.

It is of some interest, however, to point out that the second view on p-
connections has some advantages over the first. To begin with, there is no
ambiguity in the decomposition of sections of ! into horizontal and vertical
ones, as opposed to attempts to use the map h for defining horizontality in
TP, which then creates a number of complications [1]. Also the concept of
connection map (see e.g. [12]) may be somewhat more transparent in the sec-
ond point of view. In the first approach, we immediately spot from our overall
diagram, more particularly from the two commuting diagrams over p, that
pl — h o j yields a vertical vector on P. In the particular case that P is a
vector bundle, this can be identified with an element of P itself, yielding a
map K : TPP — P. In the second approach, K is essentially P,,. Note: the
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connection map is a very useful instrument to define an associated covariant
derivative operator when the p-connection is linear.

4 Affineness of a p-connection

Let us make a further digression now and replace for a start the arbitrary
bundle i : P — M by an affine bundle 7 : E — M, modelled on the vector
bundle @ : E — M, say. Put E! := Aff(E,,,R), the set of affine functions
on E,,, let BT = U,,c) Bl denote the ‘extended dual’ of E, which is a vector
bundle over M, and consider the bidual # : E := (E')* — M, which is a
vector bundle containing £ and E via canonical injections: «(E) and ¢(E).

Now I take two of the overall diagrams, one with the affine £ — M in the
position of the general bundle P — M, and the other with P replaced by
E— M.

pp_AE
il 7T1>E
w*v/p -
bV %’TMWA

v - M

Again, a good definition of affineness of a p-connection h becomes quite ap-
parent by inspection of these diagrams: it is essentially the commutation of
the diagram which links h to h via canonical injections.

Definition: A p-connection h on 7 : E — M is affine, if there exists a linear
p-connection h: 7V — TE on 7 : E — M such that hov="Twvoh, as maps
from ™V into TE.

It is about time to illustrate these notions by looking at coordinate expressions
now.

With 2%,y coordinates on 7 : E — M and (ep;{e.}) a local frame for
Sec(r), denote the induced basis for Sec(n') by (€°, e%), meaning that Va €
Sec(m), a(z) = eg(x) + a“(x)e,(z) say, we have

e(a)(z) =1, Vu, e(a)(z) = a(x).

Observe hereby that € is actually globally defined! Let then (eg,e,) denote
the dual basis for Sec(7), so that ¢(ep) = ey and t(e,) = e,. Finally we write
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(z',y*) = (2%,3°,y*) for the induced coordinates on E, and (z%,v%) for the
coordinate representation of a point v € V.

The anchor map p : V — TM is of the form (27, v%) — pi(x)v52%; the map
h: ™V — TFE in general will look as follows:
h(a',y®,v") = (', y*, p (x)v®, =T (2, y)v?), (6)

the minus sign before the connection coefficients being a matter of convention.
Now, affineness of the p-connection on m means that the connection coefficients
are of the form:

Lo (2,y) = (@) + Tog2)y”. (7)
In the equivalent representation “” : 7*V — TPFE of the p-connection, this
becomes:

i, 00 a " i ,.a a (] 9 o ai
(", y*, v — <(x,v),v <paax" F“@yo‘>>' (8)

Now that we are bringing the prolonged bundle into the picture, if v, denotes
a local basis of sections of 7: V — M, then a standard local basis of sections

of 7' : TPE — E is given by
0
) w0=(08) o

Notice that there is a canonical vertical lift v : 7*E — T?E, which is such
that the V, are roughly the vertical lifts of the basis vectors for E, more

20 = (vala) o)

precisely: V,(e) = (e, ea(w(e)))v. Whenever there is a given a p-connection,
it will be more suitable to do coordinate calculations on the prolonged bundle
with respect to an adapted local basis, which consists of horizontal and vertical
sections. A basis for the horizontal sections is given by:

Hy, = Py(X,) = X, — T9(2,y) Va. (10)

Just a few words now, to finish this section, about covariant derivatives in
this context. If the p-connection is affine, there is an associated covariant
derivative operator V : Sec(r) x Sec(m) — Sec(7), which in coordinates will
look as follows. For ( = (*(x)v, € Sec(r) and 0 = ¢y + 0%(x)e, € Sec(m):

Ve = (Gt + (o) + T @)o0) | Cojen (a1

In fact, the affine p-connection can be completely characterised by such a V,
having the intrinsic properties: for all f € C>~(M),

Vo= [fVeo (12)
Velo+ fn) =Veo+ fVen+p(C)(f)n, (13)
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where V is the covariant derivative associated to the linear p-connection h on
7, obtained for example by restricting h to TV'.

5 Back to algebroids

Now that we know what affineness of a p-connection means, I want to put more
structure in the anchor map again and define affineness of a Lie algebroid in all
generality (see [7,3]). With 7 : E — M still being an affine bundle, and putting
the concept of connections aside for the moment, the picture of interest now
arises from taking as vector bundle V' — M the dual of the extended dual of
E, ie #:E— M.

TE
5 \E
T°E l 1 E

5 TM i
E =M

The plan is to define a Lie algebroid structure on 7 and explain its relation to
an algebroid structure on 7. In fact, since £ contains £, I want to start from
an anchor map p on E and explain how this extends to an anchor p on E.

Definition: A Lie algebroid on an affine bundle m : E — M (modelled on
7: E — M), consists of:

(i) a Lie algebra structure on Sec(T) (over R), with associated bracket [, |;
(i1) an action by derivations of Sec(mw) on Sec(T) (over R)

Dc()\la'l + )\20’2) = )\ch0’1 + )\QDCO'Q € 560(7), A €R

D¢loy, 09 = [Deoy, 03] + (o1, Deos,

compatible with the bracket on Sec(T), in the sense that

Deyom = Den + [0, m);

[(i) and (ii) define an affine Lie algebra structure]
(11i) an affine anchor map p: E — TM, such that

Di(fo) = f Do+ p(Q)(f) o, | € C™(M).
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It is often convenient to write D.o as a bracket [, o] also, and in fact this
makes even more sense since it is easy to extend the affine Lie algebroid to a
vector Lie algebroid on 7 : E — M as follows. For ¢ = f (o) +¢(n) € Sec(r),
where (o € Sec() is an arbitrary reference section, define the anchor map p
as

F(C) = fo(Co)+p(m),  p: lincar part of p, (14)
and the bracket of two such (; by

6 Ga) = (PG ()= 6) () )ol6o) +2(fm mal + FrDegma = Dy ) (15)

It can be shown that these definitions do not depend on the choice of (.

The following result was proved in [7]: there is a one to one correspondence be-
tween Lie algebroids on the affine bundle 7 : ' — M and Lie algebroids on the
bidual 7 : E — M which have the property that the bracket of two elements
belonging to E, belongs to the vector bundle E on which E is modelled:

[t(01), t(o9)] C Ime.

In coordinates, if (eg;{e.}) is a local basis for Sec(m) and we consider the
induced basis (e4) = (eq, €4) for Sec(7) as before, the brackets of an affine Lie
algebroid structure are of the form

[eo, 0] =0, [eo, €a] = C(’)yae'w ea, €3] = C’yﬁe’y’ (16)

&7

and for the anchor and its extension, we have

)
pleo +y%ea) = (oo + oy 5 (17)

~ « % i, Q a % a
Ply’eo +y"ea) = (Phy" + pay™) 5= = Py’ 5. (18)

For completeness, this is the way the compatibility property [p(ea), p(eq)] =
p([ea, eq]) looks like in coordinates:

- - = 1
PA ox' Pao ox' Aapjw7 ( 9)
and the Jacobi identity reads
00,
> (s + CC, | 0. (20)
ABn ox

The extension of the affine Lie algebroid to its vector counterpart on E often
simplifies matters when it comes to defining further concepts and operations.
Let us look at the concept of differential forms on an affine algebroid to il-
lustrate this point. The problem is of course that one roughly wants to think
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of a skew-symmetric multilinear map, but sections of 7 cannot be multiplied
by functions. A definition of a k-form without recourse to E overcomes this
difficulty as follows.

Definition: A k-form on Sec(w), w € A*(x"), is a map w : Secw x --- x
Secm — C=(M) for which there exist maps wy,w, where

wp : Secm x SecT X -+ x Secw — C*(M)

is skew-symmetric and linear in its k — 1 vector arguments, and w is a (stan-
dard) k-form on SecT, such that

WO(C + g, C17 DR Ck—l) = wO(Ca Cl> DR Ck—l) + (JJ(O', Cla R Ck—l)? (21)

and for any reference section (y:

k ~

w(<17 EICI) Ck) = Z(_l)i_le(C07 C17 LRI Ci? BRI Ck) + w(Cl? BRI Ck) . (22)

i=1

This construction is of some interest in its own right, but life becomes easier if
one observes that a k-form on Sec(r) is just the pullback of a form on Sec(7)
under the canonical injection: w = (*(®) say. Once this is clear, one can for
example immediately define the exterior derivative of forms on Sec(w) by:
dw = 1*(dw).

In coordinates, a k-form on Sec(w) is of the form

1 1
w= ] Wopiyopage_y € N EMT A ARl 4 T Wrem N Nett ) (23)

with coefficients in C* (M), skew-symmetric in all indices. The exterior deriva-

tive of forms is determined by: df = p'y ggi e, for f € C=(M), and

de’ =0, de® = —Cize’ N e? — %ngeﬁ Nev. (24)

The following observations are more important now. Going back to our pro-
longation picture of the beginning of this section, let us move upwards in the
diagram. As we know [6], there is an inherited (vector) Lie algebroid structure
on the prolonged bundle 7! : T?E — E. The point is that this is again one of
the type which gives rise to (or comes from) an affine Lie algebroid. Indeed,
the space
J’E ={(e,X.) € ExXTE | ple) =Tn(X.) },

is the affine bundle of which the bidual is 77E. With respect to the local
frame of sections (X4, V,) of Sec(m!), which was discussed in the more general
context of the preceding section, the Lie algebroid brackets of the prolonged
bundle are given by

(X4, Xp] = COpXa,  [X4,Va] =0, [Va,Vs] = 0. (25)
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The corresponding exterior derivative is determined by
da' = p' X4, dy* =V° (26)

dX® = —1CX AN AP, dx° =0, dV*=0. (27)

6 And now Lagrangian equations again

I need two more concepts now before I can return to my starting point, La-
grangian equations, but now on general affine bundles, without the underlying
motivation of time-dependent mechanics, i.e. without the assumption of a fur-
ther fibration M — IR. The first one is a vertical endomorphism, the second is
a notion of “second-order differential equation field” on the prolonged bundle.

There is a canonical map ¥ : FE — mE C n*E, which is defined as follows.
For agiven a € E, any z € F is of the form z = A\(z)c(a)+¢(v), with A(z) € R.
As a result, we can define

Y a, z) = (a,z — A(z)(a)), (28)

leading to an operator which extends to sections of the corresponding bundles
and has coordinate representation: ¥ = (e* — y%°%) @ e,.

It was already mentioned that there is a vertical lift from 7*E to T?E (with
V' = E here). With the aid of ¥, it can now be extended to

VortE = TPE, Vi (a,2) — (Ow(a),ﬁ(a, z)v) .

Applied to sections, we have: if ¢ = (% + (%, € Sec(7), then ¢V = ({® —
yC"V, € Sec(n'). In turn this leads, just as in the standard theory of first-
jet bundles, to the wvertical endomorphism S : Sec(n') — Sec(n'), given in
coordinates by

S = (Xa — anO) ® Va. (29)

As for the second ingredient, we actually talk about pseudo-SODEs here, be-
cause the resulting differential equations will not strictly be second-order or-
dinary differential equations. Now that we have S at our disposal, and remem-
bering that the section X of the extended dual is actually globally defined, a
simple way of defining pseudo-SODEs goes as follows.

Definition: A pseudo-SODE on the affine 1 : E — M is a section I' of
7t TPE — E such that

S(T) =0, (T, 2% =1.

Locally, T" is of the form

I'= &+ ana + favon (30)
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and the vector field p*(T") determines the differential equations
' = pp(r) +pa (@), Y=z y). (31)

There are a number of equivalent ways for defining pseudo-SODESs, one of
which is that its integral curves, by which we mean of course the integral
curves of the corresponding vector field on F, all are admissible curves in the
following sense: for v : R — E, with projection vy, = 1oy : R — M, we have
poy = - Note further that an admissible curve v can be lifted to a curve
t & (v,%), which belongs to J”FE for all ¢+ and by construction is such that
plo~¢ =4, hence is admissible for the prolonged algebroid.

Contact forms on Sec(rn!) are 1-forms vanishing on all pseudo-SODEs. Locally,
they are spanned by

0% = X* — y*X°. (32)
There also is a complete lift from Sec(7) to Sec(w!), determined by requiring
that contact forms be preserved.

So now, to close the circle for this review of recent work, let me describe in
two words how Lagrangian systems on an affine Lie algebroid can be defined,
and how p-connections, both non-linear and linear ones, naturally make their
appearance in dealing with pseudo-SODEs.

For L € C*=(E), define the Poincaré-Cartan type 1-form 6;, = S*(dL) + L X°
and the 2-form Q = dfy. A pseudo-SODE I is of Lagrangian type if

iFQL = 0.

The corresponding differential equations are of the form

pay + o (33)

< )Z Pagg T g_L (34)

where C7 = Cq, + C.u”°.

Now for any given pseudo-SODE I, the operator
Py=YI-drS+Xx°®7) (35)

defines a (non-linear) p-connection on 7, with connection coefficients (see [8])

pa — 1 (9 Cy g = —f* —4°1e
3= 28ﬁ+ﬂ o =—f"—yT. (36)
There further is an associated “linearisation”, a Berwald-type connection,
which is a linear p'-connection on 7*FE — E, corresponding to an affine j'-
connection on 7*E — FE. The latter statement actually refers to work which
is still under construction [9].
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Finally, here are a couple of closing observations which are worth mentioning.
Recall that, starting from (eg;{en}), a local basis of sections of the affine
bundle £ — M, and constructing an induced basis (e, e®) for Sec(rT), one
encounters, somewhat surprisingly, the globally defined section €%: €? (a,,) =
1,Va,, € E,,. Interestingly, additional properties of ¢ characterise the aspects

of affineness we have been discussing.

First of all, a Lie algebroid on the vector bundle E — M restricts to an affine
Lie algebroid on E — M if and only if de® = 0. Furthermore, in the special
case that M is fibred over R and p(E) C J'M, we have ¢® = dt. Note in
passing that, in the theory of Lie bi-algebroids developed in [4], a central role
is played by a 1-cocycle; the link with affine algebroids is explained in [3].

Secondly, a linear p-connection on 7 is associated to an affine p-connection on
7 if and only if €” is parallel.
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1 Introduction

Mike Crampin was my Ph.D. supervisor, and during the course of my stud-
ies he gave me a paper [2] describing some of the properties of the vertical
endomorphism S on a tangent bundle. Now Mike was not the first person to
use this operator; but he was, perhaps, the person who suggested calling it S
rather than J (or, occasionally, v) as had been used previously in the litera-
ture. Over the years S, or variants or generalizations of it, have appeared in
various papers that Mike and his colleagues have written, and it does indeed
seem to be a very useful tool.

This present paper, based on a talk given at a colloquium to celebrate Mike’s
sixtieth birthday, describes some of the different manifestations of S and their
uses. It does not attempt to be comprehensive, and contains rather few ref-
erences: it tries, instead, to tell a story showing the importance of these con-
structions and how they are linked together.

Throughout this paper, differentiable manifolds are assumed to be of class C'*°,
finite-dimensional, paracompact, Hausdorff and connected (even when not all
of these properties are strictly necessary for the definitions to make sense or
for the conclusions to be valid).

2 The original vertical endomorphism S

The original vertical endomorphism, as a 1-covariant, 1-contravariant tensor
field on a tangent bundle T'M, traces its origin to a fundamental property of
real vector spaces and their tangent vectors. This property, applied pointwise
to each fibre of a vector bundle, gives an operator which (when the vector

Email address: david@symplectic.demon. co.uk.
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bundle is the tangent bundle of some manifold) may be represented as a tensor
field.

2.1 The vector space property

Let V be a finite-dimensional real vector space. At any point v € V, there is
a natural isomorphism between V' and the tangent space T,V. We construct
the isomorphism by regarding elements of T,V as equivalence classes of curves
v: R — V satisfying 7(0) = v, where v, ~ 79 if, for every function f: V — R,

Y

d
= E(fovz) .

d
@(fovl) .

then each equivalence class contains a unique curve of the form ~,,(t) = v+tw
for some w € V. The isomorphism V' — T,V is given by w — [7,], and is
called the vertical lift.

By duality, there is a natural isomorphism between the cotangent space T}V
and V*. But we can also describe the dual isomorphism directly, and this
dual description is perhaps more natural than the direct one. We start with
the algebra C>°(V') of functions on V: this has an ideal n, containing the
functions vanishing at v, and the cotangent space 7'V may be defined as the
quotient n,/nZ. This construction gives a natural vector space structure to
T*V (indeed it gives an algebra structure, but the multiplication is trivial),
whereas obtaining the linear structure on the tangent space T,V requires more
work. Now each element of n,/n? contains a unique representative that is an
affine function 7, and hence is of the form

for some linear function A € V*; the dual isomorphism 7'V — V* is given by
[n] — A. We might call this the vertical collapse.

2.2 From vector spaces to vector bundles
We now apply this idea to the fibres of a vector bundle 7: F — M. At each
point v € E the vertical tangent space V,m is a subspace of T, E; then

Vo & T’UEﬂ'(U) = Eﬂ(v)u

where T, E(,) is the tangent space to the fibre E(,). Similarly, at each point
v € FE the cotangent space T F projects to the “vertical cotangent space”
Vi (containing equivalence classes of cotangent vectors). Then

‘/v*ﬂ' = T;Eﬂ(v) = *

w(v)»
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where T}y Er(,) is the cotangent space to the fibre Er(,, and Er . s the fibre
of the dual bundle. The maps

Erwy — TLE, T, E — E7,

are, respectively, a linear inclusion and a linear projection, and these give rise
to morphisms
m(E) — TE, T"E — 7*(E")

of vector bundles over E.
2.3  The tangent bundle

If we specialize the construction defined above to the case where the vector
bundle 7: £ — M is the tangent bundle 7p,: TM — M, we can compose the
push-forward map

TTM — 73/(TM), & (tra(§), Trar(€))

with our vertical lift morphism to give a vector bundle morphism TTM —
TT M; similarly we can compose the vertical collapse morphism with the pull-
back map

T (T"M) — T°TM,  (v,n) — T5mu(n)
to give a vector bundle morphism T*T'M — T*T'M. These two vector bundle
morphisms are dual to each other, and they give rise to a section S of the

tensor bundle

T"TMQTTM — TM
called the almost tangent structure or the vertical endomorphism of the tangent
manifold T'M.

To see a representation of this tensor field in coordinates, choose a local chart
on M with coordinate functions (¢'); then in the induced fibred chart on T'M
with coordinate functions (¢, ¢*) we have

;0

3 Some properties of S

The tensor field S has some characteristic properties. First, as a map TTM —
TTM its image equals its kernel (so that, in particular, S? = 0). Secondly, S
is integrable in the sense that its Nijenhuis tensor vanishes: for any two vector
fields X, Y on T'M

(XS, V1S —[XuS, YL S —[X,Y1S]1S =0.
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These properties are characteristic of S in that the existence on a manifold of
a tensor with these properties may be used (with some other conditions) to
show that the manifold is the total space of a tangent bundle.

One of the most important uses of S arises in the context of dynamical sys-
tems and second-order differential equations, in particular those arising from
variational principles.

3.1 Lagrangian mechanics

Let L: TM — R be a Lagrangian function. We may use S to construct a semi-
basic 1-form ¥, = SidL, known as the Cartan form of L; as a section of the
cotangent bundle, ¥ is a map T'M — T*T M. Extremals of the Lagrangian
are also extremals of the Cartan form.

We may also construct the Legendre transformation FL: TM — T*M by
taking the “fibre derivative” of L, and if this map has maximal rank then
extremals of the Cartan form are also extremals of the Lagrangian. In these
circumstances we say that the Lagrangian is reqular.

The Cartan form and the Legendre transformation are related by the pull-back
map

V() = 7y (F L(2)),

given in coordinates by

oL
a4

OL i, poFL=

/19 =
¢’

Of course, taking the fibre derivative involves taking the unique affine function
in an equivalence class of functions, and so is the “vertical collapse” operator
used in the dual definition of S.

If L is positively homogeneous (a Finsler function) then the Cartan form is
called the Hilbert form and is used extensively in the study of Finsler geometry.

3.2 The Euler-Lagrange equations

The Cartan form, constructed using S, may be used to give the Euler-Lagrange
equations of a variational problem. We let A be the dilation field of the vector
bundle TM — M, and let E' = A(L) — L be the energy of the Lagrangian L.
If L is regular then di, is a symplectic form; when this is the case the unique
vector field I'y satisfying

FLJ d’L9L == —dE
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is second-order (that is, I';1S = A) and the curves in its flow are the solutions
of the Euler-Lagrange equations. Even if L is not regular, the 1-form

g — (Tﬁl)*(dl—/) — dTﬂL

defined on the second-order tangent bundle 7?M vanishes on a submanifold
& C T?M representing the Euler-Lagrange equations in invariant form. (Here,
the map 7']%4’12 T?M — TM is the canonical projection.)

If L is regular, the submanifold £ is 2m-dimensional, and is the image of the
section vz of T?M — T'M corresponding to the second-order vector field I';.

3.3 S and o

Another approach to Lagrangian mechanics, used in particular by W.M. Tul-
czyjew, involves a diffeomorphism

o: TT*M — T*TM (qi,di;pi,ﬁi) oq = (qiapﬁ qiupi)'

Given a Lagrangian L, we may use the following procedure. First, the image
of dL (regarded as a map TM — T*T'M) is a submanifold D C T*T'M, and
so we may consider a~(D) C TT*M. Taking the tangent to this submanifold
gives Ta~Y(D) C TTT*M the prolongation of a~!(D), and the intersection
of this tangent submanifold with T?T*M C TTT*M gives the holonomic
prolongation. The image of the holonomic prolongation a=*(D)NT*T* M under
the projection T?73,: T*T*M — T?M is then the Euler-Lagrange manifold &.

The diffeomorphism « is related to the vertical collapse operator & — &,
because if £ € T*T'M then

mre(a(§)) = &

The submanifold o' (D) C T'T*M contains information about the Lagrangian
similar to that encoded in the Cartan form ¢;, and the holonomic prolonga-
tion processes that information in the same way as the total time derivative
operator dr operating on .

3.4 The SODE connection

Let I" be a general second-order vector field on T'M: that is, one not necessarily
arising from a variational problem. Any such SODE gives rise to a connection
on the bundle TT'M — TM in the following way. First, the tensor field LS
satisfies (LrS)? = I; using this, we may check that the tensor fields P =
5(I — LrS) and Q = 5(I + LrS) are the horizontal and vertical projectors of
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such a connection. In coordinates, if

0 0
I'=¢"— [
then
o 0 18fj 0
P—dq®<aqz’+2aq-iaqj>

o4 0f7 0
— J _ l— v o
Q (dq W dq) ® Rk

Properties of this connection are important in trying to determine whether I"

arises from a Lagrangian.

In a later section, we shall see how to obtain this connection by using a

“second-order” version of S.

4 Generalizations of the vertical endomorphism

We can generalize S in a number of different ways, to give operators defined on
manifolds different from on ordinary tangent bundle. Four direct extensions

give operators that:

(1) act on higher-order tangent bundles;
(2) act on Lie algebroids;

(3) act on jet bundles, involving time explicitly;

(4) act on frame bundles, with more independent variables.

And we can combine some of these generalizations, to:

(1 + 2) higher-order algebroids;
1+ 3) higher-order jet bundles (over R);

1 4 4) higher-order frame bundles;

(
(
(
(

limited way.

)
3+ 4) jet bundles with more independent variables;
)

1+ 3 4+ 4) higher-order jet bundles with more independent variables, in a

The following subsections describe each of these generalizations in turn.

4.1 A generalization to higher-order tangent bundles

In order to generalize S to higher-order tangent bundles, we first construct a
vertical lift operator from TT*M to TT**'M. Given a point p € T**'M and

a vector w € TTFM such that

k+1,k

v (p) = Trea(w),
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choose a map y: R? — M such that

ak+1 ak—i—l

—— x(s,t — ——— x(s,t
ask+1 X(S7 )(00) p7 askat X(S7 )

= w.
(0,0)

Now define the vector u € T, T*™ M by

ak+2

= porigy X550

(0,0) ’

then u is the vertical lift of w to p (and is independent of the choice of map x
satisfying the required condition). If £ = 0 then the vertical lift defined in this
way is the same as the one defined earlier. Indeed, the idea of representing a
vector on a tangent bundle by a function of two real variables will turn out to
be useful for generalizations of the verical lift to several other contexts. [3]

Given this, compose the push-forward map
TTFIM — (lefjl’k)*(TTkM), v (TTk+1M(v),TTJ]f/[+1’k(v))

with the vertical lift to get an endomorphism of T;HT M, and let S be the
representation of this endomorphism as section of the tensor bundle

T*Tk—i-lM ® TTk-‘rlM N Tk+lM.

In coordinates (g(g); - - -, qg11y) OB TN,
S=>(r+1)dg,y ® 75—
r=0 (41

The infinite tangent bundle T°°M may be defined as the inverse limit of the
sequence of finite-order tangent bundles. It may be shown that any cotangent
vector on T°M is of finite order, in that it is the pull-back of a cotangent
vector on some finite-order tangent bundle 7M. We can use this to define S
on T°°M as the linear map T*T*°M — T*T>°M given by

S((r3r")y ) = (") (S ().

4.1.1 An alternative description

The canonical involution J;: TTM — TTM has a fixed point set ¢ 1(T*M)
(where ¢1 ; is the canonical inclusion), and this generalizes to a diffeomorphism

Je: TFTM — TTYM

which maps v 1 (T*1 M) onto ¢y x(T*™1M). We can use this to give an alter-
native method of describing the higher-order vertical endomrphisms.
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Given a 1-form n on TT*M, consider the sum

3 x(Srrraran) + o1 (Srera Jin);

we may check, using the coordinate formula for S, that this equals

*
STk+1MJ L17k77.

So if we have a form on T*'M we can spread it out arbitrarily to a tubular
neighbourhood, and then use the S tensors on T*TM and on TT*M to give
a well-defined result corresponding to the S tensor on T*+1 M.

4.1.2 S and dr; the higher-order Cartan form

We may check, again using the coordinate formula, that the S tensors are
related to the total time derivative operators dr in their action on forms by
the rule

Sodp—dypoS= (1"

(On the infinite tangent bundle 7°°M this simplifies to
SOdT—dTOS:id

so that S is a homotopy operator for dp. As we shall see later, a generalization
of this property is useful when considering the local exactness of the variational
bicomplex.)

If L: T*"M — R is a Lagrangian then its Cartan form is defined on T2*~1 M/
and is given by

9, = = (_1)Tdr Sr—i—ldL_
L= Z rl T ’

r=0

this form is semi-basic over T*~1M. The 1-form
e = (T]%f’k)*(dL) —drVr,

vanishes on a submanfold of T?*M that is an invariant representation of the
Euler-Lagrange equations for L. If di, is symplectic then this submanifold is
2km-dimensional, and is the image of a 2k-th order vector field on 7%~ M.

4.1.8  The alternative SODE connection

If T is a second-order vector field on T'M, its SODE conection may be con-
structed in an alternative way. Let v be the section of T?M — TM corre-
sponding to I, and let C' be the image of v as a submanifold of T2M. At
each point p € C, take the annihilator (7,C)° of T,C in T,72M, and then act
on this annihilator with the second-order S tensor to give S((7,C')°). Pulling
this back by 7 to T'M then gives v*S((7,C)°). The resulting subspaces of



“S 7— the vertical endomorphism 149

cotangent vectors on T'M are just the vertical cotangent spaces of the SODE
connection. [11]

This construction generalizes immediately to the SODE of a (k + 1)-th order
vector field on T*M. The method of using L£rS for the construction also
generalizes, but involves a slightly more complicated formula.

4.2 A generalization to Lie algebroids

If 7: A — M is a Lie algebroid with anchor map p: A — T'M then a pro-
longed algebroid may be constructed on the fibre product A xXr5; T'A (where
Tt: TA — TM) with projection

m: Axry TA— A, 7i(a,v) =74(v)
and with anchor

pr: Axpy TA — TA, p1(a,v) =v.

We say that an element of A X7, T'A is vertical if a = 0 (so that TT(v) =0
and hence v € V7). The vertical lift is then the map

AXMA%AXTMTA, (a,b)H(O,bZ)

and the vector bundle endomorphism S on A X7, T A may be defined to be the
projection (a,v) — (7g(v),a) followed by the vertical lift. For the canonical
Lie algebroid 7y,: TM — M, this construction just gives the usual vertical
endomorphism. [8]

4.8 A generalization to jet bundles, involving time explicitly

Take a fibration 7: £ — R; we may define a version of S on the jet bundle J'r.
An instructive way of doing this is to use the existing vertical endomorphism
on the tangent bundle T'F.

To do this, we use the fact that J'7 is a closed codimension 1 submanifold
of TE, given by { = 1. Now S (on TE) does not restrict to J'r, but we
can modify it so that it does. To do this, we use the total time derivative
operator dr, regarded as a vector field along the projection 7y 4: J'm — E.
Then for each vector field X on J'7 there is a unique multiple f of dt such
that 790 X + fdr gives a vertical lift to TE tangent to J'm. This operation
then defines the tensor field S on J'x.

In coordinates (¢, ¢, ¢') on Jix

D
S=0'® 5o



150 David Saunders

where 0° = dq* — ¢* dt are the contact forms.

4.3.1 Time-dependent Lagrangian mechanics

As well as being a closed submanifold of TE, we may also consider the jet
bundle J'7 as being an open submanifold of the projective tangent bundle

PTE = (TE — {0})/(a #£0),  p: (TE —{0}) — PTE.

We may use this to define the Cartan form for a time-dependent Lagrangian
system.

A Lagrangian 1-form A = Ldt (where L: J Ir - R) defines a homogeneous
Lagrangian function L on an open submanifold of TE by L = (dg, p*A). I
coordinates,

L(t,¢',1,q") = iL(t,q',d'/f).

The Cartan form 97 is projectable to J 7 ¢ PTE, and in coordinates is

L .
N :ﬂszng—qieZ.

We may also write the Cartan form directly using the version of S defined on
Jtm, with the formula

Ux=Ldt+ SidL.

4.8.2  Non-holonomic mechanics

Given a submanifold C' of J'7 fibred over E (a constraint submanifold), a non-
holonomic mechanical system may be described by a SODE given at points
of C' and tangent to C. The “force” constraining the system to remain on C'
is given by a 1-form that is a section of a bundle constructed in the following
way. [9]

At each point p € C, take the annihilator (7,C)° of T,C in T,J'r; then
act on this annihilator with S to give S((7,C)°). This bundle is called the
Chetaev bundle. If C is an affine sub-bundle of J'7 then the Chetaev bundle is
projectable from C to E. If, in addition, the constraint submanifold is defined
by some auxiliary fibration £ — Ey — R then the projected Chetaev bundle
defines a connection on the fibration £ — FEj.

This construction of a connection in the context of non-holonomic mechan-
ics is remarkably similar to that of the SODE connection (in its alternative
formulation).
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4.4 A generalization to frame bundles, with more independent variables

Now let dimE' = N, and let F(,)E be the bundle of m-frames on E; we
may regard this is a sub-bundle of the vector bundle @™ TE. So if we take
two frames &, ( € F,,)F projecting to the same point of £, we may consider
€, ¢ € @ TE and take the vertical lift of ¢ to a vertical vector (¥ € T @™ T'E.
As FinE C FE. In coordinates (u®, uf) on Fi E,

0 0 0
A Y A Y A_
<lauA,...,mauA>r—>Czauz4.

The i-th component of this map, preceded by the projection F,,)E — E, may
be regarded as a globally-defined tensor field

Si:aluA(XJ@u24

and the family (S, ..., S™) may be regarded as a generalization of the vertical
endomorphism to F,) E. [4]

4.4.1 Lagrangian field theories

In the context of frame bundles, a Lagrangian is a map L: F,,)E — R, and
it is homogeneous if L(A&) = (det A)L(£) for any A € GL(m); furthermore,
it is positively homogeneous if this condition holds for A € GL*(m).

Let ¢} = S*ydL: we call these the Hilbert forms for L. The 1-form
er = dL — &b,

(where d; = u#t0/0u” is the i-th total derivative) is defined on the second-
order frame bundle, and vanishes on a submanifold described by the Euler-
Lagrange equations for L, generalizing the similar equation for single-integral
problems.

As well as the family (9},...,97) of Hilbert 1-forms, there are also two m-
forms closely associated with the variational problem defined by L. If L is
non-vanishing then the m-form

1o
0c = fumt Y

i—1

has the same extremals as L. On the other hand, the m-form

Op = SUd(S%d... (S™idL). . )
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is closed precisely when L is null. [6] In coordinates

1 0L

du
m—1 A
L i=1 3ul

Oc =

and
oL

A Am
m

OF =

4.5 A generalization to higher-order algebroids

If the Lie algebroid A is integrable (so that it is the algebroid A(G) of a Lie
groupoid G) then the prolonged algebroid A X7y, T'A is the algebroid A(PG)
of a prolonged groupoid

PG =VaxgVp

where «, [ are the source and target maps of GG. This construction can be
generalized to give a k-th order prolonged groupoid

P*G =V*a xo VEB,
and also a k-th order “generalized algebroid”
ARG = VHal
so that A*G is the identity submanifold of P*G (and hence the base manifold

of the Lie algebroid A(P*G) — A*G).

There is then a vertical lift operation
A(P*GQ) x gvg AFTIG — A(PFTHG

defined by using a generalization of the x(s, st) formula for higher-order tan-
gent bundles, and correspondingly an operator S on sections of A(P*1G) —

ARG [12]
4.6 A generalization to higher-order jet bundles (over R)

This works in the same way as the first-order generalization, from TE to Jlm
(where 7: E — R). We consider J*r as a submanifold of T*E, defined by the
equations t(y = 1, ) =0 for 2 <r < k.

If X is a vector field on T*E then XS is not tangent to J*r, but there is a
unique multiple f of the total time derivative dr such that 7,1 0 X + fdr

gives a vertical lift to T E tangent to J*7. This operation defines the tensor
field S on J*r.
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In coordinates (, ¢,y) on J'7

k—1 ] a
S:Z(T"i_l) 27‘)® i
r=0 9(r+1)

where 6, are the contact forms dgj,, — g{,,dt.
4.7 A generalization to jet bundles with more independent variables

In the context of jet bundles, the move from one independent variable to sev-
eral turns out to be more complicated than in the case of tangent (and frame)
bundles. The reason for this is connected with the need for invariance under
reparametrization: if 7: E — M is a fibration with dim M = mand dim £ = n

giving the jet bundle J'7 then there are no canonical basis directions at points
of M.

We can, however, construct a directional vertical lift with an extended set of
ingredients, involving a choice of direction in M. So take a point jj¢ € J'm,
a vector w € Ty E and a cotangent vector n € Ty M. Given these items, let
f € C°M satisty df, = n, and let x: M x R — E be such that for each ¢,
q — x(q, 1) is a section of 7, and such that

. , 0
Ja(a — x(q,0)) = ji¢, a—f

= w.
(p,0)

If we define v € Tj14J'7 by

o= %ﬂq — x(a f(@)t))

(p,0)

then u is vertical over E. In coordinates (z', u®, u) on J'x, if

i 0 + w® d d J
w=w'——+w'—— = n;dx
ox’ oue’ =
then
( «@ «@ z) a
v =nj(w* —ufw')—.

Once again, this construction is a generalization of the one described above
for higher-order tangent bundles. [10]

4.7.1 The S operators on Jlmw

The directional vertical lift may be used to define several different types of
S operator on Jlmw. Most straightforwardly, choosing a 1-form 1 on M gives
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a (1,1) tensor field S” by taking the appropriate pointwise vertical lifts; in
coordinates 5
S = 0 Q) —
i due
where 0% are the contact forms du® — u;"dxj . We can also construct a type
(2,1) tensor field S “along m;” giving the tensors S” by tensor contraction; in
coordinates

0 0
S=0"® — R —.
ouf — 0zt
And finally, if M is oriented with volume form w then contraction of S with
w gives a vector-valued m-form S, ; in coordinates

Sw:(e /\(,UZ)@a—u?

where w; = 0/0x"1w.

The third of these S operators may be used to construct a truncated Cartan
form for a Lagrangian A\ = Lw defined on J'w. This m-form is © = Lw +
S,1dL; in coordinates where w = d™x

©=Lw+ a—LﬁaJ w;
ou

(using the notation w; = 9/9z"1w).

4.7.2  Other Cartan forms for multiple integral problems on jet bundles

As for single integral problems, the lagrangian form A = Lw on J L7 defines a
homogeneous Lagrangian function L on (an open subset of) the frame bundle
Fum)E by

L= <dT, p*)\>

where dy is the tautological m-frame along F,,)El — E given by the identity
map F(m) £ — Fn)E; the components of dr are the total derivative operators
d;. But now, unlike in the single-integral case, there are two candidates for an
m-form that could project to a “Cartan form”, and they are both different from
the truncated form described above. We find that the m-forms ©c and O de-
fined by L both project to the Grassmannian bundle G,y E = Fn) E/GL(m),
and we consider J'7 as an open submanifold of Gm)E.

The projection of O¢ is the Carathéodory form [1] of L, in coordinates

1w . 0L
Lm—l Z/\ <Ldl’ +8—uf‘8 )

i—1

The projection of O is the fundamental Lepage equivalent [7] of L, in coordi-



“S 7— the vertical endomorphism 155

nates
min{m,n} 1 oL
O N NOY N wi
7;0 (rh? oug! - - - Ougr e

where w;,..;., = 0/0x" " Jw;, i, _, .
4.8 A generalization to higher-order frame bundles

The vertical lift operator may be generalized from first-order frame bundles
to higher-order frame bundles in a fairly straightforward way: this uses the
representation of a frame on a frame bundle by a function of two m-vector
variables. So let f(’fm)E be the bundle of k-th order m-frames in £ it is the open
sub-bundle of the bundle T('jﬂ)E containing the non-singular m-dimensional k-
velocities, with coordinates (u#') where I is a multi-index.

We can construct a vertical lift from f(m .7-" k_lE to T fg“m)E in the following
way. Given £ € f(m E and ¢ € Fp) .7: E such that

Tome (§) = Tre-15(0),

choose a map x: R™ x R™ — F such that

Jolr = x(@0)=¢ oy (=5 (x(@,9)) = ¢
Define u € T,F, E by

d

u = dt(]o (z = x(,tx))) 0;

then v is a vertical vector on f{“m)E and is the vertical lift of ( to £&. If k=1
then this is the same as the vertical lift defined previously. The i-th component

of this map, preceded by a projection to F k= 1E is a globally-defined tensor
field [5]
kel
St = Z (I; —|—1)du1 Q ——5—

1]=0 aUI+1

4.9 A (limited) generalization to higher-order jet bundles with more indepen-
dent variables

Although the generalization of the vertical lift from first-order to higher-order
frame bundles was straightforward, a similar generalization from first-order to

higher-order jet bundles (over an m-dimensional base) turns out to be more
difficult.
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We may start in the same way, by letting 7: £ — M be a fibration, and
taking a point j;,faﬁ € J*m and a vector w € 7}5_1¢J’“_17r. However it is no
longer adequate to define a direction on M by taking a cotangent vector;
instead we need to take a closed 1-form n on M. With these ingredients, let
f € C>*M satisty df = n in a neighbourhood of p, and let x: M x R — E be
such that for each t, ¢ — x(q,t) is a section of 7, and such that

A= X(@0) =56, G0 x0.0)

=w.
(p,0)

If we define v € Tjs(b(]kﬂ' by

v= 2 3 xla. f(@)0)

I

(p,0)

then u is vertical over J*~!x. In coordinates (x%,u%) on J*n, if

S Bt .
w=w'-—+ > wi—, n = n;dz’
Ox =0 oug

then
k-1 (I+ J+ 1])' 8‘]77j (9

v= (Wi — UGy W) F—r .

So for each closed 1-form 1 on M we get a tensor field

=T+ T+, %)

S =
IE,::O T+ 1) 9z ™5 7 dugy )

depending on the derivatives of the components of 7.

4.9.1 FEzactness of dy, in the variational bicomplex

Versions of the S operator have appeared earlier in formlee for Cartan forms,
and where the Lagrangian had order greater than one these operators were
combined with total derivative operators. Indeed, the relationship between
S and total differentiation is very close, as the homotopy formula on T°°M
demonstrates.

A similar relationship holds for the case of several independent variables,
though here there is much greater complexity. An important construction in
this context is that of the variational bicomplex. Here, we consider a fibration
m: E — M and let &’ denote the module of (r + s)-forms on J*°m containing
r horizontal components (semi-basic overM) and s contact components. The
modules =, are quotient modules. The horizontal differential dj,: ®7 — o7 +!
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has coordinate form if
dpf = Ty dz"

and is an invariant object incorporating the total derivative operators on jet
bundles. In the context of finite-order jet bundles it would map forms on J*7
to forms on J¥*!7, but when considering J*7 it is a mapping between forms
on the same manifold. On the other hand, the vertical differential d, = d — dj,
has many of the properties of the ordinary exterior derivative on the fibres of
m, and in particular the map d,: ®5° — ®7" passes to the quotient to give a
map d: =y — =; which is the Euler-Lagrange operator. (See the Appendix for
a diagram of the variational bicomplex on J*7.)

The local exactness of dj, may be shown using the tensors S” where the closed
1-forms 7 are the coordinate differentials dz?; we write S* for S%" and S! =
(SHr ... (S™)fm. [13] In this particular coordinate system, S* is represented

as
; 0
S'=> (Ji+1)07®@ —.
XJ: / auJ-ﬁ-li
The homotopy operator for dj, acting on @, (s > 0) is then

1 . .
Hg(e) =~ Z Wiy i i A F’i(eumzm_r) :
S \i1<..<im_r
where N
0= Z Wiy iy N O
11<..<bm—r
Fi(6 )M d Sl p
== 2 Y 520
and

M; ={I € N":1(i) >0 but I(j) =0 for j > i}.

5 Summary

The various applications of S described above demonstrate its importance in
the study of problems in the calculus of variations, and in the application
of those studies to nechanics and field theories. Although the definition of S
commonly involves its action on vectors fields, or on frames, its use tends to
arise through the transpose, as an operator on forms, or on coframes. And in
this sense, as the homotopy formulae suggest, its role is really that of a jet
integration operator.

And this, perhaps, is why S is quite a good name for this operator. For we
use [ as a symbol for integration, and that is supposed to be an elongated
letter “S”, representing summation. It is surely, therefore, appropriate to use
the letter S itself for the standard jet integration operator.
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Appendix: The variational bicomplex

0 0
R R 0 0 0
5o dy dy
0 — /\0 M (I)8 (b? o) (I)(s)-l-l
dl dp, —dy, (=1)%dy (—1)5*1dy, \
5o dy dy
0 ——A'M o} of P! oL,
5o dy dy
0 , /\m—l M (1)81—1 (1)7171—1 L. (I);n—l (1)787:_—11
(~1)mtd l ()™ Ldy, O (~1md, \
% dy dy
0 —A"M g e e O Oy
l po p1 Ds Ps+1
J 4
O - :0 —— :1 ES — Es+1
0 0 0 0
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A retrospective on the inverse problem of
Lagrangian mechanics
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Abstract

I begin with some personal reminiscences of the last twenty five years. Then in the
main body of the article I review some of the recent developments in the inverse
problem of Lagrangian mechanics and discuss the inverse problem for the canonical
Lie group connection. I outline an algorithm for solving the Lie group problem.
Finally I give some some specific Lie group examples and associated Lagrangians,
solutions to the inverse problem.

1 Reminiscences and Introduction

It seems to me to be appropriate in an article such as this one to offer a
perspective that is more personal and perhaps more polemical than one is
accustomed to see in mathematical research papers. However, in such a plat-
form, which is a celebration of Mike’s career there is much to record both
about Mike’s work and the workshop that has drawn so many people together
during the last eighteen years. I first met Mike Crampin in the Spring of 1978
and began work on my doctorate in October of that year. At that first meet-
ing he warned me that I might be putting myself on the path to becoming
“unemployable” but I was determined to press on. The first topic that Mike
suggested for me to work on was the role played by Killing tensors in classical
mechanics. It proved to be a fruitful area and there have been a number of
exciting discoveries, principally due to Mike in the last few years, concerning
Killing tensors as they relate to Hamilton-Jacobi theory. In fact that circle of
ideas is still very much “work in progress” but I will not be touching upon it
in this article. After less than two years of working under Mike and suffering
somewhat from the loneliness of the long distance doctoral student, I was in

Email address: gthomps@uoft02.utoledo.edu.
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1980 on the lookout for opportunities to explore other vistas. Such an oppor-
tunity was occasioned to a large extent by the circumstance of Mike becoming
Dean of the Faculty of Mathematics at the Open University and the realiza-
tion that his time for meeting with me, with which hitherto he had been most
generous, would be severely curtailed. In the event I went off to North Amer-
ica to search for my fortune and am still searching, without realizing that I
was making a momentous decision after which life would never be the same
again. After spending a felicitous year in North Carolina, I was still nowhere
near being able to present a doctoral dissertation so the logical step was to
remain enrolled as a graduate student there. I was in no hurry to return to the
UK because the prospects of permanent employment in a university seemed
remote in the extreme; on the other hand life in North Carolina was proving
to be most agreeable. It was after all only 15 years after the reforms of the
1960’s and the south of the United States was already being transformed. At
least there was no longer the problem of isolation: before I went to the US I
had not the least idea of “Graduate School”, a concept which really did not
exist in the UK. On the other hand now, horror of horrors, I was going to
have to take courses and examinations. At this point I must also acknowledge
my debt to my other mentor Robert Gardner, who most unfortunately is no
longer with us. He passed away in 1998. I owe my passage through Graduate
School in large measure to him. In the body of this article his influence is
evident, through his dissemination of the work of Elie Cartan.

Even though I was now a graduate student in Chapel Hill I was able to main-
tain strong ties to Mike and finally in 1984, after having had two papers
accepted for publication, I suggested that I had enough material for a doc-
toral dissertation. Mike was enthusiastic about the idea and I spent most of
that summer writing it up. Mike having been released previously from his
administrative duties was able to devote much of that summer to me and I
particularly value the painstaking line by line criticsm he made of my dis-
sertation. I think that such devotion to detail should be the model for any
doctoral supervisor and of course it is characteristic of all Mike’s work. Con-
cerning attention to detail, one of the members of my doctoral committee was
a certain Willy Sarlet, whom I had the pleasure of meeting for the first time at
my viva. In the following year I finished my doctorate in Chapel Hill. Let me
say that my reason for so doing was not because I was suffering from a case of
meglomania. To my surprise I had been awarded, as it was in those days, an
SRC fellowship to support my studies at the Open University. I was cognisant
of the fact that it would reflect very poorly on Mike and of course myself if
the fellowship never came to fruition. On the other hand since employment
prospects in the UK were still as dismal as ever and of course I was equally
indebted to the faculty in Chapel Hill, the only sensible course seemed to be
to write up both dissertations.

Part of my OU dissertation involved some theory about jet bundles in me-
chanics and again I am indebted to Robbie Gardner for introducing me to
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that subject. In fact Gardner was one of the leading proponents of the theory
of jet bundles and now, many years later its utility is self-evident. At issue was
how to generalize from autonomous to time-dependent systems in mechanics.
In 1981 Mike had written a very elegant paper in which he showed how to
recast Douglas’ fundamental differential system [8] in the inverse problem of
Lagrangian mechanics in invariant terminology, using the machinery of tan-
gent bundle geometry [3]. Then again in 1983 he wrote a lengthy article in
which he went into the subject of tangent bundle geometry much more ex-
tensively and again looked at the same inverse problem [4]. He also credited
the afore-mentioned Willy Sarlet [22] with a “...somewhat unexpected and
ingenious achievement”, referring to the additional algebraic conditions that
Willy had been able to generate in the inverse problem and that have been
the focus of so much attention since then. As a result of conversations with
one Geoffrey Eamon Prince and some rather naive calculations of myself Mike
crafted a paper [7] which extended his 1981 analysis to the non-autonomous
case. However, perhaps [7] lacks some of the elegance because it uses local
coordinates; on the other hand as Jesse Douglas said in the context of another
aspect of the inverse problem “ ...it is in the nature of things”. As happens
perhaps more nowadays than at that time, because of the spectacular advance
of the internet and the use of email, I was not to meet my coauthor Geoffrey
Prince for another two years until the all important year of 1986.

After moving on from Chapel Hill I spent the academic year of 1985-6 in the
northern climes of The University of Waterloo, Ontario, Canada and then by
some strange hazard obtained an advanced SERC fellowship to be held at the
University of Edinburgh in Scotland for the years 1986-8. Mike indicated to
me that since I was coming back to the UK I might be interested in going
to a small get-together to be held at the the University of Gent in Belgium,
that was being organized by that same ubiquitous Willy Sarlet. When I flew
into Brussels I was aware of wild scenes of cheering and enthusiasm which,
much to my disappointment I learned had nothing whatever to do with our
meeting. In fact the period of the meeting coincided with the conclusion of
the 1986 football World Cup and the cheering fans were waiting the arrival of
the Belgium team which had exceeded all expectations by finishing in fourth
place. I was seriously beginning to doubt the usefulness of any such academic
meeting. After all I had been forced to miss the final of the World Cup so
as to arrive at the meeting on time. Could anything justify my missing the
gyrations of Maradona et al?

When I was a graduate student in Chapel Hill there was a seminar entitled
“Fluid Dynamics on the Village Green” which always struck me as being a
little strange. In the first place in most mathematics departments in the US
there is a fierce separation between pure mathematics and physics or engi-
neering, which is not unlike the constitutionally mandated division between
church and state. Why then would a pure mathematics department be holding
seminars on an applied topic at 5:00 pm on Fridays? And would Americans
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know what a “Village Green” was even if they saw one? It took me some time
to realize that the research, such as it was, was being conducted on the viscos-
ity of certain alcoholic beverages and their propensity to percolate down the
human throat. Furthermore, the “Village Green” in question actually alluded
to a bar where there were areas of grass to sit on and quaintly entitled “He’s
not here”, which for a long time believe it or not could well have referred to
me. As for the meeting in Gent one could well have been forgiven for believ-
ing at first glance that its primary purpose too was to conduct research into
fluids. However, such an assessment would be very wide of the mark because
it was at that meeting that was formed the nucleus of the group that has held
a workshop on Differential Geometry and Theoretical Mechanics every year
since. It was also at that first workshop that Willy posed his famous “so what”
question about life, the universe and everything and for which the bureaucrats
who decide about giving out grants are still waiting for an answer. The inves-
tigation into the behaviour of fluids has continued to be an important, not to
say, indispensable feature of subsequent meetings, mostly notably at a certain
famous seminar at Gent in 1992.

“...and now for something completely different”, as the famous saying goes.
The rest of the article is supposed to be a little more serious. I wanted to take
this opportunity to put some of the work that has been done on the inverse
problem into context and try to devine some future directions of research. I am
concerned primarily with developments of the last ten years. Many of the ideas
on Lie groups will be treated in more detail elsewhere. As regards notation
the summation convention on repeated indices applies throughout the text.
In Section 5 we use (q,,y, 2,w) as local coordinates on R® to describe our
connections. In order to avoid having an excessive number of dots, the corre-
sponding derivative or velocity variables will be denoted by (p, u, v, s,t). The
method that we follow amounts to solving the Helmholtz conditions, which
consist of solving in turn some algebraic, ordinary differential and finally some
partial differential equations. When we solve the algebraic conditions (equa-
tions (3) and (4) below) we generally denote the parameters of the solution by
lower case Greek letters. The arbitrary functions that enter from integrating
the ODE conditions (equations (7) below) are generally denoted by capital
Roman letters and are first integrals of the geodesics. We also acknowledge
the indispensable role that MAPLE played in carrying out and checking many
of our calculations.

2 The inverse problem

The inverse problem of Lagrangian dynamics consists of finding necessary
and sufficient conditions for a system of second order ordinary differential
equations to be the Euler-Lagrange equations of a regular Lagrangian function
and in case they are, to describe all possible such Lagrangians. Work on the
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problem had begun even at the end of the nineteenth century but by far the
most important contribution was the 1941 article of Douglas [8]. However,
Douglas’ analysis of the two degrees of freedom case turned out to be so
involved that work on the problem was effectively stalled for more than thirty
years. Only with the rise of global differential geometric methods was progress
possible. Three important contributions were the papers of Crampin et al
[3,4,7] Henneaux and Shepley [14] and Sarlet [22]. In [8] the fundamental
differantial system of Douglas was recast into coordinate-free language. It is a
very elegant paper which illustrates the advantages of the invariant formalism
and one to which I returned many times for formulae and inspiration. In
[14] the Kepler problem in dimension three was studied and a wide class of
non-standard Lagrangians was obtained. Lastly in [22] it was shown how the
Helmholtz conditions could be manipulated so as to derive some hidden, purely
algebraic conditions. An excellent and comprehensive analysis of the state of
the art in 1990, which owes much to the workshops that had already been held,
is given in the article by Morandi et al [19]. However, it is clear from [19], that
further progress would require the development of yet new techniques and
methods.

In the 1990’s investigations advanced on three fronts. In [1] Anderson and
Thompson presented an algorithm for solving the inverse problem in a con-
crete situation, which consists of formulating the Helmholtz conditions as an
exterior differential system. We shall outline this method for solving the in-
verse problem, but we suppress the EDS aspects and deal directly with the
closure conditions as a PDE system. We consider a system of second order
ODE of the form

P = fiad,qd). (1)

In fact, we shall denote 4 by u’. The first step in the method is to construct
the n x n matrix of functions ® defined by

i (ory or 1o op N
] Oxi 4 Ouk ouw’

Actually the <I>§ are in a certain sense the components of a tensor field known
as the Jacobi endomorphism field [5]. One now finds the algebraic solution for
g of the equation

g® = (99)' (3)

which expresses the self-adjointness of ® relative to g. The symmetric matrix
g will represent the Hessian with respect to the u’ variables of a putative
Lagrangian L. Since there is just a single matrix ®, one can always find non-
degenerate solutions to (3), whatever the algebraic normal of ® may be. In
fact, (3) imposes at most @ n(ntl)

conditions on the =5— components of g.
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In the general theory there is a hierarchy & of matrices defined recursively by

=1 (3) -2 [g_f @] )

and the multiplier ¢ is such that each &L) is self-adjoint relative to g. There
is also a second hierarchy of algebraic conditions that must be satisfied by g.
Define functions W’ by

.1 (09 09
o= (5t - Sk )
3\ ouk ow
Then the \Ilzk are the principal components of the curvature of the linear
connection associated to the ODE system (1) (see [5] for further details). The

first set of conditions in the hierarchy is given by

and the higher order W%, ’s are obtained from W%, much in the same way that

the %’s are obtained from the ®. As I mentioned in Section 1 Willy Sarlet was
the first to consider these extra algebraic conditions in [22].

According to the general theory we now assume that we have a basis of solu-
tions to the double hierarchy of algebraic conditions. If we cannot find a non-
singular solution then we can be sure at this stage that no regular Lagrangian
exists for the problem under consideration. Using our basis of solutions we can
think of each basis element as giving a “Cartan two-form” for (1). The prob-
lem is that such a two-form need not be closed. One of the auxiliary conditions
that must be satisfied by ¢ if the corresponding two-form is to be closed is

i 3 0w g g = @)

Now (7) is a system of ODE’s and it is possible, in principle, to scale basis
elements which are solutions to (3) by first integrals of (1) so as to satisfy
(7). Being able to carry out the preceding step in practice depends on hav-
ing explicit first integrals of (1) available. After we have obtained a basis of
solutions for (3), each of which satisfies (7), the final step is to impose the
so-called closure conditions

ouk  ou’

agz‘j OGik —0 (8)

This step is accomplished by looking for linear combinations of the basis el-
ements over the ring of first integrals for (1) so that (8) is satisfied. Then
(3) and (7) still hold and the resulting closed two-forms, if indeed they exist,
will be Cartan two-forms, albeit possibly degenerate. We remark that (3), (7)
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and (8) together with the symmetry and non-degeneracy of ¢ constitute the
Helmholtz conditions for the inverse problem for (1). The double hierarchy of
algebraic conditions are actually integrability conditions of zeroth order that
can be deduced from (3),(7) and (8) so that there is no loss of generality in as-
suming that they are satisfied from the outset. See [1,23] for more details. One
of the curious aspects of the inverse problem is that, in practice, these auxil-
iary algebraic conditions rarely do seem to materially decrease the difficulty
of solving the Helmholtz conditions.

The reader should observe that the Helmholtz conditions and its modification
in [1] are concerned with finding all possible Hessians of Lagrangians for a
given second order ODE system. It is unrealistic to hope to give all possible
Lagrangians in closed form, even for a free particle system. To pass from the
Hessian to the Lagrangian requires two integrations and Douglas [8] explains
how the linear and zeroth order terms may added so as to obtain a bona fide
Lagrangian; in particular, the fact that appropriate terms can be found is a
consequence of the Helmholtz conditions and the only ambiguity in passing
from Hessian to Lagrangian is the trivial one of scaling by a constant and
adding a total time derivative. The drawback, if such it is, of this approach
is that it does not make evident all the integrability conditions that arise
from (1). It is not even clear how to obtain the extra conditions obtained by
Muzsnay and Grifone [11,12].

The second approach to the inverse problem is due to Muzsnay and Grifone
who completely by-pass the Helmholtz conditions. They work directly with
the Euler-Lagrange operator and employ the techniques of Spencer cohomol-
ogy [11,12]. They obtain yet more purely algebraic conditions but their results
are difficult to reconcile with the Helmholtz conditions approach, all the more
so because of the dearth of examples. In their approach, the first obstruction
in prolonging solutions from order to two to order three is expressed by the
condition that the horizontal distribution should be Lagrangian for the re-
quired Cartan two-form. The Euler-Lagrange operator is now augmented by
this second order condition. In the Helmholtz formulation, this condition is
automatically satisfised as too, of course, is the same condition for the verti-
cal distribution. The condition that permits one to prolong a solution to the
augmented system from order two to order three is precisely expressed by (3)
and (7) above. Two major themes of Muzsnay and Grifone are whether the
variational multiplier is diagonal or not and whether the second order system
(“spray” in their terminology) is “typical” or “atypical”, the distinction be-
tween the two being that in the former case, the spray is an eigenvector of
® whereas in the latter it is not. The reason for the term “typical” is that
geodesic sprays of linear connections begin to this class, though paradoxically,
it is obviously a non-generic condition. It is much easier to test whether the
symbols of the prolongation of “typical” systems are involutive, whereas in
the atypical case, more prolongations and messy arguments are required.
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The third direction in the inverse problem was initiated by Martinez, Sarlet
and Crampin [5,23]. They and others developed a powerful calclulus associated
to any second order ODE system. The most interesting feature of this calculus
is that all objects are considered to be defined “along the tangent bundle pro-
jection” and a remarkable efficiency in computation is thereby obtained. They
used this calculus to solve a number of problems related to the inverse prob-
lem, such as determining necessary and sufficient conditions for a second order
ODE system to decouple into scalar equations under a point transformation
[5,17,24]. Let me record here some small related results. The key construct in
the decoupling problem is the H-tensor: it is in fact a concomitant associated
to any field of endomrphisms. Now in [17] the situation is more complicated
because all the tensorial objects are defined along the tangent bundle pro-
jection. As such there are both vertical and horizontal H-tensors. In fact the
H-tensor in [17] is introduced by means of an auxiliary tensor C' that is de-
fined and actually depends on a connection, which, in the context of [5,17,24],
is provided by the vertical and horiziontal covariant derivatives that are asso-
ciated to the system of second order ODE in question. However, the H-tensor
can be defined directly, and so is independent of any such connection. Indeed
we have:

Proposition 2.1 Let U be a field of endomorphisms defined on an n-manifold
M. Then H defined by the formula

Hy(X, ") = [Ly2xU, U] — 2U o [LyxU, U] + U? o [LxU, U] (9)

is a tensor of type (1,2), where X is an arbitrary vector field on M and the
bracket denotes the algebraic commutator of endomorphisms and not the Ni-
jenhuis bracket.

Proof The proof is a routine calculation using the formula
LxfU=fLxU+U(X)®df — X @ U(df), (10)
where f, X and U denote a function, vector field and field of endomorphisms,

respectively. O

Recent investigations of myself and my student Chamath Hettiarchchi suggest
that more remains to be discovered about H although in practice it turns out
to be a quite complicated object. Another computation leads to:

Proposition 2.2 Let U and H be defined as above. Then
Hy(X,-) = Uo[Ny(, X), U+ [U, Ny(-, UX)] (11)

where Ny denotes the Nijenhuis tensor of U. a
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The local expression for H is given by

H, =UN] U} — UUIN], + UIN? U — N2 U UL (12)

Turning now to the two degrees of freedom case, there are now three compre-
hensive analyses. First of all there is Douglas’ version [8]. Douglas claimed to
have investigated every possible eventuality. Since Douglas was a Fields medal
winner and not prone to making errors one is inclined to believe him. The dif-
ficult cases arise from having to take many prolongations in the application
of Riquier’s theory of differential systems. Unfortunately the calculations are
so involved, with so many “dots”, that it is not clear that all the cases con-
sidered by Douglas can indeed occur; and one does not have much incentive
for investing a lot of time in very complicated cases, which after the fact, may
prove to be non-existent. Douglas does supply lots of examples, however, it is
not clear whether the “missing ” examples are oversights on his part or simply
that he chose not to write them down. For example, he offers no systems which
belong to case I1a3, though he does claim that they are quite extensive. After
a considerable effort Ian Anderson and I did find a class of examples of that
type. Another example that we were unable to find was for case I11a where the
system is not variational. That case depends on the closure of a certain one-
form but in all the systems with which I am familiar, the one-form is closed
and there is a Lagrangian. After expending a lot of effort in the early nineteen
nineties trying to construct many of these examples, I reached the conclusion
that, although one may be able to establish the existence of certain types of
Lagrangians by using Riquier, Cartan-Kahler or Spencer theory and although
some of these cases may in a certain sense be “generic” within a subclass, it
may not be possible to write down a concrete exmple in terms of elementary
functions. See also page 124 in Douglas, where he gives an “example” belong-
ing to case IIb. At that point one is bound to ask whether the whole enterprise
is any longer worthwhile. I have never been attracted to the kind of research
that produces six mathematical theorems in search of a single example.

The second comprehensive analysis of the two degrees of freedom case is by
Muzsnay and Grifone [12]. They too claim to cover every eventuality. The re-
ally difficult case to analyze is in Douglas’ classification case II. Muzsnay and
Grifone devote 57 pages to the subcase of II in which the spray is atypical.
Again for this author, as in the version of Douglas, the remoteness from con-
crete examples is extremely disturbing. To take one case in point Muzsnay and
Grifone discuss in the case where the multiplier is diagonal and distinguish var-
ious subcases as “reducible”, “semi-reducible” and “irreducible”, which they
say, “ ...is very close to but not exactly the same as Douglas’ classification
of separable, semi-separable and non-separable sprays.” However, they fail to
tell us precisely what the differences are and the interested reader is faced
with working through pages of calculations. To be fair, perhaps this author is
asking for something that is impossible, namely, a comprehensive collection of
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examples that illustrate all the principal cases.

The third account of the two degrees of freedom case is by Sarlet, Thompson
and Prince [25]. This analysis uses the tangent bundle-projection calculus and
while it does not claim to be exhaustive, it does provide an effective means of
obtaining the principal cases.

3 The Lie group problem

One aspect of the inverse problem which until recently was little explored,
is the very special case of the geodesic equations of the canonical symmetric
connection, that we shall denote by V, belonging to any Lie group G. The
canonical connection V was introduced by Cartan and Schouten in [2]. In fact
V is defined on left invariant vector fields X and Y by

VY = % X, Y] (13)

and then extended to arbitrary vector fields by making V tensorial in the
X argument and satisfy the Leibnitz rule in the Y argument. Following the
conventions of [13] a left invariant vector field X is denoted by X, that is,
X(g) = L,. X . Likewise the right invariant vector field induced by X is denoted
by XB so that X9 = (R,),X. Tt follows that

X1 = (Ad(g ™)X
where Ad denotes the adjoint representation. If Y is a second tangent vector
then
VXR(g)Y/R(g) = V(Ad(gfl)x)w (Ad(g_l)Y)N
=1/2[(Ad(g~")X)~, (Ad(g~)Y)"]
=1/2 [j(l?(g)7 ?R(g)].

Thus in (1) X and Y could equally well denote right invariant rather than left
invariant vector fields.

It can be shown that V is symmetric, bi-invariant and that the curvature
tensor on left or right invariant vector fields is given by

RX,Y)Z =~ [Z,[X.Y]]. (14)

A~ =

Furthermore, GG is a symmetric space in the sense that R is a parallel tensor
field. Indeed suppose that W, X, Y and Z are left-invariant vector fields. Then
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from (1) and (2) we have that

AVwR(X,Y)Z = 1/2[W,[Z,[X.Y]]] - AR(Vw X,Y)Z
—AR(X,VwY)Z —AR(X,Y)Viw 2

=1/2W,[Z,[X,Y]]] - [Z,[Vw X, Y]]
—[Z,[X,VwY]] = [VwZ, [X, Y]]
=1/2[W,[Z, [ X, Y]]] = 1/2[Z, [W, X], Y]]
—1/2[Z, [X, W Y]] = 1/2[[W, Z], [ X, Y]]
=1/2([Z, W, [X,Y]]] - [Z, [W, X], Y]] - [Z,[X, [W, Y]]])
=0.

It follows from (2) that V is flat if and only if the Lie algebra g of G is nilpotent
of order two. The geodesics of V are translates of one parameter subgroups of
G. The Ricci tensor R;; of V is symmetric and bi-invariant. In fact, if {E;} is
a basis of left invariant vector fields then

[E;, Ej) = CL By, (15)

where C’fj are the structure constants and relative to this basis the Ricci tensor
R;; is given by

m il

1
Rij =7 cL.Ci (16)

from which the symmetry of R;; becomes apparent. Indeed, R;; is obtained
by translating to the left or right one quarter of the Killing form. Since R;'-kl
is a parallel tensor field and R;; is symmetric, it follows that Ricci gives rise
to a quadratic Lagrangian which may, however, not be regular. In fact it is a
natural question to ask whether or not there is a metric of some signature for
which V is the Levi-Civita connection. If G is semi-simple then the Killing
form provides a bi-invariant metric whose Levi-Civita connection is V. For
this reason, I will usually assume that G is not semi-simple. Now it is known
that if L is the standard quadratic Lagrangian, any smooth function of it
will also be a Lagrangian, subject only to regularity and I conjecture that
it is the only ambiguity in the description of the Lagrangian. I shall also
assume that G is indecomposable in the sense that the Lie algebra g of G is
not a direct sum of lower dimensional algebras. It should be noted however,
that, generally, in solving the inverse problem, it is not sufficient to restrict
to indecomposable algebras. Certainly, if a decomposable algebra is a sum of
algebras, each of which possesses a variational connection, then the sum will
certainly be variational. However, the most general Lagrangian for the sum
need not be just the sum of individual Lagrangians. Furthermore, even if each
component is not variational, it is not clear that the same is true for the sum,
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though I am unaware of a counterexample. The smallest dimension in which
such a phenomenon could occur is five.

I have investigated the situation for Lie groups of dimension two and three in
[29]. It was found in [29] that in all these cases the geodesics were the Euler
-Lagrange equations of a suitable Lagrangian defined on an open subset of the
tangent bundle T'G. In [10] the inverse problem for the canonical connection in
the case of Lie groups of dimension four was studied and some rather compre-
hensive results were obtained. We began our investigations at the Lie algebra
level and worked from the list of four-dimensional Lie algebras given in [20].
The Lagrangians are constructed by implementing the algorithm described in
detail in [1]. The fact that the procedure can be carried out can be traced ulti-
mately to the fact that every left and right-invariant one form on G gives rise
to a first integral for the geodesics of V. However, we have found it convenient
in several cases to modify the usual procedure, for example, by simplifying
the system of geodesics before implementing the algorithm. In other cases it
is profitable to introduce complex coordinates and regard two of the geodesic
equations as the real and imaginary parts of a single complex equation. It
was found that there are several classes of group whose geodesic equations are
not the Euler-Lagrange equations of any regular Lagrangian and this primary
existence test can be performed as a pure Lie algebra calculation. For the re-
maining groups, classes of Lagrangian were obtained depending on arbitrary
functions and in several cases a complete description of all possible Hessians
was obtained. The case of dimension four is probably the last case in which
it is feasible to obtain comprehensive results. In forthcoming investigations
we hope to be able to study canonical connections in higher dimensions and
for nilpotent algebras and construct the symmetry groups as well as consid-
ering the special case where the connection is of Levi-Civita type. We shall
also consider the Helmholtz conditions as a differential system using right-
invariant coordinates, as opposed to the straightforward approach adopted
here, and investigate various integrability conditions that arise. There are two
cases in dimension four where the connection is the Levi-Civita connection of
a bi-invariant metric, but for these cases, the closure conditions are the most
involved and at the moment a complete understanding is lacking. Notice that
if a canonical connection is of Levi-Civita type the associated metric is not
necessarily bi-invariant. In dimension five there are two flat nilpotent connec-
tions for which the corresponding metrics are not bi-invariant. In fact I would
make the following conjecture:

Conjecture: If a Lagrangian associated to an invariant connection is bi-
wmvariant, then there is another equivalent Lagrangian which is the quadratic
Lagrangian of a bi-invariant metric. Furthermore, the only ambiguity in the
Lagrangian arises from scaling by constants and the addition of symmetrized
products of parallel one-forms.

At the moment I do have not a method for proving this conjecture, but I know
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of no counterexamples. On the other hand one has to decide exactly what one
means by “bi-invariant Lagrangian”, because such a Lagrangian is defined on
TG and not on G. If the conjecture is in the appropriate sense true, then it
says that the Lie group project is only of limited interest.

Since our starting point is the Lie algebra g of a Lie group and since we are
assuming that G is not semi-simple, it is of interest to ask how the ideals of g
are related to V. To this end we shall quote the following result [16].

Proposition 3.1 LetV denote a symmetric connection on a smooth manifold
M. Necessary and sufficient conditions that there exist a submersion from M
to a quotient space () such that V is projectable to () are that there exists an
integrable distribution D on M that satisfies:

(i) VxY belongs to D wheneverY belongs to D and X is arbitrary;

(i) R(Z, X)Y belongs to D whenever Z belongs to D and X and Y are arbi-
trary, where R denotes the curvature of V. a

Clearly in the case of the canonical connection on G the two conditions of
the last Proposition coalesce into just one. Furthermore if h is an ideal in ¢
it gives rise to an integrable distribution on G for which this single condition
holds. Thus we have:

Proposition 3.2 Fvery ideal h of g gives rise to a quotient space () consisting
of the leaf space of the integrable distribution determined by h and V on G
projects to Q. O

The center of g is of course an ideal and it has the property that any element
of it gives rise to a parallel vector field on GG. A very interesting situation
occurs where g possesses two ideals hy and hsy such that hy Nhs is zero. Denote
the corresponding distributions on G by D; and D,, respectively. Since we
are always assuming that ¢ is indecomposable, g cannot be the direct sum of
hi and hs and hence D; N Dy is non-zero. In fact Dy N Dy is the integrable
distribution on G that corresponds to the ideal hq + hy of g and simliarly Dy +
Dy corresponds to the ideal hq N hy. In the most favourable of circumstances,
one is able to construct all Lagrangians from a knowledge of Lagrangians on
two quotient spaces [10].

We turn our attention next to properties of the geodesic flow I' of V. We note
first of all that since V is bi-invariant any left-invariant vector field will be
a Killing vector field or affine collineation of V. Indeed if X and Y are also
left-invariant one finds that the Lie derivative of V along Z is given by

(LyV)xY = [Z,VxY] = VizxY — Vx[Z,Y]
=3(Z, [ XY+ [[X, 2], Y]) + [X, [V, Z]])
=0
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because of the Jacobi identity. The same argument applies equally to right-
invariant vector fields. Again if Z is a left or right-invariant vector field it
follows that on T'G the fields I' and Z¢ commute where Z¢ is the complete
lift of Z to TG. A very interesting consequence of the latter remark is that
whenever L is a Lagrangian that engenders I' as its Euler-Lagrange vector
field, the function Z¢L is another, possibly degenerate Lagrangian. See [21]
for a further discussion of this point.

The case of dimension five will be the subject of the doctoral dissertation of
Igor Strugar [26] and will continue the investigations in [29,10]. The primary
concern is to ascertain whether or not a particular connection is derivable
from a Lagrangian function and, if so, to give at least one such Lagrangian.
In the future I would like to be able look at the inverse problem for the six-
dimensional nilpotent Lie algebras of which there are 24 classes. At that point
the the low dimensional classification of Winternitz et al will have been ex-
hausted, though Ian Anderson is in the process of completing a new description
of all six-dimensional algebras of which there are 99 classes.

4 Lie group algorithm

In this section let us explain next how the general theory of Section 3 simplifies
for the case of the geodesic equations associated to a canonical connection. In
the case of a symmetric linear connection the matrix ® is of the form

P’ = Ry jutu’ (17)
where R,ijl are the components of the curvature R of the connection rela-
tive to a coordinate system (z¢). The higher order ®-tensors in this case just
correspond to covariant derivatives of the curvature so that, for example,

&;_Rz‘ k 1 m 1
= Algjrm W UU (18)

Since R is parallel all the higher order ®-tensors vanish. Similarly for the case
of a linear connection, one finds that

;k = Rlijkul (19)

and again the higher order ¥’s correspond to covariant derivatives of R. Thus,
for example,

17 :
Again since R is parallel the higher order W-tensors vanish. The condition
coming from & is

(gmiR;,j — gjiR;mq) uPu? =0, (21)
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while the condition coming from ¥ is

(gmiRijq + ng‘ngmj + gji Ry )P = 0. (22)

. pgm

If we contract u? into (22) we find from (21) that

ggiR.,, uPu? = 0. (23)

pmj

Thus, for the special case of a canonical connection, we can use (22) and
(23) as the first and only algebraic conditions in the double hierarchy and the
calculation can be done at the Lie algebra level without the need for having a
group representation. In some cases we find that, even at that level, the matrix
gi; is forced to be singular. In such a case we can be sure that there will be no
Lagrangian corresponding to the geodesic equations of any Lie group that has
g as its Lie algebra. Suppose, however, that conditions (22) and (23) do not
entail that g;; should be singular. One is now faced with the problem of finding
a Lie group G so that ¢ is its Lie algebra. An answer of sorts is furnished
by Ado’s theorem [15], which asserts, in the first instance, that any finite
dimensional Lie algebra over R or C has a faithful finite -dimensional linear
representation. The corresponding group can then be obtained, in principle,
by exponentiation. If g has only a trivial center then the adjoint representation
is faithful. If the center is non-trivial then there is no obvious representation
available. Ado’s theorem appears to offer no information on the order of the
representating matrices.

It is very convenient, if not essential for our purposes, to work with linear rep-
resentations of order n for algebras and groups of order n. Now it would seem
to be impossible to obtain a classification of all finite-dimensional Lie algebras,
let alone Lie groups. Nonetheless such classifications, or perhaps descriptions,
are available in dimensions 2,3,4 and 5 [20]. The cases of dimensions 2 and 3
have been discussed in [29]. As for dimension 4, we have in every case been
able to find a faithful linear representation by 4 x 4 matrices without recourse
to Ado’s theorem [10]. Thus

Theorem 4.1 Fvery Lie algebra in dimensions two, three and four has a
faithful representation by matrices of order two, three and four, respectively.

Let us assume now that we have a Lie algebra g, that conditions (22) and
(23) do not entail that the matrix g;; is singular and that we have a matrix
representation and that we are able to determine a corresponding Lie group
G by exponentiation. On G we construct the right invariant Maurer-Cartan
one-form and then by dualizing, we obtain a basis for the right invariant vector
fields. We obtain thereby a representation of g by vector fields. From Section 4
we see that no further algebraic conditions can arise and we proceed to formu-
late conditions (7). We solve these conditions with the help of first integrals
of the geodesic equations of the canonical connection V on G. Finally, we
formulate and solve to the extent that is possible, the closure PDE conditions

(8).
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We state next without proof several results about first integrals. The exis-
tence of these integrals in the Lie group context is the ultimate reason that
conditions (7) and (8) can be implemented in practice.

Proposition 4.1 Any left or right invariant one-form on G gives rise to a
linear first integral on TG. O

Proposition 4.2 Consider the following conditions for a one-form a on G:

(i) « is right-invariant and closed;
(i) « is left-invariant and closed;
(iii) « is bi-invariant;

(iv) « is parallel.

Then we have the following implications: (iii) implies (i); (ii1) implies (ii);
each of (1),(ii) or (iii) implies (iv). 0

Proposition 4.3 Suppose that a basis for a Lie algebra g of a Lie group G
consists of

0 0 -0
X;=—, W=—+aas’ —, 24
ox? ow +a oxk (24)
where a? 1s a constant n X n matrixz. Then the geodesic equations for the

canonical connection on G are given by

i = alilw, W = 0. (25)

This last proposition pertains to the class of Lie algebras that have a codimen-
sion one abelian nilradical. Such algebras are characterized by a single “ad”
matrix.

5 Examples

In keeping with my usual philosophy I will exhibit several Lie group examples
in this final section. The numbering of the Lie algebras comes from Winternitz’
1976 classification [20].

Example 1: The Fuclidean group of the plane

This example is particularly nice and the entire algorithm can be carried
through completely. The corresponding Lie algebra is denoted by As g in [20]
and has basis e, e9, e3 with non-zero brackets, [e1, e3] = —ey and [eq, e3] = €.
As in [29] the geodesics are given by

W=ty, ©=—tu, =0, (26)

where u,v and t denote z,y and w, respectively. The connection form 6 is
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given by
0 —dw —dy
—20=|dw 0 dx
0 0 O

and the curvature two-form is given by

0 0 dxdw
40 =100 dydw
00 O

Hence we see that the curvature tensor has essentially only the following non-
zZero components

4R§13 =1, 4R§23 =1 (27)
Conditions (22) and (23) entail that g;; satisfies the conditions

gigu? = gaqu? =0

and the solution of the ODE conditions (7) imply that g;; is given by

t2u v —t(u® +v?) 2 0 —tu
gij = M t?v —t2u 0 +P| 0 £ -t
—t(u?+v%) 0 u(u®+0v?) —tu —tv u? + v?
—t% t2u 0 000
+N | 2 t?v —t(u?2+v?) |+ 1000
0 —t(u?*+0?) v(u?+v?) 00F

The closure conditions (8) turn out to be
uM, +vM, +tM, +4M =0 (28)

ulN, + vN, +tN; + 4N =0 (
uP, +vP,+tP,+3P =0 (
F,=0 (

F,=0 (32
P, + 2N +tN; + uM, —vM, =0 (
P,+2M + tM; — uN, +vN, = 0. (
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The closure conditions can be solved by introducing the following first inte-

grals: o :% — v, ﬁ :% + 7, ,y:cos(w)uzsin(w)v7 6:cos(w)v-|t—sin(w)u. Thus
F=F() (35)
m(a, B)
- (36)
n(a, 5)
N == (37)
(2n + omy — yms) B + (2m — dny + yns)a
p= 1 = e (38)

where m,n and I’ are arbitrary smooth functions.

A very simple Lagrangian in this case is given by

u? + v?)

L:( ; + zv — yu + %, (39)
Example 2: A4,4
The Lie algebra relations are:
[er,eq] =e1, ez, ea] =1+ ez, [ez,e4] = €2+ es. (40)

On exponentiating the matrices E1, o, E3, F, one finds that a typical element
S of the Lie group associated to the Lie algebra is given by

w,, 2
ev e®w % T
0 e*¥ e"w
S = Y
0 0 e*¥ z
I 0 O 0 1 |

The one-forms dw, dx — (z +y)dw, dy— (y+ 2z)dw, dz— zdw comprise a right-
invariant coframe. The corresponding right-invariant frame of vector fields is
given by

0 0 0
0 0 0

The corresponding system of geodesic equations is given by
t=0, w=tu, v=tut+v), &=tv+s) (42)

where s,t,u and v denote 2, w, & and g, respectively. For later use we define
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the following first integrals of the geodesics:

e "t t —wu e T(s—uat S
o = s ﬁ: y Y= ( )7 52——(Z+2U),
U U U U

_ 2
e (v —mxs+ 5t

u

v
C = - - (y + Z)? n=
u
The connection form 6 is given by

0 00 0]
dy +dz dx dx 0
dz+dw 0 dzx dz

dv 0 0 dz|

and the curvature two-form is given by

0 000]
d(dy + 2dz + dw) 0 0 0
dz(dz +2dw) 000
dxdw 000

40 =

We see that the curvature tensor has essentially only the following non-zero
components

4R%12 =1, 23313 =1, 4R:1))13 =1, 4R%M =1, 2R£1{14 =1, 4]“211114 =L (43)

Conditions (22) and (23) entail that g;; satisfies the following condition:

At t2o tp
By 0 0 —t2p
9ij = ) )
ot 0 —ut —otu + pstu
| tp —t?p —otu + pstu p(tuv — s*u) + osu — pu |

The ODE conditions (7) are given by

A (s+0)tPu+ (s+ )2 +12p =0 (44)
fit + 2t 4+ utp =0 (45)
tph+pt =0 (46)

to + 2to = 0. (47)
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The solution to these ODE conditions is given by

—¥ 1 0 0 20 1 0
10 0 - 000 0
gij = M + S
0 0 - —s 100 —¢
U SU 'U/U—SQ'u u  su
| 0 —F % M [0 0-F % ]
L00O 100 1
0000 000 0
+ +R
0000 000 0
(0000 1002

where L, M, R, S are first integrals.

After some rearrangement, the closure conditions turn out to be equivalent
to:

Li=L=L,=0 (48)

uM, +tM, + M =0 (49)

sS9s +tSi+uS, +5 =0 (50)
sRs +tR, +uR, +vR,+ R=0 (51)
Sy = M, M, = R,, S, = R,. (52)

Using the first integrals introduced earlier we can write the solutions for
L, M,R,S as

L=L(u) (53)

uM = a(a, §) (54)

uS = b(a, B) (55)

ul = c((e, B,7,0,1,()). (56)

There are three closure conditions that remain to be satisfied. However, they
already imply that

RUU = Oa Rsv = 07 Rsss =0.

It follows that we may write
uS = Ala, B)y + Bla, 8)6 (57)
and
uR = H(e, B)n+ J(a, B)C + C(a, B)(0)*

(58)
+D(a, B)0 + E(, 3)(7)* + F(a, B)y + G(e, ).
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In (57) and (58) A, B, ..., J are arbitrary smooth functions of their arguments.
If we substitute (57) and (58) into (52) these functions may be identified via
the following equations:

uS = a,y + agd (59)
and
52 ,}/2
ull = aqT) + a’ﬁC + aﬁ,ﬁ? + aa,a? + G(O{, ﬂ) (60)

Thus the Hessian is parametrized by the functions a,G and L. A concrete
Lagrangian is given by

2

L:(23—|—u—v)ln(%)—2ws—wv+v—+t2. (61)
u

Ezample 3: Ay (b=0)
The system of geodesic equations is given by
t=0, u=0, 0 =1tv, §=uv+ st, (62)

where the same notation as in the previous example is used. The curvature
tensor has essentially only the following non-zero components

4Ri‘23 =1, 4Ri1)’13 =1, 43313 =1, 431114 =1L (63)
Conditions (22) and (23) entail that g;; satisfies the following conditions:
ulge3 = U'Gqs = goa = Jaa = 14 — g23 = 0. (64)

The algebraic solution for ¢ may be written as

The ODE conditions (7) are given by

xwm—igza p=0, g—2L=0, 6=0,7+tr=0 (65
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When (65) are integrated we find that a new solution for g is given by

s 2w oyou 20— 2 K LO0O
L0 -1 0 0 00 L MOO
w11 ~Z 0 29 0000

-t 0 1o 0 0 00] [0000

At this point we cannot make a definitive decision about the existence of
a Lagrangian and we are thus compelled to explore the closure conditions
(8). After a long calculation we find that they are equivalent to the following
conditions:

K = K(t,u)
L= L(t u)
M = M(t,u) (66)
My—L,=0
K,—L =0

and
tN; +uN, +vN, +sNy, =0

Ny—P,=0
P,—N,=0 (67)
vP, +tFP, =0
P,=P;=0.

Thus the conditions involving K, L and M decouple from the ones for N and
P and we analyze the latter two functions in the following way. We note first
of all that the following seven functions constitute a maximally functionally
independent set of linear first integrals: ¢, u, e™"v, zu — wu e (s — vx) yt —
v, s —yu — zt. For P we note that it is annihilated by -2 B’ as= b < ; + v — and the
geodesic vector field I where

9] 9] 9, 9, 9] 9,
F=t—4u—+v—+s—+vt—+ (uv + st)—

ow ox dy 0z ov Os’ (68)

A short calculation shows that these differential operators span a six-dimensional
integrable distribution and that the general solution for P is given by

P = P(a, () (69)

where
(70)
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As for N, at the outset it is subject to three conditions. Two of them are
embodied in (67) and the third arises from the fact that N is a first integral
and so is annihilated by the geodesic vector field I'. In addition to I' and %
and % define the following two differential operators:

0 0 0 0
0 0

We find now that the operators A, ', T" and [T, T'] close as a four-dimensional
integrable module. Hence the general solution for N involves four arbitrary
functions. Finally there remain the two conditions relating N and P in (67)
and when they are imposed one finds the following general solution:

(uv — st), OP N e "(uwv — st + atv) OP

N=G+—F" )5 2 EX

+ R(o, B) (73)

where R is an arbitrary function. Together (69) and (73) furnish a complete
solution for the Hessian of the Lagrangian that we are seeking. A particular
Lagrangian is given by

L:sln(%)—%—i-tu%—zt—xv. (74)
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