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ABSTRACT. We recall the concept of a Lie algebroid on a vector bundle and the
associated notion of Lagrange-type equations. A heuristic calculus of variations
approach tells us what a time-dependent generalization of such equations should
look like. In order to find a geometrical model for such a generalization, the
idea of a Lie algebroid structure on a class of affine bundles is introduced.
We develop a calculus of forms on sections of such a bundle by looking at its
extended dual. It is sketched how the affine Lie algebroid axioms are equivalent
to the coboundary property of the exterior derivative in such a calculus. The
interest of the new formalism is further illustrated by the fact that one can define
a notion of prolongation of the original algebroid. We briefly discuss how this
prolongation will provide the key to various geometrical constructions which are
the analogues of the well-known geometrical aspects of second-order ordinary
differential equations in general, and Lagrangian dynamics in particular.
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1 Lie algebroid structure on a vector bundle and La-
grangian equations
Consider a vector bundle 7 : V' — M, which comes equipped with the following tools:

e a bracket operation [-, -] : Secw x Secm — Secw which satisfies the axioms of a real
Lie algebra;
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e alinear bundle map p : V' — TM, called anchor map, which induces a map from Secw
to X (M) (also denoted by p) and is such that the following compatibility conditions
hold true Vo,n € Secw, f € C=(M),

o f 0] = flosnl + p(o)(f) n, (1)
[o(2), p(n)] = p([o; n))- (2)

Under such circumstances, we say that the bundle 7 is equipped with a Lie algebroid struc-
ture, or we simply say that 7 : V — M is a Lie algebroid.

Note that the condition (2) can actually be derived from (1) and the Jacobi identity satisfied
by the bracket on Secw. Nevertheless, we will repeatedly refer to this property and actually
take it as a point of reference for the comparison between the known Lie algebroid concept
and the new one we will develop. For a general reference to the subject of Lie algebroids,
see [3].

In coordinates, if #* are coordinates on M and y® fibre coordinates on V with respect to
some local basis {e,} for Secw, we can put
i 9 Y
pea) = ph() o, learesl = Clae) e,
and then the condition (2) requires that [p(eq), p(eg)] = p([ea, €s]), which in turn is equiv-
alent to:
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The Jacobi identity for the bracket on Secw, making use also of the compatibility condition
(1), has the coordinate representation:
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where the summation sign stands for cyclic sums over the indicated indices.

Now, Lagrangian equations on a Lie algebroid are differential equations of the form (cf. [5])
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with L € C*=(V). The question we want to address in this paper is: what would be an
appropriate time-dependent version of such equations? We shall first try to discover by

analytical considerations how such generalized equations should look like and subsequently
explore what the geometrical framework is for modelling them.

2 ‘Rudimentary’ calculus of variations

As a preliminary remark, note that it is easy to convince oneself that for a time-dependent
set-up, if one wants to arrive at equations which preserve their structure under time-
dependent coordinate transformations, the ‘constraint equations’ should be of the form:

i = (1, 2)y” + N (b, 2). (6)



So, let us consider the following calculus of variations problem for curves t — (¢, 2% (t), y*(t))
in R""*! say. Assume we have a given functional

T() = / "Lt x(1), y(1))dt,

t1

and want to find its extremals, within arbitrary one-parameter families of curves which
satisfy the constraints (6). We will proceed in a very formal way, without worrying too
much about the mathematical complications which come from constraints depending on
velocities. Formally, taking variations of the constraint equations, we get:
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Multiplying these by Lagrange multipliers p; and adding the result to the variation of the
functional, one obtains (after an integration by parts on the term p;dd*)
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It is tacitly assumed that all variations 6z? and éy® vanish at the endpoints, thereby skipping
over the mathematical complications which come from the differential equations they have
to satisfy. The traditional argument then is that one can choose the multipliers p; in such
a way that the coefficients of §27 vanish, leaving only terms in éy®, which are arbitrary,
so that those coefficients must vanish in view of the fundamental lemma of the calculus of
variations. We thus get the equations
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The next step one would like to take is to eliminate the p;. Taking the total time derivative
of the second equations and using the first to substitute for p;, one is left with a number
of terms containing p;, which will go away only if they combine in such a way that they
pick up a factor p/,. Therefore, an interesting situation is the case that there exist functions
Co5(t, ) and Cg(t, z) such that:
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These relations clearly generalize the conditions (3). The equations which result from the

elimination then are
d (0L\ ;0L By 87L
dt (83}0‘) = Pa ot (Caﬁy Ca)ay,y ’ (8)

and they of course have to be supplemented by the constraints (6).



The point of this formal exercise is the following: if one carries out the same procedure in an
autonomous framework, one arrives exactly at the equations (5), with functions p (z) and
O, 5(x) satisfying the relations (3); therefore, we can feel confident that the more general
equations we derived in this section are indeed the ones we are looking for. Our programme
thus becomes: identify now an appropriate geometrical framework for generalization of the
classical notion of a Lie algebroid, which gives rise to compatibility conditions of the type
we have just encountered, and within which time-dependent Lagrange equations of the form
(8) can be accomodated.

Note in passing that we did not encounter Jacobi-type conditions in our formal analysis,
which means that it may even make sense to relax the axioms of a Lie algebroid if the
purpose merely would be to describe differential equations of the form (8), but this is a path
we do not wish to explore at present. The solution to our programme will be to introduce
the notion of Lie algebroid structure on affine bundles which are ‘anchor mapped’ into first
jet bundles, rather than tangent bundles. For that purpose, of course, one cannot take just
any affine bundle £ — M; we have to assume further that the base manifold M is fibred
over R.

3 Affine Lie algebroids

Consider thus an affine bundle 7 : E — M, modelled on a vector bundle 7 : V' — M. Assume
further we have a fibration 7 : M — R with associated jet bundle 7 : J'M — M. In what
follows, we shall distinguish sections of the affine bundle from sections of the underlying
vector bundle by using boldface type for the latter.

The requirements for having a Lie algebroid structure on the bundle 7 are the following;:

1. there exists a skew-symmetric and R-bilinear bracket |-, -] on SecT;

2. sections of 7 act on SecT in such a way that, if we write [(, o] € SecT for the action
of ¢ € Secw on o € SecT, we have the properties

[C’ o1+ 0'2] = [C’ 0'1] + [C7 0'2]7 [C + 0'7/'7] = [Ca 77] + [0"77]7 (9)
[¢.[o,n]] = ¢, o].n]+ [o,[¢,n]l; (10)

3. there exists an affine bundle map \ : E — J'M, with corresponding vector bundle
homomorphism p : V — VM, such that Vf € C>~(M)

€, fol =[G ol +AQ)(f)o (11)

It follows from (9,10) that the bracket on SecT satisfies the Jacobi identity, and it also
follows from (10) and (11) that A and p, which we both will call anchor maps have the
compatibility property:

[A(Q), p(o)] = p([¢, o)) (12)
One can now further extend the bracket operation to sections of 7w by putting [(1, (] =
[¢1, 2 — ¢1] and it then easily follows that we have

> MGGl Gl =0, (13)
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(A(C1), MC2)] = p([¢1 G2))- (14)



But observe that the bracket of two ‘affine sections’ is a ‘vector section’! Needless to say,
we regard J'M and VM as subbundles of TM, so that the bracket on the left in both (12)
and (14) is a bracket of vector fields on M.

Let us have a look at the coordinate representation of our basic conditions. Choosing a zero
section ey € Secm and a local basis {e, } of SecT, for m € M, with coordinates (¢, %), every
e € E,, will be of the form e = eq(m) + y* e, (m); (t,z°,y*) then are the coordinates of e.
The anchor maps are determined by the functions A" and pf,, defined by

0 ; 0 ; 0
Aeo) = e + \(t, x)ax pleq) = p&(t,m)%. (15)
Putting

leasep] = Co4(t,2) e, [0, €] = CE(t, x) ep, (16)

the compatibility property (14) precisely translates into the conditions (7) we encountered
in the previous section. The Jacobi-type properties further imply:
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which generalize (4).

We wish to provide now further evidence that this set-up of an affine Lie algebroid is of
interest, by showing that it has enough of the properties which a standard Lie algebroid has,
such as the availability of a coboundary operator and the existence of a Poisson structure
on a suitable dual space.

4 Forms on Secw

Consider ! : Bt — M, the extended dual of 7 : E — M. Its total space is defined as the
union of spaces Ef of affine functions on F,, and 7' is actually a vector bundle. For any
0 € Sect’ and ¢ € Secn, 6(¢) is a function on M and if (s € Secr is any reference section
and ¢ = (o + ¢, we have 6(¢) = 0({y) + 0(¢) for some 6 € Sec7T*, where 7 : V* — M is
the dual of 7. We wish to regard sections of w' as 1-forms on Secw. Observe, however, that
there is no C*°(M)-linearity in the usual sense, but rather something like

0(Co + fC) = 0(Co) + [ O(C)- (19)

What then could k-forms be if we want to think of them as skew-symmetric maps on Sec,
which are ‘multilinear’ in some sense?

Definition. A k-form w € A" (1) is a map w : Secwx---x Secw — C=(M) (k arguments)
for which there exist associated maps wy, w, where wg : Secm x SecTx - --x SecT — C~(M)
is a skew-symmetric and C> (M )-multilinear map in its k — 1 vector arguments, and w is a
(standard) k-form on SecT, such that the following properties hold:

(“-)O(C + UaCh . '7Ck—1) = wO(C?Ch . '7Ck—1) + w(o-vch . '7Ck—1) ’ (20)



and with respect to any reference section (y of Sec,

k
w(cla DR ack) = Z(_1)1_1w0(<07 C17 .. 7Cia DR Ck) + w(Cla DR Ck) . (21)
i=1
Note that one needs a reference section to compute w((y, ..., (x), but the important point

of course is that wy and w do not depend on the choice of (4! One can easily verify that
this definition precisely covers the kind of construction one obtains by wedging 1-forms in
the sense of (19).

For writing down coordinate expressions of forms, observe first that there exists a global
section of 7', namely € : m + 1 € EJ . Then, having chosen a zero section ey of 7 and
a local basis {e,} for Sec7, one can consider the dual basis {€”} of Sec7T* and extend its
action (keeping the notation unchanged) to Sec by e%(¢) = e%(eg+(* e,) = (7. Tt follows
that every w € A" (n1) is of the form

w= ﬁwom...wfl PN A et L, et A A e (22)

with coeflicients in C*°(M) which are skew-symmetric in all indices.

The exterior derivative of forms on Secn can be defined by the kind of formula one expects,
namely

k+1
d(,U(Cl, LR Ck+1) = Z(_l)z_lA(Cz)(w(Cla ey éiv e 7Ck+1))
i=1
+ Z (—)"™w([Ci GGl oo Gine oo G Gor) - (23)
1<i<j<k+1

There are, however, a number of remarks to be made. First of all, for (23) to make sense, we
need to give a meaning also to the action of w when the first argument is a vector section.
This is done as follows

w(0'7<27 N aCk) = W(gl + 0-7C2a .. '7Ck) - W(ChCQ, .. 'aCk?)’ (24)

where (; is arbitrary and its choice does not affect the value of the left-hand side. Secondly,
in view of our definition of forms, in order to show that dw is a form, we have to identify
a (dw)p and a dw with all the right properties. This of course is a fairly technical matter,
but everything works fine. In fact, roughly speaking, if we define an exterior derivative of
wo by sort of copying (23) with suitable changes to ensure that every term has a meaning
(that is to say, replacing A by p and w by wy or w where appropriate), one can prove that
(dw)g = dwg, whereas dw is simply the familiar exterior derivative of the form w on SecT.

One further proves that d is a derivation of degree 1 on A (n'). As a result, for coordinate
calculations, it is enough to know what d does on the basic ingredients in (22). For functions
f e C=(M), we have df (¢) = A(¢)(f), from which it follows in particular that

dt = ¢, (25)
dt = )\ieo—&—pgea. (26)



One further finds that de® = 0 and
de® = — geo neb — %Cg,yeﬁ NeT. (27)

The most important result, which we regard as further evidence that our set-up of a class
of affine Lie algebroids is of interest, is the following.

Proposition: Assume that we have a bracket operation satisfying the three axioms of the
definition of a Lie algebroid structure of the beginning of Section 3, with the exception,
however, of condition (10). Then d* = 0 iff 3=, ; , [, [, Ckl] = O.

Let us repeat here that the property [A(¢1), A(¢2)] = p([¢1, ¢2]) then is a further consequence
of (11) and the Jacobi identity.

5 Admissible curves and pseudo-second-order dynamics

We now wish to bring some dynamics into the picture. A curve v in F, which is a section
of 7o, is said to be A-admissible if X o 1) = j(7 0 1)).

)
N\,

In coordinates, 9 : t +— (t,2%(t),y*(t)) will be A-admissible if for all t,
' (t) = po(t, 2(8) y* (8) + N (t, x(1)). (28)

Note: if §* = dx* — &'dt are the the contact forms on J'M, and © = \*6?, we have that v
is A-admissible iff ¢*©% = 0.

A vector field I' € X(E) is said to be a pseudo-second-order equation field (pseudo-SODE
for short) if Tm o' =i o A\, where i : J'M — TM is the canonical injection.
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In coordinates, such a I" is of the form

D= g () N )5+ f ) (29)

and thus models the following type of differential equations:
i = pl(t,x)y™ + \i(t,x), (30)
yr o= ftay). (31)



Another characterization of pseudo-SODEs is that all their integral curves are A-admissible.
A Lie algebra structure on Sec is of course not needed for these concepts.

Let us now look at pseudo-SODEs from a slightly different angle. The defining relation in
fact states that I is a pseudo-SODE if and only if Vp € E, (p,I'(p)) is a point of the pullback
bundle A\*J'E which we henceforth denote as J/{E, with projections as indicated in the
diagram.

1
JiE A JE
T2 T
E JIM
A

But if we project the point I'(p) in the image of A! back to E via the projection (7o 7)?,

we of course get back to the point p we started from. Putting m; = (7o7)J oAl : JiE — E,
this gives rise to the following diagram in which we can regard the pseudo-SODE I just as
well as a section of the bundle 7y : JiE — F, with the property that mo oI’ =7 o T".
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m
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The two triangles appearing in this diagram suggests the question: with more structure
added by assuming that 7 carries an affine Lie algebroid structure, is it possible to prolong
this to an affine Lie algebroid structure on 71, with A! in the role of anchor map? We briefly
indicate how such a prolongation can indeed be constructed. A section Z of 71 is completely
determined by its projections 10 Z : E — E and M o Z : E — JYE. If (t,2°,y%) are the
coordinates of a point e € E (the copy of E on the right side in the diagram), and Z is a
section of 7, we will have:

7r2 © Z : (t’m7 y) — (t7 x’ Za(t7m7y))’

0 C 0 0
1 . Il i i a Y
NoZ: (t,x,y)»—><at+()\ +plz )axi—l—Z 3ya>

Z then can be locally represented as
Z:50+Za(t7may)xa+Za(t7x7y)vm (32>

where & is a properly selected zero section of the affine bundle 7 and (X,,V,) is a local
basis for the sections of the underlying vector bundle 7. To be precise, in the representation



of sections by their two projections, we have:

) V(o) = (00(e). 5z
0

Sole) = <eo(7r(e)), <8t () aii) ) . (34)

One can then consistently define a bracket on Sec7; and an action of affine sections on
vector sections, which satisfies all requirements of our definition of an affine Lie algebroid,
and is locally determined by the following expressions:

2.(0) = (om0, i (t5) 5

and

[€0, Xa]! = CRX5,  [£,Va]' =0,
[‘Xouxﬁ]l = Cgﬁx’w [Xa’vﬂ]l =0, [vonvﬁ]l =0.

The fact that this all works, in perfect analogy with the situation on vector bundles, is a
second extra evidence that we are looking at an interesting mathematical extension of Lie
algebroids! To indicate why it is important to have this notion of prolongation, it suffices
to mention the following results which have been derived by Martinez for the ‘autonomous
theory’ (some of these results can be found in [4], others are still unpublished). The prolonged
Lie algebroid is for the original quite similar to what the tangent bundle T'M is for its base
manifold M. By this we mean that among other things: (i) there exists a notion of complete
and vertical lift from sections of the original bundle to sections of its prolongation; (ii) the
prolonged bundle carries intrinsic objects similar to the Liouville vector field and the vertical
endomorphism on a tangent bundle; (iii) (pseudo)-SODEs have intrinsic properties similar
to those of SODEs on a tangent bundle, in particular they give rise to associated non-linear
and linear connections; (iv) there exists an intrinsic geometrical construction of (pseudo)-
SoDEs of Lagrangian type, which makes use of these canonically defined concepts and of an
analogue of Poincaré-Cartan type forms.

All of such properties will carry over to our affine generalization (with suitable adaptations)!

6 Discussion

We have put the emphasis on two features which we deem important for ensuring that the
newly defined structure is the right one, but there are certainly more properties of interest
which will emerge. For example, it is known that the dual of a vector bundle Lie algebroid
carries a natural Poisson structure. The same is true for our affine Lie algebroid, where it is
the extended dual ET which carries a Poisson structure. As a matter of fact, every section
o of 7 can be regarded as a linear function on Et: if 0 = eg 4+ 0%, and (¢, 2%, po, pa) are
coordinates on ET, the corresponding function & on ET is given by 6 = pg + poo®(t,z). We
can define the bracket of two such functions as {G,7} = [o, 7|, further put {5, f} = A(o)(f)
and impose the Leibniz rule for an extension to arbitrary functions.

Another remark which is worth mentioning here is that there are other ways of defining the
affine Lie algebroid structure on 7 : £ — M and developing a calculus of forms on sections
of m. Roughly, a different approach can start from embedding the original affine bundle as



an affine subspace in the dual of the extended dual E, but a detailed exposition of these
ideas will be discussed elsewhere.

Given the range of applications of Lie algebroid structures (see e.g. [1, 2]), there is no
doubt that our affine generalization will be relevant for applications where an explicit time-
dependence is required. We wish to finish here by returning to our starting point and give
a sort of preview of a more geometrically justified ‘calculus of variations’.

Recall that in a geometrical approach to calculus of variations (for autonomous second-order
equations), vector fields along a curve take over the role of variations; they can be lifted to
vector fields along the lifted curve in the tangent bundle.

For our present needs, a similar construction will work as follows. Starting from a section
o of T along a curve in M, and its image

X(0) = o4 0, 2(0)o™ (1) o

under the anchor map p, one can define a lift to a vector field along any A-admissible curve
in E, of the form

9
Oy’

Y (1) = o4 (1 ()0 (1) o + (°(8) — (O3, (82D (1) — Ot ()0’ (1))

oxt
The calculus of variations problem can then be defined directly as the search for curves in
M, with the property that
12
/ Y (L)(t)dt = 0,
ty

for arbitrary o along that curve with zero endpoints.

Working out the details of such geometrical construction will require the intrinsic features
of the prolonged Lie algebroid on .
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