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Abstract

We show that the cotangent bundle T*TM of the tangent bundle of
any differentiable manifold M carries an integrable almost tangent
structure which is generated by a natural lifting procedure from the
canonical almost tangent structure (vertical endomorphism) of TM.
Using this almost tangent structure we show that T*TM is diffeomor-
phic to a tangent bundle, namely TT*M. This provides a new and
geometrically instructive proof of a result of Tulczyjew, which has ap-
plications in Lagrangian and Hamiltonian dynamics and in field the-
ory. The requisite general definitions and results concerning liftings of
geometric objects from a manifold to its cotangent bundle are given.
As an application, we shed new light on the meaning of so-called ad-
joint symmetries of second-order differential equations.
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1 Introduction

In a recent paper [1] we have investigated the curious fact that an arbi-
trary system of second-order ordinary differential equations may be given
both a Lagrangian and a Hamiltonian formulation, with essentially the same
function serving as both Lagrangian and Hamiltonian for the system, by the
introduction of additional variables. Our analysis began with the observation
that the system of differential equations defined by a vector field on a differ-
ential manifold A/ may be embedded in a system of Hamiltonian equations
by taking the complete lift of the vector field to the cotangent bundle T*N .
We applied this construction in the case where A is already the tangent
bundle of a manifold M and the given vector field a second-order equation
field. In order to obtain the Lagrangian formulation it was necessary to find
an appropriate manifold with the structure of a tangent bundle related to
both TM and T*TM. Now T*TM is not itself a tangent bundle, of course;
but it happens to be globally diffeomorphic to TT*M, and this fact played
a key role in our further investigations.

The existence of the diffeomorphism T*TM — TT*M was demonstrated
by Tulczyjew in 1976 [16, 15], though it is not perhaps so well-known as it
might be. Our principal aim in this paper is to give a new proof of this
result using entirely different methods, ones which we believe are geometri-
cally more instructive and appealing. The approach we take to the study
of the geometry of tangent and cotangent bundles depends very much on
exploiting the properties of the canonical geometric objects associated with
them. The obvious example of such an object is the canonical 1-form on the
cotangent bundle, from which its symplectic structure is derived. A some-
what analogous role is played in the case of a tangent bundle by its vertical
endomorphism or almost tangent structure. This is a type (1,1) tensor field
whose kernel, as a linear map of tangent vectors, coincides with its image
and is just the vertical subspace at each point, and which is integrable in the
sense that its Nijenhuis tensor vanishes [2, 3, 4]. In addition each of these
manifolds carries a canonically defined vector field, as does any vector bun-
dle: namely, its dilation field, which is the infinitesimal generator of dilations
of the fibres.

As a prerequisite for our analysis, we need various techniques for lifting
objects from a manifold N to its cotangent bundle T*N. Most of these have
been described by Yano and Ishihara [18]. However, we find their approach



rather hard going and present therefore, in Sections 2 and 3, a new version of
this theory, with different methods of proof which do not rely on coordinate
calculations. In Section 4 we specialise to the case where ' = TM and
arrive at the main result of this paper: a geometrically constuctive proof
of the diffeomorphism T*TM — TT*M. As a by-product of the techniques
used in the proof, it becomes very simple to show that the fibration of T*T M
which gives rise to a tangent bundle structure, is actually Lagrangian and
has a Lagrangian cross-section. We therefore thought it instructive to make
a digression at this point; specifically, we construct in an appendix, relying
in part on a theorem of Weinstein [17], a global symplectomorphism from
T*TM to T*T*M. The main part of the paper continues with a section on
dilation fields and coordinate expressions for most of the constructions we
have been dealing with.

In Section 7 we comment on applications. It is fair to say that Tulczy-
jew’s unification of Lagrangian and Hamiltonian mechanics [15, 16] relies for
a great deal on the diffeomorphism T*TM — TT*M. Another application
is our description of the Lagrangian extension of an arbitrary second-order
system, referred to at the beginning. We believe, however, that there is more
to be gained from lifting objects to a tangent or cotangent bundle: such oper-
ations may help to understand the cohesion between different results or may
occasionally lead to the discovery of new properties. As an illustration of
this idea we show that some rather surprising results on adjoint symmetries
of second-order systems on TM, derived in [12], become perfectly plausi-
ble when one recognizes that they are manifestations of known properties
concerning the Lagrangian extension on T*TM.

Our notation is more-or-less standard; but we should warn the reader
that we do not distinguish notationally between the linear action of a type
(1,1) tensor on covectors and its action on vectors.

2 Lifts to the cotangent bundle

We begin by describing various lifts from an arbitrary differentiable manifold
N to its cotangent bundle my: TN — N
We assume that the following lifting constructions are already known:

the vertical lift o of a 1-form a on N



the complete lift X of a vector field X on A
together with the following formulae:

2", 5] =0

(X, a'] = (Lxa)

(X, Y] =[X,Y].

The vector fields obtained in this way span the vector fields on T*N; we use
this fact repeatedly in the sequel as a means of specifying geometric objects
on T\ explicitly.

The vertical lifts of 1-forms and complete lifts of vector fields are related
to the canonical 1-form 0, of T*N as follows:

<av79./\/>:07 <X79N>:hX

where hy denotes the fibre linear function on T*N determined by X: hx(z, p)
= (X,,p). We also have L0y = mn*a and Li0y = 0, from which the
following formulae are easily derived:

dOn(a”,5°) =0
dOn(a?, X) =a’(hx) = A" (X, @)
dIn(X,Y) = hpxyy.

We shall be concerned with two different ways of lifting a type (1,1)
tensor field from N to T*N the first of which, now to be described, results
in a vertical vector field. Let R be a type (1,1) tensor field on N. For each
x € N, R determines a linear endomorphism R, of the cotangent space T:N.
Let p; be the one-parameter group of transformations of T*N given by

p(x,p) = (a:,etRzp> )

The generator of p; is a vertical vector field on T*N which we call the vertical
lift of R and denote R".

The vertical lifts of 1-forms and type (1,1) tensor fields to T*N are de-
rived from the action of the affine group in the fibres, each of which is of
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course a vector space. The bracket relations between vertical lifts essentially
reproduce the Lie algebra structure of the affine group:

[a”,8°] =0
[0, R"] = R(a)’
Q" R'] = [Q, R]"

where [@, R] represents the commutator of ) and R derived from their actions
on vectors. The bracket of a complete lift of a vector field and the vertical
lift of a type (1, 1) tensor field may be computed from consideration of the
flows they generate, and is given by

[X,R"] = (LxR)".
By considering the action of p; it is easy to show that
R'(hx) = hgx).
Furthermore
dOyx (R, ") = 0
dOn (R, X) = RYX,0y)— ([R", X],0n)
= R'(hx) + ((LxR)", 0n)
hR(X)-

3 Complete lifts of type (1,1) tensor fields

We next define another lift of a type (1,1) tensor field on N to TN/, which
leads this time to a type (1, 1) tensor field again, rather than to a vector field.
The construction is based on the non-degeneracy of dfy and the possibility
of using it, as a consequence, to convert 2-forms (or, in general, type (0, 2)
tensor fields) into type (1, 1) tensor fields, in the manner of raising an index
with a metric.
Any type (1, 1) tensor field R on A/ determines a fibre linear map 75: TN —

T*N, fibred over the identity, by

Tr(2,p) = (2, Rap);



the complete lift R of R to T*\ is the type (1,1) tensor field defined by
Liey@On = te(TRpdON)
where ¢ denotes the interior product.

The map 7g is just the map whose exponential was used to define the
vertical lift of R. It follows that R satisfies

The tensor R may be specified explicitly by evaluating it on the vertical
lift of a 1-form and on the complete lift of a vector field, as follows.

Theorem 1 For any 1-form o and vector field X on N
R(a’) = R(a)"
R(X) = R(X) + (LxR)".

Proof The proof consists essentially of repeated applications of the preceed-
ing formula. To obtain the second result we use this formula with £ = X.
dn(R(X), 8°) = Lp(dOn(X,5"))
+ dOx ((LxR)", B°) + dOn (X, R(B)")

= dOn(X, R(B)")

= —mv (X, R(B))

= —mnv(R(X), )

= diu(R(X). B").
On the other hand

dOn(R(X),Y) = Lp(don(X,Y)) i )
+dOn((LxR)",Y ) + dOn (X, (Ly R)")

= Lpo(hixy)) +dOn((LxR)",Y) — hey rix)
= hR([X,Y}) + don((Lx R)", f/) - h[Y,R(X)] + hR([Y,X])
= dOn((LxR)",Y) + hir(x)y)
= dIn((LxR)",Y) + dix(R(X),Y).

The second assertion of the theorem now follows.

The first assertion is easily verified by similar considerations with £ = a". O



Corollary 1 The tensor fields R and R are my-related, in the sense that
WN*OR:ROWN*-

Corollary 2 If Q is another type (1,1) tensor field on N then
R(Q") = (QoR)".

Proof
dOn(R(QY), ") = Lrdin(Q,a’) =0
dON(R(Q). X) = L (d8y(Q", X))

- deN([R7 Q]v7 X) + deN(vi (‘CXR)U)

hro(x) = Mir.Q)(x)

= hqrw)

= deN((Q © R)va X)’

from which the result follows. O

Finally, it is easy to prove the following result, by evaluating both sides on
a vertical and a complete lift, using the formulae obtained in Theorem 1.

Corollary 3 For any vector field X on N
LiR=LxR.

We now derive some relationship between the Nijenhuis tensor of a type
(1,1) tensor on A/ and the Nijenhuis tensor of its complete lift to T*N.

We first remind the reader that if R is any type (1, 1) tensor, its Nijenhuis
tensor Ng is the type (1,2) tensor given by

Nr(X,Y)
= RY([X.Y]) +[R(X),R(Y)] — R([R(X),Y]) — R([X, R(Y))).
This may be rewritten as (tx Ng)(Y) = Ng(X,Y), where tx Ng denotes the
type (1,1) tensor Lrx)R — Ro LxR.
Lemma 1 For any type (1,1) tensor R on N
R*(a") = R*a)’

R}(X) = RYX)+ (LxRY)"+ (1xNg)".



Proof These formulae follow directly from those in Theorem 1 and the def-
inition of ¢x Npg. ul

Lemma 2 For any type (1,1) tensor R on N
Ng(a®,B%) =0
Ni(X,a") = (exNg(@))’
Np(X,Y) = N(X,Y) + (yxy)Ni + Ly (txNrg) — L (tyNg)) .

Proof Again, the proof consists of calculations using the formulae given in
Theorem 1, and in this case also the second formula in Lemma 1. We shall
derive the last formula as an example.

V]) + [ROX), ROV] = ROR(Y), V) - R(X, B(YV)
,QJr[R( )+ (LxR)", R( )+ (LyR)"]
RURCX) + (&xR)", V) = R(X, B(Y) + (6rR))")
X.Y]) + [ROX), ROY)] - RR(Y), V) - R(X, R(Y)
(LxR)", B(Y)] + [R(X), (&) + [(£xR)", (6 R)')
~ R((ExR)", V) = R(K, (£ R)")

= Ne(X,Y)+ (xv)Nr)" + (Qix.v))"

where the type (1,1) tensor Qxy) on N is given by

Quy) = LxyR® — LrooyR — Lxrery R
— ER(y)ﬁxR + ﬁR(X)ﬁyR
+ [LxR, Ly R+ Ly LxRo R — LxLyRo R
= Ro ,C[Xy]R + ﬁyﬁR(X)R — ,CX,CR(y)R
+LxRoLyR—LyRoLxR
= Ly(LrooR — Ro LxR) — Lx(LroryR — Ro Ly R).
Thus

NR(X,?) = NR(X, Y) + (L[ny]NR + ,Cy(LxNR) — 'CX(LYNR))U
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as asserted. O

From these two lemmas there follows

Theorem 2 If a type (1,1) tensor R on N satisfies R*> = 0 and Ng = 0
then its complete lift has similar properties:

R*=0 Ny =0.

4 The case where the base is a tangent bun-
dle

We now specialise to the case where the base manifold N is already the
tangent bundle 75 TM — M of another manifold M. We shall be con-
cerned therefore with lifting geometrical objects from TM to T*TM, and in
particular with the complete lift of the canonical integrable almost tangent
structure on TM. The almost tangent structure on TM is a type (1,1) ten-
sor, which is often called the vertical endomorphism. We shall denote it S. It
satisfies the conditions ker S = im S, whence S? = 0, (the condition for being
an almost tangent structure); and Ng = 0 (the condition of integrability).

Theorem 3 The complete lift S of S to T*TM is also an integrable almost
tangent structure. With its aid, T*TM may be given the structure of a
tangent bundle, and is in fact diffeomorphic to TT*M.

Proof By Theorem 2, 52 = 0. It follows that imS C kerS. But
dimker S + dimim S = 2dim TM, so that dimim S < dim TM, with equal-
ity implying that im S = ker S. We show that dimim S > dim TM.

For any 1-form « and vector field X on TM

S(a”) = S(a)” S(X) = S(X) + (LxS)".

Now let 8 be any basic 1-form on TM: there is a 1-form o on T M such that
B = S(«), and therefore 8 € im S. Again, let Y be any vertical vector field
on T M which is the vertical lift of a vector field Z on M. Then if Z¢ denotes
the complete lift of Z to TM, we have Y = S(Z%); moreover, L;cS = 0,
and so Y = §(Z€) € im S. Thus if {E,} is a local basis of vector fields on
M, and {w”} the dual local basis of 1-forms, the vector fields {(7},w®)", E¥}
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on T*TM, where the superscript v denotes the vertical lift to the tangent
bundle, belong to im S. They are clearly linearly independent and dim TM
in number, which proves that dimim S > dim TM, as required.

Thus S is an almost tangent structure. The fact that it is integrable
follows from Theorem 2.

It is true for any integrable almost tangent structure that its image, or
equivalently kernel, distribution is integrable in the sense of Frobenius’s The-
orem. In this case the image distribution has, over a suitable open subset
of M, a local basis consisting of complete, pairwise commuting vector fields:
the vector fields given above have these properties, since vertical lifts to ei-
ther a tangent or a cotangent bundle are necessarily complete as they are
effectively affine vector fields in the fibres, and the complete lift of a com-
plete vector field is necessarily complete; furthermore these vector fields do
commute pairwise as a consequence of the bracket relations for complete and
vertical lifts. Thus each leaf of the image distribution is diffeomorphic to
R?™, where m = dim M, or at worst to a quotient space of it by a discrete
group of translations. But the latter possibility is ruled out by the fact that
the leaf projects onto a fibre of TM, and is itself fibered by vector subspaces
of the fibres of T*T M — TM. Thus the leaves of the image distribution are
each diffecomorphic to R*™.

We next define an imbedding of T*M into T*TM. Consider the zero
section Mg of T M, which we may identify with M itself. The tangent space
to TM at a point (x,0) in M, has a direct sum decomposition T, g TM =
Z &V where Z is the subspace consisting of vectors tangent to the zero
section and )V the subspace consisting of vectors tangent to the fibre, that
is, the vertical subspace. Each of these is a copy of T, M. Define a map
T"M — T*TM by mapping (z,p) to the covector p at (z,0) € TM defined
in terms of the direct sum decomposition by ((z,v),p) = (v, p). Thus T*M is
identified by this map with TMg, the annihilator, along the zero section M,
of TM, of the tangent spaces to M. Under the projection mppr¢: T*TM —
TM the submanifold T M3 maps onto M.

We now show that TM{ is a cross-section of the distribution im S, that
is to say, that it intersects each of its leaves in exactly one point. The
projection of any leaf onto T M is a fibre of 7, and therefore intersects the
projection My of TMg in exactly one point, say (x,0). The leaf therefore
intersects the restriction of T*TM to TMg in a subset of the fibre over



(x,0), that is, T(0TM. Now the restriction of the distribution to this
vector space is the subspace generated by the vertical lifts to T(, o TM of
basic covectors at (x,0). In terms of the direct sum decomposition used to
construct TMg this is the annihilator of the tangent space to the fibre of T,
which is complementary to the annihilator of the tangent space to the zero
section. Thus the leaf of the distribution im S intersects T, 0 TM in exactly
one point, the zero covector; and so the leaf intersects TMp in exactly one
point.

Thus T*TM is the total space of a vector bundle 7pp: T*TM — T Mg
whose fibres are the leaves of the distribution im S. Let ¢/ denote the imbed-
ding T"M — T*TM. Then at each point (z,p) € T*M the map ¥, is a
linear isomorphism of T, ,T*M with the tangent space to the image TMg
at Y(z,p). But TMj is a cross-section of the distribution im S, and so its
tangent space at any point is complementary to the image space of S at that
point. Thus Sl/)(a:,p) maps the tangent space to TMg at 1 (z,p) linearly and
isomorphically onto im Sw(x,p)‘ Now im Sw(x,p) is the tangent space to the leaf
of the image distribution through ¢ (x,p) , and may be identified with the
leaf itself, since it is a vector space. The map ¥ = I o S o 1), defined in this
way, where [ represents the identification of the tangent space to a vector
space at its origin with the vector space itself, is a diffeomorphism of TT*M
with T*TM which is a linear bundle map with respect to the vector bundle
structures 7o TT*M — T*M and 77 T*TM — TMj and matches the
integrable almost tangent structures on the two manifolds. O

The maps introduced in the proof of Theorem 3 may be conveniently
incorporated into a commutative diagram:
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TTM -T*TM
TT*M TTM
T*M - TM¢
(G

It is further interesting to observe the following property of the fibration
TTM-

Theorem 4 The fibration 7ra: T*TM — TMg is Lagrangian with respect
to the canonical symplectic structure of T*TM, and TMg is a Lagrangian
cross-section.

Proof For any basic 1-forms a and 8 on TM and any vertical lifts V' and
W to TM of vector fields on M,

dfrm(a’, BY) = 0;

dfrp(a”, V) = mop (Vo) =0
because V' is vertical and « basic; and

A pa(V, W) = hyywy =0

because the bracket of two vertical lifts to T.M is zero. Since these vector
fields span the distribution whose leaves are the fibres of 7ir it follows that
the fibration is Lagrangian.

A vertical lift ¥ is tangent to TMj if and only if the 1-form o on TM
annihilates the tangent spaces to the zero section My. A complete lift X, on
the other hand, is tangent to TMj if and only X is tangent to M,. If av,
B, X and Y are tangent to TMg then, on TMg,

dQTM(avv 5v) = Oa
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dQTM(OéU,X) = 7TTM*<X, Oé> =0
because X is tangent to M, and « annihilates vectors tangent to it; and
dorpm(X,Y) = hixy) =0

since (X, Y] is tangent to M, while the value of hjx,y| at any point of TMy
involves the pairing of [X, Y] with a covector which annihilates vectors tan-
gent to My. Thus TMg is a Lagrangian submanifold of T*TM. o

According to a theorem of Weinstein [17], if a symplectic manifold has a
Lagrangian foliation which admits a cross-section which is also a Lagrangian
submanifold then a neighbourhood of the cross-section is symplectomorphic
to a neighbourhood of the zero section in the cotangent bundle of the cross-
section, in such a way that the fibres of the two manifolds correspond. Thus
in the present case we are assured of the existence of a symplectic bundle
diffeomorphism T*TM — T*T*M, at least in neighbourhoods of the corre-
sponding cross-sections. The fact that each of these manifolds is a vector
bundle means that the diffeomorphism is global and indeed fibre linear. Ac-
tually, we are able to describe an explicit construction of this diffeomorphism,
which is presented in the appendix.

5 Dilation fields

As well as the (almost) tangent structure of T*TM we must consider the
associated dilation field.

The dilation field A on TM, the infinitesimal generator of dilations
(z,u) — (z, e'u), satisfies

S(A) =0
LAS = -85
A vanishes on the zero section
and these properties determine it uniquely. From them follow certain prop-

erties of the complete lift A of A to T*TM.
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Lemma 3 The complete lift of A satisfies

S(A) = —8°
L:S =-8.
Proof

S(A) = S(A) + (La8)" = —S"
LiS = LnS=-8

as required.

u]

On the other hand, T*TM carries a dilation field A* by virtue of the
fact that it is a cotangent bundle. When one takes the Lie derivative with
respect to A* of a geometric object on T*TM which is homogeneous in the
fibre coordinates one obtains a result which incorporates the homogeneity
degree in the manner of Euler’s Theorem on homogeneous functions. The

vector field A* has the following properties in relation to S:

Lemma 4 The dilation field A* satisfies

S(A*) = 5"
La-S = 0.
Proof For any 1-form a and vector field X on TM

dOrp(S(AY), ") = Lgedhrp(A*, ") =0
dOram(S(A7), X) = Loo(dbrm(AT, X))
— dOp (Lo A*, X) 4 dOpag(A*, (LxS)?)
= Loo(dOrap (A, X))

since LgvA* = —LA+SY = 0, SY being homogeneous of degree 0. Now
dOrp(A*, X) = A(X, 0pp) = A*hy = hy
in view of the homogeneity of hx. Consequently,

Lso (d0pp(A*, X)) = Loohx = hsix) = drm(S?, X).
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The first result follows.
For the second we use the formula

(£a-5)() = [A*, ()] = S(1A™,€)).
With ¢ = o the right hand side becomes
[A*, S(a)"] — S([A*,a“]) =—-S(a)” + S(Oz”) =0

since a vertical lift of a 1-form is, in effect, homogeneous of degree —1. With
¢ = X we obtain for the right hand side

(A%, S(X)] = [A*, S(X) + (£xS)"] = 0

because complete lifts of vector fields and vertical lifts of type (1,1) tensor
fields are both homogeneous of degree 0. This completes the proof. O

Using these results we can obtain the dilation field associated with S.
Theorem 5 The dilation field D associated with S is given by
D=A+ A"

Proof From Lemmas 3 and 4 we have

It remains to be shown that D = A + A* vanishes on the “zero” section
TMg of the fibration of T*TM determined by S. Now A generates the
dilations (x,u) — (z,e'u) of TM, which leave M, invariant. It follows that
the one-parameter group generated by A maps TM; to itself. In construct-
ing the complete lift of a vector field to a cotangent bundle one takes the
inverse of the induced map of cotangent vectors. Bearing this in mind, as
well as the linearity of the action, one sees that A generates on TMz a one-
parameter group of transformations which may be written (z,p) — (x, e 'p)
when that space is identified with T*M. On the other hand, A* generates
the one-parameter group (x,p) — (z,e'p). Thus the one-parameter groups
generated by A and A*, both of which leave TMg invariant, are inverses of
each other when restricted to that submanifold; so their generators satisfy
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A = —A* there as required. O

In the proof of the theorem in the appendix we shall use the following
result.

Lemma 5 The dilation field D satisfies
Lpbra = Orpm.
Proof We have
Li0rpm =0
because the Lie derivative of Ot along any complete lift vanishes, and

La07rpm = Oppmq

by homogeneity. ju|

6 Coordinate formulae

Before proceeding to an application, we collect together coordinate formulae
for some of the quantities defined in the preceeding sections of the paper.

In the first place, given a manifold A/ with local coordinates (z'), and
coordinates (x%,p;) on T*N adapted to the cotangent bundle structure, we
have the expressions

0
Op;

o’ = o

for the vertical lift of a 1-form o = «;dz?, and

)N(X'a oxX* 0

(2

= X0 P oy,

for the complete lift of a vector field X = X’9/0z'. The vertical lift of a
type (1,1) tensor field R = R%(0/02") ® da’ is

. 0
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and its complete lift is

. (0 .0 ORE  OR®\ 0 .
= R J _ . (2 N J
R=R; <8xi®d:r +apj®dpz> +pk<6a:j 8331') 8pi®da: )

The following relations, similar in nature to the ones of Theorem 1, will
be useful in the next section.

Lemma 6 For a non-singular type (1,1) tensor field R on N we have
Tre' = R(«a)"
T X = X + (R o LxR)".

Proof It is straightforward to verify these formulae in coordinates. O

We specialise now to the case N' = TM. We take tangent bundle coordi-
nates (z°,u’) on TM with corresponding coordinates (z°, u', y;, v;) on T*TM.
The vertical endomorphism on TM is given by

0 4
S=—®d'
ou’ ©
and its complete lift by
~ 0 .0
S i ®dxr” + o0; ® av

Its image distribution is spanned by the coordinate vector fields 9/du’ and

0/0y;. The imbedding v: T*M — T*TM has the coordinate representation
('Tlapz) = (:Eiv O’ O7pl)

The point with coordinates (z*, p;, ", s;) in TT*M corresponds to the vector

00
ox? Slapi

at the point (¢, p;) in T*M; its image under v, is the vector

oxt " Ov;

Ti
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at the point (%,0,0,p;) in T*TM. The result of applying S to this is the
vector

.0 )
T —|—81'7

ou’ Ay;

tangent to the fibre of 71,4, which determines the point with coordinates
(2%, 7% 84, p;) in T*TM. Thus the diffeomorphism ¥: TT*M — T*TM de-
rived in Theorem 3 has the coordinate representation

(xiaph Tia Si) = (xia riv Siapi)'

(The simplicity of this coordinate representation makes a coordinate defini-
tion seem appealing: but it is worth pointing out that the confirmation that
the map is actually well-defined, by consideration of the effects of coordinate
transformations, is neither straightforward nor informative.)

The three dilation-related vector fields discussed in Section 5 are given
by

- 0 0
A=u— —v;—
Y out Y ov;

0 0
A* — s —— 2
yzayi —H}Zavi

-0 0
D =u' - i~ -
Y out Ty y;

7 Application: adjoint symmetries and the
Lagrangian extension of second-order sys-
tems

Let us first make some general comments about the possible relevance of lift-
ing objects to a tangent or cotangent bundle of a manifold. When a manifold
N is the natural carrier space for some dynamical system, it is perhaps not
to be expected that essentially new features will be discovered by looking at
lifted events, taking place say on TA or on T*N. Nevertheless, one is con-
stantly forced to keep an eye on these spaces, if only as image spaces of vector
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fields and 1-forms on N. It even occasionally can advance our understanding
if we look at such images rather than at the objects on N themselves. A
nice example in this respect is Tulczyjew’s description of mechanics in terms
of special symplectic structures [15], in which Lagrangian and Hamiltonian
mechanica appear—loosely speaking—as two different manifestations of the
same Lagrangian submanifold on TT*M. A key role in this description was
played by the diffeomorphism ¥: TT*M — T*TM, the geometry of which
we hope to have fully unravelled above. Note further that a similar approach
later proved to be useful in field theory, in particular with respect to the
energy-momentum tensor (see [7]).

Our present application is intended to shed new light on the meaning
of so-called adjoint symmetries of an arbitrary second-order equation field
[ on TM. Among other things, it was shown in [12] that adjoint symme-
tries, which are related to invariant 1-forms, can give rise to first integrals or
can generate, under appropriate circumstances, a Lagrangian for the system.
Such occurrencies are much better understood when it concerns symmetry
vector fields of a system which is a priori known to be Lagrangian. New
insights in the role of adjoint symmetries can therefore be expected if we lift
the relevant objects to T*TM and relate them to the Lagrangian extension
of I, referred to in the Introduction.

Let us first recall some definitions and results from [11, 12]. To every
second-order equation field I' on TM we associate the following two sets, of
1-forms and vector fields respectively:

Ar = {a € X (TM) | Lr(5(a)) = a},
X ={X e X(TM) | S(I', X]) =0}.
We have at our disposal the following projection operators:
m XN(TM) = &Y, a— mp(a) = Lr(S(a)),
o X(ITM) = &, X = (X)) =X + S, X])).

A 1-form a on TM is said to be an adjoint symmetry of I' if & € A} and
Lra € AE. An equivalent formulation is that « is an adjoint symmetry
if and only if £rS(«) is an invariant form for I'. In coordinates, an adjoint
symmetry is of the form a = «; du’+T'(a;) dz*, where the functions «; satisfy
the adjoint linear variational equations of T'.
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Concerning the Lagrangian extension of I' to T*T M, this is obtained as
follows. The vector field I' on TM induces a function on T*TM (as does
every vector field), namely the function hr = <f, O1r). Choosing L = hr,
and using the tangent bundle structure of T*TM we proceed to construct
a Lagrangian vector field I'; in the usual way, that is, we introduce the

Poincaré-Cartan 1-form 6, = S(dL) and denote by I';, the vector field deter-
mined by

LFLd‘gL = —dEL,

where Fj is the energy function associated to L. The function hr is fibre
linear with respect to the cotangent bundle structure, but not with respect
to the tangent bundle structure; in fact df; is a symplectic form, as will
become clear from the next argument. The type (1,1) tensor field LS on
TM is non-singular: in fact (£rS)? = 1. Therefore, 7.5, which henceforth
will be abbreviated to 7, is a diffeomorphism of T*TM. The main result,
reported in [1] states that

Tp*deTM = —d@L y TF*L = —EL,
and

Since 7 (which incidentally is equal to 71+ ') is fibred over the identity map of
TM, it follows from the last relation that I'; projects onto I'. We call I';, the
Lagrangian extension of I'. Naturally, [';, being a second-order equation field,
we can also introduce the sets A, and A, on T*TM, with the corresponding
projection operators 7, . The main point we wish to make now is that adjoint
symmetries of I' become symmetries of the Lagrangian extension Iy, when
vertically lifted to T*T M.

Before proceeding, we should issue a little warning here. In those formulae
of the previous section where a composition of (1, 1) tensors occurred, the
tensors were regarded as linear maps on the module of vector fields. In some
of the subsequent calculations, we will be dealing with the dual picture,
where (1,1) tensors which act linearly on 1-forms are composed. The order
of composition is then of course the opposite of the order of composition in
the action on vector fields. As an example, let us recall that, for the action
on 1-forms on T M we have the properties

S=SoLlprS=—-LprSobS.
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Lemma 7 For any I-form o on TM, we have
r, (@) = mp(a)”.

Proof Using various results of the previous sections and the fact that 7. =
', we have

Mo’ = [ Fa] =5 [F ]
= [ (LrS(a)’] = 7, (Lr(LrS(a))”
= (LrS(Lr(LrS(a)))".
It follows that

S([rw.a) = ((SoLrS)(Lr(LrS(a))’
= (S(Lr(LrS(e)))”
= (Lr(SoLrS(a)) = (LrS)* (@)’
(Lr(S(a)))” —a”
whence

m, (@) = @’ + 5([Tz, a"]) = Lr(S(a))" = mp(a)",

as asserted. o

Theorem 6 Let o be a 1-form on TM, then
(i) a€ & <= a"€ &,
(ii) « is an adjoint symmetry of I' <= a" is a symmetry of I'y.

Proof (i) This is an immediate consequence of Lemma 7.
(ii) It follows from the first calculation in the proof of Lemma 7 that

[Oév, FL] =0 <= ﬁr(ﬁrS(Oé)) =0,
which is exactly what we wished to show. O
Through the above stated equivalence, we are now in a position to re-

interprete properties of adjoint symmetries of arbitrary second-order equa-
tions in terms of their more familiar counterparts for the Lagrangian system
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I'r. Alternatively—and perhaps more importantly—one could arrive at new
properties of adjoint symmetries by searching for those known properties of
Lagrangian systems which project down to TM with respect to the lifting
process under consideration.

For a start, let us discuss the case where an adjoint symmetry a of T’
satisfies the additional requirement LrS(a)) = dF for some function F'. Then,
clearly, I'(F") is a constant ¢ (on connected components of TM) and for ¢ = 0,
F is a first integral. We have shown in [12] that if T' itself happens to be
Lagrangian, this is nothing but a dual version of Noether’s theorem. The
very simple relationship between firts integrals F' and adjoint symmetries
a, expressed by LrS(a) = dF, may therefore come forward as something
more fundamental than Noether’s theorem, because it equally applies when
I' is not Lagrangian. This now should no longer surprise us because we are
about to show that it is actually a manifestation of Noether’s theorem for the
Lagrangian extension I'y, on T*TM. For the sake of clarity, we recall that a
Noether symmetry of a Lagrangian system is a vector field which leaves both
the Poincaré—Cartan 2-form and the energy function invariant.

Lemma 8 For any 1-form o on TM, we have
LrS(a) = dF <= 14vdf, = =m0 (dF)
a’(EL) = =mpm(I, LrS()).

Proof We have

LavdeL = —LavTF*deTM = _TF* ([/Tr*avdeTM>
= —7" (terstap d0ran) = =70 (73 p(LrS(a))
= —mrm(LrS(a)),

from which the result readily follows.
For the second part

a’(Ey) = —a'(r'L) = =7 (1p,a(L))
=~ (LrS(a)"(hr))

= —7"(mp (T, LrS(a)))
= —mim(l LrS(a)),
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as asserted. O

The content of the next statement is now obvious.

Theorem 7 If « is an adjoint symmetry of I' on TM then LrS(a) = dF if
and only if a¥ is a symmetry of the Lagrangian extension 'y, for which v,.dfy,
1s exact. Under these circumstances F' is a first integral of I' on TM if and
only if a® is a Noether symmetry of I', on T*TM. O

Secondly, we wish to illustrate briefly how the reverse procedure of “pro-
jecting” down known results for a Lagrangian system such as I'; can, in
principle, lead to the discovery of new properties concerning adjoint symme-
tries of T'.

It is well known that a point symmetry of a Lagrangian system (which
is not of Noether type) produces an alternative (or subordinate) Lagrangian
(see [9]). The same thing may still happen for symmetries Y depending on
the “velocities”, provided an extra condition is satisfied, guaranteeing that
the Lie derivative with respect to Y of the original Poincaré—Cartan 2-form
is again a Poincaré—Cartan form (see form example [10]). To be specific,
for the Lagrangian system I'; at hand, the extra condition amounts to the
existence of functions L’ and f such that

EYQL = GL/ + df

The general idea now is to require that Y be a symmetry vector field of the
form o for some 1-form o on TM and that both L’ and f are the pull back
of functions on TM. Under these circumstances one can readily verify that
the above requirement will be satisfied, provided « is an adjoint symmetry
of I with the property

a = 7 (dF)

for some function F. The expectation then is that the latter restriction on
adjoint symmetries will lead to an interesting conclusion. And it surely does,
because we know from [12] that any second-order equation field I' (a priori
not of Lagrangian type), for which an adjoint symmetry « exists of the form
a = 7p(dF), turns out to be Lagrangian afterall with ['(F") as Lagrangian
function.
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There is a reasonable chance that the kind of techniques employed in this
application would also be fruitful in field theory. For example, our notion of
adjoint symmetry of a second-order equation was inspired by work of Gordon
[6] which originates from field theory [5], where the adjoint linear equation
of a partial differential equation appears to be more popular in defining the
notion of symmetry. Of course, to even think of a further analogy, one
would need a notion of almost tangent structure on jet bundles and some
analogue of a second-order equation field. These are, however, exactly the
kind of questions which have been tackled in recent work on jet fields by
Saunders [13, 14|, whereby it must be stipulated that Saunders’s concept of
jet field is directly related to the Cartan—Ehresmann connections in the work
of Mangiarotti and Modugno [8].

Appendix

The construction below of a linear bundle diffeomorphism &: T*TM —
T*T*M follows the first stage of the general construction given by Wein-
stein. At one stage in the proof we use the fact that, given a vector at a
point of T*TM which is tangent to the fibre of 71, one may always find
a local vector field which generates fibre translations, leaves dftp, invariant
and agrees with the given vector at its point of definition. To see this, observe
first that translations in the fibre of 71 leave df1 invariant, provided, in
the case of those coming from the vertical lifts of basic 1-forms, that these
1-forms are closed. This follows from the general fomulae £,.0, = ma*a and
L0y = 0 quoted in Section 2. The remainder of the argument relies on the
fact that a given covector at a point can always be regarded as originating
from a closed 1-form defined on a neighbourhood of that point.

Theorem 8 T*TM is diffeomorphic to T*T*M by a map which is a linear
bundle map with respect to the vector bundle structures defined by Tra and
T Tespectively, which is fibred over ™' TMy — T*M, and which is a
symplectomorphism with respect to the canonical symplectic structures of the
two cotangent bundles.

Proof We shall define a map ®: T*TM — T*T*M by using the vector space
structure of the fibres of 7po¢: T*TM — TMp and mpapg: T*T*M — TM.
To any point ¢ € T*TM there corresponds a vector ¢ at 7pa(q) € TMp
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which is tangent to the fibre of 7y there, by the identification of a vector
space with its tangent space at the origin. The covector ¢;dfrr¢ annihilates
the tangent space to the fibre, since the fibration is Lagrangian, and may
therefore be regarded as an element of T% (q)T/\/lé; in fact taking the in-
terior product with dfta at 7raq(g) is an isomorphism between the tangent
space to the fibre and the cotangent space to the base, since the tangent
spaces to the fibre and the base are complementary Lagrangian subspaces.

We may therefore define by this procedure a fibre linear diffeomorphism
T*TM — T*TMjy. Composing this with the map T*TMp; — T*T*M
induced by 1 gives the required map ®. It is clear from the construction
that ® is a diffeomorphism, is fibre linear, and is fibred over 1)~!.

It remains to be shown that ® is symplectic. The proof is based on the ob-
servation that the vector ¢ at 7ra(q) corresponding to the point ¢ € T*TM
is the translate to 7ra(q) of D, (where D is the dilation field associated with
S).

We show first that ®*0r = tpdfrr. For any vector w at ¢ € T*TM
we have

(w, (I)*HT*M>4 = <q)*w,(9T*M><I>(q) = <7TT*M*(I)*w7 (I)(q»
= (W, Fraw, @(q)) = (Frvw, Ledfra)
= dOtp(C TTAMW) 300 (0)-

By the remarks before the statement of the theorem, this final expression is
equal to its translate back to ¢, along the vector (; moreover, the vector w
and its translate to 7pr¢(¢) have the same projection under 7. Thus

(w, (I)*GT*M>q = dQTM<Dq, U)),

from which the result follows.
It follows from Lemma 5 that

@*d@T*M = d(LDdHTM) == EDdQTM == dQTM

and so ® is symplectic, as required. O

Notice that, although ® is symplectic, it is not the case that ®*0p«y =
Ot In fact these two 1-forms differ by an exact form:

Q*Orept — O = tpdOrpg — LpOraa = —d(D, Oppq).
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As well as the diffeomorphism ®: T*TM — T*T*M defined above, there
is a standard diffeomorphism TT*M — T*T*M constructed using the sym-
plectic structure of T*M. It is not difficult to show that the two constructions
are consistent, in the sense that the following diagram commutes:

v

TT*M T*TM

T*T"M

In coordinates, the construction of the symplectomorphism ®: T*TM —
T*T*M proceeds as follows. The canonical 2-form on T*TM is

dOr g = dy; A dxt + dv; A du’.

The point (x*, u’, y;, v;) in T*TM determines the vector

0 0

aw Yoy

ui

at (2%,0,0,v;) in TMg. Its interior product with dfaq is the covector
yida:'i — u'dv;.

The map ® therefore has the coordinate representation
(@', u', i, v3) = (2,05, 9, —u').

The map TT*M — T*T*M based on the canonical 2-form df,, is given by
(@', pi, 1y 85) = (2, iy 85, —1"),

which is the composition of ® with the diffeomorphism TT*M — T*TM.
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