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Abstract
In this paper we obtain a mean value theorem for a general Dirichlet series f(s) = > 72, a;n
with positive coefficients for which the counting function A(x) = Zn <. aj satisfies A(z) = pz+0(z )

for some p > 0 and 8 < 1. We prove that — fo |flo +it)|?dt — pBpad Lan y =29 for o > # and

obtain an upper bound for 5 < o < # We provide a number of examples indicating the sharpness
of our results.

2020 AMS Mathematics Subject Classification: 30B50, 11M41.
Keywords and phrases: General Dirichlet series, mean value theorems.

1. Introduction
Given a function defined by a Dirichlet series, f(s) = Y o2 a,n~*, the existence of the mean value,
namely

T—oo 2T

LT 2
lim — |f (o +it)|° dt,
-7

is a well-known object of study and has received much attention. First and foremost this was motivated
by attempts to understand the Riemann zeta function {(s) and more generally L-functions in the critical
strip. The mean value and indeed higher moments of {(s) play an important role in analytic number
theory. The study of these moments has a rich history dating back to the beginning of the twentieth
century with notable contributions by for instance Landau [16, Teil 24], Hardy and Littlewood [10],
and Ingham [14]. However, our understanding of these moments is still very much incomplete, and this
remains an area of ongoing research (see e.g. [15, 19, 12] and the references therein).

More generally, series of the form Z;’il ajnj_s, called general Dirichlet series, have also received much
attention (see e.g. [16, 11, 6, 7, 18]). Here (n;); is a positive strictly increasing unbounded sequence. Our
original motivation for this article has come from studying the Beurling zeta function (p(s) associated
to a Beurling prime system. Here

Cp(s) = Z % = 1—[1 P _1pjs7
s

where (P,N), P = (pj)j>1, N = (nj)j>1 is a system of Beurling generalized primes and integers [1, 8],
with a; denoting the multiplicity of n;. Recently, the second moment of Beurling zeta functions has been
studied in [9]. There, the existence of the mean value was established in certain cases, but under the
assumption of a certain separation condition on the Beurling integers n;. In this article, we study the
mean value of a general class of Dirichlet series, without assuming any separation of the n;.

Our setup is the following: let (n;);>1 be a strictly increasing unbounded sequence of positive real
numbers, and let a; > 0 for j > 1. Set A(x) = angz a;, and suppose that

A(z) = pz + O(2P), (1.1)

for some p > 0 and 0 < 8 < 1. The corresponding Dirichlet series,
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converges absolutely for Res = o > 1. In view of (1.1), f(s) — p/(s — 1) admits analytic continuation to
the half-plane 0 > 5. We are interested in the asymptotic behavior of

;/OT (o + i) dt (12)

as T' — oo. By absolute convergence of the Dirichlet series the limit exists if ¢ > 1 and is given by

2
Z]Oo 1 3= The question is, how far to the left does the mean value exist? In this article, we show that

the mean value exists if ¢ > 1£2, and that this is sharp. Second, we also show a sharp upper bound for

(1.2) in the strip 8 < o < 1;[3 . Hence, we provide a complete solution to the problem of determining the
maximal growth of the mean square of such general Dirichlet series.

Theorem 1.1
Let (nj)j>1, (a;);>1 be as above and suppose that (1.1) holds.
(a) For? o > 1 B
1 (7 ) <. a?
Th—I>r<l>oT/0 |f(o+it)|” dt Zn%
=17
(b) Uniformly for B+6 <o < % (any 6 > 0), we have
1+8—20
e ) 15— 1
= it)|“dt _—
7 | e ik < T
and where the right hand side is taken to be logT when o = #
Remark 1 (i) It follows immediately that the mean value exists for o > 32 under the slightly weaker

A(z) = px + O (2P+¢) for every e > 0.
(i) Note that a; < n/, so that

= %2‘ — 4
Do <D ap
j=1"7 j=1 "

which converges for ¢ > # Bessel’s inequality, adapted to general Dirichlet series (see the appendix),
gives
1T e N
h%glo%ff/o f(o +it) 2 dt > ;W (1.3)
Thus the convergence of the series on the right is a necessary condition for a mean value to exist. As the
RHS above may diverge for o < 5 , we cannot, in general, have a mean value for such o, as we shall
see. We shall also see that convergence of the series in (1.3) is not sufficient for f to have a mean value.
(iii) Applying Theorem 1.1 to the Riemann zeta function, we obtain that |(c + it)|> has a mean for
any o > %, simply from the fact that [z] = z + O(1) (or even O(x°) for any € > 0). This is in contrast
to all the known proofs of this result which use some further knowledge of the spacing of the integers,
either directly as in Landau [16, p. 806] (see also Titchmarsh [22, Lemma 7.2]), or indirectly such as via
van der Corput’s method for exponential sums, the Fourier series of [z], or some general form of Hilbert’s
inequality (see also the Montgomery—Vaughan Theorem below).
(iv) In [13, Theorem 1], it was proven that if the n; are the integers of a Beurling prime system?* with
multiplicities a; satisfying (1.1) with 8 < %, then for o € (8, 3), (with f(s) = (p(s))

T
| 1 inpat =@
0

2For o = 1, we start mtegratlng at t = 1 to avoid the pole.

3He shows Y m<n<T W <« T?7291og T, where m,n range over N. If, for example, n —m = e~ " -T

~ € were

possible, then the sum would be exponentlally large.
40One can show this result extends to our setting with the condition that n; > j.



for all € > 0. When 8 = 0, Theorem 1.1(b) says that

/OT (o +it)|2dt = O(T*2°)  for o € (0,1/2), and /OT‘f(; + it) ‘2dt =O(TlogT).

This shows that for 8 = 0, the mean square is quite rigid: for o > 1/2, it is asymptotic to ¢, T, for
o = 1/2 its growth is between T and T'log T, and for 0 < o < 1/2, its growth is between T272°=¢ (every
e > 0) and 7?2,

Another natural question is whether

. 1 T o _ 1 o1 N2
Tlgréom/o [flo+it)l"dt and TlféoTlogT/o ‘f<§+”)‘dt

exist. We show by example in Section 4 that they need not exist, even for ordinary Dirichlet series.

As mentioned before, the topic of general Dirichlet series was a popular area of study in the first half
of the twentieth century (see e.g. [16, 11, 6, 7, 18]). Regarding mean values, it is worth mentioning a
result of Landau [16, Satz 37, p. 793], which is somewhat related to our Theorem 1.1. This result requires
a certain separation of the sequence (n;); known as Landau’s condition:

Vo >0: Nj41 — N 6 einf. (LC)
Landau showed:

Theorem [Landau]
Suppose the sequence (n;);>1 satisfies (LC). If the Dirichlet series g(s) = Zj’;l cjn;® with complex
coefficients has abscissa of convergence o. and abscissa of absolute convergence o, then

I >
lim — )2dt =
Jim o /_T lg(o + it)|*dt ;

|c;?
2 b)
nj”

Oc+ 0q4

>
for o 5

Separation conditions such as (LC) are in fact quite common in the study of general Dirichlet series.
We emphasize that no separation is required for our Theorem 1.1. As our proofs do not require modern
techniques, it may be a little surprising that a result like ours was not obtained previously.

The paper is organized as follows. In Section 2, we prove Theorem 1.1 by means of three propositions.
Next in Section 3, we provide several examples showing the sharpness of Theorem 1.1. In Section 4,
we investigate the behavior of (1.2) on the “critical line” o = # Assuming additionally a certain
separation property of the n;, we can employ a result of Montgomery—Vaughan to show an asymptotic
formula (Theorem 4.1). Finally in Section 5, we apply Theorem 1.1 to bound the number of zeros of f(s)
to the right of o = #

We also include an appendix, where we briefly discuss an extension of Theorem 1.1 to general non-

decreasing right-continuous functions A(z), and where we provide some details on (1.3).

Notation: The various symbols O, 0, <, (2, ~ have their usual meaning. For real functions f, g defined
on neighbourhoods of infinity, f = O(g) (equivalently, f < g) means |f(x)| < Cg(z) for some constant
C and all z sufficiently large. We write f = O.(g) (or f <. g) to indicate the constant may depend on
a parameter ¢; f = o(g) means f(z)/g(x) — 0 as © — oo, f ~ g means f(z)/g(x) = 1 as x — oo, while
f=Q(g) if f # o(g). Also we use f < g (equivalently g > f) to mean f = o(g).

2. Proofs
Before proving Theorem 1.1 in full generality, we mention how Landau’s theorem and knowledge of the
mean value of the Riemann or Hurwitz zeta functions can yield Theorem 1.1(a) under (LC). This was
in fact the way in which the authors of [9] showed existence of the mean value of certain Beurling zeta
functions. We refer to their paper for more details.
Given a Dirichlet series with positive coefficients f(s) = 23011 ajn;* satisfying (1.1) and (LC), one
1=24+0(1)

considers an auxiliary Dirichlet series h(s) = >72, m; *, where the m; are such that 5 _,
= i<



and (n;) U (m;) still satisfies (LC), and such that we know the existence of the mean value of h(s) for
o > 1/2. For example, one may take m; = j + a; for a suitable sequence a; € [0,1), and compare
to a Hurwitz zeta function to establish the mean value of h(s). Then g(s) = f(s) — ph(s) satisfies the
requirements of Landau’s theorem with o. = 8 and o, = 1, so we obtain

+5

—/ flo+it)|?dt <1 foro>—"— 5

which is enough to conclude limy_, o fO |f1? = 3252, a3n;®7 by a classical result of Carlson [6].

We now return to our general setup (i.e. without a separation condition), and give the proof of
Theorem 1.1. We write o
NOERY n%

’anN J
for the partial sums.
Proposition 2.1
1
Suppose (1.1) holds. Then, for o € (%ﬁ, 1],
1 (7 <. a?
lim — 2dt =S —L
Jim 2 [ Uplo i >

as N, T — oo such that T = N*72%log N ifoc <1 and T = (logN)? if o = 1.

Proof. Fix o € ( ,1). We deal with o =1 after. We have

T
a; aiap 1
— +it)[*dt = — dt: = / dt
2 it i a= o o = Y o),
a;ap 1 k
S Y CRIC >
n;N n; n<§;;< (njng)e 2T n;
a ajars(Tlog 7-)
=D = t2 ) BN (2.1)
n,<N nj<ng<N 3k

where s(z) = #22 (with s(0) = 1). As N — oo, the first term converges to the desired limit, so we must
show the double sum converges to 0 if T = N2727 log N. We use the elementary inequality

[s(z)] < min{l, %}

First note that for a given ng, the terms with ny < ng in (2.1) contribute at most Ono( ). Thus we need
only consider ny > ng in (2.1).
For n; > nj — ng, we use |s(z)| < 1. This part of the double sum in (2.1) is, in modulus, at most

. _ _ B
) ¥ %Y be y slmghod, ol

no<ni <N ng—nl<n;<ns J no<ni <N nE>no

As 20 — B > 1, the series converges and, by taking ng large enough, this part of the sum can be made as
small as we please.
For nj <ny — n/,37 we use |s(z)| < 1 and the inequality log(%) >
modulus, at most
2 a a;ng 1 ag a; 1— aj
T2 nr 2 e ST 2 el 2 T X - (22
J

n?(ng —n, T n 5 T — Ny
nE<N njgn;rnf J( J) n<N K anM J

2T This part of the sum is, in
k

n
5 <nj<ni— nk

The part with n; < % is® < + an<N agny, 27 < N2 * 0.

5Here we use the fact that > a;n} ~ H_—Aazl‘w‘ for fixed A > —1.

n; <z J



We must estimate the inner sum in (2.2). Let K be the unique integer such that 2 < 2% nf < k.

Thus K = 110;[; logny + O(1). Then

K

2 =EDONDD =R DY -
nE —ny nNE —ny nE —ny

s r=1 2T*1nf§nk—nj<2rnf 2an§nk—nj<n7k

K r— r n n
o3 Al =277 n) — Al = 2n]) | ACE) — ACY)

nk
—r<n;<ng—n

— 2T_1n’g 2Kn£
2rnf
<Y e+ 1< K < logny.
= 2y

Thus the RHS of (2.2) is
N2729og N

1
< T Z aknllﬂ_% log g, < T ,

nkSN

Taking T' = N2~29 log N makes this o(1), as required.
For o0 = 1, all the arguments are valid but now the above sum becomes

1
Z wglogN Z Z—k<<(logN)2.
k

n
ne<N k ne<N

Proposition 2.2
Suppose (1.1) holds. Then for each § > 0, we have uniformly for o > f+ 6,

T 2
. . T 9w
/1 |f(0+2t)_fN(U+Zt)|2dt<<6W‘FNQ 20,

Proof. Write A(z) = pz + R(z), where R(z) < 2”. We have for o > 1,

e = S U [T N [T L
f6) = o) = 30 %= [ dd@) = B+ [ L an)
n; >N J
N H) [ R
os—1 C xstl de.

The integral converges absolutely for ¢ > g so the above holds in this range by analytic continuation.
Thus for t € [1,2T], we see that

| Nt ~ Rlx)
Flo+it) — (o +in) < +N0ﬁ+T’/N ) . (2.3)

Squaring and integrating gives

2

dt.

T
T
o+ 1it) — (2 2—20 2
/l\f( it) = fn(o +inldt < N +m+1/1

> _R(z)
/N —oritr1 0T

Hence we just need to concentrate on the final term. We shall show that

2T 0o
o R(x)
1= /1 /N gotit &

Instead of bounding I(T) directly we use the Fejér kernel, and bound instead

Lo g < _R(x) 12
J(T) = E/_H(l - E)J/N —rdal dt.

1

2




Note that I(T) < 4TJ ( ). Square out the integral, interchange the order of integration, and use
Flar(1- ‘tl 7)sup =82 (2Tu) = (Smgzu)f to see that

J(T) <</OO /oo MSQ(QTIOg ) dyd.

(zy)o+t

By symmetry, it suffices to bound the integral over the domain N < y < x. We split the integral over y
in three parts: N <y < max{N,z/2}, max{N,z/2} <y < max{N,z —z/T}, and max{N,x — a/T} <
y <.

We use s?(u) < min{l,u"2} and log £ > =% The contribution of the first range is bounded by

oo z/2 2, B—o—1 o B-o—1
T T
<</ xﬁfg*l/ yidydx <<5/ dx <5
N N

1
N T2 (m _ y)2 T2No—8 T2N20-28"

The second range gives

S z—z/T 12801 0 p28-20 1
o Yy X
<</ P 1/ e pdyde <</ — —dr s -
N w2 TPz —y)? N Tz TN?Z7-20

The last range finally yields

> 8 [ 8 1 > 28—20-2 T 1
o 7 dyd Te0Te L d _—
< f B e [ e <

Multiplying by T gives the required bounds for I(T).

Remark 2 Tt will be useful for later to have a version of Proposition 2.2 for [T, 2T, namely:

2T ) T2 N2—20
| 1o+ i) = il + 0P it <5 S +

The proof is identical except that in (2.3), the first term is & lea. The discrepancy arises from the fact
that fx(o 4+ it) is large for ¢ small.

For part (b) of Theorem 1.1, we require an extension of Proposition 2.1 for the range o < % We
again employ the Fejér kernel, which saves a factor of log IV over the method employed in Proposition 2.1.

Proposition 2.3
: 1+
Uniformly for o < =5~ we have

N3—2Cf—,3 N1+,3—2c7 -1
T2 + 1+8—20 "’

1 T
7/ (o + it)Pdt <
T 0

1+

and where the second term of the right hand side is taken to be log N when o = ~5=.

Proof. Clearly
2T
t
*/ |fn (o +it)|%dt < —/ ‘ | |fN( +it)[*dt.

We square out the sum, interchange integration and summation to see that the right hand side equals

Z Z aka] *(T log 2t )

n;
np<N n]<N ngn;)



By symmetry, it suffices to bound the sum over the range n; < nj. We split this range in three parts:
1 <nj <ng/2, ng/2 <n; <max{n, — ng,nk/Q}, and max{ny — nf,nk/2} < n; < ng. In the first two
2
ranges we bound s? (7T log :’L—’;) by W, while in the last range we bound it by 1. We obtain
' J
Su Y Lo el Y S N
_ T2 T2
e 'k n;<ni/2 nj *(ng =y T ne<N r
for the sum over the first range. The sum over the second range yields
2
ng n? T?(ng — n;)?

ng<N knk/2<nj<nk—nf J

. 3—20—p3
ag 2 o Q; 1 ag 2—0—8 N
— — s < = —n L —F
Z U Ny, Z (nk _ nj)2 T2 ng k T2
k<N nk/2<nj§nk—nf np <N
where we have written
] ]
3 %_/"k_"’“cm(x)_/"“"’“‘l(foﬁfw
ng —nj)% ng — )2 ng — )2
a2y e (ni — ny) nej2 (g — ) g )2 (ng — )
and integrated by parts. The sum over the last range is bounded as
SR Y Sey S
ng 14+8—20
ng<N nk—n£<nj§nk ‘7 nk<N
O

Proof of Theorem 1.1. For (a) We need only consider o < 1. Combine Propositions 2.1 and 2.2. Take N
such that N2727(log N)? < T < N?°~28_ This is possible since 2 — 20 < 20 — 23 (whenever o > 1+’8)

T
As such, # [ |f — fn[* = 0. But

1 T 1 /T 1 T 1 T
f/o |f|2:f/0 |fN|2+T/0 |ffN|2+2Re<T/O fN(ffN))- (2.4)

1
The final term is, in modulus, bounded by 2(+ fOT |fn]? - %fOT |f = f~[?)?, which tends to 0. By
Propositions 2.1 and 2.2, the RHS of (2.4) converges to the desired limit.

(b) Combining Propositions 2.2 and 2.3 with the choice N = T yields part (b) of Theorem 1.1.
O

Generalization to A(x) = 2P (logz) + O(2”(log x)?)
Here we consider the same set up but now we replace the main term of (1.1) by zP(logz) for some
polynomial P. It is natural to extend the error with an extra log term too. Assume

A(z) = zP(log z) + O(2” (log x)9) (1.1+4)

where P is a polynomial of degree d and ¢ € R. With this condition, f(s) has a pole of order d + 1 at
s = 1 but retains the analytic continuation for ¢ > § as before. Further, we have the bound

Alz) = Alz — y) < y(logz)? + 2" (log )1

whenever 0 < y < x, while for A > —1,

s
E ajn;‘ ~cz* (logz)?, and E nfj ~ cy(log z)*H,
n;<x n;<z J



for some c1,co > 0. Using these, we obtain Propositions 2.1, 2.2, 2.3 and hence Theorem 1.1 with slight
modifications, the main one being an extra power of log NV or logT'.

Proposition 2.1+
Suppose (1.14) holds. Then, for o € (Hﬁ 1],

1T >\ a?
fim 7 [ Ustoviae= Y
T /o o

T—o0

as N, T — oo such that T = N*>727(log N)?**! if o < 1 and T = (log N)?¥*+2 jf 5 = 1.

Proposition 2.2+
Suppose (1.14) holds. Then for each 6 > 0, uniformly for o > 5+ 9,

T?(log N)%4

N20-72ﬂ T NQ—QO‘(IOg N)2d

T
/ o +it) — (o +it) dt <
0

Proposition 2.3+
Uniformly for o < % we have

N3—20—B(10g N)3d—q N1+/3—2¢7 -1

1 N(H-d
T2 1+6720(0g )T,

1 T
= / fn(o +it)Pdt <
0

where the second term of the right hand side is taken to be (log N)?+t4+1 when o = #

Theorem 1.1+
Let (n;);>1, (aj)j>1 be as above and suppose that (1.1+) holds.

(a) For® o > 1+B

1 (7 ) > a?
lim — P dt =Y —L.
Jim = [ st it >

(b) For B <o < HB, we have

T
0

where ) J
o) = 2= =010
while
2
/ ‘f — —|— zt)’ dt < T(log T)4+a+1,

In particular when g = d, we have T(o) = 2d.

The proofs follow the case where P(-) is constant with minor differences. For example, in the proof
of Proposition 2.1+, for the right-most term in (2.2) we now use

A(ng — QT_lnf(log ni)?" %) — A(ng, — 2Tn£(log ng)? %) < 2Tn£(10g ng)?,

N2_2"(log N)2d+1 (
T

which leads to a contribution < % Z R <N aknk (log np)t! <« ifo<1).

In Proposition 2.2+, we now have

log N, = ©
f(s)—fN(>—p‘i(gs)+/ .

Ni5-1) — dR(z),

N x°

6For o = 1, we start integrating at ¢t = 1 to avoid the pole.



where pg(z,y) is a polynomial in = and y of degree at most d. With ¢ € [1, 277, (2 3) now becomes

|f(o +it) — fn(o +it)| < zgﬂm

N1=7(log N)¢ logN ‘
t

|
Squaring and integrating up to 7' leads to an extra (log N)?? from the first term, while the bound for
J(T) has an extra (log N)?? (since R(z) has an extra (logz)? and the main contribution comes from

N < z,y < N?). Proposition 2.3+ follows a similar pattern.

Finally, for Theorem 1.1+, part (a) follows as before while for (b), take N = T1-7 (1og T) with
a= 4
1-8

As an example, n; = j, a; = (log j)¥ gives f(s) = (—1)*¢(¥)(s). We have > n<n(log n)k = 2Py (log z)+

O((log z)*) for some polynomial Py (-) of degree k, giving 3 = 0 and d = ¢ = k. Theorem 1.1+ says

1 T oo 1 2k
lim / (O +ina =3 LB (@ aq)),
0 n=1 n
for o > %, while fOT (B (o +it)|2dt < T*27(logT)?* for o € (0,3) and fOT\C(k)(% +it)2dt <
T(log T)?#+1. These are the correct orders of growth, as it was shown by Ingham [14, Theorem A” and
Theorem A] that

T
(k)
|60 i~ 5o

(log T)2k+1,

T
(k) N2, ((2-20) T2-20 (1o TV2E . §, 1
/o |CY (o +it)|"dt )27 (2~ 20) (logT)*"*, for o < 5

3. Examples

In this section we will provide several examples illustrating our results.

Positivity of the coefficients. The assumption that the coeflicients a; are positive is necessary.
Consider for example n; = j, a; = 1+ (—1)75%. Then A(x) = x + O(2#), and f(s) = ((s) + (21~ —
1)¢(s — B), so that no mean value exists for o < 8+ 1/2.

. _ . ,
Abscissa of convergence of Zj a?nj 29, Let a € (=00, 1), and set nj =j and a; = n§ = ji-o.

Then .
Aw)y= > % =(1—a)e+¢(-

jéml—a
0 (1.1) holds with 8 = «a if @ > 0 and 8 = 0 otherwise. The Dirichlet series

(07

") ow

has abscissa of convergence o, = H—“ By adding a sparse sequence (m;); (e.g. m; = /) with coefficients
bj = mﬂ it is clear that there eX1sts sequences satisfying

A(z) = pr +0(2?), A(z) = px + Q(zP),

and for which

oo a2
> n% (1.4)
j=1"7

has abscissa of convergence oy, for any fixed o9 € (—o0, M] Setting n; = logj and a; = e ™ =1/j

V)

a

j > 2) with A(z) = z+~v— 1+ O(e™™), we can even have that R . i(log 1)°)~2 has
(j v i>2 2 j>2\JU0g ]

abscissa of convergence o, = —o0.



Existence of the mean value beyond o = # We consider the same class of examples as above. If

a <0, then A(z) = (1 — a)z + O(1), and f(s) = ((5=2) has a mean value if and only if o > 1% and

1ta < 1
2 2°
Another example, but with an ordinary Dirichlet series is given by

1) = 32— agspns),

where 7(n) counts the number of ways n can be written as a sum of two squares of integers, and where
n(s) =1-3"545"°+4-.-. It is well known that }_, . r(n) =7z + O(z’) for some 6 € (1, 1) (indeed it
is conjectured that 6 can be taken to be any number greater than i) Thus 8 > i. But it is well-known
that the mean value exists for every o > % Here 1458 > %. Alternatively, we could take f(s) = ((s)?
with A(z) =3>_, ., d(n) = zlogz + (27 — L)z + O(2") for some 6 € (1,1) (not necessarily the same 6).
Theorem 1.1+ says the mean value exists for 0 > <= but, again, it actually exists for every o > %

n<x

1460

Sharpness of Theorem 1.1. We can employ the same family of basic examples to show that Theorem
1.1 is sharp for every § € [0,1), both with respect to the condition o > #, as with respect to the
growth bound for g < o < #
8
Let n; = jﬁ and a; = nf = jT-#. Then f(s) = C(i:’g) Using the functional equation, it is
straightforward to show that

1 T
T/ |C(o +it)2dt ~ kT 727, o < 1/2,
0

for some ko > 0 (indeed k, = $2=27)(27)20-1) g0 that

2—20
LT 2 C(3=3) if0>%;
T/ fotitPdi~d  logT  ifo= 12,
0 1+8-20 118

CceT 1= if 0 <

~ ‘

for some ¢, > 0.

An important subclass of Dirichlet series are those with a; = 1 for every j, corresponding to the
counting function of the sequence (n;);. Also in this subclass, Theorem 1.1 is sharp, as the following
example shows. We will further see from this example that convergence of 3 y a?n;z" =5 j n;% is not
sufficient for the existence of the mean value. It would also be interesting to investigate the sharpness of
Theorem 1.1 in the class of Beurling zeta functions.

The example is based on a construction from [4], which in turn was inspired by an example of H. Bohr
(see e.g. the notes to Chapter IL.1 of [20]). First we will construct an absolutely continuous non-decreasing
function A.(z) for which the bound from Theorem 1.1(b) is sharp, and next we will approximate A.(x)
by a function A(x) of the form A(x) =3, _ 1 for a certain increasing sequence (n;);.

1
We fix 8 € (0,1) and consider a fast growing sequence (7x)x>1. We set By = klfﬂ and assume that
Tk log By, € 2wZ by changing the value of 75, by a small amount if necessary. We then set

Ac(z) =2 —1+ ZRk(x), x>1,
k=1

where "
[, cos(milogu)du for Ay <z < By,

else.

Ry(z) = {
Here, Ay, is chosen in such a way that Ry (Bx) = 0: we have

u cos(Ty, log u) — Tpusin(ry logu) 1
1+77 A,

Ry(z) = {

10



so that we can choose Ay ~ By /7 = B,f such that Ry (By) = 0. We further assume that (73) increases
sufficiently rapidly so that Apy1 > By for k > 1. Clearly, A.(x) is non-decreasing and satisfies A.(x) =
x+ O(2P). If we set f.(s fl 2~ %dA.(x), a small calculation gives

1-—s 1441, —s 1-—s 1—i1)—s
fc(S) *Z B 1 .Ak + Bk .Ak
+iT — S 1—1irm, — s
Here we also used that 7 log By, € 2nZ. The singularities at s = 1 & i73, are removable; we take the value
of the corresponding term to be log B /Ay for s = 1 £ ir,. If we assume that )", 7, ° < oo for each
€ > 0, then the above series converges absolutely for ¢ > 5. We also assume now that for each ¢ > 0,
|7k — t| > 73 holds for all but at most one value of k. Then

1—0o
1

fc(g + iTk) =

(7} +00Q), B<o<l, f(l+irg)~ logT.
In particular, the associated Lindelf function piy, (o), defined as
s, (o) = inf{€: fo(o +it) < |t|* as |t| — oo},

equals py, (o) = (%:—”)Jr for o > .
Writing f(s) = gx(s) + hi(s), where gi(s) = BL™*/(1 + it — s), we have for 8 < o < 1:

1 [

1 Tk 1 Tk
— |f(o +it)|*dt = 7/ |gk(a+it)|2dt+0(/ |hk(a+z’t)2dt)
Tk Jo Tk Jo Ti Jo
1 Tk 1/2 1 Tk 1/2
+0 (/ ng(a+it)l2dt> (/ hk(a+it)|2dt> .
Tk 0 Tk 0

1+8—20
*/ e (o + it)Pdt =, 7, 7,

while by the rapid increase of (7% )k,

It is easily seen that

1 Tk 52 20 1 271
— (o +it)2dt < 77 4 = |hi (o +it)|2dt
2 207
<7, +1.

Hence, when T' = 73, we indeed have

1+ﬂ

1 [T 20
T/ folo +it)2dt >, T1F", forf<o< - .
1

To approximate A.(z) by the counting function of a sequence, we employ a probabilistic method from

[5]-

Theorem [5, Theorem 2.3]
Let M : [1, 00) = [0,00) be a continuous and non-decreasing function satisfying M (1) = 0 and fl VM (u)du/u <

VM(x). Set x; =inf{x: M(x)=j}. select nj randomly and independently from the interval (ch_l,x]]
accordmg to the probability distribution dM (x |( ) Then with probability 1 we have for each x > 1
Tj_1,Tj

andt € R:
> n / uw "t dM (u

n; <z

< /M(z)(V/log(z + 1) + y/log(Jt| + 1)). (3.1)

We apply the theorem with M = A, to find a sequence (n;); satisfying the above bound. By construction
of the random variables,

Zlf z) +0(1) =z + 0(z).

n;<x

11



We set

oo

s) = an_s, o>1, Si(z)= Z nj_it, I(z) :/ "t dA(u).
=1 !

n;<x

Clearly f(s) —1/(s — 1) has analytic continuation to ¢ > 3, and f(s) — f.(s) has analytic continuation
to ¢ > 0. Employing the bound (3.1) and integrating by parts, we have for ¢ > 1/2 that

f(s) = fe(s) = /1C>O x=%d (Si(x) — Ii(x)) = 0/100 277 (Sy(z) — I(z))dx

1 log |¢|
(0 —1/2)3/2 o —1/2°

For 0 < o < 1/2, we will interpolate the bounds resulting from (3.1) and A(z) — A.(z) < 1. Let
0 <o <1/2 and write

<</ 2= V2 (logx + \/logt|)dz =
1

T o
F(5) = fuls) = / v7d (Sy(x) — I(x)) + / v (A(z) — Ac(x)).

T

The first term is < L /TogT (which we take to be (log7)3/? for o = 1/2), while for the second

/7
term we have . ., )

[ a4 - o) = oy s [T AD A,
r T

Hence,

T ' . B TV A(z) — Aoz 2
/O f(o +it) — folo +it)[2dt < T 2"(logT)3+T2/O /T %d:ﬁ dt

2—20 T1720'
+

<< T2720‘(10gT)3 + 5
o

Indeed, the last term of the first line can be estimated in the same way as the estimation of I(T) from

the proof of Proposition 2.2. The obtained estimates now imply that also

1 Tk 1+8—20 + ﬁ
— |f(o +it)|%dt >, TP, forf<o<——.
Tk 0 2

—20
JJ

7 converges if and only if o > 2, while the mean value exists

Finally we note that this example also shows that convergence of Z is not sufficient for the
existence of the mean value: here Z

only if o > 1+ﬁ

J

4. Behavior on the line o = (1 + 3)/2
Theorem 1.1(b) yields the upper bound fOT If( Hﬁ +it)|?dt < T'logT on the “critical line” o = # In
the case of the Riemann zeta function, we actually have the asymptotic fo 1¢(5 + it)[2dt ~ T'log T. We

first show, assuming some separation of the sequence (n;);, a similar asymptotic on the line o = # For
this, we use the following mean value theorem for “general Dirichlet polynomials” due to Montgomery
and Vaughan, [17, Corollary 2].

Theorem [Montgomery, Vaughan]
Suppose that A1, A2, ..., Ay are distinct real numbers, and that a;, j =1,...,J are complex numbers. If

d; = ming; |Ax — Aj|, then
T, J
I

Z a; exp(iA;t)
Jj=1

2 J
dt =Y " |aj|*(T + 3n65; 1),
j=1

where 6 is a real number depending on the various parameters satisfying |0] < 1.

12



Theorem 4.1
Suppose that nj1 —nj > max{a;,aj+1}. Then

2 2 /
[ vnfa= 2 nﬁﬂo(( 5 ﬁ)>

’I'LjSTlf/i HJSTI*B

Note that in case of convergence of the series on the right, this reduces to + fOT |...]2 = 0(1). In any
case, as a; < n , the series is < logT'.

Proof. Setting N = Tlfﬂ, we have by Proposition 2.2

f/‘f m ——E+Qfﬁ<L

Applying the Montgomery—Vaughan Theorem, we get that
1+ 2 a2
n; <N nj
where 6; := ming; | logn; — logng|, which is > a;/n; by assumption. Hence the big-O term above is

N1-8
< 1.

1 aj
<f§:;¢<
n; <N 7J

The result now follows from Cauchy—Schwartz:
T T T T T 1/2
L= e [ |f—fN2+0<</ Il [ 1= aw?) )
0 0 0 0 0
U

Let us highlight the particular case 8 = 0, a; = 1. If one is merely interested in the asymptotic ~ plogT
of the mean square on the line 0 = 1/2, one can ask for a slightly more general separation condition.

Corollary 4.2
Let g : [0,00) — [0,1] be a non-increasing function satisfying 1/g(x) = o(log®x). Let (nj);>1 be an
increasing sequence of real numbers, n1 > 1, satisfying njy1—mn; > g(n;) (j > 1) and N(z) = <, 1=

px + O(1) for some p > 0. Set ’

]>1

initially defined for Res > 1, and by analytic continuation to Res > 0 with the exception of a simple pole
at s = 1 with residue p. Then

1 (20) ifo > 1
/ flo+it)|dt ~ {plOgT o —

D=0

Proof. Following the above proof using the Montgomery—Vaughan Theorem, we get, assuming without
loss of generality that g(nj+1) > g(n;),

e 1 2 n; 1

— —+it)| dt = 1+0 ! —.

T/O ‘fN(2+Z)’ n;N( + (Tg(nj)))nj
The contribution from the O-term is bounded by

N
<§:T o)’

n; <N

13



Hence we require that N is such that N/g(N) < T'logT. When invoking Proposition 2.2 with 8 = 0 and

o= %, we also require that T/logT < N < TlogT. Taking N = T+/g(T), this is satisfied, while N < T

implies N/g(N) =T+/g(T)/g(N) < T/+/g(T) = o(TlogT).

O

Without sufficient separation of the n;, the contribution of the off-diagonal terms can become signif-
icant and the result may fail.

Proposition 4.3
Let § > 0 be arbitrary. Then there exists an increasing sequence of real numbers (n;)j>1 satisfying
N(z) = Zn1<m 1= px+ O(1) for some p >0, nji1 —n; >n;°, and for which

IS BN
T/o ‘f(i-i-zt)‘dt%plogT.

Proof. Let L be a large fixed integer and set my; = k+1k=% for k> ko, 1 =0,1,...,L—1. Here kg is such
that k+ Lk=° < k+1if k > ko. We then set n; = my; if j = (k—ko)L+1+1; clearly N(z) = Lz +O(1).
We have

1Ty 1 A2 1 7 1t 1 N2, 1 5% (5 log ;%)
T/O (5 + )| > ﬁ/_T(l‘?)JfT(f“f)\ =3 Zqi(nins)m

ng,Mr>
l ] m 1
g L )

1 m
§Z*+ZZT1“2~

n; <T " E<T/L—111<l>

Now log ~ (Iy —13)k™17%, so there is a constant ¢ such s ( log - i '1) > 1/2 whenever k > T .

We get

;/OT‘JCT(;”t’ t>’zf 2. 23 k+1

n<T T T <k<T/L—1 1<
6 L(L-1
> —logT—i- 1+5¥logT+o(logT).

The claim follows upon choosing L sufficiently large in terms of §, and applying Proposition 2.2.

O
It is an interesting question how small a “gap function” g can be so that nj;1 —n; > g(n;) implies that
the mean square of f on ¢ = 1/2 is asymptotic to plogT. We have shown that g(x) = 1/ log? x suffices
but that g(z) > 2~ is not sufficient, for each § > 0.

Theorem 4.1 can also be used to show that in general

1+6 2
TlogT/ ’f + t)‘ di

does not converge as T — oo, even for ordinary Dirichlet series. We shall consider the case 5 = 0 (a
simple adjustment can be done for other values of 3). Let n; = j and a; = 1 + n;, where 75; is chosen so
that ngm n; = 0 or 1. Indeed, let M,, = 22" for n € Ny and define

. (—1)” for Moy <n < M2N+1
fn = 0 for M2N+1 <n< M2N+2

Thus A(z) = 4+ O(1) and

a? 1+2n; +n? n?
J J J J
E = E : =logT + E 74-0(1).

j i<T J i<T

14



But the sum on the right is not asymptotic to clogT since

ManN 11

S ol
7? = -~ = log M2N+1 while 73 =0.
j=Man J j=Man J 2 Jj=Man 41

For the general case, take n; = j 5 and a; = nf (14 n;), with n; as above. Furthermore:

Proposition 4.4
For the above example,

1 T )
— |f(o+dt)|=dt
T2 20 /0

does not converge as T — 0o, for any 0 < o < %

Proof. Write f for f(o +it) and fy for fy(o + it).
Fix 0 € (0,1) and let 0 < a < 1 < A. By Proposition 2.3, we have

2T
/ |faT|2 < al—20’T2—20’7
T

while by the Remark following Proposition 2.2,

2—20

2T
T
p— 2 [
/T |f fAT| < A20 )

both uniform in a, A, for T > Ty(A), some Ty(A). Hence, given £ > 0, there exist ag, Ag > 0 such that
o | far P+ | f = farl? < eT?7% for a < ag, A > Ay

Let ¥ = far — far = D uren<ar gotw- Then :,%T|f — 32 < 2eT?729. Tt follows that (using
2+ w2 < (14 VE) |21 + (1+ 22)|wl?)

2T 2T
/ ISP < (1+v7) / P + 4yET> 2.
T T

Similarly vice versa, with 3 and f swapped.
Now suppose, fTZT |f|? ~ c¢T?72° for some ¢ > 0. Then, for all § > 0, there exist a’, A’ > 0 such that

1 2T Z Ay
T2—20 T notit

aT<n<AT
for T large enough and any a < a’ and A > A’.
By the same method and using the fact that fT2T |¢ (0 +it)|? dt ~ dT?72° for some d > 0, we have

1 2T
T2720' A

for T sufficiently large whenever a < a’ and A > A’.
But (4.1) and (4.2) are in contradiction. Choose a = a’ and A = 2A’ and take T of the form

26@—&c+® (4.1)

2

L c@=sd+90) (4.2)

na’+it
aT<n<AT

T=22"

with k € Ny and A € [0,2). If A € (1,2) then, for k large enough, [aT, AT] C [Mag+1, Magt2) and so
an =1 for all n € [aT, AT]. Thus ¥ =3 ;_,capn 7 " and |c — d| < 20 must follow.

On the other hand, if 0 < A < 1, then for T large enough, [aT, AT| C [Mag, Makr+1) and so a, =
14 (—=1)™ for all n € [aT, AT]. Thus a,, = 2 for n even and zero otherwise in this interval, so that

2 Y 1
= ) e =2 Y.

aT<2n<AT %<n§A—2T
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and |c — 22729¢| < 2§ must also hold. For § small enough, this is incompatible with |c — d| < 24.

5. The number of zeros of general Dirichlet series

In 1913, Bohr and Landau [2] observed that the boundedness of the mean square of the Riemann zeta
function ((s) for o > 1/2 implies that its number of zeros up to height 7" in half-planes to the right of
the critical line o = 1/2 is bounded by a constant times T'. More precisely, setting

N(o,T)=#{s' =d' +it' : ((s') =0, 0" >0, |t'| < T},

they showed that N(0,T) <, T for ¢ > 1/2. Armed with our new mean value theorem, we can now
show a similar statement about the zeros of general Dirichlet series with positive coefficients. Incidently,
this answers a question posed in [3]. In that paper, a zero-density estimate was obtained for the number
of zeros of Beurling zeta functions, that is, general Dirichlet series of the form

Cpls) =Y 2,
j=1

|§

S
(Vs

where (n;); is the sequence of generalized integers from a Beurling generalized number system (P, )
with corresponding multiplicities a;. The obtained zero-density estimate holds in the range o > #, in
case that [ is such that Zn7<x a; = pr + O(z?) holds for some p > 0. It was asked whether anything
better than the “trivial” estimate N(o,T) < T'logT could be obtained in the range % <o < #
The following theorem provides a positive answer.

Theorem 5.1
Let f(s) =>_, a;n;”® be a general Dirichlet series with positive coefficients satisfying (1.1). Given o > j3,
T >0, let N(o,T) be the number of zeros s’ = o' +it" of f(s) satisfying o’ > o and |t'| < T. Then for

J>HQ'B,

N(o,T) <, T.

Proof. The proof is very similar to the proof in the case of ordinary Dirichlet series having finite order
and a mean value, see e.g. [21, §9.623]. We give an overview here, but refer to [21] for more details.

Notice first that f(s) = ainy ®+O(ny 7) for o sufficiently large. Fix o1 so that Cy < |f(o1 +it)| < Cs
for certain positive constants C7, Cq, and so that f(s) has no zeros in the half-plane o > o7. Assume
that f has no zeros on the rectangle with vertices o + 4T, o1 + ¢T', by slightly decreasing the value of o
and increasing the value of T if necessary. By a formula of Littlewood,

o1 T T o1
271'/0 (N(oz,T)—X[lyoo)(a))da:/Tlog\f(o+it)|dt—/Tlog|f(o'1+it)|dt+2/g arg f(a +iT)da.

Here, X[1,0) is the characteristic function of [1,00), representing the contribution of the pole at s = 1,
and the branch of arg f(s) is chosen which is zero when s = o > 1 is real (when also f(s) is real), and
which is continuous along the broken line [01,01 4+ iT] U [0 + T, 01 + i7T].

The second integral is plainly O(T'), as log|f (o1 + it)| < 1. For the third integral, we observe that
arg f(o1 +4T) < T. The variation of arg f(s) along the line [0 + ¢T, 01 + ¢T] is bounded by a constant
times the number of zeros of Re f along this line. Using Jensen’s theorem and the fact that f has finite
order, one sees that this variation is O(log T'), so that also the third integral is O(T'). Finally for the first
integral, we use Jensen’s inequality and the existence of the mean to see that

g r dt T dt
/ log | f(o + it)|dt = T/ log | f(o +it)]*=— < Tlog / Iflo+it)>— ) < T
T T 2T T 2T
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Of course, as evident from the Riemann zeta function, the condition o > HB is sharp.

Appendix: (A) General Mellin—Stieltjes transforms

Theorem 1.1 can be extended from Dirichlet series to more general Mellin—Stieltjes transforms. Let
A : [0,00) — [0,00) be a non-decreasing and right-continuous function with A(xz) = 0 for 0 < z < 1.
Suppose A(z) = px + O(z?) for some p > 0 and 0 < 3 < 1. Set

F(s) = /OOO 2 dA(z).

2
Then Theorem 1.1 holds, upon replacing Zj —:2{, by
i

// (@) dA@)AAG).

The above integral actually reduces to a series. To see this, we observe that the product of two positive
measures vanishes on the diagonal as soon as one of them is continuous: let F', G be non-decreasing right-
continuous functions, and suppose F is continuous. Then for all x > 0, dF x dG({(u,u) : 0 < u < z}) = 0.
Indeed, let € > 0 be arbitrary. As F is uniformly continuous on [0, z], we may take a ¢ > 0 sufficiently
small such that |u —v| < § = |F(u) — F(v)| < e. Covering the diagonal with small squares, and
assuming that x/0 is an integer (which we may by making ¢ smaller), we have

dF x dG({(u,u) : 0 <u <z})
< (F(0) = F(0))(G(0) = G(0)) + -+ + (F(z) = F(z — 6))(G(z) — G(z = §))
<e(G(6) — G(0) + -+ G(z) — G(z — §)) = e(G(x) — G(0)).

But € > 0 was arbitrary, so the claim follows.
Let (n;);>1 be the increasing sequence of points of discontinuity of A. Then

w) =Y a;+ A(x)

n; <z

for certain positive real numbers a; and a continuous non-decreasing function A.. By the observation,

we obtain
0 2

// (2y) " dA(z)dA(y) = ZS;U

(B) Bessel’s inequality
Here we show (1.3) (see also e.g. [6, p. 11]). By absolute convergence, we have for o > 1

I ;
oT / flo+it)n} dt — ajn; (B1)
-7
as T — oo. Equivalently,
1 o+iT
S
5t ). f(s)njds — aj;. (B2)

But the analytic continuation of f implied by (1.1) also gives f(o +it) = o(t) uniformly for o > 5+ for
any ¢ > 0. It follows that (B2) and hence (B1) also holds for every ¢ > . For any fixed N, we therefore

have
1 r it
7T/,TffN . QT/ flo +it)n] dt—>z

n;<N J n<Nj
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as T — oo. Thus

o< [ oot [ /Tlf 2 2R(1 /Tff)
< — —INl" == — N|° —2Re| — N
oT | T | or | o |

S MUEDIE
=57 | 7= —35 +o(1).
2T | ¢ moon

As N is arbitrary, it follows that

1 T 9 0 a2
. . o 7‘]
hjggloréf T/o |f(o +dt)|" dt > ;:1: ”?U.
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