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THE EQUATION (FZWE)
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EXISTENCE AND UNIQUENESS OF SOLUTIONS

Setting P = ∂2
t − L−1

(
1+sα

1+τsα
)
∗t ∂

2
x , consider Cauchy problem

Pu(x , t) = f (x , t) x ∈ R, t > 0

u(x , 0) = u0(x),
∂u

∂t
(x , 0) = v0(x),

f ∈ S ′(R× R+), u0, v0 ∈ S ′(R).

Solution u expressed via convolution with fundamental solution S (Konjik,
Oparnica, Zorica 2010):

u(x , t) = S(x , t) ∗
(
f (x , t) + u0(x)δ

′(t) + v0(x)δ(t)
)
.
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THE FUNDAMENTAL SOLUTION
Evaluate S via its Laplace transform S̃:

S(x , t) =
1

2πi

∫ a+i∞

a−i∞
S̃(x , s)ets ds, a > 0.

S̃(x , s) =
lα(s)

2s
e−|x|slα(s), x ∈ R, Re s > 0;

lα(s) =

√
1 + τsα

1 + sα
, arg s ∈ [−π,π].

Asymptotics lα:

lα(s) =
√
τ
(
1 + cs−α + O(|s|−2α)

)
, |s| → ∞.

Setting s = a + iy , for large y we have

Re
(
−|x| slα(s)

)
≤ −|x| c′y1−α
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MICRO-LOCAL ANALYSIS OF S

S(x , t) =
1

2πi

∫ a+i∞

a−i∞

lα(s)

2s
exp
(
−|x| slα(s) + ts

)
ds

Properties
S is supported in the forward cone|x| ≤ t/

√
τ .

S is L1
loc-function, continuous on R2 \ {(0, 0)}.

S is smooth off the half line x = 0, t ≥ 0.
Micro-local analysis was initiated by Hörmann, Oparnica, Zorica.

Theorem (B., Oparnica, 2021)

On R2 \
(
{0} × [0,∞)

)
, S belongs to the Gevrey class G

1
1−α .

Furthermore, at points (x , t) with|x| 6= t/
√
τ and x 6= 0 it is real

analytic. The wave front set with respect to Gσ equals
σ ≥ 1

1−α 1 ≤ σ < 1
1−α
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PSEUDO-MONOCHROMATIC WAVES
Consider the case of a forced oscillation at the origin: we set for ω > 0

f (x , t) = δ(x)H(t) cos(ωt), u0(x) = v0(x) = 0.

For the FZWE:

u(x , t) = H(t/
√
τ −|x|)

(
uss(x , t) + uts(x , t)

)
.

uts(x , t)→ 0 , while

uss(x , t) =
ρ(ω)

2ω
e−b(ω)ω|x| sin

(
ωt − a(ω)ω|x| − φ(ω)

)
.

Here
lα(iω) = ρ(ω)e−iφ(ω) = a(ω)− ib(ω).

Complex dispersion relation k(ω) = ωlα(iω), phase speed
V(ω) = 1/a(ω), attenuation coefficient d(ω) = b(ω)ω.
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EVOLUTION OF DELTA IMPULSE
Consider the solution K (x , t) = ∂tS(x , t) to the FZWE with Cauchy data

f (x , t) = 0, u0(x) = δ(x), v0(x) = 0.

1 2 3 4
x

0.5

1

1.5

2

2.5

K(x, t)

t=1

t=2

t=3

Figure: The wave packet K (x , t), x ∈ [0, 4.5], t ∈ {1, 2, 3}, α = τ = 1/2.
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WAVE PACKET SPEED

The solution is even: K (x , t) = K+(x , t) + K+(−x , t).
K+ Looks like forward traveling wave packet, which dissipates and spreads
out in space.
The speed of the wave front is 1/

√
τ , but one can argue that the wave

packet moves at the slower speed 1:

Proposition (B., Oparnica, 2021)

Consider the rescaled wave packet Kt(λ) := tK+(λt , t). For all t > 0,
Kt is supported in [0, 1/

√
τ ] and has integral 1/2. We have

Kt(λ)→
1

2
δ(λ− 1), strongly in S ′ as t →∞.
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WAVE PACKET SHAPE

Previous proposition indicates that K+ is concentrated around x = t .
Quantify this “concentration”?
It turns out that K+ can be described as a wave packet with speed 1, height

' t−
1

1+α and width ' t
1

1+α .

Theorem (B., Oparnica, 2021)

Set kt(ν) := t
1

1+α K+(t + νt
1

1+α , t). Then

kt(ν)→ k∞(ν), locally uniformly as t →∞, where

k∞(ν) =
1

4π

∫ ∞
−∞

exp
(1− τ

2
(iw)1+α − iνw

)
dw .
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THE FUNCTION k∞
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Figure: The function k∞ for ν ∈ [−3, 3], α = τ = 1/2.
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COMPARISON
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Figure: Comparison between 100
1

1+α K (x , 100) and k∞(ν), α = τ = 1/2.

100
1

1+α = 1002/3 ≈ 21.54.
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