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1. Introduction

The development of a differential geometric setting for optimal control theory has been
carried out, among other, by H.J. Sussmann in [12], where a coordinate-free formulation
of the maximum principle is given.

In [4] we have given a proof of a coordinate-free version of the maximum principle for
(time-dependent) optimal control systems with fixed endpoint conditions, relying on an
approach due to L.S. Pontryagin et al.in [5]. As a side result of our approach, we were able
to give some necessary and sufficient conditions for the existence of so-called (strictly)
abnormal extremals (for an example of a stricly abnormal extremal, we refer to [7]). In
this paper, it is our goal to prove the maximum principle for autonomous optimal control
problems and apply it to sub-Riemannian geometry ([9, 10]) and Lagrangian systems on
Lie-algebroids ([1, 6, 13]).

The outline of the paper is as follows. In the remainder of this section we first recall
the notion of a geometric control structure as described in [4] in a time-dependent setting,
as well as the notions of an optimal control problem with fixed and variable endpoints,
respectively. We then consider an adapted version of these notions for the autonomous
case. In Section 2. we briefly review the approach to the maximum principle presented in
[3] and [4] and use it as a starting point to derive a version of the maximum principle for
autonomous optimal control problems. Section 3. contains some specific results for linear
autonomous optimal control problems and in Section 4. we discuss some applications.

We start by recalling the definition of a geometric control structure (see [4] for more
details). A geometric control structure is a triple (τ, ν, ρ) where (i) τ : M → IR and
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(ii) ν : U → M are fibre bundles, with typical fibres denoted by, respectively, Q and C,
where Q is called the configuration space and C the control domain. The control bundle
U is related to the first jet bundle of τ by means of a bundle map (iii) ρ : U → J1τ , with
τ1,0 ◦ ρ = ν (where τ1,0 : J1τ → M denotes the standard projection, see for instance [8]).
This is represented schematically in the following commuting diagram:

IR
?

M
?

U - J1τ

½
½

½
½½=

ρ

τ

ν
τ1,0

Let u denote a smooth section of τ ◦ν, i.e. u : I = [a, b] → U such that τ(ν(u(t))) = t
(we assume that I is a compact interval in IR and that u admits a smooth extension to
an open interval containing I). Then u is a control if ρ ◦ u = j1c with c = ν ◦ u the base
section of u. Given any section c of τ , then c is called a controlled section if c is the base
section of a control. We say that the control u takes the point c(a) to the point c(b), and
is represented schematically by c(a) u→ c(b). In order to fix the ideas we first investigate
locally the notion of smooth controls. Let (t, xi) denote bundle adapted coordinates on
M , and, similarly, let (t, xi, ua) denote bundle adapted coordinates on U . Then, a control
u locally satisfies:

ρi(t, ci(t), ua(t)) = ċi(t),

for all t. It is easily seen that these equations correspond to the definition of a control
in [5].

However, it turns out that the class of smooth controls should be further extended to
sections admitting (a finite number of) discontinuities in the form of certain ‘jumps’ in the
fibres of ν, such that the corresponding base section is piecewise smooth. For instance,
assume that u1 : [a, b] → U and u2 : [b, c] → U are two smooth controls with respective
bases c1 and c2, such that c1(b) = c2(b). The composite control u2 · u1 : [a, c] → U of u1

and u2 is defined by:

u2 · u1(t) =
{

u1(t) t ∈ [a, b],
u2(t) t ∈ ]b, c].

It is readily seen that, although in general u2 · u1 is, discontinuous at t = b, the base
section ν ◦ (u2 · u1) is continuous. This definition can easily be extended to any finite
number of smooth controls, yielding what we shall call in general a control (a detailed
definition can be found in [4]).

In the remainder of this section we focus our attention on optimal control problems.
Assume that a cost function L on the control space U is given, i.e. L ∈ C∞(U). With
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any control u : [a, b] → M we are now able to define its cost J (u):

J (u) =
∫ b

a

L(u(t))dt.

A control u taking x = ν(u(a)) to y = ν(u(b)) is said to be optimal if, for any other
control u′ taking x to y we have

J (u) ≤ J (u′).

The problem of finding the optimal controls taking a given point to another given point
is called an optimal control problem with fixed endpoint conditions.

On the other hand, assume that two immersed submanifolds i : Si → M and j :
Sf → M are given. A control u taking a point x ∈ i(Si) to a point y ∈ j(Sf ) is said to
be (Si, Sf )-optimal if, given any other control u′ taking x′ ∈ i(Si) to y′ ∈ j(Sf ), then
J (u) ≤ J (u′). The problem of finding the (Si, Sf )-optimal controls taking a point in Si

to a point in Sf is called an optimal control problem with variable endpoint conditions
(see [3]).

An autonomous geometric control structure consists of a pair (ν̃, ρ̃) where ν̃ : C → Q
is a bundle and ρ̃ : C → TQ a bundle map fibred over the identity on Q. We can then
consider the following geometric control structure (τ, ν, ρ), in the sense defined above,
associated with (ν̃, ρ̃):

1. τ : M = IR×Q → IR : (t, q) 7→ τ(t, q) = t,

2. ν : U = IR× C → M : (t, p) 7→ ν(t, p) = (t, ν̃(p)), and

3. ρ : U → J1τ : (t, p) 7→ (t, ρ̃(p)), since J1τ ∼= IR× TQ.

Let ũ : [a, b] → C denote a curve in the control domain C. Then ũ is called ρ̃-
admissible if ρ̃(ũ(t)) = ˙̃c(t), where c̃(t) = ν̃(ũ(t)) is called the base of ũ.

We now translate concepts defined in the autonomous geometric control structure
(ν̃, ρ̃) to known concepts in the associated geometric control structure (τ, ν, ρ). For in-
stance, it is an easy exercise to see that every ρ̃-admissible curve ũ : [a, b] → C determines
a smooth control u : [a, b] → U with u(t) = (t, ũ(t)). On the other hand, if we assume
that u : [a, b] → U is a smooth control, then u can be written as u(t) = (t, ũ(t)) since u
is a section of τ ◦ ν. The curve ũ : [a, b] → C is ρ̃-admissible since ρ(u(t)) = (t, ρ̃(ũ(t))
and j1

t c = (t, ˙̃c(t)) (where c(t) = (t, c̃(t)) denotes the base of u). This correspondence
between ρ̃-admissible curves and smooth controls is easily extended to the more general
notion of composite controls. Similar to the control setting, we say that the ρ̃-admissible
curve ũ takes c̃(a) to c̃(b).

Consider a function L̃ on C. Then we can define a cost function on U by considering
L = p∗CL̃, where pC : U → C denotes the natural projection. We define a functional on
the set of ρ̃-admissible curves by:

J (ũ) =
∫ b

a

L̃(ũ(t))dt,
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where we have used the same notation as in the previous section since J (ũ) = J (u),
with u the control associated with ũ.

A ρ̃-admissible curve ũ : [a, b] → C, taking p to q, is called optimal if, given any ρ̃-
admissible curve ũ′ : [a, b] → C taking p to q, then J (ũ) ≤ J (ũ′). Note that ũ is optimal
with respect to L̃ iff the associated control u(t) = (t, ũ(t)) is optimal with respect to L.

We say that ũ is strong optimal if, given any other control ũ′ : [a′, b′] → C taking p
to q, then J (ũ) ≤ J (ũ′). Consider Sp = IR and ip : Sp → IR×Q : s 7→ (s, p). Similarly
we put Sq = IR with jq : Sq → IR × Q : s 7→ (s, q). Using the notations from above, we
can write Si = Sp and Sf = Sq. It is now easily seen that a ρ̃-admissible curve ũ, taking
p to q is strong optimal iff the associated control u is (Sp, Sq)-optimal with respect to
p∗CL̃. The problem of finding the optimal ρ̃-admissible curves taking p to q, is called the
autonomous optimal control problem.

2. The Maximum principle

2.1. Non-autonomous optimal control problems

We now proceed towards the formulation of the maximum principle for non-auton-
omous optimal control problems, proven in [4], providing necessary conditions for optimal
controls. We first define the notion of a multiplier of a control u. For that purpose, we
construct a 1-parameter family of closed two-forms on U ×M V ∗τ (where V τ = kerTτ
is the vertical subbundle of TM and V ∗τ its dual). Let ω̃ be the closed two-form on
the fibred product U ×M T ∗M , obtained by pulling back the canonical symplectic form
on T ∗M by the projection U ×M T ∗M → T ∗M . Next, for any real number λ we can
define a section σλ of the fibration U ×M T ∗M → U ×M V ∗τ in the following way. Take
um ∈ Um, ηm ∈ V ∗

mτ and put σλ(um, ηm) = (um, αm), where αm ∈ T ∗mM is uniquely
determined by the conditions (i) 〈αm,T(ρ(um))〉 + λL(um) = 0 and (ii) αm projects
onto ηm. As usual, T : J1τ → TM represents the total time derivative defined by
T(j1

t c) = Ttc(∂t), for j1
t c ∈ J1τ arbitrary and with ∂t the standard vector field on IR.

The mapping σλ is smooth, as can be easily seen from the following coordinate expression:
putting um = (t, xi, ua) and ηm = pi dxi

|m, a straightforward computation gives

σλ(t, xi, ua, pi) =
(
t, xi, ua,−ρi(t, xi, ua)pi − λL(t, xi, ua), pi

)
.

We can now use σλ to pull-back the closed two-form ω̃ to a closed two-form on U×M V ∗τ ,
which will be denoted by ωλ = σ∗λω̃. Herewith, we can introduce the following definition
of a multiplier.

Definition 1. Given a control u : [a, b] → U , a pair (η, λ) consisting of a piecewise
smooth section η of V ∗τ along c = ν ◦ u and a real number λ, is called a multiplier of u
if the following conditions are satisfied:

1. i(u̇(t),η̇(t))ωλ = 0 on every smooth part of the curve (u(t), η(t)),

2. given any t0 ∈ [a, b], and if we put σλ(u(t0), η(t0)) = (u(t0), α0) then the function
u′ 7→ 〈α0,T(ρ(u′))〉+ λL(u′), defined on ν−1(c(t0)), attains a global maximum for
u′ = u(t0),



[Author and title] 5

3. (η(t), λ) 6= (0, 0) for all t ∈ [a, b].

We then have the following result (cf. [4]).

Theorem 1. Assume that x
u→ y and that u is optimal. Then there exists a multi-

plier (η, λ) with λ ≤ 0.

In [3] we have considered optimal control problems with variable endpoints. Assume
that Si and Sf denote two immersed submanifolds of M , where either Si or Sf reduce
to a point (note that if we assume u, with x

u→ y, to be (Si, Sf )-optimal, then u is also
(S′i, S

′
f )-optimal where S′i = Si and S′f = {y} or S′f = Sf and S′i = {x}). Let us denote

the annihilator of a linear subspace W in a vector space V by W 0.

Theorem 2. Let x
u→ y with x ∈ Si and y ∈ Sf . If u is (Si, Sf )-optimal then there

exists a multiplier (η, λ) such that

1. λ ≤ 0,

2. σλ(u(a), η(a)) ∈ (Ti(TxSi))0, if Sf = {y} or
σλ(u(b), η(b)) ∈ (Tj(TySf ))0, if Si = {x}.

2.2. Autonomous optimal control problems

Consider an autonomous optimal control problem as defined in Section 1. and how it
was related to a non-autonomous optimal control problem. Let ωQ denote the canonical
symplectic form on T ∗Q, and consider the closed two-form ω̃Q on C×QT ∗Q, which is the
pull-back of ωQ under the projection pT∗Q : C ×Q T ∗Q → T ∗Q. We can now prove the
following version of the maximum principle for autonomous optimal control problems.

Theorem 3. If a ρ̃-admissible curve ũ : [a, b] → C is optimal with respect to L̃ then
there exists a piecewise smooth one-form η̃(t) along c̃(t) = ν̃(ũ(t)) and a real number
λ ≤ 0 such that:

1. i( ˙̃u(t), ˙̃η(t))ω̃Q = −hλ(ũ(t), η̃(t)) on every smooth part of the curve (ũ, η̃)(t), with
hλ ∈ C∞(C ×Q T ∗Q) defined by hλ(ũ′p, ζp) = 〈ζp, ρ̃(ũ′p)〉 + λL(ũ′p) for arbitrary
(ũ′p, ζp) ∈ C ×Q T ∗Q,

2. given any t ∈ I, the function ũ′ 7→ hλ(ũ′, η̃(t)) on Cc(t) = ν̃−1(c(t)) attains a global
maximum for ũ′ = ũ(t),

3. hλ(ũ(t), η̃(t)) = const. for all t and,

4. (η̃(t), λ) 6= 0 for all t ∈ I.

If ũ is strong optimal then condition (3) is to be replaced by hλ(ũ(t), η̃(t)) = 0.

Proof. Since we already know from Section 1. that if ũ is optimal, then the associated
control u is also optimal in the non-autonomous setting. This correspondence admits us
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to apply Theorem 1. The remainder of this proof consists of translating the necessary
conditions from the time-dependent setting to the autonomous setting.

First, note that V ∗τ ∼= IR×T ∗Q and that the section σλ can be written as σλ(u′, ζ) =
−hλ(pC(u′), ζ)dt + ζ where (u′, ζ) ∈ U ×M V ∗τ . Recalling the definition of a multiplier
then we know that there exists a piecewise smooth one-form η(t) = (t, η̃(t)) and a λ ≤ 0
such that, of u denotes the control associated with ũ,

1. i(u̇(t),η̇(t))ωλ = 0 on every smooth part of the curve (u, η)(t),

2. given any t ∈ I, then the function u′ 7→ 〈σλ(u(t), η(t)),T(ρ(u′))〉+ λL(u′) defined
on ν−1(c(t)) attains a global maximum for u′ = u(t),

3. (η(t), λ) 6= 0 for all t ∈ I.

The closed two form ωλ equals (with a slight abuse of notations) ω̃Q − dhλ ∧ dt. The
function

u′ 7→ 〈σλ(u(t), η(t)),T(ρ(u′))〉+ λL(u′),

equals −hλ(ũ(t), η̃(t)) + hλ(pC(u′), η̃(t)). We conclude that hλ(pC(u′), η̃(t)) also attains
a global maximum for u′ = u(t) or for ũ′ = pC(u′) = ũ(t).

Given any tangent vector X = X̃ + Xt ∂
∂t ∈ T (U ×M V ∗τ), with X̃ ∈ T (C ×Q T ∗Q),

then iXωλ = iX̃ ω̃Q−dhλ(X̃)dt+Xtdhλ. If we assume that X = (u̇(t), η̇(t)), then Xt = 1
and X̃ = ( ˙̃u(t), ˙̃η(t)), and equation (1) is equivalently rewritten as: i( ˙̃u(t), ˙̃η(t))ω̃Q = −dhλ.

Since (ũ, η̃) solves the implicit Hamiltonian system with Hamiltonian hλ, the function
hλ is constant on every smooth part of the curve (ũ(t), η̃(t)). Thus, it remains to prove
that hλ(ũ(t), η̃(t)) is continuous. Consider therefore a discontinuous point (at t = t0) of
ũ(t), and assume that we have fixed an adapted coordinate chart containing it. Then,

hλ(c̃i(t), ũa(t), η̃i(t)) ≥ hλ(c̃i(t), wa, η̃i(t)),

for all wa. If we consider this inequality and take successively the limit from the left and
from the right for t → t0, we obtain the continuity of hλ(c̃i(t), ũa(t), η̃i(t)) as a function of
t. It now remains to prove, in the case of strong optimality, that hλ is zero on (ũ(t), η̃(t)).
We make use of Theorem 2. From the fact that

σλ(u(a), η(a)) = −hλ(ũ(a), η̃(a))dt + η̃i(a)dxi ∈ (TSp)0 = V ∗τ,

we obtain hλ(ũ(a), η̃(a)) = 0.
Before proceeding to the following section, we introduce some additional definitions.

Assume that a ρ̃-admissible curve ũ is given. A couple (η̃, λ), where η̃ denotes a one form
along the base of ũ and a real number λ, is called a local multiplier if the conditions (1),
(3) and (4) from Theorem 3 are satisfied. If, in addition, condition (2) is satisfied then
(η̃, λ) is called a global multiplier. Note that the implicit Hamiltonian system in condition
(1), implies that hλ attains a local extremum which justifies the above definitions. It
is well known from literature, that the ρ̃-admissible curve ũ is called a global (local)
extremal if it admits a global (local) multiplier (η̃, λ) with λ ≤ 0. Furthermore if λ = 0,
then ũ is called an abnormal extremal, and if λ < 0, then ũ is called a normal extremal.
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Using these definitions, Theorem 3 says that any optimal ρ̃-admissible curve is a global
extremal. Note that, given any global multiplier (η̃, λ), then for any α > 0, the pair
(αη̃, αλ) is also a multiplier. Therefore, we shall henceforth always assume that the
multiplier (η̃, λ) is ‘normalised’, in the sense that λ equals 0, 1 or −1.

3. Linear autonomous control problems

In the following we shall concentrate on linear autonomous geometric optimal control
structures, i.e. autonomous geometric optimal control structures satisfying the additional
conditions that ν̃ : C → Q is a linear bundle and ρ̃ is a linear bundle map.

We first consider the maximality condition derived in Theorem 3. Fix any ζ0 ∈ T ∗Q
and let x0 = πQ(ζ0). The function ũ 7→ hλ(ũ, ζ0) for any ũ ∈ Cx0 , attains a local
extremum at ũ = ũ0 iff

∂

∂ua

∣∣∣∣
ũa

0

(
ρ̃i

auaζ0
a + λL(xi

0, u
a, ζ0

a)
)

= 0,

or equivalently ρ̃∗(ζ) = −λIFL(u), where IFL : C → C∗ denotes the fibre derivative of L
and ρ̃∗ : T ∗Q → C∗ is the dual of the linear bundle map ρ̃.

If ũ is an abnormal local extremal (i.e. there exists a local multiplier (η̃, λ) with λ = 0),
then ρ̃∗(η̃(t)) = 0 for any t or, equivalently, η̃(t) ∈ (ρ̃(Cq(t)))0 (the annihilator space of the
image of Cq(t) under ρ̃). Moreover, in this specific case, the function ũ′ 7→ h0(ũ′, η̃(t))
equals 0 for all ũ′ ∈ Cq(t), which implies that ũ is a global abnormal extremal. We
conclude that for linear autonomous control problems, the abnormal local extremals are
global abnormal extremals.

On the other hand, if ũ is a normal local extremal i.e. λ = −1, then ρ̃∗(ζ) = IFL(u).
We say that L is a regular cost if the fibre derivative of L is invertible. We say that a
curve η̃(t) in T ∗Q generates a curve ũ(t) in C, if ũ(t) = (IFL)−1(ρ̃∗(η̃(t))). In this case,
if η̃ is piecewise smooth, then the curve ũ generated by η̃ is also continuous. Therefore,
a normal local extremal is a piecewise smooth curve in C. Moreover, from the following
proposition it follows that it is a smooth curve.

Theorem 4. Assume that L denotes a regular cost. Every normal local extremal ũ is
generated by an integral curve η̃(t) of the hamiltonian vector field XG on T ∗Q associated
with the function G(ζ) = hλ(IFL−1(ρ̃∗(ζ), ζ), for ζ ∈ T ∗Q and with λ = −1. The
converse also holds, i.e. every integral curve of XG generates a normal local extremal.

Proof. We assume that ũ is a local extremal and fix a local multiplier (η̃, λ) with
λ = −1. Consider the function L : T ∗Q → C ×Q T ∗Q, defined by:

L(ζ) = (IFL−1(ρ̃∗(ζ)), ζ).

Note that L is a section of the bundle pT∗Q : C×QT ∗Q → T ∗Q, with pT∗Q the projection
onto the second factor. Then it is easily seen that L∗hλ = G and that L∗ω̃Q = ωQ.
Recall the implicit Hamiltonian system: a multiplier has to satisfy: i( ˙̃u(t), ˙̃η(t))ω̃Q =
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−dhλ(ũ(t), η̃(t)), and consider the tangent vectors X = ( ˙̃u(t), ˙̃η(t)) = TL( ˙̃η(t)) and
Y = TL(w) ∈ T (C ×Q T ∗Q) for w ∈ T (T ∗Q) arbitrary, then ω̃Q(X, Y ) = ωQ( ˙̃η(t), w).
By substituting L∗hλ = G we obtain that i ˙̃η(t)ωQ = −dG(η̃(t)) for every smooth part of
η̃. By uniqueness of solutions to differential equations, it follows that η̃ is smooth (and
therefore we have that ũ is smooth).

On the other hand, assume that i ˙̃η(t)ωQ = −dG(η̃(t)) and consider the smooth curve
ũ(t) = (IFL)−1(ρ̃∗(η̃(t))) in C. Then, by reversing the above arguments, we obtain that
ω̃Q(X,Y ) = −dhλ(Y ) with X = ( ˙̃u(t), ˙̃η(t)) = TL( ˙̃η(t)) and Y = TL(w) ∈ T (C×Q T ∗Q)
for w ∈ T (T ∗Q) arbitrary and λ = −1. It remains to check that this is also valid for
arbitrary Y ∈ T (C×QT ∗Q). Since L is a section of pT∗Q, any element Y in T (C×QT ∗Q)
can be written as Y = TL(w) + Z where w = TpT∗Q(Y ) ∈ T (T ∗Q) and Z ∈ kerTpT∗Q.
Since ω̃Q = p∗T∗QωQ it is easily seen that iZ ω̃Q = 0. From this we conclude that
iX ω̃Q = −dhλ(ũ(t), η̃(t)) for arbitrary t.

4. Applications

1. Consider a sub-Riemannian structure (Q,D, h), where Q is a manifold, D a
regular, i.e. constant rank and smooth, distribution on Q and h is a Riemannian bundle
metric on D. Let i : D → TQ denote the natural injection of D into TQ (note that
ν̃ : D → Q can be considered as a linear bundle on Q). We would like to solve the
length-minimising problem in the sub-Riemannian structure (Q,D, h), i.e. we have to
solve the autonomous optimal control problem with control structure (Q, ν̃, i) and cost
E ∈ C∞(D), where E(v) = 1

2h(v, v). It is easily seen that E is a regular cost, i.e.
IFE = [h, with [h defined by h(v, w) = 〈[h(v), w〉 for arbitrary v, w ∈ D. Let ]h denote
the inverse of [h. The function G, introduced in the above theorem, takes the form:
G(ζ) = 〈ζ, i(]h(i∗(ζ)))〉− 1

2h(]h(i∗(ζ)), ]h(i∗(ζ))). If we consider the tensor g ∈ TQ⊗TQ
defined by g(ζ, ξ) = h(]h(i∗(ζ)), ]h(i∗(ξ))) with ξ, ζ ∈ T ∗Q, then G(ζ) = 1

2g(ζ, ζ). In [2]
we have further investigated the equations of a local extremal using connections over a
bundle map and we gave necessary and sufficient conditions for abnormal extremals.

In the next example we consider the case where C is a Lie-algebroid with anchor map
ρ̃. We refer to [1, 6, 13] where the importance of this specific case for a generalisation of
Lagrangian mechanics is thoroughly investigated. It should be noted that we only derive
the Lagrangian equations, using the theory developed above.

2. Assume that C is a Lie-algebroid with anchor map ρ̃ and assume that L is
a regular cost. It is a well known fact that the Lie-algebroid structure determines a
Poisson structure on C∗, where the bracket on C∞(C∗) is denoted by {·, ·}C∗ , whereas the
Poisson bracket on C∞(T ∗Q) is denoted by {·, ·}. It is also well known that both Poisson
structures are ρ̃∗ connected, i.e. if χ = ρ̃∗, then, given arbitrary f, g ∈ C∞(C∗) the
following equality holds: {χ∗f, χ∗g} = χ∗{f, g}C∗ . This implies that any Hamiltonian
vector field Xf on C∗ is ρ∗-connected to the Hamiltonian vector field Xχ∗f on T ∗Q.
Consider the function G on T ∗Q, introduced in the previous section. Define g ∈ C∞(C∗)
by g(α) = 〈α, IFL−1(α)〉 − L(IFL−1(α)). Then, it is easily seen that χ∗g = G. This
guarantees that, given any integral curve η(t) of XG, then ρ̃∗(η(t)) is an integral curve



[Author and title] 9

of Xg and, conversely, any integral curve α(t) of Xg, through a point in the image of ρ̃∗

is the projection under ρ̃∗ of an integral curve of XG. From this we conclude that, in the
case where C∗ is a Lie-algebroid, the integral curves of Xg through a point in the image
of ρ∗ are projections of normal local extremals.
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