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Abstract

In this paper, vector fields which are symmetries of the contact ideal are studied. It is shown that contact symmetries of the
Helmbholtz form transform a dynamical form to a dynamical form which is variational (i.e. comes as the Euler—Lagrange form from
a Lagrangian). The case of dynamical forms representing first-order classes in the variational sequence is analysed in detail, which
means, by the variational sequence theory, that systems of ordinary differential equations of order < 3 are concerned.
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1. Introduction

One of the results of the variational sequence theory, related to the inverse problem of the calculus of variations,
states that a dynamical form ¢, representing a system of ordinary or partial differential equations, is locally variational
if and only if the Helmholtz form H (¢) vanishes. Invariance properties of classes in the variational sequence then
suggest a new idea, namely that there should exist a close correspondence between the notions of variationality of a
differential form and invariance of its exterior derivative. The aim of this paper is to study a relationship between the
Lie derivatives of ¢ and H (¢). We prove that invariance of the Helmholtz form H (¢) with respect to a vector field Z,
preserving contact forms, is equivalent with local variationality of the Lie derivative dze of ¢ by Z, meaning that the
dynamical form dz¢ is the Euler—Lagrange form of a Lagrangian. This result is then analysed in detail for the case of
dynamical forms on J3Y which are known to represent classes in the (n + 1)st column of the first-order variational
sequence.

¥ Corresponding author at: Department of Algebra and Geometry, Faculty of Science, Palacky University, Tomkova 40, 779 00 Olomouc, Czech
Republic.
E-mail addresses: krupka@inf.upol.cz (D. Krupka), krupkova@inf.upol.cz (O. Krupkova), G.Prince @latrobe.edu.au (G. Prince),
Willy.Sarlet@UGent.be (W. Sarlet).

0926-2245/$ — see front matter © 2007 Elsevier B.V. All rights reserved.
doi:10.1016/j.difgeo.2007.06.003


http://www.elsevier.com/locate/difgeo
mailto:krupka@inf.upol.cz
mailto:krupkova@inf.upol.cz
mailto:G.Prince@latrobe.edu.au
mailto:Willy.Sarlet@UGent.be
http://dx.doi.org/10.1016/j.difgeo.2007.06.003

D. Krupka et al. / Differential Geometry and its Applications 25 (2007) 518-542 519

First, in Section 2, we present a survey of basic concepts of the theory of global higher-order variational func-
tionals in fibred spaces as developed in Goldschmidt and Sternberg [5], Krupka [6—8], and Trautman [21], and of the
variational sequence theory due to Krupka [9,10]. Then we introduce contact symmetries as vector fields, preserving
contact differential forms (Garcia [4]), and we prove a key result that the Lie derivative of a dynamical form € by a
contact symmetry Z is variational if and only if Z leaves invariant the Helmholtz form of ¢. We call vector fields Z,
transforming a non-variational dynamical form ¢ to a variational one dz¢, variational vector fields.

The idea to transform a non-variational form to a variational one by means of a contact symmetry was announced
in the conference paper [12]. In that paper we studied this problem for second-order dynamical forms with compo-
nents affine in the highest derivatives, representing second-order ordinary differential equations. It turned out that this
problem can have interesting applications, namely to a system of equations which is not variational and even does not
possess any variational multiplier (Douglas [3]) one can find a variational system related by a contact transformation.
In this paper we continue studies in this direction. The aim is to investigate contact transformations related with objects
in the first-order variational sequence in mechanics. From the side of dynamical forms (and differential equations)
this means that our results concern systems of first-order ODE, of second-order ODE affine in the second derivatives,
and a class of third-order ODE, namely those defined by dynamical forms ¢ = e¢,dq° A dt, of the following structure

d%)..v _dE,

— 2Dy 4" 1.1
o o v, (1.1

85=AU+<CJV—2

where Ay, Cyy, Dy and E, are functions of 7, g%, ¢°. In Section 3 we derive all important formulas for main ob-
jects appearing in the first three columns of the first-order variational sequence: Lagrangians, dynamical forms and
Helmholtz forms. In proofs we present explicit computations in order to provide techniques and useful tricks of
computation of classes and representatives. Then we find an explicit characterisation of contact symmetries, and of
transformed classes in the variational sequence. Finally, we derive a general form of equations for variational contact
symmetries.

In Section 4, illustrative examples are presented. We discuss briefly the case of second-order ODE’s, and bring
concrete examples of contact symmetries of Helmholtz forms, including Douglas’ equations mentioned above.

2. Variational sequences

Throughout this section, Y is a fibred manifold with base X and projection w. We denote n =dim X, n +m =
dimY. J"Y, r > 0, is the r-jet prolongation of Y, and #"%:J"Y — J*Y, n":J”Y — X are the canonical jet pro-
jections. The points of J"Y are r-jets J;y of sections y of ¥ at x € X; the r-jet prolongation of y is the mapping
x— J'y(x)=J]y.Avector ¥ at y € Y is w-vertical, if Tym - ¢+ = 0; a differential form p on Y is 7 -horizontal, if
it vanishes whenever one of its arguments is a m-vertical vector. Any fibred chart (V, x), x = (xf, y?), on Y induces
the associated charts (U, ), o = (x%), on X, and (V", x"), x" = (x',y, Y9 ¥ s s Y5y i,)s on JY, where
U=a(V),and V' = @O~ V), 1<i, j1,j2,.... jy <n,1 <o <m.

2.1. Differential forms on a fibred manifold

For any open set W C Y we denote by £2” W the exterior algebra on W = (z"-9)~1(W). QoW and ;W are the
ring of smooth functions and the 96 W -module of smooth k-forms on W, respectively. We also use some submodules,
the submodule of 7" -horizontal k-forms .Q,g xW C £2; W, and the submodule of "0 horizontal k-forms .Q,:’YW C
£2; W. We have a morphism of exterior algebras

h:Q[W — 278w (2.1)
defined by
_ ot i g _
hf = fa""" hdx'=dx', hdy§, =% p,dx", (2.2)

where f:V’" — R is a function; obviously, J"y*p = J"t1y*hp for every section y of Y. We call & the -
horizontalisation. We say that a form p € ;W is contact, if hp = 0. For any fibred chart (V, x), x = (x', y9),
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the 1-forms

o

Y =dve . . =7 . . p
ot = Wity = Yirjpiip 4%7 (2.3)

where 0 </ < r — 1, are examples of contact forms. The system of forms
i o o o
dx', %, ..., D oot dyj1j2~~~jr 24

is a basis of linear forms on V'. By the contact ideal on W we mean the ideal @ W in the exterior algebra 2" W

o o _ :
locally generated by the forms 0% b dwjlj2--~j1’ where 0 </ <r — 1. Since
o _ _ 0 K
dwjljzmjz = "W jaeis Adx®, (2.5)

the contact ideal is also generated by the forms

(o2 (o8 (ef (e} (o8
@ Wy Wy e Oy G (2.6)
A form p € £2; W has a unique decomposition
@Y p=hp + pro+ p2p+ -+ prp, 2.7)
in which p; p contains, in any fibred chart, exactly i exterior factors w? . 0 transformation properties of the forms

(2.3) guarantee invariance of the decomposition (2.7). In (2.7), p;p is called the i-contact component of p. If k >
n + 1, then we define p € .Q,: W to be strongly contact, if px_,p =0.

By a w-projectable vector field we mean a vector field ¥ on Y such that there exists a vector field ¢ on X satisfying
Trm -9 =¢om. Wedenote by J" ¢ the r-jet prolongation of 9.

We shall need the behaviour of the projections %, pi, p2, ..., pr under the Lie derivatives d;ry. Since for any
m-projectable vector field ¥ the operator 9,y preserves contact forms, and

Y o0 =0 a1y (T T p, (2.8)
we have
hajrﬂp: 81r+|,3hp, (29)

andforalli=1,2,...,k,
Pidjrop =0 r19Dip- (2.10)
2.2. Lagrangians, variational functionals

By a Lagrangian (of order r) for Y we mean an element 2 of the module §2; W, where W is an open subset of Y.
In a fibred chart (V, x), x = (x!, y%),

where
wo=dx" Adx* A AdX". (2.12)

The component £: V" — R is the Lagrange function. Let §2 be a piece of X, i.e., a compact, n-dimensional sub-
manifold with boundary 952, and let I'pY be the set of sections of Y, defined on §2. A gives rise to the variational
functional

FQYay—>)»Q(y)=/er*ke]R. (2.13)
2

Let U C X be an open set, let y:U — Y be a section. Let ¢ be a w-projectable vector field on an open set
W C Y such that y(U) C W. If o; is the flow of ¢, and «(q); is its w-projection, then since wa; = o) for all 7,
V= a,ya@)lt is a 1-parameter family of sections of Y, depending smoothly on the parameter ¢. Sometimes y; is called
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the variation, or the deformation of y, induced by . We get a real-valued function on a neighbourhood (—¢, ¢) of the
origin 0 € R,
(—e,e)>t — ka(o),(g)(a[ya(;);t) = / J’(a,ya(z);l)*k eR. 2.14)
a0y (£2)

Differentiating this function at = 0 we obtain
(3JYM).(2(V)=/JW*3J'M- (2.15)

2

The number (2.15) is the variation of the variational functional Ag at y, induced by the vector field . This formula
shows, in particular, that the function

I'eY sy — (0yr9M)e(y) eR (2.16)

is the variational functional (over £2) associated with a new Lagrangian d;-3A. We call this function the (first) varia-
tional derivative, or the (first) variation of Lo by ¥. Formula (2.15) can be used in a standard way to define extremals,
and higher order variational derivatives of L.

2.3. The Euler-Lagrange mapping

Now we shall analyse the structure of the variational derivatives by means of invariant differential-geometric oper-
ations. We know that if n is a differential form on a manifold X, and ¢ is a vector field on X, then the Lie derivative
0,1 decomposes into two terms,

dpn = ipdn + dign; 2.17)

in this formula, i, denotes the contraction of a form by ¢. We wish to apply this decomposition to formula (2.15).
Let W C Y be an open set, and let A € .Q; W be a Lagrangian. Formally, we define a form p € 2;W to be a
Lepage equivalent of A, if

(a) hp =X (up to a canonical jet projection), and
(b) the form p; dp is 7*+"-O-horizontal.

If p € 25 W is a Lepage equivalent of X, then condition (a) implies that

/sz*pzfﬁ“y*hp:/ﬂy*x. (2.18)
2 2 2

This means, in particular, that p defines the same variational functional as A.
We have noticed in Section 2.1 that for any m-projectable vector field ¢+ on W, the Lie derivative operator with
respect to J"¢ commutes with the horizontalisation /. Then

0jroA =0jr9hp =hdysyp, (2.19)
so we have for any section y of Y with values in W,
J y*gror=Jy igsodp +dI vy igsyp. (2.20)
This is the first variation formula for the Lagrangian A. Equivalently, formula (2.20) can be expressed as
dyrph =lgsrigprdp +hdijsyp. 2.21)
LetA e .Q,’l x W be a Lagrangian, expressed in a fibred chart by (2.11). Denote

wi =D ax Adx? A Adx TV ATV A A d (2.22)
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A form p € 25 W is a Lepage equivalent of A if and only if (7r°F1+%)* o has an expression

(nS'i‘l,S)*p — @)\ +dn + M’ (223)
where
r=1 /r—1—k Py
®; = Lwo + Z( Z (—l)ldp1 dp, .. 'dplad—)a)?ljzmjk A wj, (2.24)
k=0 \ 1=0 Yj1jaeeejkp1 P2l

n is a contact (n — 1)-form, and the order of contactness of w is > 2. The n-form ®,, defined by (2.24), is the principal

Lepage equivalent of L. @, is defined on the corresponding coordinate neighbourhood. Existence of global Lepage

equivalents can be proved by partitions of unity. In general, Lepage equivalent of a Lagrangian is non-unique.
Applying the decomposition of dp into contact components (formula (2.7)) to (2.23) we obtain a decomposition

(7T dp = E(A) + F, (2.25)

enjoying the following properties:
(a) E()) is the 1-contact component of dp, i.e., E(A) = pj dp; moreover, E(A) does not depend on the choice of
the Lepage equivalent p of A. In a fibred chart

E(\) = Ex(L)o° A wo, (2.26)
where
d AL
I
Eo(L)=)Y (=1)'dy dp,.. .dmayg—. (2.27)
1=0 pP1p2---Pl

(b) hF =0and p1 F =0, i.e., the order of contactness of F is > 2.
The form E (L), called the Euler—Lagrange form associated with A, can be regarded as an element of the module
Qrﬁl .y W its components Eq (L) are the Euler-Lagrange expressions. The mapping
20 xWar— EQ) €27,y W, (2.28)

assigning to a Lagrangian its Euler—Lagrange form, is R-linear, and is called the Fuler—Lagrange mapping. The forms
belonging to the kernel of the Euler-Lagrange mapping are called variationally trivial; elements of the image are
called variational forms. A 1-contact form ¢ € Qz Ly W is called a dynamical form (cf. [14]; Takens [20] calls these
forms source forms). The inverse problem of the calculus of variations for a dynamical form ¢ consists in finding a
Lagrangian X such that e = E()).

2.4. Invariance transformations

Recall that a form 7 on a manifold M is said to be invariant with respect to a vector field ¢ on M, if 9,17 = 0. We
now apply this definition in the context of higher order calculus of variations in fibred manifolds.

Let A be a Lagrangian of order r for Y, and let ¥ be a w-projectable vector field. We say that A is invariant with
respect to ¥ if 9591 = 0. Analogously, we say that the Euler—Lagrange form E (L) is invariant with respect to 9 if
d72r5 E(L) = 0. Since the Lie derivative d;sy commutes with the mappings &, p1, p2, ..., px (Section 2.1), we have
dys+19 p1dp = p1ddysyp for any Lepage equivalent of L. But h9 590 = 9s+15hp, so the form d;s9p is a Lepage
equivalent of 9 ;s+15A, and

0ys+19EL) = E(959)). (2.29)

Thus, E(X) is invariant with respect to ¥ if and only if the transformed Lagrangian 0 jsy A belongs to the kernel of the
Euler—Lagrange mapping.
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2.5. The variational sequence

We now recall the main steps of the construction of an exact sequence of sheaves, the variational sequence, in
which the Euler—Lagrange mapping E appears as a sequence morphism. By means of this sequence we obtain more
information about the structure of the Euler—Lagrange mapping, and discover new objects, describing its local and
global properties.

Let .(26’ = {0}, and let .Q,: ¢ be the sheaf of contact k-forms, if k < n, or the sheaf of strongly contact k-forms, if
k>n,onJ"Y. We set

OF =2 +d2f_, ., (2.30)

where d$2;_, . is the image sheaf of §2; | . by the exterior derivative d. It can be shown that we get an exact sequence
of soft sheaves

0->0]—>0;—>0;—>---, (2.31)
where the morphisms are the exterior derivative, i.e., a subsequence of the De Rham sequence

0>R—>Q2)—> 21— 825 > 25— ---. (2.32)
The quotient sequence

0—>R—Q2)— 2{/0] > 25/0) — 25/05 — -+ (2.33)

which is also exact, is called the r-th order variational sequence on Y. We denote the sequence (2.33) symbolically
by

0—>R—>V, (2.34)

and the quotient mappings by
E:82; /0 — $21,1/O . (2.35)

The class of a form p is denoted by [p].
The variational sequence is an acyclic resolution of the constant sheaf R over Y. Let I" (Y, V") denote the cochain
complex of global sections of (2.33),

0— I'(Y,R)— I'(Y, 2}) — I'(Y, 2} /0)) — I'(Y,25/0}) — ---. (2.36)

As a corollary to the abstract De Rham theorem we get the following identification of the cohomology groups
H*(I" (Y, V")) of this complex with the De Rham cohomology groups of the manifold ¥

HY(r (v, V")) = H'Y. (2.37)

To understand the meaning of variational sequences for global higher order variational theory, first note that the
quotient sheaves £2; /@ are determined up to natural isomorphisms of Abelian groups. Thus, the classes in £2 /&
admit various equivalent characterisations. A simple analysis shows that the sections of the quotient sheaf £2) /®; can
be identified, in a fibred chart, with some n-forms A = Lwy, i.e., with some Lagrangians. Elements of £2] 4 /0, 4
can be identified with some (n + 1)-forms ¢ = ¢, w’ A wy, i.e., with dynamical forms. More precisely, we can prove
that the sheaf £2); /@} is isomorphic with a subsheaf of the sheaf of Lagrangians £2, *;(1 ,and £2) /O, isisomorphic

927+] .

with a subsheaf of the sheaf of dynamical forms §2; Ly

the quotient mapping
E :$2,/0, — 2,,.,/0,,, (2.38)

in this representation of the sheaves coincides with the Euler—Lagrange mapping.
We say that a dynamical form ¢ € 27 11,y W is associated with a 2-form p € £2"W if e = [p]. Then we call the
class E,+1(¢) = [dp] the Helmholtz class of . The mapping

Ent1:82,11/Oni1 = 2012/ Op 0 (2.39)
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is called the Helmholtz mapping. When we do not want to stress the context of the variational sequence, we also write
for the Helmholtz class of ¢ = [p]

H(e) = Eny1(¢). (2.40)

Now it is clear what kind of results are described by the variational sequence:

(i) Assume that a Lagrangian A = [p] satisfies E, (1) = 0. Then by exactness of (2.33), there always exists a class
[n] such that E,_1([n]) = [p] = [dn]. This means that, locally, p decomposes as the sum of a closed form and a
contact form. Condition

E,(\) =0 (2.41)

is the local variational triviality condition. If in addition, H"Y = {0}, (2.37) says that n may be chosen globally
defined on J"Y. The local variational triviality condition strongly determines the structure of Lagrangians whose
Euler-Lagrange forms vanish identically.

(i1) Suppose that we have a dynamical form ¢ = [p]. In analogy with Lagrangians, we have the local variationality
condition

Ent1(e) =0, (2.42)

stating that ¢ is locally variational if and only if the associated Helmholtz class vanishes. If ¢ satisfies the local
variationality condition, then there exists a class [n] such that E, ([n]) = ¢ = [p] = [dn]. Thus, locally, p can be
expressed as the sum of a closed form and a strongly contact form. If in addition, H"t'Y = {0}, (2.37) guarantees
that n may be chosen globally defined on J”Y. The local variationality condition strongly determines the structure of
dynamical forms.

2.6. Variational vector fields

We say that a vector field Z on J"Y preserves contact forms, if for any contact form p on J"Y, the Lie derivative
dz p is again a contact form; we also say that Z is a contact symmetry.

If Z is a contact symmetry, then for any two k-forms pj, p2 belonging to the same class in the variational sequence,
the k-forms dzp1, 0702 also belong to the same class. Thus, we can define the Lie derivative of a class [p] to be the
class

dzlpl =1[9zp]. (2.43)

For any m-projectable vector field ¥ on an open subset of Y, the r-jet prolongation Z = J"¢ is a contact sym-
metry. This property of the vector field J" ¢ implies, among others, the commutativity of the Lie derivative -y and
the Euler-Lagrange mapping E (cf. (2.29)). One can easily show that an analogous property holds for any contact
symmetry, and any morphism Ey : 2, /O; — 2 /O .

Theorem 1. Let W C Y be an open set, and let a vector field Z, defined on W', be a contact symmetry. Then for all k,
3z Ex([p]) = Ex(9z1p]) = Ex(liz dp]). (2.44)
Proof. Since the Lie derivative commutes with the exterior derivative, we have for any k-form p on J"Y,

0zldp]l = [0z dp] = [dozp] = [diz dp]. (2.45)
Writing this formula in terms of the morphism Ej, we get (2.44). O

Our main goal is to introduce the concept of a variational vector field for a given dynamical form. Let & € £27 ayW
be a dynamical form such that ¢ = [p] for some p € £2;, | W. We say that a vector field Z on W* C J*Y is a variational
vector field for ¢ = [p], if the Lie derivative dz¢ is a locally variational form.

The proof of the following theorem is based on a simple observation explaining the meaning of the identity (2.44)
for the Helmholtz mapping Ej,+1.
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Theorem 2. Let W C Y be an open set, let € be a dynamical form on W5 C J*Y, and let Z be a vector field on W*.
Suppose that Z is a contact symmetry. Then the following two conditions are equivalent:

(1) Z is a variational vector field for ¢, i.e.,
E,11(0z¢) =0. (2.46)
(2) Z leaves invariant the Helmholtz class, i.e.,

d7Eni1(e) =0. (2.47)

Proof. We choose p € §2; | W such that ¢ = [p] and then apply Theorem 1. We obtain

07 Ens1(8) = Ent1(3z6). (2.48)

Theorem 2 is a direct consequence of this formula. O
3. Variationality and invariance: Fibred mechanics

In this section, Y is a fibred manifold with 1-dimensional base X and projection 7w, and dimY =m + 1. A fibred
chart on Y is denoted by (V, x), x = (¢,¢?). The associated fibred chart on J"Y is denoted by (V", x"), x" =
(t,q",qz’l),qf’z), .. .,qg)), for r =3 we usually write X3 =(,49%,9°,4°, q°). For any fibred chart (V, x), x =
(t,q%), and any differentiable function f: V" — R, we define the “cut formal derivative operator” d’ f/dt by

df _of  of af af
S e O I, (3.1)
dt at  dq 0q, 99, _,

The formal derivative d f/dt is defined on V"1, and d’ f/dt is a function on V.

q5+...+

3.1. Euler—Lagrange mapping

Let us consider the variational sequence on J ly,
0—>R—2)—0l/o] - 2)/0) - 21/ — ... (3.2)
We now give explicit formulas for elements of this sequence belonging to the terms
) .Qll/@l1 (Lagrange classes, or Lagrangians),

° [221 / (921 (Euler-Lagrange classes, or dynamical forms), and
° [231 / @31 (Helmbholtz classes),

and for the corresponding quotient mappings.
Theorem 3.

(1) Ifpisal-formon J'Y,
p=Adt+ By’ +Cydg°, (3.3)
then

[p] = Ldt, (3.4)

where

L=A+Coi®. (3.5)
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Q) Ifpisa?2-formon J'Y,
0=’ A(Agdt + By + Cy,dq") + Dy, dg° Andg" + Es dg° Adt,

then
[Pl =607 Adt,
where
dD dE
e =Ag + | Cor —2—2" )G — —= —2D50q".
dt dt
(3) If p is a 1-form, the class [dp] is given by
[do]l = E; 0% Adt,
where
e _0A d A (3C, dIC)). IC ., d*C,
T 97 drage  \age  dioage )1 T ag0 iz
The functions E; depend on the class [p] only, and can be written in the form
AL d oL  d* AL

Cs=r— ————t ———.
77 8q°  drdge  dr?9ge

Proof. (1) Formula
@*N*p = (A+ Co§%) dt + Boo” + Co”

gives (3.5).

(2) We have
@3 0 = (Ag + Cov§")® Adt + (2Dgyi" + E5)d° Adt

4+ Bsy@® A@' + Cyp® A@" + Dgp® Ao

But since dw® = —w°® A dt, we obtain
d(2Dgsvq" + E,
(2DsvG" + Eq)®° A dt = —%w” A dt
+ pd(2Dsv§" + Eo) A’ —d((2DgvG" + Eg)0?),

which implies (3.8).
(3) We describe the class [dp] for a form p defined by (3.3). We obtain
dp = Ag® Adt + E5 dg° Adt + Byyo® A @’ + Covo® AdG" + Dyydq® AdgY,

where
~ A d' B
AO' =T - 2 ,
aq° dt
= 1/0B, 0B,
oy — 2 861” aqa £
- B aC
Cav = - .J + . s
agqV aq°
- 1/0C aC
Dav - = .U - . s
2\ dg” 09q°
0A d'Cs

Ey = - .
7709 7 dt

(3.6)

3.7)

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)
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Then writing the class [dp] as in (3.8) we get from (3.13) [dp] = E,w” A dt, where

_ - dDyy\., dE <
Er=Ay + (c,,v -2 d;”>q" - d: — 2Dy q". (3.17)
From (3.16) we get
0A d 0A 0C, .. d aC, ., aCy, ...
o = -+ vq”—— .qu_¥qv
0q° dtoag® 0q° dt 0g° 0q°
d 3Cy .., 9Cy.., ddCs
— — . 3.18
taaer? T Taa (3.18)
We now obtain (3.10) by substituting to (3.18) from
d*C, ddC, ddC, diC,., ICy..,
- S — G+ —2q". 3.19
dt>2  dt dt dt dt + dt 3G 1 9gY 1 (319
Finally, on the other hand, we have using (3.5)
oL oL A  9C, . oL A  dC; ..
- =0Co, =" .Tq’, =7t rqf, (3.20)
ag° ag° 09g°  0q° ag° 9q°  0q°
hence
AL d AL d* L dA dC d 9A d aC 3Cr ... d*C
b s = b = —— T~ —§" . (3.21)
9qg° dtdg°  dt?29G° 9q°  9q° dt 3g°  dt 9g° 9g° dr?
Comparing this expression with Theorem 3, we get formula (3.11). O
Theorem 3 gives us an explicit expression for the Euler—Lagrange mapping
Ei:2}/0]! - 2]/0). (3.22)
3.2. The Helmholtz mapping
In the following explicit description of the Helmholtz class we use the notation of Theorem 3.
Theorem 4.
(1) If wis a 3-form on J'Y, expressed by
w=Agy0° A’ Adt + By, dg° ANw' Adt + Cy,dq® ANdq¥ Adt
+ Doyr@® A" AW" + Egyr dg® Ao’ A" + Fayrdg® Adg” Ao
+ Goyr dg® ANdG® ANdGT, (3.23)
then
(u] = (Pyyo® + Qovd)g + R50®°) A ¥ Adt, (3.24)
where
e ld (1 e d(Cov+3Gov:G")
Poy=Acy + Er6vG* _EaTt<§(Bov_Bva)_(Farv_era)qT - A dr ovrd >,

1 .
Qov = E(Bav + Byo) — (Forv + era)qts
Rav = _Cav - 3Gavréf~ (3.25)
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(2) If p is a 2-form on J'Y, expressed as in Theorem 3, (3.6), then

[dp] = (Fcrua)g + Gm)d)a + Havéég) Aw¥ A dt,

where
1/ 0A, 0A, 1d[(0A, 0JA, 1/3Cs: 3Cyr ..,
Fov=5(—sgt e )= o (e =22 ) - - -

2 agqv  9q° 4dr\a9g° 0qY 2\ dqY aq°

1d aC aC 1/ aC 9Cs7 \ ...
fo— |+ )iT+ |~ + o )4

4dr\ 04° = 09" g7~ 9q”

0Dy

3
N Ei<8Di, - aaDq?yj, +% aagz,)..., %dd?;v
1
T2
B

4
dq
aDg, BDW d (0Dsr  3Dy; it
a Cdr v q°

Gy = A, n A, _l 0E, n dE,\  (9Doc n aD,; it
Bq agY aqv  9q° aqV aq°
1d(Cqy + Cyp) + 0Cyr | 9Co7 ..,
2 dt 2\ 9g° g ’

1 0E, OF dD oD aD
HOVZ_E(C(TV_CVG)+ ( V>_ z +( ot W)"T

ag¥  3g° dt agv g

The functions Fy,, Ggy, Hgy can be expressed by means of e (cf. (3.7), (3.8)) as follows:

L(0s, By 1d (0sy, ey 1d* (3e;  dey
Fov=—"o\rx—-—"7—>—5—+ > a0 A2\ av T oo )
2\dq¥ 0q° 2dt aq ag°  2dt*\ 94 09

1/0 B d (0 B
Gav == 6.‘0 + (?V - (?.U + fv 5
2\0dqY 0q° dt\dg®" 09g°
1/0e;, 0&y, 3d [0gs agy
Hoywv=—\ o =\ = — % .
2\9gY 9g° 2dt\9dq aq

Proof. (1) To derive formulas (3.25) note that

poit = (Agy + Eroug"o® A’ Adt
+ (Boy = 2F 510707 A’ Adt + (Cyy +3G 4G 7)0° Ad¥ Adt.
But
d(@° Ao’ —o" Ao”) = (&7 No' =& Ao”) Adt +20° ANo¥ Adt,
so that

(Cov + 3Govril.r)d)a Ao’ Adt

1d(Cov+3Gourd"
= ( ‘”+dt vl (47 N — 0¥ A ) Adi

1
- E(Cav + 3Govrél't)((50 Ao’ —d' A a)") Adt + 1,
where

2n=—pd(Cs, + 3Gavréir) A @ A o’ — o’ A %)
+ d((Cm, +3GsvrG")(@° A’ — " A w“)).

d
d?
dr?
ot 8Dw . 1d* (dE, IE, 1d (0E, 9OE,
( - )q«» var (g 530 ) i (gt e

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)
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Hence
o= (Agy + Erovd" )0’ Aw” Adt

1 .. .
+ E(Bﬂv + Byog —2(Fory + FUto)qT)a)a Ao’ Adt

1
+ E(Bav - ZFﬂtvijT)(Cba AN’ — /\w") Adt

_ ld(cav +3Gov:G")
2 dt

(@ AN’ — @' Aw®) Adt
1
- E(Cov +3GovrG)(@° AN’ — & ANw%) Adt

1
- Epd(Cgu F+3GopGH) A (@7 AN’ — @' A7)

+ %d((Cov +3Go1:G ) (@7 A0’ — 0" Aw?)). (3.33)
From the formula
(0% A’ — " AW?) Adt =d(@° A") (3.34)
we have

1
E(Bov - ZFUrvéir)(d)a Ao’ — o' Aw?) Adt

_ ld(cmj + 3Gavr(:jr)

(@° N’ — @’ A%) Adt

2 dt
1 d(Cyoy +3Gorri®
:—d BJV—ZFUTV'q't— ( O'V+ ovtq ) a)o’/\a)v
2 dt
I d(Cov +3Goved®
_ §d<BM _2F, 7 — Lo +dt oved )) N (3.35)

Substituting (3.35) to (3.33) we easily recognise that

1d d(Coy +3Gove§?
[/'L]:<A0v+Eravqt—§E<Bau—2Fgwér— (Cov +dt ovtq ))>a)a/\a)v/\dt

l . .
+ E(Bov + By —2(Fyry + Fuw)qr)a)" Aw’ Adt

1
— E(CJU +3G50:G)(@° A’ —d” A”) Adt. (3.36)
(2) From the expression of p we obtain

dp = Agy0® A" Adt + Byydq® Aw” Adt+ Cyydg® Adg® Adt
+ Dy’ A" Aw' + Egyr dg® Aw” A o' + Fyyrdg® AdgY Aot

+Govedg® NdG” AdGT, (3.37)
where
. 1/ 3A, 98A,\ d'Bo,
Acv=2|— s
2 ag¥  0q° dt
A dC JE
Bav—zBov+—U——m — —a,

9E; | OE) , d'Doy
3g" | 9g° dr
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oVt —
3

b _ 1 /0By 0By 0Bs¢
agT 9q° ogv )’
5 B | (acvg acw>

ag* aqV

oVt Y

3¢ 2

- 1 0C;y, 0C¢4 0Dg
F(TU‘[ ==\ 5= - )
2 ag° aqV g’

~ 1 /0D, oD aD,
vt = = ‘O'V _ .TV _ ‘U'T . (338)
3\ 9¢° ag° aqV
Now we can compute the class [dp] from formula (3.25). We get formula (3.26), where
T I 2 D - = .o d(Cov+3Goui")
Fov=A<7\1“1‘Eravqr - §E<§(Bav — Bys) — (Forv _Fura)qr - o dr ki ,
(P o
Gy = E(Bav + Bys) — (Forv + ero)qry
Hyy = _éav - 3601}1'4{- (3-39)
Formulas (3.27) follow directly from (3.38). Formulas (3.28) then are derived by a direct computation. O
Theorem 4 describes the Helmholtz mapping
Ey:21/01 — 21/61, (3.40)

assigning to a class € = [p] (3.7) a class E»(¢) = [dp], expressed by formula (3.28). In the well-known sense, equa-
tions

F5, =0, Gsy =0, Hs, =0 (341)

express necessary and sufficient conditions for existence of (local) Lagrangians for & (Helmholtz conditions).

Remark 1. For a general 3rd order dynamical form & = e;w” A dt, which is not necessarily of the form ¢ = [p]
(cf. (3.8)), the Helmholtz class E(¢) is given by

Ey(e)= — (280 00w 1d aﬁ_ai_ldi 980 _ I V)Y A0 ndr
2\9q” 09q° 2dt\dg> 08q° 2dt>\dq aq

T A R PNy
2\0dqV 0q° dt\dg" 9g°

) "

2\8g"  9g° 2dr\0q” 8q°
1/ dey \ ..
n 5(% n a.;.f,)w” AW’ Adt, (3.42)

Expression (3.42) is in accordance with the Helmholtz class of a dynamical form on a general fibred manifold
(dim X = n) obtained in (Krupka [11]).

Remark 2. It is worth notice that for computing the Euler—Lagrange and Helmholtz classes [p] and [dp], we can
restrict ourselves to representatives p such that By, =0 and E,; =0, i.e., to

p=0’ AN(Asdt +Csy,dq") + Dgydg® Adg". (3.43)
Indeed, writing

Esdg° ndt = —d(E;0®)+dEs N 0° (3.44)
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in formula (3.6), we can see that

p =0’ A(Agdt + Cyydq") + Dy, dq® Adg® + 1, (3.45)

with A, and C,y given by

- 0E, OJE, . - 0E,

Ay =As — 91 - 3q" q”, C‘”’ZC‘”_aq—'v’ (3.46)
and u € @21 W,

=By’ AN’ —d(Es?). (3.47)

Hence, the reduced form
p=0w’ AN(Agdt + Cyydq") + Doy dq® Ndg® (3.48)
satisfies [p] = [p] and [dp] = [d p].

3.3. Contact symmetries

In this section we give a complete description of contact symmetries on W3, where W C Y is an open set. Recall
that in a fibred chart the contact ideal ©®3W is generated by the 1-forms

o’ =dq° —q° dt, @’ =dq° — §° dt, o° =dg® — q° dt, (3.49)
and the 2-forms
di’ =—dq° Adt. (3.50)
Let Z be a vector field on J3Y,

PO S S Ay
=05 T a9 T g aGT g

To derive equations for Z to be a contact symmetry, we require the forms dzw?, dzw?, and 0z be contact. We have

azw”:<d§ —ﬁ”—@cjﬂ)dt—i—(a; —@6}”>a)t

(3.51)

dt dt ag*  9q°
ac° 9 ace 9
T (AL WL PRI (LA P
agt  09q° agt  9g-
3@"7 %o . -
e — — dq’, 3.52
+(8qr Yk q (3.52)

and analogous expressions are obtained for dz@° and 9z@° . Thus, we have the following system of equations for the
components of Z:

: d' (5% —0q”) (57 —504”)

CU - é‘o.q.a = dt ’ 8é'f = 09

. vy d'(E7 = C0G° (7 — Log®

£ _ g0 = ¢ dté“oq )’ ¢ 8éfoq ) _o.

o d'(E7 —5097) A0 =204 | o,

{7 = o , T +8750=0. (3.53)

We can integrate Egs. (3.53) by elementary methods. To this end, it is convenient to consider the cases dim Y = 2, and
dim Y > 3 separately.
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Lemma 1. Let dim Y =2, and let Z be a vector field on J3Y,
a9 d .0 . 0 . 0
Z=t— — — — —=. 3.54
Coat+§8q+§8q+§8q+§8q (3.54)
The following three conditions are equivalent:

(1) Z is a contact symmetry.
(2) There exists a function f = f(t,q, q) such that

of of . .df . ddf v d dEf

= ——, — - —q, = s = -, = —_— . 355

==35 T/t Ta i di C=dian (3-55)
(3) The components {y and ¢ depend on t, q, q only, and satisfy
g 9% .
= 2520, 3.56
0 ag ! (3.56)
and

. d¢ .dyo . dt.dl o dE ..dg

=——qg—, =——G—, =——-q—. 3.57
£ a Tar ar 3 dt dt (3:57)

If Z is a contact symmetry and f is a function such that conditions (3.55) are satisfied, we say that Z is associated
with f.

Lemma 2. Let dim Y > 3. A vector field Z (3.51) is a contact symmetry if and only if £y and £° depend on t, q" only,
and

. dc®  dio .

o __ _ o
&= dr ar
.y d?C7 dg dio

o _ __‘0'_2_"0"
¢ dt? arr ? dr !
e A7 APl d*¢o dgo ...

o .o o o

= ——q° —-3—=G° —-3—q". 3.58

¢ dt3 ar ¢ a2 4 dt 1 (3-58)

It is immediately seen that the set of contact symmetries includes all vector fields, expressible as the 3-jet prolon-

gations of m-projectable vector fields. Recall that if ¢ is a 7w -projectable vector field, expressed by
0 0
P =0v— +0°— 3.59
05 + 37 (3.59)

then the 3-jet prolongation J3¥ is given by

9 9 N R RO
PO=0—4+0"— + 0" — + 8" — + § ——, 3.60
0 TV g0 TV gr TV o TV a7 (.60
where
. doT dv v dBT dv, e dOT .. dD
A =8 e o g, 3.61)
dt dt dt dt dt dt

7 -projectability means that ¥y depends on ¢ only.

Lemma 3. For any m-projectable vector field ¥, defined on an open set W C Y, the 3-jet prolongation J39 is a
contact symmetry.

Proof. If ¢ is a w-projectable vector field on W expressed by (3.59) then ¢y = 9¢(¢) and ¥ =¥ (¢, ¢"). Thus, our
assertion follows from Lemmas 1, 2, and formula (3.61). O
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Remark 3. Eq. (3.56) can be easily solved. We obtain

1

§=é2/78§0(t’7’smsds+€, (3.62)
9q
0

where £ = £(¢, ¢) is an arbitrary function.
3.4. Variational vector fields

Let W C Y be an open set, and let & be a dynamical form on W3 C J3Y. Suppose that ¢ = [p] for some p € .Qzl w.
Recall that a vector field Z on W?3 is a variational vector field for &, if the class dz¢, is a variational form. We know

that a contact symmetry Z is variational for ¢ if and only if it leaves invariant the Helmholtz class H(¢) = E(¢)
(Theorem 2). In this section we derive the variationality equations for contact symmetries.

Lemma 4.

(1) Let dimY =2, and let Z (3.54) be a contact symmetry, associated with a function f. Then

odf . 0df,
w+ ——ow,
dq dt dq dt
3 d>f 3 d>f . 8 d>f .

90— L4 oJaj 28T 3.63
z@ dg dt? @+ dg di? @ dg dt? @ (3.63)
(2) Let dimY > 3, and let Z (3.51) be a contact symmetry. Then
9z0° = P 0",
9z0° = Q7" + R7 7,
0z0° =S7w" + TZ &° + UZ &, (3.64)
where
. AT — 0% o D dQ° =%
Pr=——0r——  O=gr—
aq’ aq’ dt
ro— 0 A7 —¢0d") g _ 0 4’7 =50
gt dt ’ toaqT dr? ’
9 d2 o _ ¥l 9 d2 o _ i ¥ed
go 0 d7(¢% —4q°%) yo - 0 4% —dq%) (3.65)

ToagT dr? ’ TooagT dr?
Proof. All these formulas can be obtained by a direct computation. O

Remark 4. Formulas (3.56), (3.57) for contact symmetries on 2-dimensional fibred manifolds Y can be written in the
same form as (3.58), because

f=¢—di. (3.66)
Thus, we can use formulas (3.58) independently of the dimension of Y, having in mind, however, differences in the

dependence of ¢y and ¢ on the coordinates. The same arguments apply to formulas (3.63) and (3.64), (3.65) above.

Let us turn to study transformations of classes in the variational sequence. To this end, note that we may suppose
without loss of generality that the representative p of the class ¢ is already in the reduced form (3.43). Indeed, if we
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write p = pg + i, where u € @)21 W, then [p] = [po], and

[0zdp] = [0zdpol + [9zd ] = [9zdpo] (3.67)

for any contact symmetry Z. However, by Theorems 3 and 4, and Remark 2, the class ¢ = [p] is given by ¢ =
gsw? Adt, where

dDg,

e =As + (Cav -2 >q” - ZDU\)‘C}"), (3.68)

and the Helmholtz class H(e) = E;(¢) is expressed by

H(e) = [dp] = (Fyy@® + Gyva® + Hynid®) A’ Adt, (3.69)

where the components Fy,, G4y, Hy, are given by

1 A, 0A, 1d(0A, 0As
Fau ==\ + - T . - .
2 aqV  9q° 4dt\0q° 09gY
1 (9Csr 0Cyr ity Ld/ 0Cy  03Cor ..,
2\ dqY aq° 4.dt 0q° gV

1/ 38Cy  3Cor\..; 1d (3D dDy. \ ..
+_ _ ‘UT+ ‘O‘T q1+__ oT _ VT qt
4 0g° gV 2dt\ 0qV 0q°
1(3Dyr 3Dyr\y 1d°Dyy  1d? (8Dyr  3Dyr ..,
dq” aq° 2 de3 2dt2\ 9gY 3G°

2

d (0Dor 0Dy \.y 1(3Dgr 3Dyr\ ,
- > aio q — = T aqo |44
dt\ 9q ag 2\ 9q aq

1/0A dA oD aD
Govm o (2 40 (8Dor | ODue) e
2\ 0q° 09g¥ agV aq°

1€+ Cug) 1<acw acm>..,

2 dt 2\ 8g° " agv
1 dDgy aDar ath .
Hm; = —E(Cm) - Cvo) - dt < 86}‘) - aqg )CIT. (370)

Lemma 5. Let Z be a contact symmetry on J3Y . If p is expressed by (3.43) then

dzp =" A (AZdt + BZ,w" +CZ%,dq") + DZ,dq° Ad§® + EZdg® Adt, (3.71)
where
AT = Log") d'% d'e”
Z _
Al =0z7A, + TAT + dr Ay + Wcav»
1/ 3 ace ace
331,:— é‘OAo_ﬁAv L or_icvr ’
2\ dqV aq° aqV aq°
AT —¢0g") | 0% " s
zZ _
Cy,=0zCqy + CTUT + 8q'”AU + Wcm +2D‘L’vaq—as
ace ace
ng = aZD(TU + Drvaqf(r - DIU@?
d/'v
Ef = —2Dw—§. (3.72)
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Proof. To consider the cases dimY =2 and dimY > 3 together, we suppose for the following computations that the
components o, £{° of Z dependon ¢, 4%, g7,

fo=¢(t,q".4"),  ¢7=¢7(t,q".4") (3.73)
(cf. Remark 4). Using Lemma 4 and the expressions
9% | 9% . %o dso .

0zdt=diy=|—=— t)de T+ —=4dqg",
z o (at +8q7q +8qfw +8qf

) i aé'-o aé'-o ) 3@10 aé'-a )
97dq° =dt° = t)dt T+ —=—dqt, 3.74
zdq ¢ (ar+aqfq> +aqf‘”+aqrq (3.74)

we obtain (3.72) by a straightforward computation. O

Remark 5. In several particular cases, expressions (3.72) can be further simplified. We mention the following three
cases:

(1) dimY = 2;in this case m =dim Y — dim X = 1, hence, D = 0, and consequently, D%Z=0,E%Z=0.
(2) dimY > 3; then according to Lemma 2, 9¢p/9g" = 0.
3) Zz= J39, where 9 is a 7 -vertical vector field; in this case, Co=0,and ¢° =¢°(¢,4").

We now compute the Lie derivative dz¢ of the class ¢. Using notations introduced in Remark 2 we have:

Lemma 6. If p is given by (3.43) and € = [p] is expressed by (3.68), then

dze =eZ0” Adt, (3.75)
where
dD% dEZ
eZ = AZ 4 (cgv _zTM)--v -~ opzi
- - dDZ
=AZ 4 (cfv - 27‘”>sz —2D%,q" (3.76)
with
- dEZ QEZ - 9EZ
Z _ AZ . zZ _ ~Z
AZ =A% - a_ta _ ﬁqv’ C? =c? — aqi ) (3.77)

Proof. We know that dz¢ is the class [0z o], represented by the two-form 9z p given by expressions (3.71) and (3.72).
To compute the class, we can use either Theorem 3, or proceed with the corresponding equivalent reduced form (cf.
Remark 2). This gives us the desired formulas. O

Remark 6. Lemma 6 characterises the general structure of dynamical forms dze for given ¢ (3.68). In particular,
formulas (3.76), (3.72) describe the structure of the corresponding dynamical equations.

Finally, we need a formula for the class 9z H (¢) = E>([0zp]) = [ddzp].

Lemma 7. If p is given by (3.43) and ¢ = [p] is expressed by (3.68) then
dzH(e) = (FZ0” 4+ GZ,0° + HZ,6%) A w’ Adt, (3.78)
where (with the notation (3.77) and (3.72))
z 1(3sz B aA§> 1d (aAVZ B aA§>
0q° aqV 0g° gV

4 dt

av 2
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1 acZ acZ - 1d [/ aC% N ACZ N\ ..
2 T 4ai\ g0 T agr )1
1 acZ acZ .o 1d (3dDF 8D}
= Y q°+-— : g*
4 2dt\ 9q aq
1(aD§r B auf,)...t 1d°D%, 1 d? (apf, B 8DUZT>_q,r

3 dg"  dq° 2 4’ 242\ 3¢° 04

d aDZ _ D% 'g'r_l dD, aD; >
S dr\ 9¢Y ag° 2\ 8¢ 8g° )W’

oz 1 af}fﬁf}f AR A
2\ 9¢° agqY aqV aq°

_1dCq+Ch) 1(8@% 8@§T>..f
2 bl

2 dt 2° | 9g°
I, | (2 ODE);e

dt 3G 9g° (3.79)

1 - _
HO'ZU = _E(Cgv - C\)ZU') -
Proof. The form dzp is given by Lemma 5. Formulas in (3.79) then follow from Theorem 4 and Remark 2. O

We now state a general form of equations for variational contact symmetries.

Theorem 5. A contact symmetry Z is variational for a dynamical form ¢ = [p] if and only if

FZ =0, G%,=0, HZ=0. (3.80)
Proof. This is an immediate consequence of Lemma 7. 0O
4. Examples

We shall illustrate some of the above results on examples concerning second-order dynamical forms. For more
details on geometric structures related with second and higher-order ordinary differential equations, and for different
aspects of the inverse variational problem and its connection to closed differential forms, we refer e.g. to Crampin,
Prince, and Thompson [2] Krupkova [13—15], and Sarlet, Thompson and Prince [19].

4.1. Second-order differential equations

A system of regular second-order ordinary differential equations (SODE) for the fibred manifold Y is given by a
semispray connection I : J'Y — J2Y, or equivalently, by a semispray distribution of rank one on J'Y. If (V, x) is a
fibred chart on Y then on the open set V! = (7 1:9)~1V ¢ J!Y the distribution is spanned by the vector field (denoted
for simplicity by the same symbol)

a
'=s—+44¢°—+F° —, “4.1)
respectively, annihilated by the 1-forms
o’, ofF=d¢° —F°dt, 1<o<m. 4.2)
Indeed, integral sections of I" are solutions of the system of equations

°=F°, 1<o<m. 4.3)

We say that a semispray connection I” is variational, or equivalently, that Eqs. (4.3) have a variational multiplier,
(Bgy), if there exists a system of functions By, 1 < o,v < m, on V1 such that the matrix (Byy) is regular at each



D. Krupka et al. / Differential Geometry and its Applications 25 (2007) 518-542 537

point of V!, and the dynamical form & = By, (§” — F")o° A dt is variational (recall that this means that there exists
a Lagrangian A such that e = E(})).
We have on V1 a dynamical form ¢ = e, w® A dt,

Eo = Sau(f'iu - Fv)v (4.4)
naturally associated to I". In notations of Section 3, (3.68),
Ay = =650 F", Coy =5y, D;, =0. 4.5)
By Theorem 3 and Remark 2, ¢ = [p], where
p =0 ANgy(dG” — F¥dt) =85,0° A @} (4.6)
(cf. (3.48)). The Helmholtz class of (4.4) becomes according to (3.69) and (3.70)
H(e) =[dp]
__L(34s 04y 1d (04; BAVNN o b
2\ dq¥ 0q° 2dt\dq" 0q°
1/0A 0A
=2+ 2o Aw” Adt
2\ 0g° agqV
1 oF* O0FY 1d (0F" OFY
=b5r|l ——7— | —/— — = o’ Aw' Adt
2 aqV  0dgt 2dt\0dq¥ 0g°
1 oF* O0FY
— bgr| — 4+ — o AW’ AdE, 4.7)
2 agv  0dq°

since Hy,, = 0. Note that condition H(g) = 0 gives the well-known variationality conditions for a first-order force
F = (F?) (Whittaker [22]).

Using Theorem 5 and the preceding lemmas we can write down conditions for a vector field Z on J'Y to be a
variational vector field for the dynamical form ¢ (4.4): From (3.72) we can see that Dfu =0 and Ef = 0, hence
AZ = AZ and CZ, = CZ, (cf. (3.77)). Now, we shall consider the cases dim ¥ =2 and dim ¥ > 2 separately.

(1) dimY =2 (a single differential equation ¢ = F): We have

A% = —9,F — <a_§+@)F+ d (d—g—c}@),

dg | ot dr\ dt dt
(¢ — ¢oq d d’
oz =20 —%d) %, b (4.8)
dq g dt
where we have used the relation
9 _dor 9¢ dy .ddn 9%, 3G —¢d) d'a (4.9)
3G  diog oq  dr Tarag  aq! dq di ‘
following from (3.57) and (3.56). Hence, Z is variational if and only if
9 90 . . dg .db
o o4 =0,  {=——q—, (4.10)
aqg 09q dt dt
and
dAZ  d'Cc?
—_— = = 4.11)
aq dt
The corresponding variational dynamical form then reads
¢ =376 = (A? + C%§)dq A dt, (4.12)

i.e., the obtained variational equation takes the form

0 —¢%q) 9%, d\. 3¢ 3% d (d¢ .dg
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It is regular if CZ # 0.
(2)dimY > 3: We have

(" —¢og” d d (dc° d
AZ = _gpe OG0 py dlo g, d(dE7 o dl)
aq° dt dt \ dt dt
(¢ —%0g")  9(¢° —%0g%) d&o

zZ _ _~Z

Ccr, = 9q° + b — W‘S‘” =CJ. (4.14)
Note that

aCc% 9 9 9 acz

.Uv - - ﬂ(Svr + ﬂ(Strr ﬁg(ru = .Tv- (415)
ag° aq° aqV aq’ aq°

Substituting into (3.78), (3.79), we can see that
0z H(g) = H(dz¢) =[ddzp]

_ l<8AUZ A7 11(8sz aAg) B (acf, B aCff);jr)wa N’ A di

2\ 8¢  dg¥  2dt\dg°  3g" dg" g
1 /dAZ JAZ d'c?
+ (5(84; + 8(}3) - dt"“)d)" Aw’ Adt. (4.16)

This means that Helmholtz conditions for dz¢ take a simplified form

dAT BAZ  1d (dAY  9AZN  (aCi  ICT i =0
3g®  3q¥  2dt\3g°  dg¥ dg” 3q° ’
dAZ N dAZ _zd’Cfv —0 (4.17)
3g°  9gY dt ’ ‘
or, equivalently,
0AT 8AZ  1d (dAT  9AZ 0
3g°  dq¥  2dt\3g°  dg¥ ’

dAL 9AZ  d'CE

(2 _2 oV O,
0g° + agY dt
3' BAE — BAf — BC(%, — _BCUZI =0. (4.18)
ag® \ 9g° ag” agqV aq°

The last condition above is, however, a consequence of the preceding one, and (4.15). Summarising, we get that a
contact symmetry Z is variational if and only if

IAY  9AZ  1d' (dA] A7 _o
3g°  gY ’

AL 9AZ _d'CE
L+ 22— =0 (4.19)
ag° 0gqY dt
The corresponding variational equations then take the form
AZ 4+ CL G =0, (4.20)
and they are regular if the matrix (C, fu) is regular. In this case we can write
§° = F%, 4.21)

where FZ = —(C%)"1AZ.
Note that condition F# = F, i.e., that the transformed dynamical form dz& defines the same semispray connection
I' as g, means that

C?’F + A% =0. (4.22)
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4.2. Variational vector fields for non-variational equations

Let Y =R3, X =R. Let us consider, in the canonical coordinates on J 2R3, equations

i'=-¢*  §i=-4" (4.23)
Egs. (4.23) were studied by Douglas [3] in connection with his analysis of variational multipliers for systems of two
second-order ordinary differential equations. He proved that these equations have no variational multiplier (cf. also [1]
and [19] for a geometric analysis of the problem).
We shall show that Eqs. (4.23) possess variational vector fields which transform them to variational equations.
Consider the canonical dynamical form & = (¢jw! + g20?) A dt for (4.23), given by

=i’ +i'. er=q¢>+i% (4.24)

We wish to find vertical contact symmetries Z of the Helmholtz form H (¢) of €. Then the Lie derivative dz¢ will be
a variational dynamical form. Since dim Y = 3, vertical contact symmetries on J 2y are vector fields

9 de° o d*c 9
Z=:%(@, q)———%——é————-+ ¢

—. 4.25
dt 9g°  dt? 93G° (4.25)
Substituting into (4.14) we have
o oact 8 d’d§
z 2
=9 —
! Zq+81q+8q dr dr
S ST I ST S S N L S RN i S
= Tag? Tad +a_qlq T T aragr? Tagragrd 1
acl ., ac? d de?
AZ =074° bl a4
2 Zq+82q+8q +dtdt
IS S i SN iy ST i S
2 2 2 v VT
= —_— —_— 2 .
3 +8q2q +8q2q + 02 + E)taq”q +8q”8qfq a
ac! a2 ac! 32
zZ _ Z _ 7 _ zZ _
Cll —Za_ql, C12—C21 —_ @4_87’2’ C22—28712 (426)
Egs. (4.19) for Z be a symmetry of H(g), i.e., a variational vector field, take the form
V4 4
0AT d'CH 987 _
ag! dt dg! ’
dAZ  d'chy ot
94y _dCn _9% _,, (4.27)
9g2 dt 9g?
and (with help of the above)
IAY +3AIZ _deIZz za_;2+a_g1=0
gl 9g? dt gz aql 7
0AZ DAL 1d (dAF DAL\ 4 d¢!
— | 5 - = | === (4.28)
gt 9g?  2dr\ 3gl 942 dt dq!
Solving this system we obtain
t'=A+Cq'.  *=B-Cq? (4.29)

where A = A(t), B = B(t) are arbitrary functions, and C € R. Take for simplicity A, B = const. Then the dynamical
form dz¢e, with Z = J2E defined by (4.29) is given as dz¢ = (510)1 + éza)z) A dt, where

g1=2C4', &H=B—-2Cq*-2C§, (4.30)
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and it is variational (H (dz¢) = 0).

Note that in the family of vector fields Z = J?Z where Z is defined by (4.29) there exist vector fields such that the
systems ¢ =0, &, =0 and &; =0, & = 0 have common solutions. Indeed, setting A = const., B = 0, we can easily
check that the functions q1 =at+b, q2 =0, in which a, b € R, verify both the systems.

The same results as above were obtained in [12] by a direct computation of symmetries of the Helmholtz form

_l -2 1 -1 2
H(e) = 5@’ Ao' +o! no?) Al 4.31)

of the dynamical form ¢ (4.24).
In the paper by Prince [16] a similar and possibly related phenomena was reported: the generic dynamical symmetry
of the vector field I" of (4.1) maps a variational system to another sharing common solutions with the first.

4.3. Variational vector fields for variational equations

We shall consider equations

§'=pq*—0*q", P =-pq" -0, (4.32)

where p = p(¢) is a function, p # 0. The canonical dynamical form & = gjw! A dt + erw? A dt, where

e1=4"—pg> +0%q". e2=§"+pq" + p°q>, (4.33)
is not variational. However, the semispray connection I" corresponding to Eqs. (4.33) is variational, since, obviously,
e.g., the equivalent dynamical form &’ with

ey =—i'+pa’>—pq'.  &=q"+pq' +0°¢*, (4.34)
has a Lagrangian
L . . . 1
L=2(G" = @) +5a'a* = 50 (@)* = @*)?) (4.35)
(this means that Eqs. (4.32) have a variational multiplier). For the corresponding Helmholtz forms we get the formulas
H(s)=2pw' N> Adt, H(')=0. (4.36)
Let us find vertical contact symmetries of the Helmholtz form (4.36). By a direct computation we have
act ac?
A H(e)=2p 98 LN A Adr =0, (4.37)
dg! = 9q?
Hence, Z = J1 &, where
9 9 acl  ac?
- 1 2
gE=vl__ —, 242 0. 4.38
¢ aq1+§ Py 8q1+8q2 (4.38)
We obtain variational dynamical forms & = 0,2z €, where
1 84-2
g1=0pge1+ei— +ea—

_+_

ac! acl  ac2 d ac! d 3! d ar!
:2L'q‘1_|_( ; ; )é]'z_i__i_i_'l_ ; :2 é-

dq!

g% 9q!

dt 3t th@_,_ dt 3q?

3¢ 842) ( a¢! 8;2>
2( +1 1 2 _ 2 2 1

+p (C +q 8ql+q aq1 Ped ] 9q1 q A
gr=20 + 1+ o

&) = =& E1—= E)——=

act 9.,
(L2 )5l -2
<3q2+3q1 1

3¢, ddgt L dagt ,dag!

G g

dg! dt 3t dt dq! dt dq!
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a¢! ¢! . a¢! a¢!
2( 2 2 1 1 1 2
+0 —P =g == )+ —g' = —g?=). 4.39
<§ ag! 9q? ¢ dg! dq? (4-39)

Lagrangians for the transformed dynamical forms can be easily computed using the well-known Tonti formula (see
e.g. [6,7])
1 1
L =41/51(n ugq”,uq”, ug")du +q2/52(t, ug”, uq”, ug")du. (4.40)
0 0

In particular, the following vector fields studied in [17] are symmetries of the Helmholtz form H (¢):

1 ol 1 0 1., 0 1., 0
zZO—glgW = gt % —2 % 4 51 % g2

27 agt 27 9g2 T 27 9gt 27 8¢
z<2)=115<2>=%q2%+%q1%2+%q2%1+%qlaiqz. 4.41)
The corresponding variational dynamical forms are &1,
é%”:c’j] + 0%, éél)z—éz—p2q2, (4.42)
and @,
552) =c'1'2+p2q2, 5§2) 26-1'1 +p2q1, (4.43)

respectively. Notice that both the symmetries Z1, Z(®) give rise to the same semispray connection, arising from the
Lagrangian A = 9,1\,

~ 1 1
L= 5((q'1)2 + (q‘z)z) _ EpZ((ql)z + (q2)2) (444)

It is worth comparing all of this with the way the same ingredients enter into the application of the theory of pseudo-
symmetries, as developed in [17]. Egs. (4.32) are regarded in [17] as representing a non-conservative mechanical
system, the conservative part of which is governed by the function L which is generated here in (4.44). Pseudo-
symmetries are defined with respect to a certain 2-form o which has the given semispray distribution in its kernel. It
is shown in [17] that pseudo-symmetries of point type generically produce a Lagrangian for the given system (which
may not be known to be variational at the outset). In the case at hand, the 2-form o is precisely the p of (4.6) (up to
a sign). The vector fields Z) of (4.41) are indeed pseudo-symmetries of point type with respect to this o, and thus
give rise to a Lagrangian. For Z(1, this Lagrangian is the function L of (4.35), Z® on the other hand gives a different
Lagrangian, namely

N
L=¢'¢"- Ep((qﬂ)2 —@»?) - p’q' ¢~ (4.45)

It may be of interest to investigate the similarities between both theories in more general terms in the future. Better still,
since the theory of pseudo-symmetries was later reformulated and put into a more general form by the introduction of
the concept of adjoint symmetries (see e.g. [18]), the above observations suggest a comparative study of variational
vector fields and adjoint symmetries.
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