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1 Introduction

This paper is concerned with second-order dynamical systems, or in other words systems
of second-order ordinary differential equations, which admit a Lie group of symmetries;
the question it deals with is how the symmetry group can be used to simplify the system
(reduction), and how, knowing a solution of the simplified system one can find a solution
of the original system (reconstruction).

This is not of course a new problem: reduction and reconstruction have been studied in
a number of different contexts in geometry and dynamics. We mention in particular the
following topics in which the object of interest is a second-order system:

• the geodesics of a manifold with a Kaluza-Klein metric, and the Wong equations
[14];

• Lagrange-Poincaré equations and reduction by stages [4, 13];
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• non-Abelian Routh reduction [10];

• Chaplygin systems [2, 5].

We mention these studies in order to emphasise the fact that we are engaged in this paper
in something different from any of them. Each of the listed studies deals with a special
class of second-order system — for example, with systems of Euler-Lagrange equations,
that is, equations derived by variational methods from a Lagrangian. We, by contrast,
deal with systems of second-order equations pure and simple: we make no assumptions
about how they are derived, and make no appeal to properties other than the property of
being second-order and being invariant under a suitable symmetry group. (For the sake
of clarity, we should perhaps remind the reader that by no means all second-order systems
are of Euler-Lagrange type.) This has two important consequences. First, our results are
more general than any of those obtained above: indeed, in some sense they must subsume
the main features of the results of any of these particular studies. We shall show in fact
how a system with symmetries may be reduced to a coupled pair of sets of equations,
one of second order and one of first order. Second, our methods must be likewise more
general: one cannot use variational methods, for example, if one is not dealing with a
system of Euler-Lagrange equations. Of course one cannot say much without invoking
some type of auxiliary machinery; but we use the minimum possible, just a connection.

So far as we are aware, the only previous attempt at anything like this bare hands ap-
proach is [3], which deals with control systems of mechanical type, but with only a one-
dimensional symmetry group; we deal with non-Abelian groups of arbitrary dimension.

When we come to discuss the second-order case we shall represent a system of second-
order ordinary differential equations by a special kind of vector field. There is therefore
a lot to be said for starting off by considering the question for arbitrary vector fields, or
in other words for first-order dynamical systems.

Before proceeding, we must again make it clear exactly what we are attempting to do
here. Perhaps the most studied example of an invariant first-order system is that of a
Hamiltonian system with a symmetry group. The symmetry of such a system provides
an equivariant moment map that is invariant under the Hamiltonian dynamics, and this
feature plays an important role in the reduction process (this is discussed for example in
[11]; a Lagrangian version is given in [8], together with an account of the reconstruction of
the solutions in both the Lagrangian and Hamiltonian context). By contrast, we deal with
vector fields pure and simple; since we have no Hamiltonian structure at our disposal, we
cannot appeal to properties of momentum maps and so on.

Suppose given a dynamical system, represented by a vector field X on a manifold M ,
which admits a Lie group G of symmetries. Suppose further that G acts freely and
properly on M so that M is a principal bundle over a manifold B with group G; let
πM : M → B be the projection. Since X is invariant under the action of G there is a
vector field X on B which is πM-related to X; this is the reduced dynamical system.

As a process of reduction, however, this is clearly incomplete in the sense that there is
no way of reconstructing the original dynamical system from the reduced one; any two
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G-invariant dynamical systems on M which differ by a πM -vertical vector field (which is
necessarily also G-invariant) have the same reduced dynamics. To see what is at stake,
let us introduce coordinates (xi, xa) on M such that the orbits of G, or in other words
the fibres of M → B, are given by xi = constant; the xi may therefore be regarded as
coordinates on B. Let us denote by Ẽa a basis for the fundamental vector fields on M
generated by the G-action; then

Ẽa = Kb
a

∂

∂xb

for some non-singular matrix-valued function (Kb
a). Suppose further that we have at our

disposal a distribution on M which is transverse to the fibres and G-invariant. Such a
distribution will be spanned by vector fields Xi of the form

Xi =
∂

∂xi
− Λa

i Ẽa

for certain functions Λa
i . We may then write

X = Y iXi + ZaẼa = Y i ∂

∂xi
+ (Za − Λa

i Y
i)Ẽa.

The necessary and sufficient conditions for X to be G-invariant are that Y iXi and ZaẼa

are separately G-invariant. In particular, the Y i are independent of the xa, so that
Y i∂/∂xi may be regarded as a vector field on the base manifold B: this is the reduced
dynamical system X, of course. The integral curves of X are solutions of the differential
equations

ẋi = Y i, ẋa = (Zb − Λb
i ẋ

i)Ka
b .

The equations of the first set define the integral curves of the reduced dynamical system.
The remainder can in principle be used to reconstruct an integral curve of the original
dynamical system from a known integral curve of the reduced one.

This description of the process is somewhat disingenuous: a fibre-transverse G-invariant
distribution on a principal G-bundle is of course just a connection, or more accurately a
principal connection. This observation gives us the opportunity to describe the reduction
in a coordinate-independent way, as is clearly desirable; when we do so, moreover, the
reconstruction step acquires a more transparent geometrical interpretation than is ap-
parent from the description above. Our basic contention is that the simplest additional
machinery that is required to give a geometrically coherent account of the reduction and
reconstruction of dynamical systems with symmetry is a connection; and we aim to show
how these processes work in that context for second-order dynamical systems.

A second-order dynamical system can be represented by a vector field Γ on the tangent
bundle TM of a differentiable manifold M , of the form

Γ = vα ∂

∂xα
+ Γα ∂

∂vα
,

where the vα are the fibre coordinates. Given a vector field X on M , let us denote
by XC its complete, or tangent, lift to TM and by XV its vertical lift. Then in terms
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of the structure described above in the first-order case, we may express a second-order
differential equation field Γ on TP in the form

Γ = viXC

i + vaẼC

a + DiXV

i + DaẼV

a .

It turns out that in order for Γ to be invariant under the action of G on TM induced
from its action on M , each of the three components vaẼC

a , DaẼV
a and viXC

i + DiXV
i

must be invariant. The last of these represents a second-order dynamical system, albeit
in a generalized sense; the last two define the coupled first- and second-order equations
which constitute the reduced system mentioned earlier. It is our aim to explain how this
decomposition arises, with the help of connection theory; and to discuss the processes of
reduction and reconstruction from this standpoint.

In the following section we discuss the first-order case in greater detail. In Section 3 we deal
with the connection theory required for the analysis of the reduction and reconstruction
of second-order systems, and in Section 4 we carry out that analysis. Section 5 is devoted
to consideration of an example.

It will become apparent that a particular kind of Lie algebroid, the Atiyah algebroid of
a principal bundle, plays an important role in the theory. In fact one can locate the case
discussed here in a more general framework consisting of Lie algebroids and anchored
vector bundles. Investigation of this aspect of the matter continues.

2 First-order systems

As before, we suppose that M is a manifold on which a Lie group G acts freely and properly
to the right; we denote the action by ψM : G × M → M . Then πM : M → M/G = B
is a principal fibre bundle and πM ◦ ψM

g = πM for all g ∈ G. For ξ ∈ g, the Lie algebra
of G, we denote by ξM the fundamental vector field corresponding to ξ ∈ g, that is, the
infinitesimal generator of the 1-parameter group ψM

exp(tξ) of transformations of M .

The G-action on M can be extended to a G-action ψTM : G × TM → TM on the
tangent manifold τ : TM → M , given by (g, vm) 7→ TmψM

g (vm), for m ∈ M , vm ∈ TmM .
This action equips TM with the structure of a principal fibre bundle over TM/G, with
projection πTM . Then, of course, πTM ◦ ψTM

g = πTM and TπM ◦ ψTM
g = TπM , where

TπM : TM → T (M/G); on the other hand, τ ◦ ψTM
g = ψM

g . We also have an action ψX

on the space of sections of TM → M , that is, on X (M), the space of vector fields on M ,
given by

ψX (X)(m) = ψTM

g (X(ψM

g−1(m))).

A vector field X on M is G-invariant if for all g ∈ G

X(ψM

g (m)) = ψTM

g (X(m)), or equivalently ψXg (X) = X.

If X is G-invariant then [ξM , X] = 0 for all ξ ∈ g. If G is connected, as we shall generally
assume to be the case, this is a sufficient as well as a necessary condition for invariance.
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The fundamental vector fields satisfy ψXg (ξM) = (adg−1 ξ)M , where ad is the adjoint action
of G on g.

For all m ∈ M , πTM
m induces an isomorphism TmM → (TM/G)πM (m), the fibre of TM/G

over πM(m) ∈ M/G, and thus also an isomorphism TM → (πM)∗TM/G. As a conse-
quence of this property there is a 1-1 correspondence between invariant vector fields on
M and sections of the vector bundle τ : TM/G → M/G (see e.g. [12]). The vector bundle
τ has the structure of a Lie algebroid: the anchor map % : TM/G → T (M/G) is given
by [[v]] 7→ TπM(v) (here and below [[·]] represents the equivalence class of the argument
under G-equivalence, or in other words its G-orbit), which is independent of the choice of
v ∈ [[v]] because of the property TπM ◦ψTM

g = TπM ; the bracket of two sections of TM/G
is given by the bracket of the associated invariant vector fields. With this Lie algebroid
structure τ is called the Atiyah algebroid of the principal G-bundle πM [7].

The fibre-linear map TπM : TM → T (M/G) is surjective on the fibres. The kernel of
the induced map TM → (πM)∗T (M/G) is isomorphic to the bundle M × g → M ; the
identification of M × g as a subbundle of TM is given by (m, ξ) 7→ ξM(m).

A connection on πM is a right splitting γ of the short exact sequence

0 → M × g → TM
TπM→ (πM)∗T (M/G) → 0 (1)

of vector bundles over M . The corresponding left splitting TM → M × g will be denoted
by ω. We will write $ for its projection on g. The distinction between ω and $ can
be made clear as follows. If we identify M × g with a subbundle of TM then ω may be
thought of as a type (1, 1) tensor field on M ; we have ω(ξM) = ξM , while $(ξM) = ξ.
Needless to say, both ω and $ vanish on im(γ). The map γ may be thought of as the
horizontal lift, the g-valued 1-form $ as the connection form.

If $ satisfies $(ψTM
g v) = adg−1 $(v) the connection is said to be principal. Equivalently,

principal connections are right splittings γ with the property γ(ψM
g m, v) = ψTM

g γ(m, v) for
all v ∈ TπM (m)(M/G). The condition for the connection to be principal when expressed
in terms of ω is simply that it is invariant under the G-action on TM , that is, that
ω ◦ ψTM

g = ψTM
g ◦ ω.

The manifold M × g comes equipped with the right action g 7→ (ψM
g , adg−1); we denote

by g = (M × g)/G its quotient under this action. We remark that g is the (total space
of) the vector bundle associated with the principal G-bundle πM by the adjoint action
of G on g; it is often called the adjoint bundle. When we take the quotient of the exact
sequence (1) under the action of G we obtain the following short exact sequence of vector
bundles over M/G:

0 → g → TM/G
%→ T (M/G) → 0, (2)

which is called the Atiyah sequence [7]. If γ is a principal connection on πM then
πTM(γ(m, v)) is independent of the choice of m ∈ [[m]] = τ(v) because of the invari-
ance of γ; if we set γ(v) = πTM(γ(m, v)) then γ : T (M/G) → TM/G is well-defined
and satisfies % ◦ γ = id, and is therefore a right splitting of the Atiyah sequence. This
establishes a correspondence between principal connections on πM and splittings of the
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Atiyah sequence, which is actually 1-1. If γ is a right splitting of the Atiyah sequence,
the corresponding left splitting will be denoted by ω.

If $ is the connection form of a principal connection on πM and X a G-invariant vector field
on M then $(X) is a g-valued function on M which satisfies $(X) ◦ ψM

g = adg−1 $(X).
So the map m 7→ (m,$(X)(m)) ∈ M × g is constant on the orbits of the G-action, and
therefore defines a section of g → M/G.

We next describe the reduction of a G-invariant vector field. As we pointed out earlier,
a G-invariant vector field X can be identified with a section X̃ of TM/G, given by
X̃(πM(m)) = πTM(X(m)). If γ is a principal connection then X̃ can in turn be decomposed
into a vector field X = %X̃ on M/G and a section ω(X̃) of g. The relation between X
and X is X(πM(m)) = TπM(X(m)); X is the reduced vector field of X.

The decomposition may be described in a slightly different way. Given a connection γ,
any X ∈ X (M) can be decomposed into its horizontal and vertical components with
respect to γ; the horizontal component is determined by a section of (πM)∗T (M/G), and
the vertical component can be identified with ω(X) and hence with the g-valued function
$(X). When X is G-invariant and γ is a principal connection, the horizontal component
is the horizontal lift of a vector field on M/G, namely X; and the section of g that $(X)
defines is just ω(X̃).

The following fact about the integral curves of an invariant vector field is well-known.
Suppose that t 7→ c(t) is an integral curve of X, so that ċ = X ◦ c. Then the curve
t 7→ c(t) = πM(c(t)) in M/G is an integral curve of X, that is,

ċ = X ◦ c. (3)

Indeed, ċ = TπM ◦ ċ = TπM ◦ (X ◦ c) = X ◦ (πM ◦ c). In fact an integral curve c of X is
completely determined by the underlying integral curve c of X and a curve t 7→ g(t) in
G. To see this, note that there is a unique curve cγ in M , the horizontal lift of c through
c(0), such that

• cγ projects onto c

• cγ(0) = c(0)

• the tangent ċ
γ

to cγ is everywhere horizontal (so that cγ satisfies ċ
γ

= γ(cγ, ċ)).

Then since c also projects onto c there is a curve t 7→ g(t) ∈ G, with g(0) = e (the identity
element of G), such that c(t) = ψM

g(t)c
γ(t). Now let θ be the Maurer-Cartan form of G:

then t 7→ θ(ġ(t)) is a curve in g. By differentiating the equation c = ψM
g cγ we see that ġ

must satisfy
ċ = ψTM

g

(
(θ(ġ))M ◦ cγ + ċ

γ)
. (4)

But ċ = X ◦ c = X ◦ (ψM
g cγ) = ψTM

g (X ◦ cγ), whence

(θ(ġ))M ◦ cγ + ċ
γ

= X ◦ cγ.
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The first term on the left-hand side (which when evaluated at t is the value at cγ(t) of the
fundamental vector field corresponding to θ(ġ(t)) ∈ g) is vertical, the second horizontal, so
this equation is simply the decomposition of X into its horizontal and vertical components,
at any point of cγ. In particular,

θ(ġ) = $(X ◦ cγ), (5)

the right-hand side being of course a curve in g. This is a differential equation for the
curve g, and has a unique solution with specified initial value. (When G is a matrix
group θ(ġ) = ġg−1; and the equation θ(ġ) = ξ, where t 7→ ξ(t) is a curve in g, can be
written ġ = ξg, from which the assertion is obvious. See for example [15] for the general
case.) Thus the curve g is uniquely determined by equation (5) and the initial condition
g(0) = e.

We can conclude the following.

Proposition 1. Given a principal connection γ, one can reconstruct the integral curves
of the G-invariant vector field X from those of the reduced vector field X. In order to
carry out the reconstruction one needs to solve successively





ċ = X(c) for c
ċ
γ

= γ(cγ, ċ) for cγ

θ(ġ) = $(X ◦ cγ) for g,

to obtain finally the integral curve c = ψM
g cγ of X.

We now give some explicit expressions for the decomposition. We consider first the con-
struction of a basis of vertical vector fields, that is, vector fields tangent to the orbits of
the G-action. There are in fact two possible choices, at least locally, corresponding to
what are sometimes called, as in [2], the ‘moving basis’ and the ‘body-fixed basis’. The
reference is to rigid body dynamics; the point is that the body-fixed basis is invariant.

Let {Ea} be a basis for g, and Cc
ab the corresponding structure constants. The moving

basis consists of the fundamental vector fields (Ea)M . These vector fields are not of course
invariant: in fact for any fundamental vector field ξM , ψXg (ξM) = (adg−1 ξ)M , as we pointed

out earlier. We will usually write Ẽa instead of (Ea)M for convenience.

The definition of the body-fixed basis depends on a choice of local trivialization of πM :
M → M/G. Let U ⊂ M/G be an open set over which M is locally trivial. The projection
πM is locally given by projection onto the first factor in U × G → U , and the action by
ψM

g (x, h) = (x, hg). The maps

Ea : U → (M × g)/G|U by x 7→ [[(x, e), Ea]]

will give a local basis for Sec(g) = Sec((M×g)/G) over U . These maps can be considered
as sections of TM/G → M/G by means of the identification

Ea ∈ Sec(g) ⇐⇒ Ea : x 7→ πM
(
Ẽa(x, e)

) ∈ Sec(TM/G).
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Recall first that the injection M × g → TM is given by (m, ξ) 7→ ξM(m). Further, it is
clear that the two elements ((x, e), ξ) and ((x, g), adg−1 ξ) of M × g belong to the same
equivalence class in g. This is in perfect agreement with the above identification, since

πTM
(
ξM(x, e)

)
= πTM

(
(adg−1 ξ)M(x, g)

)
.

Now sections of TM/G can be lifted to invariant vector fields on M . For the above
sections, the invariant vector fields are

Êa : (x, g) 7→ (adg−1 Ea)M(x, g) = ψTM

g

(
(Ea)M(x, e)

)
.

Then, indeed, ψXg (Êa) = Êa. The corresponding basis for Sec(M × g) is given by the sec-

tions (x, g) 7→ ((x, g), adg−1 Ea). By contrast the fundamental vector fields Ẽa, identified
as sections of M × g → M , are given by (x, g) 7→ ((x, g), Ea). The relation between the
two sets of vector fields can be expressed as Êa(x, g) = Ab

a(g)Ẽb(x, g) where (Ab
a(g)) is the

matrix representing adg−1 with respect to the basis {Ea} of g.

In fact the body-fixed basis {Êa} associated with a local trivialization (πM)−1U ≡ U×G is
obtained just by transferring to (πM)−1U the right-invariant vector fields on G associated
with the basis {Ea} of g. The moving basis, on the other hand, corresponds to the
left-invariant vector fields on G associated with the basis {Ea}.
Let us take coordinates (xi, xa) on M such that (xi) are coordinates on U , (xa) co-
ordinates on the fibre. Then there are ‘action functions’ (so-called in [2]) such that
Ẽa = Kb

a(x
c)∂/∂xb. The relation [Ẽa, Ẽb] = Cc

abẼc leads to the property

Kc
a

∂Kd
b

∂xc
−Kc

b

∂Kd
a

∂xc
= Ce

abK
d
e .

The invariance of the vector fields Êa can be expressed as

[Ẽb, Êa] = 0 ⇐⇒ Ẽb(A
c
a) + Ad

aC
c
bd = 0.

We can use these differential equations as another way of constructing a body-fixed basis,
as follows. We seek local vector fields {Êa}, given in terms of the moving basis {Ẽa} by
Êb = Aa

b Ẽa where (Aa
b ) is a locally defined non-singular matrix-valued function on M ,

which are G-invariant, which is to say that [Ẽa, Êb] = 0 for all a and b. Thus, as above,
the Aa

b must satisfy
Ẽa(A

c
b) + Cc

adA
d
b = 0. (6)

This is a system of linear partial differential equations for the unknowns Aa
b . The inte-

grability conditions

[Ẽa, Ẽb](A
d
c) + Cd

beẼa(A
e
c)− Cd

aeẼb(A
e
c) = 0

are identically satisfied by virtue of the Jacobi identity. The equations therefore have
solutions locally on M , and a solution can be specified by choosing a local cross-section
of the G action and specifying the value of (Aa

b ) on it; the natural choice, which we make,
is to take it to be the identity matrix. The Aa

b will then be independent of the xi.
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A simple calculation shows that

[Êa, Êb] = −Ad
aA

e
bĀ

c
fC

f
deÊc,

where the Āa
b are the components of the matrix inverse to (Aa

b ). On the other hand, if we
write [Êa, Êb] = −Ĉc

abÊc then the coefficients Ĉc
ab must be G-invariant, since everything

else in the equation is. It follows that the value of Ĉc
ab along any fibre of (πM)−1U → U

is the same as its value on the section which determines the local trivialization, that
is, where g = e; if we take (Aa

b ) to be the identity there we obtain Ĉc
ab = Cc

ab, that is,
[Êa, Êb] = −Cc

abÊc (as one would expect).

We now consider the horizontal vector fields. We have at our disposal the local coordinate
basis {∂/∂xi} of X (T (M/G)); we put

X i = γ

(
∂

∂xi

)
∈ Sec(TM/G).

The sections {X i, Ea} form a basis of Sec(TM/G). They can be lifted to a basis {Xi, Êa}
of X (M), consisting only of invariant sections. Then

Xi(x, g) = γ

(
(x, g),

∂

∂xi

∣∣∣∣
x

)
.

If we set

Xi =
∂

∂xi
− γb

i (x
i, xa)Êb =

∂

∂xi
− γb

i (x
i, xa)Ac

b(x
a)Ẽc,

then invariance of Xi amounts to

[Ẽb, Xi] = 0 ⇐⇒ Ẽb(γ
c
i ) = 0 ⇐⇒ ∂γc

i

∂xb
= 0.

For future use we calculate [Êa, Xi] here also. We have

[Êa, Xi] = −Xi(A
c
a)Ā

b
cÊb.

Now ∂Ab
a/∂xi = 0, and so

Xi(A
c
a) = −γd

i A
e
dẼe(A

c
a) = γd

i C
c
efA

e
dA

f
a = γd

i C
e
daA

c
e, (7)

so that
[Êa, Xi] = γb

i C
c
abÊc, (8)

assuming as we may that [Êa, Êb] = −Cc
abÊc.

A vector field X on M can be written as X = Y jXj + Y bÊb. If X is invariant then

∂Y j

∂xc
= 0 and

∂Y b

∂xc
= 0.

If alternatively we set X = Y jXj + ZcẼc, where Zc = Ac
bY

b, then the second invariance
condition becomes

Ẽd(Z
c) + Cc

deZ
e = 0. (9)

An invariant vector field X projects onto the section X̃ : (xi) 7→ Y j(xi)Xj + Y a(xi)Ea of
TM/G and the vector field X : (xi) 7→ Y j(xi)∂/∂xi on M/G. Finally, we have
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• ω(X) = Y aÊa = ZaẼa ∈ TM ;

• ω(X̃) = Y aEa ∈ Sec(g);

• $(X) = ZaEa ∈ C∞(M, g).

In fact, as we pointed out before, when X is invariant $(X) defines a section of g → M/G.
We now wish to explain how one can recognise a section of g in terms of coordinates.
Recall that a section of g can be thought of as a function M → g which is constant on the
equivalence classes of the equivalence relation defining the associated bundle structure;
that is, a g-valued function s on M such that s ◦ ψM

g = adg−1 s. Assuming as always that
G is connected, we may equivalently write this condition as ξM(s) + [ξ, s] = 0 for any
ξ ∈ g, where the bracket is the Lie algebra bracket of g. We may express s as s = saEa

with respect to a basis {Ea} of g; in terms of the components sa of s the condition for s
to define a section is

Ẽb(s
a) + Ca

bcs
c = 0. (10)

This makes clear the significance of equation (9).

3 Second-order diagrams and connections

In this section we discuss the connection theory relevant to second-order dynamical sys-
tems. Before we do so, however, it will be convenient to make some remarks about
splittings of short exact sequences in general; these remarks will be useful later.

If 0 → ker f → A
f→ B → 0 and 0 → ker g → B

g→ C → 0 are two short exact sequences
of vector bundles over the same manifold, then the sequence

0 → ker(g ◦ f) → A
g◦f→ C → 0

is also exact. Moreover the restriction of f to ker(g ◦ f) gives rise to a fourth short exact
sequence

0 → ker f → ker(g ◦ f)
f→ ker g → 0.

In summary, we can draw the following commutative diagram:

-

- -

- -

-

?

?

?

?

?

?

ker f ker(g ◦ f) ker g

ker f A B

0 C C
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The following facts are immediate. Suppose given splittings γ1 : B → A and γ2 : C → A.
If we set γ3 = f ◦ γ2 : C → B then γ3 is also a splitting. If, in addition, γ2(C) ⊂ γ1(B)
then γ2 = γ1 ◦ γ3. Furthermore, γ1 restricts to a splitting ker g → ker(g ◦ f). Therefore,
given γ1 and γ2, each element of A can be uniquely decomposed into three parts, one in
C, one in ker f and one in ker g. We will use this observation for our decomposition of
second-order differential equation fields.

We can now turn to the principal matter in hand. The actions of G on M and TM
induce also a G-action on TTM : ψTTM : G × TTM → TTM, (g, Xv) 7→ Tvψ

TM
g (Xv). As

before, this means that there exists a principal fibre bundle structure πTTM : TTM →
TTM/G with the properties πTTM ◦ ψTTM

g = πTTM and TπTM ◦ ψTTM
g = TπTM . Again,

the fibres of TTM and TTM/G are isomorphic, so TTM ' (πTM)∗TTM/G. Therefore,
the maps [[TπTM ]] : TTM/G → T (TM/G), [[X]] 7→ TπTM(X) and [[TTπM ]] : TTM/G →
TT (M/G), [[X]] 7→ TTπM(X) are well-defined and lead to the following commutative
diagram:

?

´
´

´́+

¢
¢

¢
¢

¢
¢

¢
¢

¢¢®
Q

Q
QQs

A
A
A
A
A
A
A
A
AAU

-

TTM

T (TM/G) TT (M/G)

TTM/G

T%

[[TπT M ]]

[[TTπM ]]

πT T MTπT M TTπM

The above diagram contains bundles over TM , TM/G and T (M/G). All of them are
Lie algebroids. For example, TTM/G is the Atiyah algebroid of the manifold TM . In
addition, all the maps in the diagram are Lie algebroid morphisms.

First, we will consider the outer triangle consisting of the spaces TTM , T (TM/G) and
TT (M/G). Since πTM is a principal fibre bundle, the kernel of TπTM can be identified with
TM ×g, by means of the identification (v, ξ) 7→ ξTM(v) = ξC

M(v). The two bases {Xi, Ẽa}
and {Xi, Êa} of X (M), based on the moving and the body-fixed basis, can be used to
construct the basis {XC

i , ẼC
a , XV

i , ẼV
a } of X (TM), which we call the standard basis, and

also the basis {XC
i , ẼC

a , XV
i , ÊV

a }, which we call the mixed basis. Since ξTM = ξC
M , it is

clear that the vector fields ẼC
a span the vertical subbundle of the projection πTM . The

advantage of the mixed basis over the standard basis is that the vector fields XC
i , XV

i and
ÊV

a are all invariant:

[ẼC

a , XC

i ] = [Ẽa, Xi]
C = 0, [ẼC

a , XV

i ] = [Ẽa, Xi]
V = 0

[ẼC

a , ÊV

b ] = [Ẽa, Êb]
V = 0, [ẼC

a , ẼC

b ] = [Ẽa, Ẽb]
C = Cc

abẼ
C

c .

So the vector fields XC
i , XV

i and ÊV
a can be projected to sections of TTM/G (by means

of πTTM) and also to vector fields on TM/G (by means of TπTM); the latter, denoted

11



by XC
i , XV

i and EV
a , form a basis of X (TM/G). The following remark may be of some

interest. Observe that TM/G → M/G is a vector bundle; one can therefore define
a vertical lift operation taking sections of TM/G → M/G to vertical vector fields on
TM/G. The vector fields XV

i and EV
a on TM/G are in fact the vertical lifts of the

sections X i, Ea ∈ Sec(TM/G); so we could write XV
i = X

V

i and EV
a = E

V

a .

The vector fields {ẼC
a , ẼV

a } span the vertical subbundle of the projection TπM ; so the
kernel of TTπM is isomorphic to TM × Tg ' TM × g × g, the isomorphism being
XaẼC

a +ZaẼV
a 7→ (XaEa, Z

aEa). The vector fields {ẼV
a } span the kernel of the projection

%; so ker T% is isomorphic to TM × g, by ZaẼV
a 7→ ZaEa.

In this way we arrive at the following diagram of short exact sequences (taking into
account the fact that (TπM)∗TT (M/G) = (πTM)∗%∗TT (M/G)):

-

- -

- -

-

?

?

?

?

?

?

TM × g TM × g× g TM × g

TM × g TTM (πT M)∗T (TM/G)

0
(πT M)∗%∗TT (M/G)

(TπM)∗TT (M/G)
= (πT M)∗%∗TT (M/G)

TπT M

TTπM (πT M)∗T%

There is a similar diagram for the spaces over M/G:

-

- -

- -

-

?

?

?

?

?

?

τ∗g τ∗(g× g) τ∗g

τ∗g TTM/G T (TM/G)

0 %∗TT (M/G) %∗TT (M/G)

[[TπT M ]]

[[TTπM ]] T%

Recall that τ is the projection TM/G → M/G. The identification (TM × g)/G ' τ ∗g is
given explicitly by [[vm, ξ]] 7→ ([[vm]], [[m, ξ]]).

We will use the basis { ∂
∂xi ,

∂
∂vi} for X (T (M/G)). The basic sections { ∂

∂xi ,
∂

∂vi} can also be
used for bases of vector fields along the projection in the case of certain pull-back bundles,

12



that is both for Sec((TπM)∗TT (M/G)) and Sec(%∗TT (M/G)). Finally, we will also use
{XC

i , XV
i , EV

a } as a basis for Sec((πTM)∗T (TM/G)).

The two square commutative diagrams above will play the same role as the short exact
sequences (1) and (2) in the first-order case. We will show that a principal connection
on M induces splittings for all the short exact sequences in the squares. The idea is that
connections of the M square which are G-invariant in the appropriate sense automatically
give rise to connections for the M/G square and vice versa. We shall explicitly construct
connections in both the middle horizontal and vertical sequences in the M square diagram,
and use the general results at the beginning of this section to complete the task.

The first induced connection lives on the middle horizontal line of the M square diagram;
it is the so-called vertical lift of the principal connection on M .

Proposition 2. Suppose given a connection on a principal G-bundle πM : M → M/G,
specified by its connection form $. The pull-back τ ∗$ of $ to TM (where τ : TM → M
is the tangent bundle projection) is the connection form of a principal connection on the
principal G-bundle TM → TM/G.

Proof. Clearly, τ ∗$ is a g-valued 1-form on TM . The action ψTM of G on TM is τ -related
to the action ψM on M . Moreover, the fundamental vector fields corresponding to the
two actions are related by ξTM = (ξM)C for any ξ ∈ g; and in particular Tτ(ξTM) = ξM .
Thus

τ ∗$(ξTM) = $(Tτ(ξTM)) = $(ξM) = ξ,

while
ψTM

g
∗τ ∗$ = τ ∗ψM

g
∗$ = adg−1 τ ∗$,

as required.

The connection defined by τ ∗$ is called the vertical lift of the original connection; its
right and left splittings are denoted by γV and ωV (so that the connection form $V is just
given by $V = τ ∗$). The right splitting γV at the level of the M square can be given as
follows. Let πTM(v) = ṽ; then

γV : (πTM)∗T (TM/G) → TTM, (v, Xṽ) 7→ W,

where W is determined by the condition TπTM(W ) = Xṽ and Tτ(W ) = γ(m, Tτ(Xṽ)),
where m = τ(v). The first conditions shows that the above defines a splitting. To see that
it is the one that corresponds with the vertical lift connection, we give the actions of γV

and ωV on the basis vector fields. We have Tτ(XC
i ) = Xi◦τ , Tτ(XV

i ) = 0 and Tτ(ÊV
a ) = 0.

Likewise, Tτ(XC
i ) = ∂

∂xi ◦ τ , Tτ(XV
i ) = 0 and Tτ(EV

a ) = 0, where τ : TM/G → M/G. It
follows that

γV(XC
i ) = XC

i , γV(XV
i ) = XV

i , γV(EV
a ) = ÊV

a ,

and from these formulas we get for the associated left splitting

ωV(XC

i ) = 0, ωV(XV

i ) = 0, ωV(ẼC

a ) = ẼC

a and ωV(ÊV

a ) = 0 = ωV(ẼV

a ).
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From the above relations it is clear that $V = τ ∗$, and that therefore γV is indeed the
right splitting corresponding to the vertical lift of the principal connection on M specified
by $, as it was defined initially.

One can find a connection whose definition is somewhat similar to that of the vertical
lift connection in [8], albeit in a much less general context: the authors deal only with a
Lagrangian system with symmetry and restrict the dynamics to a particular value of the
momentum map.

The second connection of interest is a connection on the middle vertical line in the M
square diagram, that is, it is a connection on the bundle TπM : TM → T (M/G). It is in
fact a particular case of a quite general construction which can be described as follows.

We first make an obvious remark. The complete lift operation X (M) → X (TM), X 7→
XC, is not C∞(M)-linear: in fact for a function f on M we have (fX)C = fXC + ḟXV,
where ḟ is the total derivative of f ; the point to note is that (fX)C is a C∞(TM)-linear
combination of XC and XV. Suppose now that M is equipped with a distribution (vector
field system) D. Let {Xi} be a local vector field basis for D, and consider the local vector
fields {XC

i , XV
j } on TM : they are linearly independent, and there are 2 dimD of them.

Furthermore, if {Yi} is another local basis for D then the span of {Y C
i , Y V

j } coincides
with the span of {XC

i , XV
j }, as follows from the observation above about (fX)C. The

span of {XC
i , XV

j }, where {Xi} is any local basis of D, accordingly defines a 2 dimD-
dimensional distribution D′ on TM . Suppose next that φ is a diffeomorphism of M
and φC is the induced diffeomorphism of TM . Denote by φX the action of φ on vector
fields on M , φCX the action of φC on vector fields on TM . Then φX (X)C = φCX (XC)
and φX (X)V = φCX (XV) (these are the integrated versions of two formulas for brackets
between complete and vertical lifts which we used earlier). Thus if D is invariant under
the action of some group G on M then D′ is invariant under the induced action of G on
TM . Now let M → M/G be a principal G-bundle and D the horizontal distribution of
a principal connection: then D′ is a G-invariant distribution on TM which is transverse
to the fibres of TM → T (M/G), that is, a connection on TM → T (M/G), which is
G-invariant in the appropriate sense.

It is easy to describe the left splitting of the new connection, as follows.

The complete lift construction can be extended from vector fields to tensor fields, as is
shown in [17]. In particular, given a type (1, 1) tensor field A on a manifold M , its
complete lift AC is a type (1, 1) tensor field on TM with the following properties:

AC(XV) = A(X)V, AC(XC) = A(X)C, LXCAC = (LXA)C,

for any vector field X on M . Moreover, for any two type (1, 1) tensor fields A, B on M ,
ACBC = (AB)C. The complete lift AC may be described explicitly as follows. Regard A
as a fibre-linear map TM → TM , fibred over the identity. Let σ : TTM → TTM denote
the canonical involution: then AC, regarded as a fibre-linear map TTM → TTM , is given
by AC = σ ◦ TA ◦ σ (where TA is the tangent map, or differential, of the map A).

Proposition 3. Consider the left splitting ω : TM → M × g of a principal connection
on πM : M → M/G. The complete lift ωC of ω defines a G-invariant connection on
TM → T (M/G).
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Proof. As we pointed out earlier, ω can be considered as a type (1, 1) tensor field on M ,
when we regard M×g as a subbundle of TM ; from this point of view, for each m ∈ M , ωm

is the projection onto the vertical subspace of TmM along the horizontal subspace; since
it is a projection operator ω satisfies ω2 = ω. The fact that the connection is principal
is equivalent to the fact that, as a type (1, 1) tensor, ω is G-invariant, which is to say
that ω ◦ ψXg = ψXg ◦ ω for all g ∈ G, where ψX is the G-action on vector fields. When
G is connected the latter condition is equivalent to LξM

ω = 0 for all ξ ∈ g. We take the
complete lift ωC, to obtain a type (1, 1) tensor field on TM . Now (ωC)2 = (ω2)C = ωC,
so ωC is a projection operator. From the formulas for the action of ωC on vertical and
complete lifts it is clear that it vanishes on vertical and complete lifts of vector fields
which are horizontal with respect to ω, that is, on D′. Moreover, for any ξ ∈ g we have

ωC(ξV

M) = (ω(ξM))V = ξV

M , ωC(ξC

M) = (ω(ξM))C = ξC

M ,

so that im(ωC) can be identified with g× g in the required manner.

Finally, we have
LξTM

ωC = LξC
M

ωC = (LξM
ω)C = 0,

which expresses the G-invariance of ωC.

The connection determined by ωC was first described, in its essentials, by Vilms [16]. In
fact it was shown in [16] that a connection on a vector bundle E → X induces a connection
on the bundle TE → TX. Of course the bundle πM : M → M/G we are dealing with in
the current situation is not a vector bundle; nevertheless, Vilms’s result may be extended
to cover it. We therefore call this connection the Vilms connection; however, we denote
its splittings by γC and ωC (as before).

Note the important but somewhat subtle difference between the constructions of the two
connections: in constructing the vertical lift connection we specify the initial connection
by the g-valued connection form $, but in constructing the Vilms connection we specify
it by the type (1, 1) tensor field ω defining the right splitting. We mention this because
there is a concept of the vertical lift of a type (1, 1) tensor field, and it is important to
realise that we do not use this concept here.

The right splitting γC of the Vilms connection is a map (TπM)∗TT (M/G) → TTM , which
may be specified as follows. We denote by σ the canonical involution of TT (M/G). Let
TπM(v) = v. The right splitting of the Vilms connection is given by

γC : (v, Yv) 7→ σ (Tγ(v, σ(Yv))) .

The fact that this is a splitting is due to the property TTπM ◦σ = σ ◦TTπM , as it is easy
to see. Indeed,

TTπM ◦ γC(v, Y ) = σ ◦ T (TπM ◦ γ)(v, σ(Y )) = σ ◦ σ(Y ) = Y.

We calculate the corresponding right splitting, and confirm that it is ωC. The right
splitting is given by id− γC ◦ TTπM ; we have

id− γC ◦ TTπM = id− σ ◦ Tγ ◦ σ ◦ TTπM

= id− σ ◦ Tγ ◦ TTπM ◦ σ = id− σ ◦ T (γ ◦ TπM) ◦ σ

= id− σ ◦ T (id− ω) ◦ σ = σ ◦ Tω ◦ σ = ωC.
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In terms of the standard basis {XC
i , ẼC

a , XV
i , ẼV

a } we have

ωC(XC

i ) = 0, ωC(XV

i ) = 0, ωC(ẼC

a ) = ẼC

a and ωC(ẼV

a ) = ẼV

a ;

equally, ωC(ÊV
a ) = ÊV

a . Since TTπM(XC
i ) = ∂

∂xi ◦ TπM and TTπM(XV
i ) = ∂

∂vi ◦ TπM , it
also follows that

γC

(
∂

∂xi

)
= XC

i − ωC(XC

i ) = XC

i and γC

(
∂

∂vi

)
= XV

i − ωC(XV

i ) = XV

i .

We noted above that because of the invariance of ω, the right splitting ωC of the Vilms
connection is invariant. It follows that the Vilms connection can be quotiented to give a
connection on the M/G-square.

As a consequence of the existence of the two connections described so far, we can deduce
for both square diagrams a third connection. Clearly im(γC) ⊂ im(γV), so there is a
connection γ′ such that γC = γV ◦ γ′, and a connection γ′ such that and γC = γV ◦ γ′. For
the appropriate bases

γ′(
∂

∂xi
) = XC

i and γ′(
∂

∂vi
) = XV

i ,

and
ω′(XC

i ) = 0, ω′(XV
i ) = 0 and ω′(EV

a ) = EV
a .

4 Second-order systems

We now come to the consideration of second-order systems. We assume given a second-
order differential equation field, that is, a vector field Γ on TM such that TτΓ(v) = v
for all v ∈ TM , where τ : TM → M is the tangent bundle projection. Furthermore,
we assume that Γ is G-invariant, so that it satisfies ψTTM

g Γ(v) = Γ(ψTM
g v). There is

therefore a section Γ of TTM/G such that πTTM ◦ Γ = Γ ◦ πTM . Under the appropriate
maps Γ projects onto Γ1 and Γ2 as shown below, and can be decomposed into elements
which are boxed in the diagram. Analogously, Γ projects on Γ1 and Γ2, and has a similar
decomposition. Of course, all the elements are related to each other in an appropriate
way; for example Γ1 ∈ Sec((πTM)∗T (TM/G)), which is given by Γ1(v) = (v, TπTM(Γ(v))),
can be reduced to the vector field Γ1 ∈ X (TM/G).

Sections of bundles over M :
-

- -

- -

-

?

?

?

?

?

?

ωV(Γ) ωC(Γ) ω′(Γ1)

ωV(Γ) Γ Γ1

0 Γ2 Γ2

TπT M

TTπM (πT M)∗T%

Sections of bundles over M/G:

-

- -

- -

-

?

?

?

?

?

?

ωV(Γ) ωC(Γ) ω′(Γ1)

ωV(Γ) Γ Γ1

0 Γ2 Γ2

[[TπT M ]]

[[TTπM ]] T%
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In fact the connections give a G-invariant decomposition of Γ into three parts:

Γ = γV(Γ1) + ωV(Γ)

= γC(Γ2) + ωC(Γ)

= γC(Γ2) + γV(ω′(Γ1)) + ωV(Γ).

Since Γ is a second-order differential equation field the g-valued function $V(Γ) on TTM
is given by

$V(Γ(v)) = $(Tτ(Γ(v)) = $(v)

for all v ∈ TM ; thus (for a given choice of $) $V(Γ) is the same for all second-order
differential equation fields Γ.

There is an analogous three-way decomposition of Γ, as shown in the right-hand diagram.
Here Γ1 is a vector field on TM/G, Γ2 is a section of %∗TT (M/G) (i.e. a vector field along
%) and ω′(Γ1) ∈ Sec(TM/G× g).

As well as being a section of TTM/G → TM/G, Γ may also be regarded as a section of
the so-called prolongation bundle T %(TM/G) → TM/G, whose fibre at ṽ ∈ TM/G is

T %
ṽ (TM/G) = {(w̃, Xṽ) ∈ TM/G× T (TM/G) | %(w̃) = Tτ(Xṽ)}.

Theorem 9.1 of [6] shows that the identification of the quotient bundle TTM/G → TM/G
with the above bundle is given by the isomorphism

TTM/G → T %(TM/G), [[W ]] 7→ (πTMTτ(W ), TπTM(W )).

This map is independent of the choice of W since for any other ψTTM
g W within the same

equivalence class, Tτ(ψTTM
g W ) = T (τ ◦ ψTM

g )(W ) = Tτ(W ). The second component of
the isomorphism is in fact the map [[TπTM ]] : TTM/G → T (TM/G). Keeping in mind
that Γ is a second-order differential equation field, Γ ∈ Sec(TTM/G) can be identified
with the section ṽ 7→ (ṽ, Γ1(ṽ)) of the prolongation bundle. As a consequence, the com-
posing parts of this section satisfy Tτ(Γ1(ṽ)) = %(ṽ). This property clearly resembles
the defining property Tτ(Γ(v)) = v of a second-order differential equation field; sections
of the prolongation bundle of the above form were therefore called ‘pseudo second-order
differential equation sections’ in e.g. [12] or ‘second-order differential equations’ in e.g. [6].

Next, we will discuss the reconstruction process. We will use the following notations.
Let v(t) ∈ TM denote an integral curve of Γ and let c(t) be the corresponding base
integral curve, that is, c(t) = τ(v(t)) ∈ M . It follows from the fact that Γ is a second-
order differential equation field that v = ċ (when we consider the latter as a curve in
TM). We will write ṽ(t) = πTM(v(t)) ∈ TM/G and c(t) = πM(c(t)) ∈ M/G. Obviously,
τ(ṽ) = c and moreover TπM(v(t)) = %(ṽ(t)) = ċ(t) ∈ T (M/G). In a previous section
we encountered the horizontal lift of c (with respect to the connection on πM), which we
denoted by cγ.

We first note that the vertical lift connection is a principal connection on the principal
fibre bundle πTM : TM → TM/G. So just as in the first-order case we can construct the
integral curve t 7→ v(t) of the invariant vector field Γ ∈ X (TM) from an integral curve
t 7→ ṽ(t) = πTM(v(t)) of the reduced vector field Γ1 ∈ X (TM/G), by
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• taking the horizontal lift ṽγ of ṽ through v(0) (with respect to γV), and

• finding the solution t 7→ g(t) ∈ G of the equation

θ(ġ) = $V(Γ ◦ ṽγ) (11)

with g(0) = e (where θ is the Maurer-Cartan form of G);

the required integral curve is given by

v(t) = ψTM

g(t)ṽ
γ(t).

The right-hand side of equation (11) can equally well be written as $(ṽγ).

Let us look at the relation that determines the horizontal lift ṽγ of ṽ to TM . Let ṽ be a
given curve in TM/G (not necessarily an integral curve of Γ1). By definition, ṽγ projects
onto ṽ and is a solution of

˙̃v
γ

= γV(ṽγ, ˙̃v).

From the conditions that determine γV, we know that this is equivalent with the properties
TπTM◦ ˙̃v

γ
= ˙̃v, and Tτ ◦ ˙̃v

γ
= γ(Tτ ◦ ˙̃v). The first property simply recalls that πTM(ṽγ) = ṽ.

If we denote as before τ ◦ ṽ = c, then Tτ ◦ ˙̃v = ċ. So, we can deduce from the second
property that Tτ ◦ ˙̃v

γ
= ċ

γ
. To conclude, the curve ṽγ is completely determined by the

properties τ ◦ ṽγ = cγ and πTM ◦ ṽγ = ṽ.

Any element of the vector bundle TM/G → M/G can be written as a sum of two parts
via the splitting γ of the Atiyah sequence (2):

ṽ = ξ + γ(ċ),

where ξ = ω(ṽ) ∈ g. We can use this to give a more explicit formulation of ṽγ. Let
ξ(t) ∈ g be such that ξ = [[cγ, ξ]]. Then the curve ξM ◦ cγ + ċ

γ
in TM projects onto cγ

by means of τ and projects onto ṽ = ξ + γ(ċ) by means of πTM ; so it can only be ṽγ.
Therefore, $(ṽγ) = ξ and the horizontal part of ṽγ is ċ

γ
.

Suppose now again that ṽ(t) is an integral curve of Γ1:

˙̃v = Γ1 ◦ ṽ; (12)

and that v(t) = ψTM

g(t)ṽ
γ(t) is an integral curve of Γ. Notice that

c = τ ◦ v = τ ◦ ψTM

g ṽγ = ψM

g (τ ◦ ṽγ) = ψM

g cγ;

that is to say, the curve in G required to bring ṽγ to v in TM is the same as the curve in G
required to bring cγ to c = τ ◦v in M . In fact from equation (4), since Γ is a second-order
differential equation field,

v = ċ = ψTM

g

(
(θ(ġ))M ◦ cγ + ċ

γ)
. (13)

So, in the case that ṽ is an integral curve of Γ1, the curve ξ(t) = $(ṽγ(t)) ∈ g must equal
θ(ġ), which agrees with equation (11).
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We turn finally to the integral curves ṽ of Γ1. We will use the connection ω′ to decompose
equation (12) into two coupled equations for the two curves ξ ∈ g and c ∈ M/G that
constitute ṽ. The first equation is related to Γ2 ∈ Sec(%∗TT (M/G)), which can be
considered as a map Γ2 : TM/G → TT (M/G); thus Γ2 ◦ ṽ is a curve in TT (M/G).
The second equation is related to ω′(Γ1), which is a vertical vector field on TM/G. This
vector field can be regarded as a section of (τ)∗g, thus as a map TM/G → g; so ω′(Γ1 ◦ ṽ)
can be regarded as a curve in g. The projection of this curve onto M/G is obviously c.

We need to introduce one more concept: that of the associated linear connection on the
associated bundle g → M/G (see also [4, 7]). In fact, we will only need its covariant

derivative operator DA

Dt
which acts on curves ξ in g. Let c(t) be the projection of ξ(t) on

M/G and let c(t) be any curve in M that projects on c(t). Let ξ(t) ∈ g be such that
ξ = [[c, ξ]]. Then, the covariant derivative of ξ can be defined as

DAξ

Dt
= [[c, ξ̇ − [$ ◦ ċ, ξ]]]

(ξ̇ stands here for the projection on the second argument of this curve in Tg = g× g). To
see that this definition is independent of the choice of the representative in the equivalence
class, take any other d(t) ∈ M with d(t) = ψM

h(t)c(t). The corresponding curve ξd(t) in

g such that ξ = [[d, ξd]] is then equal to adh−1ξ. Moreover, ḋ = ψTM
h

(
ċ + (θ(ḣ))(c)

)
and

ξ̇d = adh−1

(
ξ̇ + [θ(ḣ), ξ]

)
. So, indeed,

[[d, ξ̇d − [$ ◦ ḋ, ξd]]] = [[d, adh−1

(
ξ̇ + [θ(ḣ), ξ]

)− [adh−1

(
$ ◦ ċ + θ(ḣ)

)
, adh−1ξ]]]

= [[ψM

h c, adh−1

(
ξ̇ − [$ ◦ ċ, ξ]

)
]] = [[c, ξ̇ − [$ ◦ ċ, ξ]]].

Remark that in the particular case of the horizontal lift, DA

Dt
[[cγ, ξ]] = [[cγ, ξ̇]].

One can show that the explicit formula for the associated linear connection is

∇A : X (M/G)× Sec(g) → Sec(g) : (X, ξ) 7→ ∇A
X

ξ = [γ(X), ξ].

Here [·, ·] stands for the above mentioned Lie algebroid bracket of the Atiyah algebroid
TM/G. For more details, see e.g. [7].

Theorem 4. Let ξ(t) ∈ g, c(t) ∈ M/G and put ṽ = ξ + γ(ċ). If c and ξ are solutions of




c̈ = Γ2 ◦ ṽ,

DAξ

Dt
= ω′(Γ1 ◦ ṽ),

(14)

then ṽ is an integral curve of Γ1. Solve ċ
γ

= γ(cγ, ċ) for cγ(t) ∈ M and let ξ(t) ∈ g be
such that ξ = [[cγ, ξ]]. If g(t) ∈ G is a solution of

θ(ġ) = ξ (15)

then the curve v = ψTM
g (ξM ◦ cγ + ċ

γ
) = ψTM

g ṽγ is an integral curve of Γ.

Conversely, suppose that v is an integral curve of Γ. Let ṽ = πTM ◦ v, c = πM ◦ τ ◦ v and
ξ = ω ◦ ṽ. Then ṽ is an integral curve of Γ1 and c and ξ satisfy (14). Compute cγ from
ċ
γ

= γ(cγ, ċ). Let g ∈ G be such that c = ψTM
g cγ and let ξ ∈ g be such that ξ = [[cγ, ξ]].

Then g satisfies equation (15).
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If d is a curve in M such that πM(d) = c and if we denote by ξd the curve in g which
is such that ξ = [[d, ξ]], then the last equation of (14) could equivalently be written as
ξ̇ − [$(ḋ), ξ] = ω′(Γ1 ◦ vd), where vd = ξM ◦ d + γ(d, ċ) is the unique curve on TM that
projects on both ṽ and d. Indeed, the relation between ω′(Γ1) and ω′(Γ1) is

ω′(Γ1)(π
TM(vm)) = [[m,ω′(Γ1)(vm)]],

and therefore, ω′(Γ1 ◦ ṽ) = [[d, ω′(Γ1 ◦ ṽd)]].

If one is interested only in the coordinates on M/G (‘shape’ variables in [2]), it is necessary
only to solve equations (14) where the symmetry has already been cancelled out. If the
whole motion on M is required one will have to solve the whole system.

The proof of theorem will follow from the considerations of the coordinate version of the
reduced second-order equations in the following paragraphs.

We begin our description of the coordinate expression of the equations with a general
remark. If we take any local basis {Xα} of vector fields on some manifold M , not nec-
essarily a coordinate basis, and express any tangent vector v at m ∈ M in terms of this
basis so that v = vαXα|m, then the vα will serve as fibre coordinates on TM . A vector
field Γ on TM will be a second-order differential equation field if and only if it takes the
form Γ = vαXC

α + FαXV
α , and its integral curves will satisfy v̇α = F α. In terms of a

new basis {Yα}, where Yα = Aβ
αXβ, we have v = vαXα|m = wαYα|m where wβAα

β = vα.

Moreover, Γ = wαY C
α +GαY V

α where Fα = Aα
βGβ + Ȧα

βwβ, the overdot here indicating the
total derivative.

We turn now to the case of interest. We have defined on M two local vector field bases
{Xi, Ẽa} and {Xi, Êa}, with

Xi = γ

(
∂

∂xi

)

where the xi are local coordinates on M/G, and {Ea} is a basis for g. Both {Ẽa} and
{Êa} are bases of vector fields which are vertical with respect to the projection πM :
M → M/G. The first, which consists of fundamental vector fields, we called the moving
basis. The body-fixed local basis {Êa}, on the other hand, consists of G-invariant vertical
vector fields. We have Êa = Ab

aẼb where the coefficients Ab
a satisfy Ẽa(A

c
b) + Cc

adA
d
b = 0

(equation (6)).

For any v ∈ TmM we set

v = viXi|m + vaẼa|m = viXi|m + waÊa|m; va = Aa
bw

b.

The vi may be regarded as the fibre coordinates on T (M/G) corresponding to the base
coordinates xi. We show in the following paragraph that the va satisfy

ẼC

b (va) + Ca
bcv

c = 0; (16)

so from equation (10) we may consider v 7→ vaEa as defining a section of τ ∗g → TM/G;
this is just the section ωV(Γ). On the other hand, since va = Aa

bw
b, where the Aa

b are
functions on M , we have

Aa
c Ẽ

C

b (wc) + Ẽb(A
a
c)w

c + Ca
bcv

c = 0;
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but from equation (6)
Ẽb(A

a
c)w

c = −Ca
bdA

d
cw

c = −Ca
bcv

c,

whence ẼC
b (wa) = 0, as one might have expected.

Equation (16) is a consequence of the following general considerations. Let {Zα} be any
local basis of vector fields on a manifold M , with dual basis of 1-forms θα. Let θ̂ be
the fibre-linear function on TM defined by a 1-form θ on M , so that θ̂(x, v) = θx(v).

Then if vα = θ̂α(x, v), v = vαZα|x. For any vector field Z on M , ZC(θ̂) = L̂Zθ. But
LZαθβ(Zγ) = −θβ([Zα, Zγ]), so LZαθβ = −Cβ

αγθ
γ where [Zα, Zγ] = Cβ

αγZβ. That is to say,
ZC

α(vβ) = −Cβ
αγv

γ. It follows that [ZC
α , vβZC

β ] = 0.

The second-order differential equation field Γ may be written

Γ = viXC

i + vaẼC

a + DiXV

i + DaẼV

a

= viXC

i + waÊC

a + DiXV

i + F aÊV

a ;

we have
Da = Aa

bF
b + Ȧa

bw
b.

By assumption Γ is G-invariant, which is to say that [ẼC
a , Γ] = 0. Now [ẼC

a , viXC
i ] = 0,

and [ẼC
a , vbẼC

b ] = 0, as follows from equation (16) and the argument that establishes
it. Moreover [ẼC

a , wbÊC
b ] = 0 since ẼC

a (wb) = 0 and [ẼC
a , ÊC

b ] = 0. Thus vaẼC
a and

waÊC
a are both G-invariant; they are not however equal, but differ by the vertical vector

field wbȦa
b Ẽ

V
a , which accordingly is G-invariant. Next, [ẼC

a , DiXV
i ] = ẼC

a (Di)XV
i since

[ẼC
a , XV

i ] = [Ẽa, Xi]
V = 0. On the other hand,

[ẼC

a , DbẼV

b ] = ẼC

a (Db)ẼV

b + Db[ẼC

a , ẼV

b ]

= ẼC

a (Db)ẼV

b + Db[Ẽa, Ẽb]
V

=
(
ẼC

a (Db) + DcCb
ac

)
ẼV

b .

Finally, [ẼC
a , F bÊV

b ] = ẼC
a (F b)ÊV

b . The remaining coefficients of Γ must therefore satisfy

ẼC

a (Di) = 0, ẼC

a (Db) + DcCb
ac = 0, ẼC

a (F b) = 0;

that is to say, Di and F b are G-invariant, while the Da may be regarded as the components
of a section of τ ∗g → TM/G.

Observe that
ωV(Γ) = vaẼC

a ∈ X (TM).

The corresponding g-valued function $V(Γ) is given by $V(Γ) = vaEa; it is independent
of the choice of Γ, as we remarked before, and as we showed above it in fact determines
a section of τ ∗g.

We may also express Γ in terms of the mixed basis:

Γ = viXC

i + vaẼC

a + DiXV

i + GaÊV

a ,

where
Ga = Āa

bD
b = F a + Āa

c Ȧ
c
bw

b,
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the Āa
b being the components of the inverse of the matrix (Aa

b ). It is easy to see that
ẼC

a (Gb) = 0. We have
Γ1 = viXC

i + DiXV
i + GaEV

a .

Then ω′(Γ1) = GaEV
a ∈ Sec((πTM)∗T (TM/G)), and so

γV(ω′(Γ1)) = GaÊV

a = DaẼV

a ∈ X (TM).

The three-way decomposition of Γ at the level of the M square diagram is therefore given
by

Γ = γC(Γ2) + γV(ω′(Γ1)) + ωV(Γ)

= (viXC

i + DiXV

i ) + DaẼV

a + vaẼC

a .

Among the equations for the integral curves of Γ we find
{

ẍi = Di,
ẇa = F a.

We can write the latter as
ẇa + Āa

c Ȧ
c
bw

b = Ga.

Since the wa are G-invariant they can be taken, together with xi and vi, as coordinates
on TM/G. The integral curves of Γ1 are the solutions of the equations

{
ẍi = Di,

ẇa + Āa
c Ȧ

c
bw

b = Ga.

This latter equation has a familiar structure: one could think of the term Āa
c Ȧ

c
b as repre-

senting the ‘angular velocity’ of the body-fixed frame with respect to the moving frame,
and wa as components of some velocity with respect to the body-fixed frame; the whole
term Āa

c Ȧ
c
bw

b is then of Coriolis type.

We can also write the same equation as

Aa
b ẇ

b + Ȧa
bw

b = Aa
bG

b,

which is equivalent to v̇a = Da.

Finally, if we rewrite Ȧc
b as ẋjXj(A

c
b) + vdẼd(A

c
b) and use the formulae Xj(A

c
b) = γd

j C
e
dbA

c
e

obtained earlier (equation (7)) and Ẽd(A
c
b) = −Cc

deA
e
b (equation (6)) we find that

Āa
c Ȧ

c
bw

b = Āa
c

(
ẋjγd

j C
e
dbA

c
e − vdCc

deA
e
b

)
wb

= ẋjγd
j C

a
dbw

b − Āa
cv

dveCc
de = ẋjγd

j C
a
dbw

b.

But γd
j C

a
db = Υa

jb are the connection coefficients of the adjoint connection; the equation
for wa is therefore equivalent to

ẇa + Υa
ibẋ

iwb = Ga,

which is in agreement with the second of equations (14) in the theorem.
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5 An example

In this final section we determine the reduced equations for an interesting class of second-
order differential equation fields.

The case to be discussed is that in which there is a ‘kinetic energy’ metric k on M , with
Levi-Civita covariant derivative ∇, and the equations of motion of the original dynamical
system take the form

∇ċċ = F (c, ċ)

for the curve t 7→ c(t) on M . Such a system may be called a system of mechanical type,
with F representing a force field. We hasten to point out, however, that according to the
philosophy of the paper as we described it in the Introduction these features of the system
are incidental to our main purpose, which is to illustrate the methods described above
using a familiar example, rather than to discover properties of systems of mechanical type
that they have because they are systems of mechanical type.

There is great potential for confusion here, since we will now have two connections of
fundamental importance to deal with, the Levi-Civita connection and the connection on
the principal bundle πM : M → M/G (when we have defined the group G and its action);
we warn the reader to be on guard.

We may write Γ in the form Γ = Γ0 + Φ where Γ0 is the geodesic spray of the Levi-Civita
connection and Φ is the force term on the right-hand side of the equations of motion
considered as a vertical vector field on TM . We now examine the possible symmetry
conditions. For any vector field Z on M and any affine spray Γ0, [ZC, Γ0] is vertical and
quadratic in the fibre coordinates. On the other hand, [ZC, Φ] is vertical since Φ is; but
in cases of interest (for example, when F is independent of velocities, or linear in them,
or a combination of the two) there will be no terms quadratic in the fibre coordinates; so
it is natural to consider the situation where [ZC, Γ0] and [ZC, Φ] vanish separately. Now
[ZC, Γ0] vanishes if and only if Z is an infinitesimal affine transformation of the symmetric
covariant derivative defined by Γ0, which in the case under discussion is the Levi-Civita
connection of k. Since any infinitesimal isometry is affine, it is natural to assume further
that G is a group of isometries of k, whose elements in addition leave invariant the force
term, as represented by the vertical vector field Φ. Such a group is always a symmetry
group of Γ, and in many cases the maximal symmetry group will be of this form.

We now turn to the choice of a vector field basis on M adapted to the group action. In
this case there is a natural choice for the connection on πM : take its horizontal subspaces
to be the orthogonal complements of the tangent planes to the group orbits; they are
G-invariant since the group consists of isometries. The vertical vector fields Ẽa comprise
a basis for the Killing fields or infinitesimal isometries. We shall however work with an
invariant, body-fixed basis for the vertical vector fields; that is, we choose a local basis
of vector fields of the form {Xi, Êa}. The components of k in this basis are denoted by
kab, kai, kij in the obvious fashion. The kab are evidently G-invariant. By construction,
kai = 0. The kij are also G-invariant, and so define functions kij on M/G which are
the components of the reduced metric, say k, with respect to the local vector field basis
there. We may without loss of generality take this basis to consist of coordinate fields, as
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before; the Xi will not in general commute, but [Xi, Xj] will have components tangent to

the group orbits; we set [Xi, Xj] = Ka
ijÊa (this in effect defines K as the curvature of the

connection).

The connection on πM has now been entirely taken care of; references to a connection
henceforth always mean the Levi-Civita connection.

We set Φ = ΦiXV
i + ΦaÊV

a ; by assumption both Φi and Φa are G-invariant.

In order to find the reduced system it is necessary to express Γ in terms of the adapted
basis. For this purpose we need the Christoffel symbols of the Levi-Civita connection
with respect to the basis {Xi, Êa}: we set

∇Êa
Êb = Γc

abÊc + Γ i
abXi

and so on. The order of indices is important; though the Levi-Civita connection is sym-
metric, it is represented here with respect to a non-coordinate frame. To calculate the
Christoffel symbols we need the brackets of the basis vector fields. Recall from equation (8)
that [Êa, Xi] = γb

i C
c
abÊc, and that the connection coefficients of the adjoint connection

are given by Υb
ia = γc

i C
b
ca. We therefore have the following bracket relations:

[Êa, Êb] = −Cc
abÊc; [Xi, Êa] = Υb

iaÊb; [Xi, Xj] = Ka
ijÊa.

Since all of the vector fields appearing are G-invariant, so are all of the coefficients on
the right-hand sides. Furthermore, since all of the brackets are vertical the Christoffel
symbols with upper index i will be symmetric in their lower indices.

Using these data in the standard Koszul formulae for the Levi-Civita connection coeffi-
cients of k with respect to the basis {Êa, Xi} we find that

Γa
bc = 1

2

(−Ca
bc + kad(kbeC

e
dc + kceC

e
bd)

)

Γi
bc = 1

2
kij

(−Xj(kbc) + kbdΥ
d
jc + kcdΥ

d
jb

)

Γa
jb = 1

2
kac

(
Xj(kbc)− kbdΥ

d
jc + kcdΥ

d
jb

)

Γa
bj = 1

2
kac

(
Xj(kbc)− kbdΥ

d
jc − kcdΥ

d
jb

)

Γ i
jb = −1

2
kikkbcK

c
jk = Γ i

bj

Γa
jk = 1

2
Ka

jk

Γ i
jk = Γ

i

jk,

where in the final line the Γ
i

jk are the Christoffel symbols of the reduced metric kij.

It follows that

Γ0 = ẋiXC

i + waÊC

a

− (
ẋjẋkΓ i

jk + ẋjwb(Γ i
jb + Γ i

bj) + wbwcΓi
bc

)
XV

i

− (
ẋjẋkΓa

jk + ẋjwb(Γa
jb + Γa

bj) + wbwcΓa
bc

)
ÊV

a

= ẋiXC

i + waÊC

a

−
(
ẋjẋkΓ

i

jk − ẋjwbkikkbcK
c
jk + wbwckij

(−1
2
Xj(kbc) + kbdΥ

d
jc

))
XV

i

− (
ẋjwbkac

(
Xj(kbc)− kbdΥ

d
jc

)
+ wbwckadkbeC

e
dc

)
ÊV

a .
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The reduced equations are therefore

ẍi + Γ
i

jkẋ
jẋk = Φi + ẋjwbkikkbcK

c
jk + wbwckij

(
1
2
Xj(kbc)− kbdΥ

d
jc

)

ẇa + Υa
jbẋ

jwb = Φa − ẋjwbkac
(
Xj(kbc)− kbdΥ

d
jc − kcdΥ

d
jb

)− wbwckadkbeC
e
dc.

The first equation can be written

D(kijẋ
j)

Dt
= Φi − ẋjwbkbcK

c
ij + 1

2
wbwc∇A

∂/∂xi(kbc),

where D/Dt is the covariant derivative operator of the Levi-Civita connection of k, and
Φi = kijΦ

j. We can write the equation for wa in either of the following two forms:

DAwa

Dt
= Φa − wbkac D

Akbc

Dt
− wbwckadkbeC

e
dc

DAwa

Dt
= Φa − wbwck

cdCb
ad;

to obtain the second we have used kab to lower indices.

When F = 0, that is, when Φi = Φa = 0, we obtain Wong’s equations [4, 14]. The case in
which F 6= 0 but G is 1-dimensional is discussed by Bullo and Lewis [3]. We shall show
that in both cases our equations subsume those of the cited authors.

In the case discussed in [4, 14], in addition to F = 0 it is assumed that the vertical part of
the metric comes from a bi-invariant metric on the Lie group G. This means in the first
place that LÊc

k(Êa, Êb) = 0 as well as LẼc
k(Êa, Êb) = 0, and secondly that the kab must

be independent of the xi. From the first condition we easily find that the kab must satisfy
kadC

d
bc + kbdC

d
ac = 0, and therefore kacΥ

c
ib + kbcΥ

c
ia = 0. From both together we see that

the kab must be constants. Thus ∇A
∂/∂xi(kbc) = 0 and wbwckbeC

e
dc = −wbwckdeC

e
bc = 0,

and the reduced equations are

D(kijẋ
j)

Dt
= −ẋjwbK

b
ij

DAwa

Dt
= 0.

These are equivalent to the equations given in [4, 14].

In the 1-dimensional case we have a single Killing field Ẽ; this vector field is also clearly
invariant, so we shall simplify the notation by denoting it simply by E (Bullo and Lewis in
fact write X for this vector field). There is but one component of kab, which is k(E,E) =
|E|2, and k with notional upper indices is just |E|−2. Furthermore, |E|2 is itself invariant,
and may therefore be considered as a function on M/G. An arbitrary tangent vector
V may be written in the form V = vE + viXi (so v is to be identified with the single
component of wa), and since the Xi are orthogonal to E we have

v =
k(V, E)

|E|2 ;
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Bullo and Lewis call the map V 7→ k(V, E) the momentum map and denote it by JX .
They also introduce a type (1, 1) tensor field on M/G which they call the gyroscopic
tensor, which they denote by CX . The gyroscopic tensor is given essentially as follows.
The covariant differential ∇E is a type (1, 1) tensor field on M . Let us denote by E⊥

the distribution orthogonal to E, that is, the distribution spanned by the vector fields
Xi. Then ∇E may be used to define an operator on E⊥, by first restricting its arguments
to lie in this distribution, and then perpendicularly projecting its values into it. Now in
general we have

∇Xi
Êa = Γj

iaXj + Γb
iaÊb;

so we are concerned here with Γj
ia = −1

2
kabk

jkKb
ik, albeit in the 1-dimensional case. In

fact if we write [Xi, Xj] = KijE the gyroscopic tensor in component form is

Cj
i = |E|2kjkKik = |E|2kjk

Kik.

It is clear from this that Cj
i is invariant and that Cij = kikC

k
j is skew-symmetric. Moreover

in the 1-dimensional case Υa
ib = 0. The reduced equations of motion in this case are

therefore

ẍi + Γ
i

jkẋ
jẋk = Φi + vC i

jẋ
j + 1

2
v2k

ij ∂|E|2
∂xj

v̇ = Φ0 − v

|E|2 ẋj ∂|E|2
∂xj

.

Here Φ0 is the E-component of the force. These equations agree with those given by Bullo
and Lewis. These authors deal mainly with the case in which the force is derived from a
potential, and the last term on the right-hand side of the first equation is subsumed by
them into the so-called effective potential. Bullo and Lewis actually give two versions of
the reduced equations: one is in terms of v, and is derived above; the other is in terms
of µ = |E|2v, and the second of the reduced equations is then simply µ̇ = 0. But since
|E|2 is the single component of kab, µ is just the single component of wa. Furthermore
Bullo and Lewis have Φa = 0. So the equation µ̇ = 0 is just the second reduced equation
written in terms of wa.

There is a simple explicit example which nicely illustrates both of these cases, namely the
Kaluza-Klein formulation of the equations of motion of a charged particle in a magnetic
field. The Hamiltonian and Lagrangian approaches to this topic are well-known: see for
example [9]; here we derive the equations from those given above. For M we take E3× S,
with coordinates (xi, θ). Let Ai be the components of a covector field on E3, and define
a metric k on M , the Kaluza-Klein metric, by

k = δijdxi ¯ dxj + (Aidxi + dθ)2

where (δij) is the Euclidean metric. The Kaluza-Klein metric admits the Killing field
E = ∂/∂θ. The vector fields Xi = ∂/∂xi − Ai∂/∂θ are orthogonal to E and invariant;
moreover kij = k(Xi, Xj) = δij, while |E| = 1. Finally

[Xi, Xj] =

(
∂Ai

∂xj
− ∂Aj

∂xi

)
∂

∂θ
.
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Putting these values into the reduced equations above we obtain

ẍi = vẋj

(
∂Ai

∂xj
− ∂Aj

∂xi

)
, v̇ = 0.

These are the equations of motion of a particle of unit mass and charge v in a magnetic
field whose vector potential is Aidxi.
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