FINITE PERMUTATION GROUPS WITH A TRANSITIVE MINIMAL
NORMAL SUBGROUP.

JOHN BAMBERG AND CHERYL E. PRAEGER

ABSTRACT. A finite permutation group is said to be innately transitive if it contains a transitive
minimal normal subgroup. In this paper, we give a characterisation and structure theorem for
the finite innately transitive groups, as well as describing those innately transitive groups which
preserve a product decomposition. The class of innately transitive groups contains all primitive

and quasiprimitive groups.
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1. INTRODUCTION

The result known as the O’Nan-Scott Theorem (see [12, 16]) describes the structure of finite
primitive permutation groups up to permutational isomorphism. Its applications have had sig-
nificant consequences for problems within permutation group theory and in combinatorics (for a
survey, see [13]). In 1992, the second author proved a similar theorem for a larger class of finite
permutation groups called quasiprimitive groups (see [14]). A permutation group is quasiprimi-
tive if all of its minimal normal subgroups are transitive. In particular, every primitive group is
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quasiprimitive but the converse is not true. This theorem for quasiprimitive groups has been used
to study finite 2-arc transitive graphs [14], line-transitive linear spaces [6], and to study Weiss’s
Conjecture for locally primitive graphs [7]. One of the aims of this paper is to prove an extension
of these results to an even larger class of finite permutation groups, which we introduce.

A finite permutation group G is innately transitive if it has a transitive minimal normal sub-
group. We call this subgroup a plinth of G. Every innately transitive group has at most two
transitive minimal normal subgroups (see Lemma 5.1), and if there are two, then they are regular
and isomorphic, and there is a permutational isomorphism of G that interchanges them. So up
to permutational isomorphism, any of the at most two minimal normal subgroups of G can be
taken to be the plinth of G. Clearly every finite quasiprimitive permutation group is innately
transitive. Innately transitive groups occur naturally as overgroups of quasiprimitive groups and
they also provide a natural setting for studying embeddings of subgroups of wreath products in
their product action (see [3]). It was proved recently by Michael Giudici [9] that the Polycirculant
Conjecture is true for innately transitive groups (see also [5]).

L. G. Kovécs [11] introduced a “blow-up” construction for so-called primitive groups which pre-
serve a product decomposition of the underlying set. Each primitive group of product action type
can be constructed as a “blow-up” of smaller primitive groups. The construction was generalised
in [2] to a blow-up construction for quasiprimitive permutation groups that produces such groups
of product action type that preserve a Cartesian decomposition of the underlying set. However not
all quasiprimitive groups of Product Action type can be constructed by this method. We resolve
this problem in the context of innately transitive groups (see Proposition 11.1).

Define an innate triple to be an ordered triple (K, ¢, L) consisting of a characteristically simple
group K, a subgroup L of Aut(K), and a certain epimorphism ¢ with domain the subgroup of
K corresponding to L N Inn(K) if K is nonabelian, or domain K if K is abelian (see Definition
6.1). In Construction 6.6, we give a method of constructing innately transitive groups that takes
as input an innate triple. The first major result of this paper, Theorem 1.1, proves that up to
permutational isomorphism, each finite innately transitive group can be produced by Construction
6.6. Thus Theorem 1.1 is an abstract and constructive characterisation of finite innately transitive

permutation groups. The proof is given in Section 7.

Theorem 1.1. Fvery finite innately transitive permutation group is permutationally isomorphic
to an innately transitive group given by Construction 6.6, and every permutation group given by

this construction is innately transitive.

The second major result of this paper, Theorem 1.2, is similar to the structure theorems for finite

primitive and quasiprimitive groups (see [12, 16] and [14]). It shows that the innately transitive
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groups may be partitioned into a number of disjoint types. These types are defined in Section 3,

and are presented in a different style and case subdivision from that in [12], [16], or [14].

Theorem 1.2. Every finite innately transitive permutation group is permutationally isomorphic to
a group of one of the five types described in Section 3. Moreover, every group described in Section

8 is innately transitive.

We give an outline of the proof of this theorem in Section 8 and complete its proof in Section
10 after examining the different types of non-quasiprimitive innately transitive groups in Sections
9 and 10.

Peter Cameron in his book [4, p. 103], calls a primitive permutation group G basic if it is not
contained in a wreath product acting by product action. He then states a version of the O’Nan-
Scott Theorem in terms of basic groups and a wreath product construction. Non-basic primitive
permutation groups can be described as subgroups of wreath products Gy wr Sy in product action
where G is a basic primitive permutation group. We need a different definition of basic for
quasiprimitive groups. The non-basic finite quasiprimitive groups G are those which act (faithfully)
on a G-invariant point partition as a subgroup of a wreath product in product action.

One can extend this notion to innately transitive groups. However the quotient action of G on
the point partition need not be faithful in this case. In Construction 9.1, we show how to define this
possibly unfaithful quotient of a non-basic innately transitive group. The quotient is a subgroup of
a wreath product of basic innately transitive groups in product action (see Proposition 9.2). Given
one of these quotients, Construction 9.6 gives a procedure for constructing nearly all non-basic
innately transitive groups corresponding to it (see Corollary 9.8). The non-basic innately transitive
groups not given by Construction 9.6 are either of Compound Diagonal type or Affine Plinth type,
which we do not discuss in detail since they are quasiprimitive and so their structure is well-known
(see [14]). The innate triples corresponding to the quotients given by Construction 9.6 are those
triples (K, @, E) such that K is nonabelian, nonsimple, and Ker ¢ is not a subdirect subgroup
of K. Given a supplement K, of Ker in Dom ¢, a supplement in L of the subgroup of Inn(K)
corresponding to Ker ¢, and a normal subgroup of Ky contained in Ker ¢, we can construct another
innate triple via Construction 9.6. From this output, we can construct an innately transitive group
via Construction 6.6.

The theorem below is similar to Cameron’s structure theorem in that we have separated the
basic and non-basic innately transitive groups. Essentially it shows that innately transitive groups
satisfying (1), (2), or (3) of Theorem 1.3 play the role of the basic examples with other examples

arising from a product type construction.
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Theorem 1.3. Let G be a finite innately transitive permutation group on a set 0 with plinth
K =TF* (where T is a simple group). Then one of the following is true:

1
2

K is abelian,

K is simple,

4
5

(1)

(2)

(3) G is quasiprimitive of Simple Diagonal type,

(4) G is quasiprimitive of Compound Diagonal type, or

(5) G can be obtained by Construction 9.6 from a subgroup of a wreath product Gy wr Sy, where

Gy is innately transitive as in (2).

In Section 2, we give some standard definitions needed to understand the descriptions of the
innately transitive types given in Section 3. In Section 4 we give some basic results and background
theory. In Section 5 we explore the structure of innately transitive groups, and in Section 6 we give
a general method for constructing innately transitive groups namely Construction 6.6. Theorem
1.1 is proved in Section 7 and in Section 8 we give a framework for proving Theorem 1.2. We then
characterise a particular class of innately transitive groups in Section 9. We also prove Theorem
1.3 in this section. In Section 10, we give details of the structure of innately transitive groups
with a regular plinth and complete the proof of Theorem 1.2. Finally Section 11 contains some

observations and commentary on our results.

2. PRELIMINARIES

First we give some preliminary definitions. A permutation group G on €2 is semiregular if the
only element fixing a point in 2 is the identity element of G. In this situation, if a € €2, then
the map defined by g — «of for all g € G, is injective. We say that G is regular on  if it is
both transitive and semiregular on 2. Let G be a group acting transitively on a finite set Q. A
nonempty subset A of €2 is called a block for G if for each g € G, either A9 =A or AYNA = 2.
We call {AY : g € G} a block system for G. We say that G is primitive if the only blocks for G
are the singleton subsets or the whole of €. Given a block system X, the group G acts naturally
on ¥. We denote the induced permutation group by G*. It is a standard result from permutation
group theory that the orbits of a normal subgroup N of G form a block system ¥ for G. In this
case, G is isomorphic to the factor group G/ N where N is the kernel of the action of G on DI
and of course N contains N.

Let G be a group acting on a set 2 and H be a group acting on a set A. Then G on  is
permutationally isomorphic to H on A if there is an isomorphism 6 : G — H and a bijection
B :Q — A such that for all g € G and w € Q, we have (w?)3 = (w)B9?. The pair (6, 3) is called

a permutational isomorphism. If G and H are both transitive, then they are permutationally
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isomorphic if and only if there is an isomorphism 6 : G — H such that § maps a point stabiliser
of G onto some point stabiliser of H. In particular, if G and H are both subgroups of Sym(2)
for some set 2, then G and H are permutationally isomorphic if and only if they are conjugate in
Sym/(€2).

Let g € G, and let p,, Ay, and ¢, be the permutations of G defined by (z)p, = zg, (z)\; = g~ ',
and ()i, = g 'zg = (z)\, 0 py for x € G. The right reqular representation of G is the subgroup
of Sym(G) defined by Ggr := {p, : g € G}. Similarly, the left reqular representation of G is the
subgroup of Sym(G) defined by Gy, := {\, : h € G}. The map ¢, is called an inner automorphism
of G, and the set of all ¢y, denoted Inn(G), is called the inner automorphism group of G. For
every group V and subgroup U, define Inny (V) = {¢,, € Inn(V) : v € U}. In particular, note that
Inn(V) = Inny (V).

The Holomorph of a group X, denoted Hol(X), is the subgroup of Sym(X) generated by X and
the automorphism group of X, which we denote Aut(X). It follows that Hol(X) is the semidirect
product of Xz and Aut(X), with respect to the natural action of Aut(X) on Xg, and we can readily
deduce that Hol(X) = Ngym(x)(XRr), XL = Csym(x)(XRr), and Xr = Cgym(x)(Xr). Furthermore,
if X has a trivial centre, then (X, Xg) = Xp x Xg = Xg x Inn(X). If G < Sym(N2) and G
has a regular normal subgroup X, then G on 2 is permutationally isomorphic to a subgroup G of
Hol(X) on X via an isomorphism 6 : G — G such that (X)f = X and bijection 3 : a® — x (for
some fixed o € ).

A group is said to be almost simple if it has a non-abelian simple unique minimal normal
subgroup. If a group G has a normal subgroup K such that Cg(K) = 1 (for example, if G is
almost simple with minimal normal subgroup K), then G can be embedded in Aut(K) such that
its image contains Inn(K).

The core of a subgroup H of G is the intersection of all G-conjugates of H. This is the largest
normal subgroup of G contained in H and we write it as Coreg(H). We say that H is corefree in G
if Coreq(H) = 1. Let [],.; H; be a direct product of groups. We will denote by =; : [[,.; Hi — H;
the natural projection map for all j € I. A group G is a subdirect product of [];.,; H; if there is

an embedding ¢ : G — [],.; H; such that ¢ om; : G — H; is an epimorphism for each j € I. In

iel

the case that G is a subgroup of [],.; H; and ¢ is the inclusion map, we say that G is a subdirect

i€l

subgroup of [[,.; H;. If G is a subgroup of [],.; H;, we say that G is a diagonal subgroup of

iel
[I;c; Hi if the restriction of m; to G is injective for each j € I. We say that G is a full diagonal

subgroup of [[;.; H; if G is both a subdirect and diagonal subgroup of [];.; H;. In this case, the

direct factors H; are isomorphic to a common group H. If I = {1,...,n}, then each full diagonal

subgroup G of [[,.; H; is of the form {((h)y1, (R)v2,...,(h)yn) : h € H} where for each i € I, v;
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is an isomorphism from H onto H;. If for each i € I, H; = H and ~; is the trivial isomorphism,
then we call G the straight diagonal subgroup of H™.

The graph of a homomorphism ¢ : B — A is the subgroup of A x B defined by Graph(yp) :=
{((b)g,b) : b € B}. It follows that if ¢ is an isomorphism, then Graph(y) is a full diagonal subgroup
of A x B.

Let A be a group and let B be a subgroup of S,,. Then the wreath product Awr B of A and
B is the semidirect product A™ x B where the action of B on A" is defined by (a4, ..., an)lf1 =
(atpy ... ap) for all (aq,...,a,) € A™ and b € B. The subgroup A™ of Awr B is known as the
base group and the subgroup B is known as the top group.

Suppose now that A < Sym(T'). Then there is a well-defined action of Awr B on I'™ known
as the product action, where the base group acts coordinate-wise and the top group permutes the

coordinates. Specifically, for all (y1,...,7v,) € I, (a1,...,a,) € A", and b € B,

)

(Vs ey ) (@8 = (4810 4@), and (71, ..., Yn = (Viby ey Ynb)-

For 1 < i < n,let p; : I'"™ — T' be the natural projection map (vy1,...,v,) — ;. Then I'; =
{(y)p;* : v € T'} is a partition of I, and it is well-known (see for example [4, pp. 103]) that
Sym(T") wr S,, in product action, is the full stabiliser in Sym(T"") of the set {[; : 1 <1i <n}.

3. DESCRIPTION OF TYPES

In the following, G is a permutation group on a finite set  with K a normal subgroup of G
and a € Q. We will suppose K = T* where T is a finite simple group and k a positive integer.
Theorem 1.2 states that every finite innately transitive group belongs to the following list of types,
and moreover, the categories in the list are disjoint and exhaustive, and every group G that belongs

to the list is innately transitive with plinth K.

Abelian Plinth Type. Here ) is a k-dimensional vector space over a field of prime order p, that
is, ) = Z’; and G = K x Gy where K is the group of all translations and Gy is an irreducible
subgroup of GL(k,p) (the group of automorphisms of the additive group of Q). So G is contained
in the holomorph of K, that is, G < K x GL(k,p) = AGL(k,p). The subgroup K is regular on )

and elementary abelian. In this case, G is primitive.

Simple Plinth Type. In this case, K is a non-abelian simple group, G = KG,, and G, ? K.
There are three subtypes:

(1) Holomorph of a Simple Group Type
Here Q = K and Inn(K) < G, < Aut(K). So G is contained in the holomorph of K, that
is, K x Inn(K) < G < K x Aut(K) = Hol(K). In this case, G is primitive.
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(2) Almost Simple Type

In this case Cg(K) =1 and K 2 Inn(K) < G < Aut(K), that is, G is almost simple.
(3) Almost Simple Quotient Type

Here Cq(K) # 1 and G # Cg(K)G,,.

Regular Plinth Type. In this case, K is non-abelian, non-simple, and 2 = K. There is an
isomorphism ¢ from a subgroup Ky of K onto Cg(K). Here G = K x G, where Graph(yp) <
Go < Awt(K) = Aut(T) wr S, G, projects onto a transitive subgroup of Sy, and G,, intersects
Inn(K) in Graph(p). So G is contained in the holomorph of K, that is, K x Graph(y¢) < G <
K x Aut(K) = Hol(K'). Moreover, G is conjugate in Sym(K) to a subgroup of V wr Sy, in product

action, where V is innately transitive with regular plinth 7". In particular, we have four subtypes:

(1) Twisted Wreath Type
Here Graph(yp) is trivial, V is of Almost Simple type, and K is the unique minimal normal
subgroup of G. Thus G is quasiprimitive.

(2) Product Quotient Type
In this case, Graph(y) is nontrivial and not subdirect in Inn(K), and V is of Almost Simple
Quotient type.

(3) Diagonal Quotient Type
Here Graph(y) is a proper subdirect subgroup of Inn(K) and V is of Holomorph of a
Simple Group type. Moreover Cg(K) is a direct product of m full diagonal subgroups of
T*/™ for some proper divisor m of k, and G < N1y (Ca (K)) = K % [(A X Sy jm) Wr Spi],
Graph(¢) = B™, where A and B are full diagonal subgroups of Aut(7)*/™ and Inn(T)*/™
respectively, and the projection of G, onto Sy /p, Wr Sy, is transitive.

(4) Holomorph of a Compound Group Type
For this case, Graph(y) is equal to Inn(K), V is of Holomorph of a Simple Group type,

and G is primitive.

Product Type. There is a G-invariant partition ¥ of Q2 and ¥ is the cartesian product of k copies
of a set Wy. Also there is an innately transitive permutation group A on W, of Almost Simple or
Almost Simple Quotient type with non-regular plinth 7. Choose 9y € ¥o and set U := Ty,,. For
Y = (Yo,...,%0) € ¥, we have K, = U*, and for a € 1, the point stabiliser K, is a subdirect
subgroup of U¥ with index the size of a cell in ¥. Replacing G by a conjugate in Sym(Q) if
necessary, we may assume that G¥ < Awr Sy, < Sym(¥o)wr Sg. The point stabiliser G, projects

onto a transitive subgroup of Sj.

Diagonal Type. In this case, K is non-simple, non-regular, a stabiliser K, is a subdirect sub-

group of K, and Cg(K) = 1. Thus G is quasiprimitive. We have Q = Al and K = TF < G <
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BwrS; < Sym(A) wr S, in product action, for some proper divisor [ of k where B is a quasiprim-
itive permutation group on A with plinth 7%/¢, and G projects onto a transitive subgroup of Sj.
In particular, G is quasiprimitive and we have two subtypes:
(1) Simple Diagonal Type
Here [ = 1 and K, is a full diagonal subgroup of K. For more details see [14].
(2) Compound Diagonal Type
In this case, [ > 1 and B is of Simple Diagonal type.

Remarks 3.1.

(i) In forming this case subdivision, the first consideration was the abstract group theoretical struc-
ture of the plinth K. In the case where K is nonsimple and nonabelian, we make a further case
subdivision according to the structure of a point stabiliser of K. This approach is similar to that

of the structure theorem for primitive and quasiprimitive groups.

(ii) The Regular Plinth Type is not the only case where an innately transitive group can have a
reqular plinth. The types preceding this case in the subdivision, namely Abelian Plinth Type and
Simple Plinth Type may contain innately transitive groups with a regular plinth. In fact, every

group of the former type has a reqular plinth.

(iii) The Almost Simple Quotient Type, Product Quotient Type, and Diagonal Quotient Type are
so named because any group of one of these types has a quotient action (on the orbits of Co(K))
which is quasiprimitive of either Almost Simple Type, Product Type, or Diagonal Type. See Section
11(4) for more details.

4. FUNDAMENTAL THEORY

First we restate some well-known or easily proven results, the first of which is the structure
theorem for finite quasiprimitive permutation groups which appeared in the second author’s paper

[14, Theorem 1].

Theorem 4.1 (Structure Theorem for Quasiprimitive Groups.).
Let G be a finite quasiprimitive permutation group and let K be a minimal normal subgroup. Then
G is permutationally isomorphic to a quasiprimitive group in exactly one of the following types

described in the previous section:

1) Abelian Plinth Type,

3
4

(1)

(2) Holomorph of a Simple Group Type,

(3) Holomorph of a Compound Group Type,
(4)

Almost Simple Type,
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(5) Twisted Wreath Type,
(6) Diagonal Type, or
(7) Product Type (with Cq(K) =1).

Now we give a lemma that can be found in Wielandt’s classic text [17, Proposition 4.3 and
Ex.4.5] and in the contemporary text of Dixon and Mortimer [8, Ex.4.2.7]. If K is a subgroup of
Sym(£2), then the full centraliser of K is the subgroup Cgymq)(K).

Lemma 4.2. Let Q be a finite set. Then

(1) A subgroup of Sym(Q2) is semiregular if and only if its full centraliser is transitive.

(2) The full centraliser of a transitive subgroup of Sym(Q)) is semiregular.
The second statement above follows from the first. The next lemma is a simple but useful result.

Lemma 4.3. Let G and G’ be groups with normal subgroups K and K' respectively. Let 6 be an
epimorphism from G onto G' which restricts to an isomorphism of K onto K'. Then Cg/(K') =

(Ca(K))0.

Proof. Let ¢ € Ce/(K') and k' € K’. Since 6 is an epimorphism, ¢’ = (g)@ for some g € G,
and since 6 restricts to an isomorphism of K onto K’, we have k' = (k) for some k € K. Since
g € Ca(K'), we have 1 = (¢/) (k') "tg'k' = (g7 k~1gk)0 and hence g~ 'k~ lgk € Ker0 N K = 1.
Since this holds for all £’ € K’, and hence for all k € K, we conclude that g € Cg(K). Therefore
Ca(K') < (Cg(K))0. Now let g € Cg(K) and let k' € K’. Then there exists k € K such
that &' = (k)6 and hence ((g)0)~'k'(9)0 = (¢~ 'kg)0 = (k)0 = k'. So (g)0 € Ce/(K') and hence
Cor(K') = (Ca(K))O. O

The first part of the following lemma comes from a result of Scott (see [16, Lemma, p. 328]),

and the second result can be found in [10, Proposition 5.2.5(i)].

Lemma 4.4. Let K be a finite direct product []
M be a subgroup of K.

ier L of finite non-abelian simple groups, and let
(1) If M is a subdirect subgroup of K, then M is the direct product [[ M; of full diagonal
subgroups M; of subproducts Hielj T; where the I; form a partition of I.

(2) If M is a normal subgroup of K, then M = []..;T; where J is a subset of I.

jeJ
Consequently, we get the following result whose proof also follows from [8, Theorem 4.3A].

Lemma 4.5. Let G be a group and N be a non-abelian normal subgroup of G. Suppose that N
is a direct product of non-abelian simple groups T, T, ..., Ti. Then G acts on {T1,Ts,..., T} by
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conjugation. Moreover, G is transitive on {T1,Ts,..., T} if and only if N is a minimal normal

subgroup of G.
Below is a simple result which was stated in Scott’s proof of Lemma 4.4(1).

Lemma 4.6. A full diagonal subgroup of a finite direct product of mon-abelian simple groups is

self-normalising.

Proof. Let K = T} x --- x T}, where the T; are non-abelian simple groups and let J be a full
diagonal subgroup of K. Then there exist isomorphisms v : 71 — T5,...,v% : 71 — T} such
that J = {(¢, (¢)v2,..., (£)vk) : t € T1}. In particular, the T; are all isomorphic so we may take
Ty =+ =T, =T and then the v; € Aut(T).

Let (t1,...,tx) € Ng(J) and let (4, (5)v2, - - -, (4)vk) € J. Then (5%, ((j)12)%2, ..., ((G)yk)t*) € J
and hence ((j)7v;)" = (j)y; = (j)%-(tl)'“ for 2 <4 < k. So since +; is bijective and j is an arbitrary
element of J, we have that (t,)v;it; ' € Z(T) for 2 < i < k. Now T is a non-abelian simple
group, and thus has trivial centre. Therefore t; = (¢t1)v; for 2 < i < k. So (t1,...,t;) € J and

Let T be a finite set, let n be a positive integer, and let W := Sym(T") wr S,, acting in product
action. Let pu : W — S, be the natural projection map. One can think of y as a permutation
representation of W. Let W; be the point stabiliser of 1 in the induced action of W on {1,...,n}.
Note that W; can be factorised as Sym(T") x (Sym(T') wr.S,,_1). Let v be the natural projection
map of Wi onto the first factor Sym(T"). Let G be a subgroup of W such that (G)p is transitive.
The component of G is defined as the subgroup (G N Wi)v of Sym(T"). Note that transitivity of
(G)p implies that the component of G is independent of the choice of stabiliser GNW,; (1 < i < n)

up to conjugacy in G. The following lemma is a restatement of a result of L. G. Kovécs [11, (2.2)].

Lemma 4.7. Let W = Sym(T") wr S,, and let G be a subgroup of W such that (G)u is transitive.
Then G is conjugate by an element of Sym(T')" NKerv = 1 x Sym(T")"~ to a subgroup of V wr S,

where V' is the component of G.
Now we consider extending a transitive action of a normal subgroup to one for the group.

Lemma 4.8. Let G be a group, K be a normal subgroup of G, and Y a subgroup of G such that
G = KY. Then G has a well-defined transitive action on [K : K NY] given by

[(KNY)a]" = (KNY)y~avy (%)

for all z,v € K and y € Y. Further if K = T" for some nonabelian simple group T and integer
k>1, and KNY = U* for some U < T, then the permutation group induced by G on [K : KNY]

is permutationally isomorphic to a subgroup of Sym([T : U]) wr Sy in product action.
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Proof. First we show that the definition in (x) is independent of the coset representative x and
the expression vy for an element of G. Suppose that v1y; = vaye and (K NY)z; = (K NY)as
for some wvy,v9, 21,22 € K and y1,y2 € Y. Thus y1y2_1 = ’U1_1U2 € KNY. We must show that
[(KNY)z ]9 = [(KNY)xz)¥2¥2, that is, (KNY)y; lzivy = (KNY)yy 'eavays. Thus we need
to prove that K NY contains

2= (yy o) (ys oy M M ye) =y ey tye = (u tye)ys H@as Dya. (k%)

Since K NY is normalised by Y, we have y; 'ys = y7  (y1y5 1) "'y1 € KNY and yy (125 ys €
K NY. Thus the element z in (*x) lies in K NY.

Now we have to prove that we indeed have a group action. It is clear that the identity element
fixes each element of [K : K NY]. Let v1,v3,u € K and let y1,y2 € Y. Then v1y1v2ys =

v1 (y1v2y7 Hy1ye and hence

(K NY)a]®)t=2v2) = (K N Y ) (y1y2) w1 (yrvayr ) (y132).-

Also

(10 O Y )oY = [(K Y Yy oy
= (KNY)y; 'yy 'aviyivays

= (K NY)(y1y2) " wo1(yrvay; ") (y192)

and therefore

([(K N Y)x]v1y1)v2y2 — [(K n Y)l,](vlyl)(’l)gyg)'

Now suppose K = T* # 1 for some nonabelian simple group 7' and integer k > 1, and suppose
KNY =U* for some U < T. Let I' = [T : U]. Note that we can identify [K : U*] with T'* via the
bijection 3 : U*(z1,...,2) = (Uzy,...,Ux;). Let G act on T'* by

(Uz1,...,Uzy)? = (((U:cl,...,U:rk)ﬂ*l)g) B

for all (Uzy,...,Ux,) € T* and ¢ € G. Clearly this action is well-defined and faithful. By
definition, the action of G on [K : U¥] is permutationally isomorphic to the action of G on T'*. It
remains to show that the subgroup of Sym(I'*) induced by the action of G on I'*, is contained in
Sym(T") wr Sy, (in product action). Note that Sym(I") wr .Sy, (in product action) is the full stabiliser
in Sym(T*) of the set of partitions P = {{(x)p; ' : 2 € T} | 1 < i < k} where p; : @ — T is the
natural projection map (Uzxy,...,Uxg) — Ux; (see the end of Section 2). By Lemma 4.5, G acts
on the simple direct factors of K by conjugation, and so it follows that G stabilises P. Therefore

G is permutationally isomorphic to a subgroup of Sym(I") wr Sy, in product action. O
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5. EXPLORING INNATELY TRANSITIVE GROUPS

In this section, we will explore some properties of innately transitive groups. As mentioned
earlier, we can choose any of at most two transitive minimal normal subgroups for a plinth. The

following lemma justifies this claim.

Lemma 5.1. FEvery finite permutation group G on € has at most two distinct transitive minimal
normal subgroups. Moreover, if K1 and Ko are distinct transitive minimal normal subgroups of G,
then Cq(K1) = K3, Cq(K2) = K1, and there is an involution of Ngym(0)(G) that interchanges K,

and Ks, and which also centralises a point stabiliser of G.

Proof. Suppose G has three distinct transitive minimal normal subgroups K;, K5, and K3. Then
each pair of the K; intersect trivially and hence any two of them are contained in the centraliser of
the third. For example K5, K3 < Cg(K1). However, by Lemma 4.2, C(K7) is semiregular and it
follows that Ky, K3, and Cg (K1) are regular and hence equal, which is a contradiction. Therefore,
there are at most two distinct transitive minimal normal subgroups of G.

Suppose now that K7 and K> are distinct transitive minimal normal subgroups of G. As was
noted above, K; = Cg(K2) and Ko = Cg(K7), and they are both regular on Q. Let K = Kj.
As discussed in Section 2, Ngym(q)(K) on Q is permutationally isomorphic to Hol(K) on K via
an isomorphism @ such that (K)f = Kg. Let G = (G)f. Now Ky = Cg(K) is mapped by 6 to
Cz(Kg) = Kr. Let  be the involution z +— z~! (z € K) in Sym(K). Then a simple calculation
shows that ~ centralises Aut(K), and \J = p, for all y € K. Thus, v interchanges K7, and Kg.
Therefore, if G is the point stabiliser of G in its action on K, then G; < Aut(K) and hence is
centralised by 7. So G’ = (KrG,)" = K;G; = G and hence v € Ngym(x)(G). The element

(7)ot e Ngym(a)(G) has the required properties. O

By the following lemma, if G is innately transitive with a regular (and nonabelian) plinth
K, then the setwise stabiliser in K of the Cg(K)-orbit ¢ containing o can be identified with
{pz : Ao € Ca(KRr)}.

Lemma 5.2. Let K = T* where T is a nonabelian simple group and k is a positive integer.
Suppose G < Sym(K) is innately transitive with plinth Kg, and let o be the orbit of 1 under
Cg(KR). Then (KR)(T = {pw A € Cg(KR)} = Cg(KR).

Proof. The Cg(KRg)-orbit of the identity is equal to o = {y~! € K : A\, € Cq(Kgr)}. Thus,
pz € (KR)o if and only if, for every y=' € K with A\, € Cg(KR), we have (y~')p, =y 'z € o,
that is, A\,-1, € Cg(KR). Therefore p, € (Kg), if and only if A\, € Cq(KR). O

The following proposition gives us necessary and sufficient conditions for an innately transitive

group to be quasiprimitive.
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Proposition 5.3. Let G be a finite innately transitive permutation group on a set Q) with plinth

K. Then G is quasiprimitive if and only if Co(K) is transitive or Co(K) = 1.

Proof. First suppose that K is abelian. Then K < Cg(K). But since K is transitive and Cg(K)
is semiregular by Lemma 4.2, then K and Cg(K) are both regular and hence equal. Recall that
each minimal normal subgroup of G distinct from K intersects K trivially and hence is contained
in Cg(K). Thus, K is the unique minimal normal subgroup of G and hence G is quasiprimitive.

Suppose now that K is nonabelian. Since K is a minimal normal subgroup of G, we have
Co(K)N K = 1. Thus, if Co(K) = 1, then K is the unique minimal normal subgroup of G and
hence G is quasiprimitive.

Suppose that Cq(K) is transitive. By Lemma 4.2(1), K is semiregular and hence regular as K is
transitive. By Lemma 4.2(2), Cgym(q)(K) is semiregular, implying that Cg (k) is also semiregular
and consequently Cg(K) = Cgym(n)(K) and is regular. Let o € Q. Since K is regular, there is an
isomorphism from Sym(Q2) onto Sym(K’) which maps K, Cg(K), and Ngymq)(K) onto Kgr, K,
and Hol(K) respectively. Let G be the image of G in Sym(K).

Then G contains K7 x Kr = Kp x Inn(K) and hence G = K x Gy where Inn(K) < Gy <
Aut(K) = Aut(T) wr S. Since Kg is a minimal normal subgroup of G, by Lemma 4.5, G induces
a transitive subgroup of S, and hence Gg permutes the simple direct factors of Kgr, K, and
Inn(K) transitively (and these actions are pairwise permutationally isomorphic). In particular,
K, is a minimal normal subgroup of G (by Lemma 4.5), so C¢(K) is a minimal normal subgroup
of G.

If M is any minimal normal subgroup of G distinct from K, then M < Cg(K) and hence
M = Cg(K). Since Cq(K) and K are transitive on {2, it follows that G is quasiprimitive. Finally,
suppose that Cg(K) is non-trivial and intransitive. Now Cg(K) is a normal subgroup of G, and

so G is not quasiprimitive. O

In the study of innately transitive groups, there are three important corner stones. They are
the “Centraliser Lemma” (4.2), “Scott’s Lemma” (4.4), and the following result, which is a gener-
alisation of [8, Theorem 4.2].

Lemma 5.4. Let G be innately transitive on a set Q with plinth K, let a € Q, and let 0 = o),

(1) For all u € K, there exists a unique element ¢, € Co(K) such that c,u € K.
(2) The map ¢ : u — ¢, is an epimorphism from K, onto Cq(K) with kernel K. In partic-
ular, K, is a normal subgroup of the setwise stabiliser K, and K, /K, is isomorphic to

Ca(K).
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Proof. (1) Let uw € K,. Then a* € ¢ and hence there exists ¢, € Cg(K) such that a* = ate’

that is a"“» = a. Since Cg(K) is semiregular on 2 by Lemma 4.2, there is a unique such c¢,,.

(2) Let ¢ : K, — Cg(K) be the mapping u — ¢,. Let k1, k2 € K. So ((k1)p, k1) and ((k2)ep, k2)
are elements of (Cq(K) x K), and hence ((k1)p (k2)¢, kiks) € (Co(K) x K),. Since kiks € K,
we have also that ((kik2)p, ki1ke) € (Cq(K) x K),. By the uniqueness proved in the previous
paragraph, (kik2)p = (k1)e (k2)p and so ¢ is a homomorphism. Let ¢ € Cg(K). Since K,

is transitive on o, there exists z € K, such that o = af.

Therefore ¢ is surjective. By the
definition of ¢, the kernel of ¢ is equal to K,. So K, is a normal subgroup of K,, and by the

First Isomorphism Theorem, Cq(K) = K, /K,. O

The next result shows that the members of a significant family of innately transitive groups
are quasiprimitive. Recall from Section 3 that an innately transitive group G with plinth K is of
Diagonal Type if and only if K is non-abelian, non-simple, a point stabiliser K, of K is a subdirect

subgroup of K, and Cg(K) = 1.

Proposition 5.5. Let G be a finite innately transitive permutation group on ) with non-abelian
and non-simple plinth K, and let o € Q. Then K, is a subdirect subgroup of K if and only if G is

quasiprimitive of Diagonal Type.

Proof. Let K =Tj x ---x Ty where each T; is a non-abelian simple group and k& > 2. Suppose first
that K, is a subdirect subgroup of K. By Lemma 4.4, K, = D; X --- X D; where | < k and for
all 4, we have that D; is a full diagonal subgroup of a subproduct K; =[] jer, Tj and the I, form a
partition of {1,...,k}. So clearly, N (K,) = Hi:l Nk, (D;). By Lemma 4.6, Nk, (D;) = D; for all
¢ and hence Ng(K,) = K,. Now Lemma 5.4 implies that K, = K, and hence that Cq(K) = 1.
Thus G is quasiprimitive by Proposition 5.3. It then follows from Theorem 4.1 and the description
of the types in Section 3 that G has Diagonal Type.

Conversely, if G is quasiprimitive of Diagonal Type, then by the description of this type in

Section 3, K, is a subdirect subgroup of K. O

For any group G and subgroup Gy, let [G : Gy] denote the set of right cosets of Gy in G and
define the right coset action of G on Gy by (Goxz)g = Go(xg) for all g € G and Gz € [G : Gy].
Note that this action of G on [G : Gy] is transitive with kernel Coreg(Gp), and Gy is the stabiliser

of the trivial coset. We now give a definition for notational convenience.

Definition 5.6. Let G be the set of all triples (G, K, G) where G is a finite group, K is a minimal
normal subgroup of G, the subgroup Gq of G is corefree, and G = KGy. Define a relation =g
on G by (G, K,Gy) =g (G', K',G}) if and only if there is an isomorphism ¢ : G — G’ such that
(K)¢ = K" and (Go)é = G,
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Lemma 5.7.

(1) The relation =g is an equivalence relation on G.

(2) If (G, K, Gy) € G, then G is innately transitive on [G : G| in its right coset action, with plinth
K. Moreover, for every g € G, (G, K,Gy) =¢ (G, K,G}).

(3) If G is innately transitive on a finite set Q0 with plinth K, then for dll o, € Q,
(G,K,Ga),(G,K,Gg) € G and (G,K,Go) =¢ (G, K,Gg). Moreover, if G has another transi-
tive minimal normal subgroup K' distinct from K, then (G, K,Gs) =¢ (G, K',G,).

(4) Two elements (G, K,Gq) and (G', K', G{,) of G are equivalent under =g if and only if the action
of G on [G : Gy] is permutationally isomorphic to the action of G’ on [G' : Gy).

Proof.

(1) Clearly =g is reflexive and symmetric, so it suffices to show that =g is transitive. Let
(G,K,Gy),(G"K',G}),(G",K",G{) € G and suppose that (G,K,Go) =¢ (G',K’',G}) and
(G',K',G) =¢ (G",K",Gj). So there exist isomorphisms § : G — G' and ¢ : G' — G”
such that (K)0 = K', (Go)f = Gy, (K0’ = K", and (G(,)0' = G§j. Now 6 o6’ is an isomorphism
from G onto G” and (K)f o ¢ = K" and (Gg)f 0 0’ = G{j. Therefore (G, K,Gy) =g (G",K",GY)

and =g is an equivalence relation on G.

(2) Let (G, K,Gy) € G. By definition of G, we already have that K is a minimal normal subgroup
of G. In the coset action of G on [G : Gy], we have that Gy is a point stabiliser. The condition
G = KGj implies that K is transitive in this action. Thus G is innately transitive on [G : Go]
with plinth K.

Let g € G and let 8 : G — G be the inner automorphism induced by ¢g. Indeed, 6 is an
isomorphism and (K)§ = K (as K is normal in G) and (Go)0 = GY. Therefore (G, K,Go) =¢
(G,K,GY).

(3) Let G be an innately transitive group on a finite set 2 with plinth K. Let a, 8 € Q. Then K
is a minimal normal subgroup of G and we have G = KG, = KGg, so G, and Gg are corefree
subgroups of G (as G acts faithfully on ). Therefore (G, K, G,), (G, K,Gg) € G. Since G is
transitive on (2, there exists g € G such that o9 = . Let § : G — G be the inner automorphism
induced by g. Then as in the previous paragraph (K)§ = K and (G,)0 = G% = Gg. Therefore
(G,K,G,) =¢ (G, K,Gg).

Suppose G has a second transitive minimal normal subgroup K’ # K. Then by Lemma 5.1,
there exists an involution g € Ngym,(0)(G) that interchanges K and K’ and centralises G, for some

a € Q. Let 6 be the automorphism of G induced by conjugating by g. Now g centralises G,
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and hence (Go)f = G4. Since (K)§ = K', we have (G, K,G,) =¢ (G,K',G,). By the previous
paragraph, it follows that this holds for all points a € Q.

(4) Let (G, K,Gy),(G',K',G}) € G. Suppose first that (G, K,Gy) =¢ (G',K',G}). So there
exists an isomorphism 6 : G — G’ such that (K)f§ = K’ and (Gy)8 = G}. Since Gy and G|, are
stabilisers of the actions of G on [G : Gy] and G’ on [G' : G{] respectively, these actions are then
permutationally isomorphic. Conversely, suppose the action of G on [G : Gy] is permutationally
isomorphic to the action of G’ on [G’ : Gj]. So there is an isomorphism 6 : G — G’ such that
(Gp)@ is a point stabiliser of G'. Also (K) is a minimal normal subgroup of G’ and G’ = (G)0 =
(KGo)0 = (K)0(Gp)d so (K)O is transitive. Thus (G',(K)6,(Go)f) € G and is equivalent to
(G, K,Gp) under =¢g. By part (3) (used twice), we have that (G, (K)0, (Go)0) =¢ (G', K',Gy).
So since =¢ is transitive, we have (G, K, Gy) =¢ (G, (K)0,G{) =¢ (G', K',G}). O

Now we present another property of innately transitive groups, the importance of which will be
made clearer in Section 6. For L < Aut(K), we say that K is L-simple if the only L-invariant
normal subgroups of K are 1 and K. This definition has been used, for example, in Aschbacher’s

book [1, p.23].

Proposition 5.8. Let (G, K,Go) € G, let Q = [G : Gy, let a« = Gy € Q, and let 0 := oS,
Let L be the subgroup of Aut(K) induced by the conjugation action of Go on K. Then L = Gy,
K is L-simple, and LNInn(K) = Inng_ (K). In particular, if K is abelian, then K is elementary
abelian and L is an irreducible subgroup of GL(K).

Proof. Let J be a proper L-invariant normal subgroup of K. Since J is L-invariant, J is normalised
by G, = Go. Now G = KG,, (since K is transitive) and hence J is normalised by G. But since K
is a minimal normal subgroup of G, and J is a proper subgroup of K normalised by G, we have
that J must be trivial. Therefore, there are no nontrivial proper L-invariant normal subgroups
of K. Let v : G — Aut(K) be the natural map induced by the conjugation action of G on K.
Note that Kery = Cq(K), Go = Co(K)Gq, and L = (G4)y = (G,)y. Since G, N K = K, we
have LNInn(K) = (Go)yN (K)y 2 (Go N K)y = (Ky)y = Inngk, (K). So it suffices to show that
(Go)yN(K)y C (G,NK)y. Let x € K and suppose that (z)y € (G5)y = (G4)y. Then there exists
g € G, such that (z)y = (g)v. This implies that zg~! € Ker~y and hence 2 € Cg(K)G, = G,.
Therefore x € G, N K and (G, )y N (K)y C (G, N K)y.

Now suppose K is abelian. Since K is minimal normal, it is elementary abelian and is thus the
additive group of a vector space with automorphism group GL(K). Since K is L-simple, it follows

by definition that L is irreducible. O
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6. CONSTRUCTING INNATELY TRANSITIVE GROUPS

In this section, we give a method for constructing innately transitive groups from certain abstract
group theoretic information. It turns out that the subgroup L of Aut(K) defined in Proposition 5.8
and the epimorphism ¢ defined in Lemma 5.4 together with the plinth, are the crucial ingredients
for understanding an innately transitive group. We call such a triple (K, ¢, L) an innate triple and

define these triples synthetically below.

Definition 6.1. A triple (K, ¢, L) satisfying the three conditions below is called an innate triple.
(1) K = T* where T is a simple group (possibly abelian),
(2) ¢ is an epimorphism with domain a subgroup Ky of K, with kernel corefree in K, and if
K is abelian, then Ky = K,
(3) L is a subgroup of Aut(K) such that K is L-simple, Ker ¢ is L-invariant, and LNInn(K) =
Inng, (K).

We denote by D the set of all innate triples.

Remarks 6.2.
(i) We note that if K is elementary abelian, then condition (2) implies that Ker ¢ = 1 and ¢ has
domain K so that Im¢ = K.

(i) By Proposition 5.8, if (G, K,Gqo) € G, and L is the subgroup of Aut(K) induced by Go acting
by conjugation on K, then L satisfies (3), and the map ¢ defined in Lemma 5.4 satisfies (2) and
hence (K, p, L) is an innate triple.

Let A : G — D be the function which maps each (G, K,Gp) to the corresponding (K, ¢, L)
where ¢, L are defined with respect to Gy. We will show that A induces an equivalence relation

on D.

Lemma 6.3. Let (G,K,Gy),(G,K,Gy) € G and let (K,p,L) = (G, K,Gy)A and (K,,L) =
(G,K,Go)A. Then (G, K,Go) =g (G, K,Gy) if and only if the following hold.
(

1)
(2) There is an isomorphism © from Im ¢ onto Imep.
3)

(

Proof. Let Q = [G : Gol, @ = [G,G), a = Gy € Q, and @ = Gy € Q. Let 0 = o) and
7 = a%®) We will prove the forward direction first. Since (G, K,Go) =¢ (G, K, Gy), there is
an isomorphism ® : G — G such that (K)® = K and (G¢)® = Go.

Let 0 = |k, let © = ®|c, k), and let 7 € L. Then there exists g € G, such that (z)7 = g~ 'zg
for all z € K. Note that (g)0 € Gz. Let y € K. Then y = ()0 for some x € K. So (y)0~'r6 =

There is an isomorphism 6 from K onto K such that L = 60~1L6.

0op=po® on the domain Dom ¢.
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()70 = (9 xg)0 = ()0 'y(9)0 and hence 67170 € L. So 6~ 1L is equal to L (clearly they have
the same size). By Lemma 4.3, we know that ® maps C¢(K) onto Cz(K), and therefore the first
two conditions above are satisfied.

Now ® maps K, = (GoCqe(K)) N K onto Kz = (GyCxz(K)) N K. Let (z)® € Kz By the
definition of @, (z)® o @ is the unique element of Cz(K) such that (2)® ((z)® op) € Gz, but
this implies that z[(z)® o p o ®71] € G, (see Lemma 5.4). Note that (z)® € K5 implies that
(z)Popod ! € (Cx(K))P ! = Ce(K), and so by the definition of ¢, we have (z)Popo® ! = (z)¢p.
Since this holds for all x € K, the third condition is satisfied.

Now we will prove the converse. Assume conditions (1)-(3) hold. Let z € K,. Then (z)p =1
(by definition of ¢) and hence (2) 0% = (z)¢ 0 © = 1 by condition (3). Thus (2)0 € Kerp = Kg,
50 (K4)0 < Kg. Conversely, if y € K, then y = ()6 for some = € K since 6 is an isomorphism,
and (z)0 € Kerp by the definition of ®. Thus by (3), (z)p 0 © = (x)f 0o p = 1, and since © is
injective by (2), we have (z)p = 1. So z € K, and (K,)0 = K.

Note that G = KG, and G = KGg, and there are natural isomorphisms v : G, — L and
5 : Gz — L defined by (y)(g)y = g 'yg and (3)(9)7 =9 'wg forall g € G,, g € Gg, y € K, and
7€ K. Let £ : G — G be defined by (yg)¢ = (y)0(0~1(g)v0)7 ! for all y € K and g € G,.

First we will show that £ is well-defined. Let y1,y2 € K, let g1,92 € G, and suppose y191 =
Y292. S0 z = g1g5 " =y 'y2 € K, and thus ((2)0)7 = ¢(z)p = 07 10.0 = 671(2)70. Consequently
(w1 '92)0)7 = (9192 )O)T = 0" (9192 0.

Now we use the fact that 6 is a homomorphism and that 7 is invertible to obtain the equation

(y1)0)  (y2)0 = (07 (9197 )V OF "

Using the fact that 7 is a homomorphism and placing #9~! into the equation, the right hand side

becomes
(0 g1)v 007 ((g2)1) ') 71

By (1), 0=*((g:)y)*'0 € 6='LO = L for each i. So since ¥~ ! is a homomorphism, the right hand

side becomes
O g7t (0 (2D 'O 7,
and so
(42)0(0 " (92)70)7 " = (y1)0(6~ (91)70)7 .

Therefore € is well-defined.

Now we will show that ¢ is a bijection. Note by definition of ¢, that K = (K)f = (K)¢. Let
g € Go. Then (9)¢ = (07 1(9)v9)7 ' € Gg since L = §71L0. So (G4)¢ C Gg. But for all g € G,
(9)¢ = (071 (g)v0)7 ! € Gz. Now for all g € Gg, (0(g)7 1071)7)¢ = g and hence £ maps G, onto
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Gz. So (G)¢ contains ((K)E, (Ga)€) = (K,Gz) = G and hence ¢ is surjective. Now by the above

calculations, [K| = |K[, [Ga| = |Gal, and [Ka| = |Kal. So [(G)¢] = [G] = FIE = 1G] — |

Therefore ¢ is injective and hence bijective. A simple (but tedious) calculation shows that £ is a
homomorphism from G onto G, and hence ¢ is an isomorphism.

Since & maps G, onto Gy, (G, K,Go) =g (G, K,G)). O

By the lemma above, we get an induced relation on the innate triples which we formalise below.

Definition 6.4. Let =p be the relation on D defined by (K, ¢, L) =p (K, @, L) if and only if
(1) there is an isomorphism 6§ from K onto K such that L = 6~ 1L6,
(2) there is an isomorphism © from Im ¢ onto Im %, and

(3) 8o = po O on the domain Dom ¢.
Lemma 6.5. The relation =p is an equivalence relation on D.

Proof. This follows immediately from Lemma 5.7(1) and Lemma 6.3. O

We now give a construction of an innately transitive group, given an innate triple.

Construction 6.6. Let (K, p, L) be an innate triple and let Ko = Dom ¢ and H = Graph(yp) =
{(w)pu : v € Ko} <Imy x K. Then let X := (Imp x K) x L where L acts on Imp x K by
((w)py)™ = (u)y™ for allu € Ko, y € K, and 7 € L. Let X act by right coset multiplication on
0= [X:HL).

Note that the action of L on Im ¢ is well-defined since Ker ¢ is L-invariant by property (3) of
Definition 6.1.

Proposition 6.7. The kernel of the action of X on Q (as described above) is Z := {(x)p T tp-1 :
x € Ko}, and X/Z is innately transitive and faithful on Q (in its induced action) with plinth
KZ/Z = K. Moreover Z is centralised by Imp x K, and Cx/z(KZ/Z) =Im pZ/Z = Im .

Proof. By Definition 6.1(3), K is L-simple and hence K is a minimal normal subgroup of X. The
kernel of the action of X on Q is Corex (HL), a normal subgroup of X. Thus K N Corex(HL) is
also normal in X, and K NCorex(HL) < KN(HL) = KNH = Ker ¢ which is a proper subgroup
of K by Definition 6.1(2). Therefore K N Corex(HL) = 1. It is also true that L intersects
Corex (HL) trivially, as the following shows. Suppose 7 € L N Corex(HL) and y € K. Then
y~Yy 7=y 7y € Corex(HL) and hence y~'y™ ' € K N Corex(HL) = 1. Therefore y7 =y
for all y € K and so 7 =id. Thus L N Corex(HL) = 1.

Let u,z € Ky, let y € K, and let 7 € L. By Definition 6.1(3), Ky is L-invariant and

hence 27 € Ko. Thus ((z)pxt,-1)" = (27)pr7t(y=)-1 € Z, and hence Z is L-invariant. Since
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Lloy®i, 1 = (x)pxiy-—1, Z is centralised by K. Also since

(@)pzep-1)¥ = (2)py~ i1y = (x)py~
(™) (@) gty (u)p = (u™ z)pa(u®)pr,—1 = (u”
centralised by Im . Thus Z is normal in X and centralised by Im ¢ x K. Since Z < HL, it follows
that Z < Corex (HL).

Now let (u)pyr € Corex(HL) where u € Ko, y € K, and 7 € L. Then (u)pyr € HL and

Lou®)pxi,—1 = (x)pxiy—1, it follows that Z is

hence (u)py € H, whence y € Ko and (u)¢ = (y)e. Also, (y)pyr,—1 € Z < Corex(HL), so
(Weyey-1)" (y)pyr = 1,7 € LN Corex(HL) = 1. So 7 = 1,-1 and (u)pyr = (y)pyt,— € Z.
Thus Corex(HL) = Z.

Therefore X/Z acts faithfully on , and since X = K(HL), the normal subgroup KZ/Z is
transitive. Moreover, since K is a minimal normal subgroup of X, it follows that KZ/Z = K
is a minimal normal subgroup of X/Z, so X/Z is innately transitive with plinth KZ/Z. By
Lemma 4.3, Cx,z(KZ/Z) = Cx(K)/Z, so we need to determine Cx (k). Since Im ¢ centralises
K, we have Cx(K) = (Imp)Cx(K). Let yr € Ckxr(K) where y € K and 7 € L. Then for
all v € K, (v)T = yoy~! = (v)uy-1, that is, 7 = 1,-1 € LN Inn(K), which by Definition 6.1(3),
is equal to Inng, (K). Note that y € Ky in both cases where K is abelian or not, and hence
yr = (v )e((y)eyt,—1) € (Imp)Z. Therefore Cx(K) < (Im¢)Z, and we have already seen that
Im ¢ and Z centralise K, so Cx(K) = (Im¢)Z as required. O

7. CHARACTERISING INNATELY TRANSITIVE GROUPS

Let ' : D — G be the function which maps each (K,p,L) to the constructed element
(X/Z,KZ/Z,[X : HL]) arising from Construction 6.6. We prove that I and the map A : G — D
defined before Lemma 6.3 preserve equivalence (see Theorems 7.2 and 7.3) and induce a bijection

between equivalence classes on D and G (Proposition 7.4). This enables us to prove Theorem 1.1.

Lemma 7.1. Let (K,¢,L) and (K,®,L) be innate triples. If (K,¢o,L) =p (K,p,L), then

(K, ¢, L)' =¢ (K, 9, L)I".

Proof. Suppose (K, ¢, L) =p (K,p, L) for two elements (K, ¢, L) and (K,p,L) of D. Let X, Z
and H be the groups arising from (K, ¢, L) in Construction 6.6 and similarly let X, Z, and H be
the groups arising from (K, $, L). First we will show that there is an isomorphism from X/Z onto
X/Z. We know by Definition 6.4 that there are isomorphisms 6 : K — K and © : Imp — Im .
So X = ((Img)O x (K)#) x 6~1LH. Let ® : X — X be defined by (cy7)® = (c)O(y)0(0~176) for
all c€Imy, y € K, and 7 € L. It is clear that ® is a well-defined bijection from X onto X. We
will show that ® is a homomorphism. Let ¢1,c2 € Imp, y1,y2 € K, and 71,75 € L. Note that

(c3 )0y )B(61r10) = (5 OB~ m10)((y5' )™)8 = (61710 (c2)©(y2)6 using the properties
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of Definition 6.4. Thus

-1 -1
(C1y1Ticoy2Te)® = (Cllelcszl leszlTsz)@ = (010;1 y1y§1 (mi7m2))®

1

= (e1c5 ) (vl ) (0~ 1i70)
— ()0 W)F (5 )0 (w5 )8 (6~ n0) (0 726)
= (c1)0O (y1)0 (0*17—10)(02)@ (y2)0 (9717_20)

= (C1y17'1)‘1> (02y27‘2)q’-

Therefore ® is an isomorphism from X onto X. Now we will show that ® maps Z onto Z. Let
(u)puty— € Z. Then ((u)put,—1)® = ((u)p)O (u)0 (0 r,-10) = ((1)0)@ (w)0 t((4)9)-1- Therefore
® maps Z onto Z. So there is an induced isomorphism @' from X/Z onto X/Z given by Zx
Z(z)® for all x € X.

Now the stabiliser of the trivial coset HL in the action of X/Z is simply HL/Z. Moreover
(HL/Z)®' = (HL)®/Z = HL/Z which is the stabiliser of the trivial coset in the action of X /Z.
Finally (KZ/2)® = (KZ)®/Z = KZ/Z, and hence (K, ¢, L)I =g (K, 5, L)T. O

By the comments preceding Lemma 6.3, every finite innately transitive permutation group
gives rise to an innate triple under the map A defined just before Lemma 6.3. Furthermore, by
Proposition 6.7, this innate triple gives rise to a finite innately transitive permutation group under
the map I' defined above. The next theorem proves that this group is permutationally isomorphic

to the one we started with.
Theorem 7.2. Let (G,K,Go) € G. Then (G, K,Go)AoT =g (G, K, Gy).

Proof. By Definition 5.6, G is innately transitive on Q := [G : Gy acting by right multiplication.
Let « = Gy € Qand let v : G — Aut(K) be the natural map induced by G acting by conjugation on
K, let ¢ be the epimorphism arising from (G, K, Gy) (as defined in Lemma 5.4), and let L = (Go)~y
so (K,¢,L) = (G, K,Gy)A. Let X be the group constructed in Construction 6.6 from (K, ¢, L).
Let 6 : X — G be defined by ((u)oy(g)y)8 = (u)pyg where u € Domp, y € K, and g € Gy. It
is clear that 0 is onto. Let (u1)py1 (91)7, (u2)pya (g2)y € X, where uy,us € Ko, y1,y2 € K, and
g1, 92 € Go. Then,

—1 -1
() y1 (91)7 (u2)py2(g2)y = (uluggl ”) ey 7 (9192)7

= (u1g1u297 e y1919297 ' (9192)7

= (u1)@(gruagy e y1919297 " (9192)7-
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So,

[(u1)pyr (91)7 (u2)pya(g2)7] 0 = (u1)p(g1uagy e y1g1Y292
= (u1)ey191 (91 (g1u2gy ") eg1) Y292
= (u1)<py191 (U2)<Py292

= ((u1)py1 (g1)7) 0 ((u2)p y2 (92)7) 0.

Therefore, 6 is an epimorphism. Let H = Graph(p) = {(z)p 2 : € Dom ¢}. Now (u)py(g)y €
Ker 6 if and only if (u)py = g~'. But g~ € Gy, (u)py € Im (p) x K and (Im (¢) x K) NGy = H
(by definition of ¢), so Ker = {h(h™Y)y : h € H} = Z. So there is an induced isomorphism
& : X/7Z — G given by (Zz)® = (z)0 for all x € X. Now HL/Z is a point stabiliser of the action
of X/Zon[X :HL|and (HL/Z)® = (HL)0 = HG, = Gy, by definition of §. Also (KZ/Z)® = K
and so (G, K, [G: Go)|) =¢ (X/Z,KZ/Z,HL/Z). O

The next theorem is an analogous result for I" o A.
Theorem 7.3. Let (K,¢,L) € D. Then (K,p,L)T o A =p (K, ¢, L).

Proof. Let (K, ¢, L) be an innate triple and let (X/Z, KZ/Z HL/Z) = (K, ¢, L)T acting on 2 =
[X/Z : HL/Z) with X, H, Z as in Construction 6.6. Let (K, %, L) = (K,p, L)ToA. So K = KZ/Z
and L = LZ/Z. Let § : K — K be the isomorphism arising from the Second Isomorphism
Theorem, that is, the map y — Zy. Let 7 € L. We will show that 6717 € L, thus satisfying
the first condition of Definition 6.4. For all y € K, we have (Zy)0~170 = Z(y™) = Z(t7lyr) =
(Z7)"Y(Zy)(ZT). Since T € HL, we have 67170 € L.

Note that Dom @ = (Dom ¢)Z/Z and by Proposition 6.7, Imp = Cx,z(KZ/Z) = (Im¢)Z/Z.
Let © : Imyp — Im® be the isomorphism (u)p — Z(u)p. This is the isomorphism required in
(2) of Definition 6.4. For all x € Dom, (Zz)pZx = Z((x)px) € ZH. By the definition of O,
(x)(p 0 ©) = Z((x)p), and by the definition of 6 and @, (z)(0 o P) = (Zx)p = Z((x)p). Thus

©0O = fop on Dom ¢, and so condition (3) of Definition 6.4 holds. So (K, ¢, L) =p (K,%,L). O
Now we prove Theorem 1.1.

Proof of Theorem 1.1. Let G be an innately transitive group on a set ) with plinth K, and let
a € Q. Then (G, K,Gqy) € G where Gy = G,. By Theorem 7.2, (G, K,Go) =¢ (G, K,Gy)AoT.
So G on ) is permutationally isomorphic to a permutation group constructed by Construction
6.6. By Proposition 6.7, every permutation group constructed by Construction 6.6 is innately

transitive. O
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The next result is a culmination of all the results we have derived so far in this section. Basically,

we can transfer our study of innately transitive permutation groups to the study of innate triples.

Proposition 7.4. The maps A and T' induce mutually inverse bijections between G/ =g and

D/ =p.

Proof. Let f : D/ =p— G/ =g be the map defined by ([(K,p,L)]p)f = [(K,p, L), for
all equivalence classes [(K,¢,L)], € D/ =p. By Lemma 7.1, f is well-defined. By Theo-
rem 7.2, it follows that f is surjective. Suppose ([(K,¢,L)|p)f = ([(F,@,f)}D)f for some

(K,p,L),(K,%,L) € D. Thus (K,p, L)T' =g (K,p,L)T, and so by Proposition 6.3 and Defi-

nition 6.4, (K, p, L)T o A =p (K, p, L). Finally by Theorem 7.3, we have (K, ¢, L) =p (K, %, L).

Hence f is injective. O

The innately transitive types given in Section 3 can be characterised by structural properties of
permutation groups such as whether the plinth is abelian, regular, simple, or has trivial centraliser.
So in characterising finite innately transitive permutation groups as innate triples, it is useful to

translate the properties used to separate the types into properties of innate triples.

Lemma 7.5. Let (K, p, L) be an innate triple and let (G, K,Go) = (K, ¢, L)T and Q = [G : Go].
Then

(1) K is regular on § if and only if Kerp = 1,

(2) Co(K) =1 if and only if Imp = 1, and

(3) Cq(K) is transitive on Q if and only if Dom ¢ = K and Ker ¢ = 1.

Proof. First recall that G = X/Z, K = KZ/Z, Q) = [X : HL], and Gy = HL/Z with X, Z, H
as given in Construction 6.6. We know already from Proposition 6.7 that Cq(K) = ImpZ/Z =
Im ¢ and it is simple to calculate that the stabiliser in K of the point o = HL is equal to
KerpZ/Z = Kerp. So (1) and (2) follow. For (3), observe that since Cg(K) is semiregular, it
is transitive if and only if K is regular (see Lemma 4.2), that is |Cg(K)| = |K|. However by
Lemma 5.4, |Cq(K)| = |Dom ¢|/|Ker ¢| and hence |Cq(K)| = | K| if and only if Dom ¢ = K and
Kerp = 1. g

Recall that K is isomorphic to KZ/Z and so properties of the plinth such as being abelian or
simple are also known from the innate triple. Define an innate triple (K, ¢, L) to be quasiprimitive

if (K, p, L)T is quasiprimitive. We have the following corollary to Lemma 7.5.

Corollary 7.6. An innate triple (K, p, L) is quasiprimitive if and only if either Dom ¢ = Ker ¢
or Domyp = K and Kerp = 1.

Proof. Follows from Lemma 7.5 and Lemma 5.3. g
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Note that we could also give an analogue of primitivity for innate triples. Recall that a transitive
permutation group G is primitive, on a set of more than one element, if every point stabiliser of G
is a maximal subgroup of G. Let (K, p, L) be an innate triple. By Construction 6.6, we see that

(K, ¢, L)T is primitive if and only if Graph(p) x L is a maximal subgroup of (Im ¢ x K) x L.

8. FRAMEWORK FOR A PROOF OF THEOREM 1.2

In this section, we prove first that every permutation group G with a normal subgroup K
satisfying one of the types described in Section 3 is innately transitive with plinth K (see Lemma
8.1). We then give a framework for completing the proof of Theorem 1.2 namely we outline our

program to show that each innately transitive group satisfies the conditions of one of these types.

Lemma 8.1. Fach group G with normal subgroup K of one of the types described in Section 3 is

innately transitive with plinth K.

Proof. Let G be a group belonging to one of the types listed in Section 3, and let K be the
corresponding normal subgroup of G. Clearly in the cases Abelian Plinth, Simple Plinth, and
Regular Plinth, K is a transitive minimal normal subgroup of G. Suppose G is of Diagonal Type.
Then K is a minimal normal subgroup of G since G acts transitively on the simple direct factors
of K (see Lemma 4.5). Now for some proper divisor [ of k, T*/! acts transitively on a set A and
Q2 = Al. So by definition of product action, K acts transitively on 2.

All that remains is to show that if G satisfies the conditions of Product Type, then G is innately
transitive. Now since G,, projects onto a transitive subgroup of Sy, it follows that G is transitive
on the simple direct factors of K. So by Lemma 4.5, K is a minimal normal subgroup of G. We
want to show now that K is transitive on €2, that is, |K : K| = |Q]. First note that |Ky : K| is
equal to the size of a cell of ¥, which is in turn equal to |[Q|/]¥]. So |K : K,| = |K : Ky||Ky :
Ko = |9[(|/|¥]) = |€2]. Therefore, K is transitive on  and so G is innately transitive. O

From now on, assume G is innately transitive on a set 2 with plinth K. If K is abelian,
then by Proposition 5.3, G is quasiprimitive and by Theorem 4.1, G is of Abelian Plinth Type as
described in Section 3. So assume K is non-abelian. Recall from Proposition 5.3, that if G is
not quasiprimitive, then Cg(K) is nontrivial and intransitive. Suppose next that K is a simple
group. If G is quasiprimitive, then by Theorem 4.1, G is of Holomorph of a Simple Group Type
or Almost Simple Type as described in Section 3. On the other hand, if G is not quasiprimitive,
then G satisfies all the conditions of Almost Simple Quotient type given in Section 3. We can
also characterise Simple Plinth type by observing the following simplification of the conditions of

Definition 6.4 for (K, ¢, L) to be an innate triple when K is a nonabelian simple group.
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Lemma 8.2. Let K be a finite non-abelian simple group, let ¢ be an epimorphism with domain
Ky < K, and let L < Aut(K). Then (K, ¢, L) is an innate triple if and only if Kerp # K and
LNInn(K) = Inng, (K).

Proof. The second condition of Definition 6.1 is that ¢ is an epimorphism with domain a subgroup
Ky of K such that Ker is corefree in K. Since the core of Ker ¢ is a normal subgroup of K,
and K is simple, Ker ¢ is corefree if and only if Coreg (Ker ¢) # K. Finally Coreg (Ker ¢) # K is
equivalent to Keryp # K.

The third condition of Definition 6.1 is that K is L-simple and LNInn(K) = Inng, (K). Since K
is simple, clearly K has no proper nontrivial L-invariant normal subgroups, and K is automatically

L-simple. O

So now let us assume that K is not simple. Let K = T* for some non-abelian simple group T’
and integer k > 1. Since G = KG, and K is a minimal normal subgroup of G, then by Lemma
4.5, G, is transitive on the simple direct factors of K and G, normalises K,. For i € {1,... k},
let m; : K — T; be the natural projection map of K onto the ith simple direct factor 7; of K. Then
G, permutes the (K,)m; transitively and thus they are pairwise isomorphic.

By Proposition 5.5, if K, is a subdirect subgroup of K then G is quasiprimitive, and by Theorem
4.1, G and K satisfy the conditions of the Diagonal Type as described in Section 3. Thus we may
assume that K, is not a subdirect subgroup of K. We have two cases; K, = 1 (i.e. K is regular)
or, K, # 1 and (K,)m; is a proper subgroup of T; for all . In the next section we examine these
cases in more detail and in particular, we prove that if K, # 1 then (G, K, Q) satisfy the conditions
of the Product Type in Section 3. In Section 10, we analyse the sub-case where K, is trivial and
prove that G satisfies the conditions of Twisted Wreath type, Product Quotient type, Diagonal
Quotient type, or Holomorph of a Compound Group type. This will then complete the proof of
Theorem 1.2.

9. INNATELY TRANSITIVE GROUPS PRESERVING PRODUCT DECOMPOSITIONS

In this section, we characterise innately transitive groups (G, K, Go) where K is nonabelian,
nonsimple, and a point stabiliser K, is not a subdirect subgroup of K (including the case when
K, =1). Let Gproq be the set of all such (G, K, Gy). Note that G,,0q is closed under the equivalence
relation =g. We shall, in particular, complete the proof of Theorem 1.2 in the case where K, # 1
(see Lemma 9.4). In addition, we prove Theorem 1.3 (after Corollary 9.9).

We construct, from a given element of Gp.,q & new innately transitive group that preserves a

product decomposition of the underlying set. We use the notation introduced at the end of Section
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8. Since the (K, )m; (1 <14 < k) are permuted transitively by conjugation by G, we may identify
each T; with T in such a way that (K, )m; = U is independent of i.

Construction 9.1. Let (G, K,Gy) € Gproq where K = T* for some nonabelian simple group T
and k> 1, let Q=[G : Gy, a« € Q, and let U = (K, )m; for alli € {1,...,k}. Let ¥ := [K : UK]
and let K'Y be the permutation group of U induced by K by right multiplication. Let Y = U*G,
and let G¥ be the permutation group of W induced by the action given in Lemma 4.8 (noting that
KNGo=U"). The output of this construction is the triple (G¥, K¥, V).

Proposition 9.2. Let (G, K,Gy) € Gproa, where K = T* for some nonabelian simple group T and
k> 1, and let (GY,KY,GY) be the triple constructed from (G, K, Gyo) via Construction 9.1. Then
(1) (G KY,G¥) € Gyroa,
(2) Cev(KY) = Ca(K)Y,
(3) W can be identified with a cartesian product of k copies of a set ¥y and the component V
of G¥ in Sym(Wy) is innately transitive of Simple Plinth type with plinth T. Moreover G
is congugate in Sym(¥) to a subgroup of V wr Sy < Sym(W¥o) wr Sy and G projects onto a

transitive subgroup of Sk.

Proof.

(1) Let ¢ = U* € W so that Gy =Y. Since Y contains G, it follows that ¥ may be identified with a
G-invariant partition of  with cells of size |Y : G| = |[U* : K,|. Since G = G, K = YK, it follows
that K'Y is a transitive minimal normal subgroup of G¥, so G¥ is innately transitive with plinth
KY. Thus (GY,KY,GY) € G. Now K'Y is isomorphic to K (since K acts faithfully on ¥) and hence
KY is nonabelian and nonsimple. Also K, = K NY = U* and for each i, U = (Ky)m; = (K, ).
Hence K, is not a subdirect subgroup of K. Therefore, (GY, KY,GY¥) € Gprod-

(2) The map g — g¥ is a well-defined epimorphism from G onto GY, and its restriction to K is
an isomorphism from K onto K7 (since K acts faithfully on ¥). So by Lemma 4.3, Cg(K)Y =
Cau (KY).

(3) Since Ky = U*, it follows from Lemma 4.8 that we can identify ¥ with the Cartesian product
of k-copies of Wq := [T : U] in such a way that G¥ < Sym(¥,) wr S, in product action. Since the
action of G on the simple direct factors of K is transitive, G projects onto a transitive subgroup
of Si. Let Gy be the stabiliser of 1 in this action and let v : G; — Sym(¥y) so that V = (Gy)v
is the component of G in Sym(¥y). Note that K < G, (K)v = T acts transitively on ¥q, and
T is a minimal normal subgroup of V. Thus V is innately transitive with simple plinth 7" and
KCGn (Sym(\Ilo)k). Applying Lemma 4.7, we get that G is conjugate in Sym(¥,) wr Sy, to a

subgroup of V wr Sj. g
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In the case that K acts regularly on 2, we can say even more.

Corollary 9.3. Let (G, K,Gy) € Gproa, let T, Q, ¥, Uy, V be as in Construction 9.1 and Propo-
sition 9.2, and suppose K acts regularly on Q. Then Q = ¥, and we may identify Vo with T so
that TR <V < Hol(T). Moreover, one of the following holds:

(1) G is quasiprimitive of Twisted Wreath type or Holomorph of a Compound Group type, and
V' is of Almost Simple type or Holomorph of a Simple Group type respectively,

(2) K, is a proper subdirect subgroup of K andV is of Holomorph of a Simple Group type, or

(3) K, is not a subdirect subgroup of K and V is of Almost Simple Quotient type.

Proof. Since K, =1 and K, is a subdirect subgroup of Ky, it follows that U = 1. Thus K, =1
and hence |¥| = |K| = |Q|, So in this case, @ = ¥ = W, and hence by Proposition 9.2, G is
conjugate in Sym(Q2) to a subgroup of V wr S, < Sym(¥g)wrSg. Moreover, ¥y = [T : U] in this
case may be identified with T" and T is a regular normal subgroup of V', so we may identify T
with Tr and hence Tr < V < Hol(T)). Under this identification, Kr = Tk < G < Hol(K) and
Ce(K)=GnNKj.

Suppose that Cq(K) = 1 or Cg(K) = Kj. Then by Proposition 5.3, G is quasiprimitive
and by Theorem 4.1, G is of Twisted Wreath type or Holomorph of a Compound Group type
respectively and (1) holds. Thus we may assume that Cg(K) # 1 and |Ce(K)| # |K|. Now
(Ca(K) x Kp)v =2 (Cq(K))v x Tg. Since Cg(K) is G-invariant and G is transitive on the simple
direct factors of K, it follows that the projections of Cg(K) to the simple direct factors of K,
are pairwise isomorphic. In particular, (Cg(K))v # 1. If (Cq(K))v # T, then Cg(K) is not a
subdirect subgroup of Ky, and hence K, is not a subdirect subgroup of K and (3) holds. On the
other hand if (Cq(K))v = T, then Cg(K) is a subdirect subgroup of Ky and K, is a subdirect
subgroup of K and (2) holds. O

Let @ : Gproa — Gprod be the map where for each (G, K, Go) € Gproa, the image (G, K,Go)Q =
(GY,KY,GY) is the element of Gprod constructed from (G, K, Gy) via Construction 9.1. Corollary
9.3 elaborates on the case where K is regular. Suppose now that K is not regular and recall that

K, is not a subdirect subgroup of K.

Lemma 9.4. Let (G,K,Go) € Gproda- Then G is of Product Type (as described in Section 3) if
and only if K is not reqular. In this case, the group V in Proposition 9.2 is of Almost Simple type
or Almost Simple Quotient type.

Proof. Let (G, K,Go) € Gproa and let (GY, K'Y, ¥) = (G, K,G)Q. As in Proposition 9.2, suppose
K = T* for some nonabelian simple group T and k > 2, and let Q: [G : Go], @ = U, and ¥ = Wk

for some set Wy. Let ¥ € ¥ such that @ € ¥. The innately transitive Product Type occurs



28 JOHN BAMBERG AND CHERYL E. PRAEGER

precisely in this situation where K is not regular. For suppose that K is not regular on 2. Then
K is not regular on ¥ as K, is a subdirect subgroup of K. So the simple direct factor 7" is not
regular on ¥y and hence V' has either Almost Simple or Almost Simple Quotient Type. Also by
Proposition 9.2, G projects onto a transitive subgroup of Si. The description of Product Type in
Section 3 then follows. Conversely, if G is of Product Type, then by definition K is non-regular
and K, is not subdirect in K. O

We will characterise the set Gproq in terms of its subset (Gproq)@. It is more convenient to work
with innate triples than innately transitive permutation groups, so we first determine the innate
triples corresponding to the groups given by Construction 9.1. It follows from the definition that
an innate triple (K, ¢, L) corresponds to an element of G,..q if and only if K is nonabelian and

nonsimple, and Ker ¢ is not a subdirect subgroup of K. Let Dj,,q denote the set of such triples.

Lemma 9.5. Let (G, K,Gq) € Gproa, let (GY,KY,GY) = (G, K,G¢)Q, and let (K,p,L) and
(KY, 5, E) be the elements of Dproa corresponding to (G, K,Go) and (GY, KY,GY) respectively.
Then for some ¢ € ¥, Ker ¢ = K, Dom ¢ = (Dom ¢) Ky, and L= LInng, (K).

Proof. First we consider M = G(y). Now M is a normal subgroup of G and M N K = 1, so
M < Cg(K). Recall that Cq(K)¥ = Cqu(KY) by Proposition 9.2(2). Let N be the normal
subgroup of G containing M such that N/M = Cge (KY). Then 1 = (N/M)NKY = (NNKM)/M
so NN KM = M. Since N contains M, it follows that NN K = 1. Thus N < Cg(K). On the
other hand, |Cg(K)/M| = |Cgev(KY)|, so N = Cg(K). As in the proof of Construction 9.1, we
identify W with a partition of € in such a way that « lies in the cell ). Then the Cg(K)\I,-OI"bit
& containing 1 is the set of all cells of ¥ containing at least one point of ¢ := a©c(5) It follows
that K5 contains K, Ky.

Moreover, since C(K)” is regular on ¢ with kernel M, o is the union of the |6 = |Cq(K) /M|
cells of ¥ contained in o, each of size |M|. Now |K; : Ky| = |6] = |Ce(K)/M| and |K Ky :
Ky| =Ky : K, NKy| = 6] as K, N Ky is the stabiliser in K, of ¢, one of the |5]| cells in o. Thus
K; = K, Ky, that is, Dom ¢ = K, K, = (Dom ¢)K,. Hence by Lemma 5.4, Ker ¢ = K.

Finally, L is the subgroup of Aut(K) induced by G, acting by conjugation on K. Since Gy =
GoKy, it follows that L = Llnng, (K). O

Let (Dproa)@ denote the subset of Dyoq of elements corresponding to (Gproq)@. Given an
element (G, KY,GY) of (Gproa)Q, We now give a second construction that produces a subset of
elements of Gp,oq4. The output of this construction is a subset of innate triples in D,,q Which

corresponds to a family of innately transitive groups via Construction 6.6.

Construction 9.6. Given (K, 3, L) € (Dproa)Q, let
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1) Ky be a supplement of Ker ¢ in Dom @,

(
(2) L be a supplement of Innke, 3(K) in L such that LN Inn(K) = Inng, (K),
(
(

)
)
3) M be an L-invariant normal subgroup of Ky contained in Ker @,
4) ¢ : Ko — Ko/M be the natural quotient map.

(K

Then (K, ¢, L) € Dprod.

Proof. By (4), Ker ¢ is equal to M, and is L-invariant by (3). Since Ker ¢ is corefree in K and
M < Ker@ by (3), it follows that M is corefree in K. By definition of D, we have that L is
transitive on the simple direct factors of K, so by (2), L is also transitive on the simple direct
factors of K. Hence the only L-invariant normal subgroups of K are 1 and K. Therefore K is
L-simple. Now K is nonabelian and nonsimple and since Dom ¢ is not a subdirect subgroup of K,

it follows from (1) that Dom ¢ = K is not subdirect in K. Thus (K, ¢, L) € Dproq. O

Remarks 9.7. Let (K, 3,L) € (Dprod)Q.

(i) There is always at least one output of Construction 9.6. One can set Ko, L, and M in (1)-(3)
of Construction 9.6 to be Dom @, E, and Ker ¢ respectively. We will see in Corollary 9.9 that the

element of Dproq obtained with these parameters is equivalent to (K, @, E) under =p.

(ii) By definition of (Dproa)Q, Ker @ = U* for some U < T. Recall, that if (G, K,Go) € Gproa
(where K = T%) and (GY,KY,GY) = (G, K,Gy)Q, then for ) € U, there exists a € Q such that
K, = Hle(Ka)m. By Lemma 5.4, Kerp = K, for some ¢, and since the (K, )m; are pairwise
isomorphic, Ker @ can be identified with U* for some proper subgroup U of T.

(i11) For some triples in (Dproq)@, it is possible to obtain an output different from the example in
(i). Suppose Ker g = U* for some proper subgroup U of T. If U is abelian, it is possible to have
Dom @ = Kerg = U* # 1. So in Construction 9.6, we could chose Ko = 1, which means that
Ker ¢ =1 is not subdirect in Ker @.

As explained in the remarks above, it is not always true that Ker ¢ is a subdirect subgroup of
Ker ¢. However, when Ker ¢ is a subdirect subgroup of Ker ¢, it turns out that the corresponding

output of Construction 9.6 is equivalent to (K, 3, L).

Proposition 9.8. Let (K, ¢, L) € Dyroaq be obtained from (K,3,L) € (Dproa)@ by Construction
9.6. Then (K, p, L)T' € Gproq. Moreover (K, o, L)T o Q corresponds to an innate triple equivalent
to (K, @, ) if and only if Ker ¢ is a subdirect subgroup of Ker .

Proof. Let (K, @, Z) € (Dproa)Q and let (K, ¢, L) be an element of D4 obtained by Construction
9.6. Recall from Construction 6.6, that (K, ¢, L)I' = (G, K,Gy) where G = X/Z, K = KZ/Z,
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and Gy = Graph(¢)L/Z acting on Q@ = [X : Graph(¢)L], where X = (Imp x K) x L and
Z = {(z)pzi,—1 : * € Dome}. Since (K,,L) € Dproq, K is nonabelian and nonsimple, and
Ker ¢ is not a subdirect subgroup of K. Therefore K is nonabelian and nonsimple. The point
stabiliser of the trivial coset Graph(yp)L in K, is equal to (Graph(p)L/Z) N K = (Ker p)Z/Z, and
is not a subdirect subgroup of K. Therefore (K, ¢, L)I' € Gprod-

Suppose Ker ¢ is a subdirect subgroup of Ker ¢. Then Ker p = Hle(Ker ©)m; where 7; is the
natural projection map of K onto its ith simple direct factor. Now we apply Construction 9.1 to
obtain (K, ¢, L)' 0 Q. Let (K,p, L) be the element of D,,q corresponding to (K, ¢, L)' o Q. We
verify th three conditions of Definition 6.4 to show that (K,%, L) =p (K, ¢, L). As in the proof of
Lemma 9.5, the domain of ¢ is (Dom ¢)(Ker ¢) and so ¢ maps Dom ¢ onto Im @.

Let # : K — K be the isomorphism which maps each y € K to Zy € K. The domain
of ¥ is (Dom ¢)f(Kerp), and hence ¥ maps (Dom ) onto Imp. Now the natural projection
map 7; : K — (T})0, is equal to 6~! o m; 0o §. Note that (Kerp)f = (Hle(Kergo)m) 0 =
[T, (Ker o)) = [T, (Ker )0)7; = Ker g.

Let © : Im@ — Im® be the map defined by (()$)0 = ((x)8)% for all z € Dom ¢. We check
first that © is well-defined. Let (1)@ = (22)@. Then 2125 € Ker . So (2125 ') € Ker @ and
hence ((21)0)% = ((z2)0)@. Therefore, O is well-defined. By reversing this argument we see that ©
is injective. So O is a bijection, since it is clearly surjective. To see that © is a homomorphism, let
(1)@, (z2)p € Im @ where x1,22 € Dom . Then ((z1)@(z2)9)0 = ((v122)9)0 = ((z122)0)p =
((21)0)? ((22)0)% = ((£1)9)O ((2)®)O. Therefore, © is a homomorphism.

Now we show that § 0 = $0©O. Let z € Dom ¢ and y € Kerg. Then (zy)p o0 = ((2)p)0 =
((z)0)p = (zy)f o ¢. Therefore § 0o 3 = $ o O. Finally, we show that L = 9=1LO. We have,
0100 = (071LO)[0 (Innger 5(K))0] = (07 LOYINN Ker )0 ((K)0) = (07 LO)Innke5(K) = L.

Therefore, (K, 3, L) =p (K, %, L).

Conversely, suppose (K, ¢, L)T'oQ corresponds to a triple (K, p, L) of D equivalent to (K, @, L).
Then there exist isomorphisms § : K — K and © : Im$ — Im® such that 0 o = G0 ©O. So
Ker ¢ = (Kerp)d~!. Now by Construction 9.1 (and by the same argument used previously in this
proof), Kerp = ]_[le((Ker p)0)T;. So Kerp = (Hle((Ker <p)0)ﬁ) 0=t = Hle(Ker p)m; and
therefore Ker ¢ is a subdirect subgroup of Ker ¢. g

Let us review what we have found so far. It is our main objective in this section to characterise
the elements of Gproq by their quotient constructions (Gproq)@. So far we have shown that we can
complete the circle — that is, given an element of (Gproq)@ We construct (possibly several) innate

triples which yield elements of Gy, o4, and the image under @) of at least one of these is equivalent
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to the element of (Gproq)@ we started with. It remains to show that all elements of Gp,.q arise by

this process using Construction 9.6.

Corollary 9.9. Let (K, ¢, L) € Dproq and let (K'Y, , E) be the element of (Dproa)@ corresponding
to the output of Construction 9.1 applied to (K, p, L)I' so that L= LInng, (K) by Lemma 9.5,
where K1 = Ker @. If in Construction 9.6, the subgroups Ko, L, and M chosen in parts (1), (2),
and (3) are Dom @, L, and Ker ¢ respectively, then the element of D constructed from (K'Y, 5, L)

is equivalent to (K, p, L) under =p.

Proof. Tt is clear that M = Ker ¢, Ky = Dom ¢, and L satisfy the conditions of Construction 9.6.
Let 6 be the identity isomorphism of K onto itself (so clearly L = §~1L#), and let ¢ be the natural
quotient map of Ky onto C' := Ky/M. Let O : Cg(K) — C be defined by ((z)p)© = Mz. First we
show that © is well-defined. Let z1,22 € Ky and suppose (1) = (z2)¢. Then aclx;l € Keryp =
M and hence Mxy = Mz, and © is well-defined. It is clear that © is an isomorphism. Now for
all z € Domp, (2)po©® = Mz = (x)$ = (x)f o ¢ and hence § o p = p 0 © on Dom . Therefore
(K,¢,L) =p (K, o, L). O

Now we prove Theorem 1.3.

Proof of Theorem 1.3. Let G be an innately transitive group on a set 2 with plinth K. We may
assume that K is nonabelian and nonsimple, as otherwise K satisfies (1) or (2) of Theorem 1.3. Let
a € ). We have two cases; K, is or is not a subdirect subgroup of K. By Proposition 5.5 and the
description of Diagonal type in Section 3, if K, is a subdirect subgroup of K, then G satisfies (3)
or (4) of Theorem 1.3. So suppose K|, is not a subdirect subgroup of K. Then (G, K, G,) € Gprod-
Let (GY,KY,GY) = (G, K,G)Q as in Construction 9.1.

By Proposition 9.2, ¥ can be identified with k copies of a set ¥y and G¥ is conjugate to a
subgroup of V wr S}, in product action, where V is the component of G¥ in Sym(¥,). It follows
from Corollary 9.9 that G is permutationally isomorphic to an innately transitive group produced
by Construction 9.6 using the innate triple corresponding to (G, K'Y, G¥) as input.

If K is regular, then by Corollary 9.3 it follows that V is innately transitive with a simple plinth
(in all cases). Also if K is not regular, then by Lemma 9.4, V is again innately transitive with a

simple plinth. Therefore G satisfies part (5) of Theorem 1.3. U

10. INNATELY TRANSITIVE GROUPS WITH A REGULAR PLINTH

In this section, we analyse innately transitive groups whose plinths act regularly. Let G be
an innately transitive group on a set €2, let a € 2, let K be the plinth of G, and suppose K is

nonabelian, nonsimple, and acts regularly on 2, that is, K, = 1. As discussed in Section 2, we
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may can identify Q with K, identify K with Kg, identify « with the identity element of K, identify
Csym(Q) (K) with Cgymk)(Kr) = K, and identify Ngyu, o) (K) with Hol(K). Let K = Tk where
T is a nonabelian simple group and k > 2. There are four sub-cases according to the structure of
Ca(K).
(1) Ce(KR) = 1: Here G is quasiprimitive by Proposition 5.3, and by Theorem 4.1, G is of
Twisted Wreath type.
(2) Cq(KR) # 1 and Cg(KR) is not subdirect in K7: We shall show in Proposition 10.3(ii)
that G is of Product Quotient type.
(3) 1 < Cq(KRr) < Kr, and Cg(KR) is subdirect in Kp: It will turn out (see Proposition
10.3(iii)) that G is of Diagonal Quotient type.
(4) Ce(KR) = Kr: Here G is quasiprimitive by Proposition 5.3, and by Theorem 4.1, G is of
Holomorph of a Compound Group Type.

Let (Krg,p, L) be the innate triple associated to (G, Kr,G,). By Lemma 5.2, ¢ is an isomor-
phism from (Kg), onto Cq(Kgr) and (pz)p = A, for all p, € (Kgr),. The graph of ¢ is useful
for analysing this case. Recall that Graph(y) is the subgroup of Cg(Kgr) x (KRr)s) defined by
Graph(yp) = {(u)pu :u € (Kr)s)}. It has the following properties.

Lemma 10.1. Let G < Sym(K) be innately transitive with non-abelian plinth Kg, let o be the
orbit of the identity element « of K under Cq(KRgr), and let ¢ be the isomorphism from (KRr),
onto Cq(KR) given in Lemma 5.4. Then:
(1) Graph(y) is a full diagonal subgroup of Ca(KRr) X (KR)s,
(2) Graph(y) = (Cc(KR) X Kg)a, and
(3) Graph(y) = Coreg, ((Inn(Tr)¢~ ') where T is a simple direct factor of K and ¢ :
N¢. (Tr) — Aut(Tg) is the map induced by the conjugation action of G, on Tg.

Proof. Part (1) Follows from the definition of Graph(y).

(2) Since K1, x Kp = K xInn(K), K is regular on K, and Inn(K) fixes «, it follows that (K, x
KR)o = Inn(K). Now Graph(yp) is a subgroup of Cq(Kgr) x Kg, so Graph(¢) < (Cg(Kgr) X KR)a-
On the other hand Cg(KR) x Kg is transitive on K and hence

((Ca(KRr) X KRr)al = |Ca(Kr) X Kg|/|Kr| = |Ca(KRr)| = |Graph(p)|.
Therefore Graph(p) = (Cq(Kgr) X Kr)a-

(3) Let M = (Inn(Tg))¢~'. First we will show that Graph(¢) < Coreg, (M). Clearly, Graph(y)
lies in the domain N¢g_ (Tr) of ¢ and (Graph(y))¢ < Inn(Tr) since Graph(yp) < Inn(K). So
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Graph(p) < M and since Graph(¢) < G, it follows that Graph(y) < g='Mg for all g € G,.
Therefore Graph(p) < Coreg, (M).

Now we prove the reverse inclusion. For all i, let T; be the i-th simple direct factor of K,
¢i : Na, ((T;)r) — Aut((T;)g) be the induced conjugation map, and M; = (Inn((T;)r))#; *. Since
G, is transitive on the simple direct factors of K, Coreq, (M) = ﬂle M;. Let x € Coreg, (M).
Then (x)¢; € Inn((T;)g) for all . So for all 4, there exists p;, € (T;)g such that for all p,, €
(TR, v py,x = pt_ilyipti. Hence for all py, ---py, € (Th)r X -+ X (Tx)r = Kg, we have
:10*1(;)3,1 S Py )T = Pty eet) (g1 yp) (114, and therefore 2 induces an inner automorphism of K.
The subgroup inducing inner automorphisms is Ky, x Kr = Kr xInn(K) (see Section 2), and thus

x € (K x Kr) NG, = Graph(p) (by (2)). Therefore Coreg,_ (M) < Graph(yp) as required. O

Remarks 10.2. We can translate the properties of Co(KRg) in the case subdivision in Lemma

10.1 to equivalent properties for Graph(y):

(1) Ca(KR) =1 if and only if Graph(p) =1,
(2) Ca(KR) is subdirect in K, if and only if Graph(yp) is subdirect in Inn(K), and
(3) Cq(KRr) = Ky, if and only if Graph(p) = Inn(K).

We now give a structure theorem for Regular Plinth type. Recall by Corollary 9.3, that we have
G < Vwr S in product action on T* where V, the component of G, is innately transitive on T'

with a regular plinth.

Proposition 10.3. Let K = T* where k > 2 and T is a nonabelian simple group, let G <
Hol(K') = Hol(T) wr Sk, and let V' be the component of G in Hol(T').

(i) If Graph(y) = 1, then V is of Almost Simple type, K is the unique minimal normal
subgroup of G, and G is quasiprimitive of Twisted Wreath type.

(ii) If Graph(yp) is nontrivial and not subdirect in Inn(K), then V is of Almost Simple Quotient
type and G is of Product Quotient type.

(iii) If Graph(yp) is nontrivial and subdirect in Inn(K), then V is of Holomorph of a Sim-
ple Group Type, and Cg(KR) is a direct product of m full diagonal subgroups of T*
where m is a proper divisor of k. Up to permutational isomorphism, we have that
G < Nuoir)(Ca(K)) = Kg % [(A X Si/m) wrSp] and Graph(yp) = B™, where A and
B are full diagonal subgroups of Aut(T)*/™ and Inn(T)*/™ respectively. Thus G is of
Diagonal Quotient type.

(iv) If Graph(y) = Inn(K), then V is of Holomorph of a Simple Group type, and G is primitive
of Holomorph of a Compound Group type.
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Proof. Parts (i) and (iv) follow from Corollary 9.3. For part (ii), it follows from Corollary 9.3 that
V is of Almost Simple Quotient type and hence G is of Product Quotient type as described in
Section 3. It remains to prove part (iii). Let o be the orbit of the identity element of K under
Ce(KRr). By Remarks 10.2, Co(KR) is a subdirect subgroup of K. Equivalently (see the proof
of Corollary 9.3), the setwise stabiliser (Kg), is a subdirect subgroup of Kr. So by Corollary 9.3,
V' is of Holomorph of a Simple Group type.

By Lemma 4.4, there exists a positive integer m, such that Co(Kg) is a direct product of m full
diagonal subgroups of subproducts of T*. Since G, acts transitively on the simple direct factors
of K, it also acts transitively on the simple direct factors of C¢(Kg), and hence m is a divisor of
k. Now each full diagonal subgroup of a subproduct of T* is of the form {(t71,...,t"/m) ¢t € T},
where each ~; is an automorphism of T'. So the image of G under some element v of Aut(K) yields
a permutation group G = (G)v on [G : (Go)7] that is permutationally isomorphic to G on 2 such
that C4((KR)7) is a direct product of straight diagonal groups of the form {(¢,...,t) : t € T'}. We
will identify G with G.

Let ¥ = {1,...,m} where each i = {(i — 1)r + 1,...,ir} and r = k/m. Note that ¥ forms a
partition of {1,...,k}. Tt is a simple fact (see [8, Exercise 2.6.2]), that (Sk)s = S, wrS,,. We
relabel the simple direct factors of K such that (Kgr), = D1 X - - - X Dy, where each D, is a straight
diagonal subgroup of 7.

Note that Nuo(x) (Ca(KRr)) = Nsym(x)(Ca(Kr)) N (Kr @ Aut(K)) = Kp X Nawyx)(Ca(KR)).
Now 7 € Nauy(x)(Ca(KR)) if and only if A, = 771N, 7 € Cg(KR) for all \, in Cg(KRg), or
equivalently, p)r € (KRr)o where p, € (Kr)s. S0 Naut(x)(Ca(KRr)) = Aut(K)ky), in the
natural action of Aut(K) on Kr. Let (aq,...,ar)m € Aut(K) = Aut(T) wrSi. So (a1,...,a5)™
fixes (Kg), setwise if and only if 7 € (Sx)s and ag_1),41 = -+ = a4 for each i € {1,... k}.
Therefore Aut(K) k), = Ao X (Sk)s where Ag = Ay x --- x Ay and each A; is a straight diagonal
subgroup of Aut(7)". Hence Nyo(x)(Ca(KRr)) = Kr X [(A X Sk/m) wrSy,] where A is a full
diagonal subgroup of Aut(7")". By Lemma 10.1, Graph(y) = Innk,) (K) and so by a similar
argument, Graph(¢) = B™ where B is a full diagonal subgroup of Inn(7T")". Thus G is of Diagonal
Quotient type as described in Section 3. O

Finally in this section we complete the proof of Theorem 1.2.

Proof of Theorem 1.2. By the discussion in Section 8, we may assume that G is innately transitive
with nonabelian plinth K = T* where k > 2, and K, is not a subdirect subgroup of K. Thus
(G,K,Gq.) € Gprod- By Lemma 9.4, we may assume further that K is regular. In this last case the

various types of innately transitive groups are classified in Proposition 10.3. O



GROUPS WITH A TRANSITIVE MINIMAL NORMAL SUBGROUP 35
11. CONCLUDING REMARKS

We conclude this paper with some remarks.

(1) Construction 6.6 gives a general construction method for all finite innately transitive groups
up to permutational isomorphism. We designed this construction so that each innately transitive
group G determines a unique set of “input data” for this construction. In the case where G has an
abelian plinth K, we chose the subgroup Ky to be K and ¢ to be an automorphism of K. In this
case, Construction 6.6 produced a group X with an unfaithful innately transitive action having
kernel Z 2 K such that the induced permutation group X/Z is permutationally isomorphic to G.
We could equally well have chosen Ky = 1, with ¢ the trivial map, for our input data and then
Construction 6.6 would have produced a different group X with a faithful action permutationally
isomorphic to G. We decided on the former choice since for it we have Cx,z(KZ/Z) = KZ/Z so

that Proposition 6.7 holds for all cases.

(2) We would like to draw attention to the key role played by Graph(y) in the structure of
innately transitive groups with a regular plinth, and in particular, the result of Proposition
10.1(3). For the description of Twisted Wreath type of primitive groups given in [12], G = KP
where K = T} x --- x T, = T% and P = G,. The condition for these primitive groups that
P acts faithfully as a group of permutations of {Ti,...,T}}, is equivalent to the condition
Coreg, ((Inn(Tg))¢~!) = 1. In the Twisted Wreath type for quasiprimitive groups in [14], the
requirement that Coreg, ((Inn(Tg))¢~!) = 1 was explicitly stated in this form. In the more gen-
eral setting of innately transitive groups we can replace the condition “Coreg,, ((Inn(Tg))¢ 1) =17
with the natural and equivalent requirement that Graph(y) be trivial. This form of the condition
is helpful in differentiating Twisted Wreath type from other types of innately transitive groups

which involve Graph(y) in their descriptions.

(3) As mentioned in the introduction to this paper, there was until now, no general construction
method that produced all quasiprimitive groups of Product Action type. By specialising Con-
struction 9.6 to innate triples (K, @, L) with In$ = 1 and choosing M = K (see part (3) of
Construction 9.6) so that the constructed groups are quasiprimitive, we obtain a general construc-

tion for these groups.

Proposition 11.1. Let G be a quasiprimitive group on a finite set Q with plinth K, let o € Q, and
let (K, p, L) be the innate triple associated to (G, K,G,). Then G is of Product Type if and only
if there exists (K,3,L) € (Dproa)@ such that (K, p, L) is obtained by Construction 9.6 applied to

(K, @, L), with the parameters M and Ky in part (3) of Construction 9.6, equal and nontrivial.
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Proof. Let G, K, 2, and « be as given in the statement. Suppose first that G is quasiprimitive
of Product Type. Then by Theorem 4.1 and the description of Product Type in Section 3, K
is nonabelian and nonsimple, Ker ¢ = K, is nontrivial and not a subdirect subgroup of K, and
Imp = Co(K) =1. So (K,p,L) € Dproqg and by Corollary 9.9, there exists (K, 3, E) such that
(K, ¢, L) is equivalent to an innate triple obtained by Construction 9.6 applied to (K, o, Z) Now
the parameters M and Kj in part (3) of Construction 9.6 are precisely the kernel and domain of
. Since G is quasiprimitive, by Proposition 5.3, either M = Ky, or M = 1 and Ky = K. The
latter is impossible as Im ¢ = 1. Therefore M and K are equal, and since G is of Product Type,
M is nontrivial.

Conversely suppose there exists (K, 3, E) € (Dproa)@ such that (K, ¢, L) is obtained by Con-
struction 9.6 applied to (K, @, E), with the parameters M and K in part (3) of Construction 9.6,
equal and nontrivial. By Corollary 7.6, (K, ¢, L) is quasiprimitive and hence G is quasiprimitive
on Q. Since (K, ¢, L) € Dpoq and Ker p = M # 1, by definition we must have (G, K, G,) € Gprod

with K, # 1. Therefore G is of Product Type. O

(4) In many investigations involving a transitive permutation group G, the normal quotient actions
of G, play an important role (see for example [15]). These are the transitive actions of G on the orbit
sets of intransitive normal subgroups. In the case where G is innately transitive and imprimitive
with nonabelian plinth K, the centraliser Co(K) is a maximal intransitive normal subgroup of G.
If ¥ denotes the set of C (K )-orbits then the corresponding normal quotient G* = G/Cg(K) has a
unique minimal normal subgroup, namely K> = K, and hence G* is quasiprimitive. If Ce(K)=1
then G is quasiprimitive on € and of course is permutationally isomorphic to G* on X. Table 1
lists the types of innately transitive groups G that are not quasiprimitive (so 1 < |Cq(K)| < |K])

together with the types of the corresponding quasiprimitive normal quotient.

Type of G Type of G*

Almost Simple Quotient | Almost Simple

Diagonal Quotient Diagonal
Product Quotient Product Action
Product Action Product Action

TABLE 1. The quasiprimitive type of the group G* corresponding to the innately

transitive type of G.
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