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Abstract

Novel approaches are given to the construction and study of flock
quadrangles, i.e., g-clan geometries. Since 1997 three new infinite
families have been discovered, one for ¢ = £1 (mod 10) ([57]), one for
q = 3¢, ([34]), and one for ¢ = 4" ([17]). For q a power of 2, C. M.
O’Keefe and T. Penttila ([36]) have given an interesting new “magic”
action of PT'L(2, ¢) on the herds of ovals associated with flock GQ. This
action complements that induced by the Fundamental Theorem for ¢-
clan geometries ([49]). With computer aided searches, many sporadic
examples with ¢ odd have been found. At the present time at least
38 different (currently sporadic) g-clans have been discovered, many
producing several new flocks. (Note: All the most recently discovered
constructions have been found with the collaboration of T. Penttila.)
New characterization theorems for flock generalized quadrangles are
given. Most importantly, J. A. Thas (cf. especially [68]) has shown
that a GQ with parameters (¢2,¢), ¢ odd, is a flock GQ if and only
if it has Property (G) at some point, indeed, if and only if it has
Property (G) at some flag. For g even there is a similar result, but the
hypotheses need to be a little stronger at present. J. A. Thas (cf. [69]
and [68]) has given a geometric construction of all flock quadrangles
and for ¢ odd has given a direct isomorphism from his new model to
that constructed geometrically by N. Knarr [31] (cf. [70]). Finally, J.
A. Thas has made great progress towards determining all translation
GQ with parameters (g, ¢?) (cf. [66] and [68]).

Several other authors have made contributions to our understand-
ing of g-clan geometries, notably in the search for monomial flocks, in
the study of spreads and ovoids, and in the study of subquadrangles.
Some of this work is surveyed briefly.

1 Prolegomena

Let K be any field. Let C be the cone C = {(Xo, X1, X5, X3) € PG(3,K) :
X2 = XoX;} with vertex P = (0,0,0,1). A flock of C is a partition of
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the points of C minus the vertex into disjoint (irreducible) conics, i.e., plane
intersections by planes not containing the vertex. It is customary to work
with the set F of planes whose intersections with C give the flock. Associated
with a flock is a set of 2 x 2 matrices over the field K. When K = GF(q), there
are ¢ such matrices whose pairwise differences are anisotropic. This set of ¢
matrices is called a ¢-clan and is used to construct a 4-gonal family of ¢ + 1
subgroups of a group G, which by a method introduced by W. M. Kantor
[29] may be used to construct a GQ. Hence with a flock (in the finite case)
there is always an associated GQ. Also associated with a flock is a linespread
of PG(3,¢) and hence a translation plane. Very recently R. D. Baker, G.
L. Ebert and K. L. Wantz [6] have introduced the concept of hyperbolic
fibration of PG(3, q), a set of ¢ — 1 hyperbolic quadrics and two lines which
together partition the points of PG(3, ¢). These fibrations were introduced in
order to study large classes of translation planes. It turns out that a special
type of hyperbolic fibration corresponds to a flock of a quadratic cone. This
relationship between hyperbolic fibrations and G(Q seems not to have exposed
new examples of g-clans at this time, but this new discovery underscores the
importance of flocks and their connections with other geometric constructs
and adds its own emphasis to the fact that current research on projective
geometries and generalized quadrangles in particular is very much alive!
This survey is concerned with the several types of algebraic and geometric
constructions associated with flocks, especially with the flock generalized
quadrangles of order (¢2, q). A generalized quadrangle (GQ) is itself a special
type of generalized polygon, which in the finite case may be a projective
plane, GQ, generalized hexagon or generalized octagon. Before concentrating
on flock GQ we give a few general remarks.

It is well known that J. Tits introduced the concept of generalized polygon
in an appendix to the very celebrated paper [73]. Examples of generalized
quadrangles (now known as classical) were given in [73] but played no role in
that work. However, they soon became the object of study in their own right.
The first book-length treatment of (finite) generalized quadrangles was the
research monograph by S. E. Payne and J. A. Thas [54]. This work was a
rather complete treatment of what was known up through 1983 concerning
finite generalized quadrangles. As soon as that monograph was completed,
W. M. Kantor [30] and S. E. Payne [44] found other new families of gener-
alized quadrangles with parameters (¢, q) using sets of 2 x 2 matrices over
GF(q) that came to be known as g-clans (cf. [46]) and were soon shown by J.
A. Thas [64] to be equivalent to flocks of a quadratic cone in PG(3,¢). The
connection between flocks of cones and linespreads of PG(3,¢) had already
been discovered by J. A. Thas and independently by M. Walker. Almost
immediately N. L. Johnson explained how to recognize which spreads were
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associated with conical flocks, and there began an extensive study of projec-
tive planes associated with this general family of geometries.

A large part of the theory concerning finite generalized quadrangles that was
developed between 1984 and 1993 has been surveyed in the HANDBOOK OF
INCIDENCE GEOMETRY [15] in the two chapters 7 and 9 written by J. A.
Thas. In 1994 F. De Clerck and H. Van Maldeghem [18] extended the asso-
ciated theories of conical flocks, ¢g-clans, generalized quadrangles and related
geometries to the infinite case. N. L. Johnson and coauthors investigated the
infinite case in considerable detail. Much of this work, along with a great
deal of recent progress in the finite case, was rather thoroughly surveyed in
N. L. Johnson, and S. E. Payne [26]. In some respects the present update
may be considered to be a sequel to this survey written in 1996. Because
[26] is so thorough, we have tended to give a rather brief treatment of cer-
tain major themes. For example, we say relatively little about the infinite
case, and we do not even give a computationally complete statement of the
Fundamental Theorem of ¢—clan geometry (cf. [49]). For more information
on infinite topological generalized quadrangles and related geometries see the
monograph [61].

In a masterful sequence of papers J. A. Thas ([65], [66], [69], [68]) has solved
several major problems that had remained unsolved for a long time, most
notably characterizing the flock GQ in terms of Property (G) introduced in
[46], characterizing translation GQ, and producing a geometric construction
for all flock GQ. This latter problem had been solved with a beautiful con-
struction by N. Knarr [31] for ¢ odd, but the construction by J. A. Thas for
all ¢ was truly an outstanding step forward.

In 1998 the very welcome book Generalized Polygons [74] appeared, but it
treats generalized hexagons and octagons more seriously than it does gen-
eralized quadrangles. And although it contains a good treatment of the
coordinatization of generalized polygons (developed primarily by its author),
it does not advance the theory of flock quadrangles and related geometri-
cal structures beyond what is surveyed in [26]. About the same time The
Subiaco Notebook [42] became available on the WEB. This gives a fairly
complete treatment of g-clan geometry for ¢ = 2¢, with special emphasis on
the Subiaco GQ and their associated ovals. Since [42] is available on the
WEB and [26] is widely available, here we give only a rather terse review
of the construction of the Subiaco ovals and their collineation groups. More
interesting is the new construction of an infinite family of ¢-clans with ¢ a
power of 4 (cf. [17]) that generalizes the examples found by computer in [52].
Our own interests lie primarily with the finite geometries, and the bulk of
this report deals with geometries defined over GF(q). However, since there
seems to be some general interest in the infinite case, in Section 2 we review
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some of the terms and constructs for arbitrary fields. The first to generalize
to the infinite case were F. De Clerck and H. Van Maldeghem in [18], where
the theory of coordinatization was utilized. Then L. Bader and S. E. Payne
[5] developed a complementary approach using the group coset geometry
construction of W. M. Kantor [29]. In the meantime N. L. Johnson (along
with various coauthors) has developed the general theory rather extensively
in several directions. Following Section 2 the underlying field K is assumed
to be finite.

For K = GF(q) there are significant differences between the cases ¢ odd and
g even. Section 3 is devoted to a review of the known infinite families of
examples of flocks and g-clans with ¢ odd. The two most recently discovered
families have ¢ = 1 (mod 10) and ¢ = 3", respectively. The first example
was introduced by T. Penttila [57] in a form that is not yet conveniently
associated with an explicit ¢-clan. The new form of presentation given here
is also used to give a pleasing description of the classical examples as well as
those associated with the so-called Fisher flocks. The examples with ¢ = 3"
were discovered by M. Law and T. Penttila and will appear in [34]. These are
studied further in [41], where the full collineation group of the associated flock
GQ is determined with very interesting consequences for flocks. The first
known rigid flocks (i.e., with trivial automorphism groups) are discovered.
Section 4 is devoted to the known infinite families with ¢ = 2". In addition
to the classical examples, the Fisher-Thas-Walker-Kantor-Betten family, the
Payne family (all included in the chapters 7 and 9 by J. A. Thas in [15]), and
the Subiaco family (included in the survey [26]), there is a recently discovered
family called the Adelaide family by its discoverers W. E. Cherowitzo, C. M.
O’Keefe and T. Penttila in [17]. This family generalizes the examples found
by computer in [52]. Its construction is by a new, quite technical method
that also gives the classical and the Subiaco families. When ¢ is even, the
existence of a ¢-clan is equivalent to the existence of a family of ¢ + 1 ovals
called a herd. In Section 4 there is given a new “magic” action of PT'L(2, q)
on such a herd. It is still an open problem to interpret this magic action in
terms of the action induced by the collineation group of the associated GQ
via the Fundamental Theorem of S. E. Payne [49].

There are several known sporadic (i.e., not now known to belong to an infinite
family) g-clans with ¢ odd. Section 5 gives 38 known examples along with a
minimal amount of information concerning their automorphism groups. For
g < 23 it seems almost certain that all flocks are known.

Section 6 surveys some of the deep and fundamental results of J. A. Thas
mentioned above, especially those characterizing GQ having property (G)
at a flag as being flock GQ (with an additional hypothesis needed when
q is even), characterizing translation GQ, and giving a characteristic-free
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geometric construction of flock GQ. Here we also mention some very recent
results of K. Thas characterizing translation GQ. Finally, we mention some
very interesting results of M. Brown, for example a construction of a new
family of semipartial geometries starting with the Kantor-Knuth flock GQ
(example K1 in Section 3).

In Section 7 we mention the recently discovered connection with the hyper-
bolic fibrations of R. D. Baker, G. L. Ebert and K. L. Wantz.

We have found it necessary to ignore a large amount of work done in the
infinite case, and also the extensive related work on translation planes and
partial flocks. The articles (and their references) by N. L. Johnson (and his
coauthors) listed in our bibliography provide a rather thorough introduction
to this material.

Not all definitions and pertinent results are given in this survey. Some good
general references are [54], Chapters 7 and 9 by J. A. Thas in [15], [26] and
[74].

Acknowledgement. We especially thank T. Penttila for sharing much un-
published material with us, and also F. De Clerck, T. Penttila and J. A. Thas
for helpful comments on an early draft of this survey.

2 Flocks and their geometries

The initial study of flock quadrangles in the infinite case in [18] was based
on the coordinatization of GQ and avoided the consideration of four-gonal
families (i.e., Kantor families) of subgroups of a group. The latter point of
view, developed in [5], is complementary to the former and will be given here.
In the meantime a great deal of work in the infinite case has been done by
N. L. Johnson and his coauthors. We have nothing to add to the survey [26],
so for the most part will not attempt to update that report.

Let s and t be any two cardinal numbers larger than 1. Let Z be an index
set of order t + 1. Let G be a group with two families J = {A; : i € T},
J* = {A} i € I} of subgroups of G with A; < Af, |A;| = s, [A] : A =1t
for all 4,5 € Z. Put Q = U(A; : i € 7). Starting with the triple (G,J,J")
define a point-line incidence geometry Q(G, J, J*) as follows.

Points of Q(G, J,J*) are of three types:

(1) Elements g of G;
(2) Cosets Afg,i€Z, g€ G;
(3) The symbol (c0).
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Lines of Q(G,J,J*) are of two types:

(a) Cosets A;g,i€Z, g € G;
(b) Symbols [4;], 1 € T.

Incidence is defined by: the point (c0) is on all lines of type (b). The point
Afg is on the line [A4;] and on the lines of type (a) contained in Afg. The
point g of type (1) is on the lines A;g of type (a) that contain it. There are
no other incidences.

Theorem 1([5]) The point-line geometry Q(G,J,T*) is a generalized quad-
rangle GQ(s,t) with parameters (s,t) if and only if the triple (G,J,J")
satisfies the following four properties:

Ki1. AA; N A, = {e}, for distinct 1,5,k € L.
K2. AfnA; ={e}, for distincti,j € T.
K3. A7A; =G, for distinct i,5 € T.

If G is finite, i.e., if s and ¢ are finite, put |J| = |J*| = r. If K1 and K2 hold,
then K3 holds and r» < 1 + ¢, with equality if and only if K4 holds. Hence a
GQ(s,t) is obtained provided r = 1 + ¢t and both K1 and K2 hold. In this
case J* is completely determined by J (assuming that J* exists), and we
say that (G, J) is a four-gonal family (or a Kantor family).

Let K be any field. Let C be the cone C = {(Xo, X1, X», X3) € PG(3, K) :
X2 = XoX,} with vertex P = (0,0,0,1). A flock of C is a partition of
the points of C minus the vertex into disjoint (irreducible) conics, i.e., plane
intersections by planes not containing the vertex. It is customary to work
with the set F of planes whose intersections with C give the flock.

Let C=1q A, = %t Zt :t € K} be agiven set of 2x2 matrices over K in-
t

dexed by the elements of K. For each t € K, let m; be the plane with equation
e 2 Xo+2: X1+ Xo+ X3 = 0. As first noted by J. A. Thas [64], 7Ny is dis-

joint from the cone if and only if (X5, X1) ( o 6 s Zt B 'ZS ) < X2 ) -
t— ~s
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implies (X5, X7) = (0,0), i.e., if and only if the matrix o 6 s zt B zs >
t ~s

is anisotropic. 1If K is finite, this says that given the set C of 2 x 2 matrices
indexed by K, the set F(C) of planes m; yields a flock of C if and only if C
is a g-clan, i.e., for s,t € K with s #t, A; — A; is anisotropic. When K is
infinite, matters are more complicated.

F. De Clerck and H. Van Maldeghem [18] defined C to be a K-clan provided
the set F(C) of planes is a flock of C. Then they proved the following
theorem.

Theorem 2 ([18], Theorem 2.5) Let K be any field of characteristic m, and

let
_ [ Tt Yt .

be given. Let K = K U {co}.

(i) If m # 2, then F(C) is a flock if and only if the following two conditions
hold:

(a) (yi —ys)? — 4(wy — x5) (2 — 25) 18 a non-square whenever s,t € K
with s # t.

(b) The mapping K — K : t — k% + yk + 2 is surjective for all
ke K. (For k = oo, this means t — x; is a bijection.)

(i1) If m = 2, then F(C) is a flock if and only if the following two conditions
hold:

(a’) For every s,t € K, s # t, we have ys # y; and the element
(s +2)(2s + 20)(ys + 1) 2 € OL(K) ={k e K:22+x+k=
0 has no solution in K}.

(b’) The mapping K — K : t — xk* + yk + 2 is surjective for all
ke K.

Remark. If K is finite in the preceding theorem, condition (a) implies
condition (b), and condition (a’) implies condition (b’).

Let K be an arbitrary field. Consider the group G = K? x K x K? with
binary operation (a,c,f3) - (o/,c, ) = (a +a';c+  + BT, 3 + 3'). For
t € K, put K; = A, + AT. The center of G is Z = {(0,¢,0) : ¢ € K}.
Put A(co) = {(0,0,8) : 3 € K?}; for t € K put A(t) = {(o, aAial, aKy) :
o € K?}. For s € K, put A*(s) = A(s)Z. Put J = {A(t) : t € K}, and
J*={A%t):t e K}.
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Starting with the triple (G, J,J*) we can construct a point-line geometry
GQ(C) = Q(G,J,J*) as at the beginning of this section. It is natural to
seek conditions on C for GQ(C) to be a generalized quadrangle. Using the
notation introduced above, we state the following theorem of [5].

Theorem 3 Let K be any field, and let

c-{a=(¢ " )ex]

be given with Ky = Ay + AL Then GQ(C) is a generalized quadrangle if and
only if the following conditions hold for all distinct s,t,u € K:

(i) Ky — K is nonsingular;
(i) Ay — Ag is anisotropic;
(ZZZ) (Kt ) (At A )(Kt—Ku)il+(Ku—Ks)il(Au—As)(Ku—Ks)il

1S anisotropic,

(iv) The mapping K — K : t — a*zy + aby; + V?z is surjective for all
a = (a,b) € K? with (a,b) # (0,0);

(v) The mapping K \ {s} — K \ {0} : s (@mme)a? Hye—ys)abt(z—ze)b

(yt—ys)?—4(wt—xs) (2t —2s)

surjective for all a,b,s € K with (a, b) #* (O, 0).

Flocks and GQs are connected by the following pretty result of [18].
Theorem 4 ([18], Theorem 2.6) Let K be any field, and let

c—{a=(4 " )rex]

be given. Then GQ(C) is a generalized quadrangle if and only if for every
s € K the set C; = {Af: <)é }Z/S ) tEK} is a K-clan, where X =

Yo =2 =0and X; = 355, Y' = 5%, 24 = 5555 with D(t,s) =

(yr — ys)* — 4(x — x5) (2 — 25) whenever t # s.

Remark. The above theorem says that a generalized quadrangle arises from
a flock if and only if all the derivations are well defined flocks. (Derivation
of a finite flock over a field of odd order was introduced in [4]. The concept
will be discussed more fully later.) For examples of flocks that do not yield
generalized quadrangles, see [9] and [8].

The number of constructions of infinite families of infinite flocks of quadratic
cones has grown so fast (cf. [18], [24], [25], [28], [5]) that we shall not attempt

68



to give a census of them here. Indeed, for the remainder of this survey we
shall restrict our attention to finite geometries. In this case a flock of the
cone C always corresponds to a generalized quadrangle.

3 Infinite families of flocks with ¢ odd

Throughout this section we assume that K = GF(g), ¢ an odd prime power.
Let C be the cone in PG(3,q) as above with vertex P,. Let Q(4,q) be a
nonsingular quadric in PG(4, ¢) with C embedded in Q(4, q) so that C is the
intersection with (4, ¢) of the hyperplane of PG(4, q¢) tangent to Q(4, q) at
Py. Let F = {C4,...,C,} be aflock of C. Then (because ¢ is odd) there exist
unique points P, ..., B, of Q(4, ¢) such that C; is the set of points of Q(4, q)
collinear in Q(4,q) with both Py and P, 1 < i < ¢, i.e., C; = B- N P,
1 <i < g, where L is relative to (4, q). Then by construction (because C
is a flock), the set {F,..., P;} has the property that for 1 <1i < j < ¢, the
triple (P, P;, P;) is a set of pairwise noncollinear points of Q)(4, ¢) for which
no point of Q(4, ) is collinear in Q(4, ¢) with all three points of the triple. A
major result of [4] is that for all choices of ¢, j, k with 0 < i < j < k < g, the
triple (P;, Pj, P;) also has this property. Hence if we fix j, 0 < j < ¢, the lines
of Q(4,¢) through P; form a cone C; for which the conics Cj), = P~ N By,
0 <k <gq, k+#yj, form a flock of the cone C;. This set of ¢ + 1 pairwise
noncollinear points of Q(4, ¢) such that no three are collinear in (4, q) with
a same point of Q(4, q) is called a BLT-set.

Two flocks F; and F» of the quadratic cone C of PG(3, ¢) are called isomor-
phic provided there is an element of PI'Li(4, ¢) which fixes C and maps F; to
Fy. In [4] it is proved that if P, and P, are two points of the BLT-set P,
then the flock F; arising from P; is isomorphic to the flock F, arising from
P, if and only if P; and P are in the same orbit of the stabilizer PT'O(5, q)p
of P in the appropriate orthogonal group. It was shown in [53] that each
of the flocks determined by a given BLT-set (i.e., derived from any one of
the flocks determined by that BLT-set) gives essentially the same generalized
quadrangle. N. Knarr [31] has given a very nice direct geometric construc-
tion of the generalized quadrangle arising from a BLT-set. Two BLT-sets
P, and P, are isomorphic, i.e., there exists an element of PI'O(5, ¢) which
maps P; to Ps, if and only if the generalized quadrangle §; arising from P is
isomorphic to the generalized quadrangle S, arising from P,. Moreover, if S
is the generalized quadrangle arising from the BLT-set P, then the number
of orbits of lines through the base point (co) of S (under the action of the
subgroup G of collineations of S that fix the point (co) and some point not
collinear with (c0)) is equal to the number of orbits in P of the stabiliser

69



of P in PT'O(5,q). In particular, the group of the generalized quadrangle
is determined (in principle) once the group of the BLT-set is determined.
These facts follow from results contained in [54], [55], [56], [31] and [49].
Translation planes can be constructed from flocks by constructing an ovoid
of the Klein quadric from a flock of the quadratic cone in PG(3,¢q). This
ovoid corresponds to a line spread of PG(3, ¢) via the Klein correspondence,
which in turn gives rise to a translation plane via the André/Bruck-Bose
construction.This was independently observed by both Walker [75] and J. A.
Thas. A direct construction of the line spread from the associated g-clan
was given in [22]. Alternatively, the ovoid was constructed directly from the
BLT-set in [33].

Traditionally, the known examples of flock quadrangles have been given in
terms of the associated g-clans. In [57] T. Penttila gave a new construction for
g = £1 (mod 10) as a BLT-set which still lacks a satisfactory description as
a g-clan. The newest infinite family for ¢ odd has ¢ = 3° and was discovered
by M. Law and T. Penttila as a generalization of an example with ¢ = 27
that was studied via computer (cf. [32]). The infinite family appears in [34].
Below we give a census of all these families along with some information
about the associated flocks.

As ¢ is odd in this section, we give the ¢-clans as symmetric matrices of the
form

_( t f@) g
At(f(t) g(t))’ teK; f,g: K — K.

The corresponding BLT-set P is then given by

P ={(Lt, f(t), —g(t), tg(t) — (f())*)} U{(0,0,0,0,1)}.
Then C = {A; : t € K} is a ¢g-clan if and only if

—det (As — Ay) = (f(s) = f(1))* = (s = )(g(s) = 9(1))

is a nonsquare of K = GF(q) whenever s # t. We follow the presentation and
naming conventions of the recent survey by N. Johnson and S. E. Payne [26].
In the case where a BLT-set gives rise to more than one flock the family is
named simply by concatenating the names given to the non-isomorphic flocks.
For a given g-clan C (respectively, BLT-set P), the associated generalized
quadrangle is denoted GQ(C) (respectively, GQ(P)). As some additional
information about the flocks known then was given in [26], we indicate here
only how many nonisomorphic flocks there are associated with the generalized
quadrangle. No comment indicates that only one flock occurs.
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3.1 Classical: For all ¢ and with 22 + bz + ¢ irreducible

over K.
e~ {1 3 )erent,
3.2 FTW: For ¢ = —1 (mod 3).
{5 ) )

3.3 K;i: For all ¢ with m a nonsquare of K and ¢ an
automorphism of K.

e {(4 )l

3.4 K,/JP: For ¢ = +2 (mod 5).
b )en)
C= 2 te Ky
(5%

3.5 K3/BLT: For ¢ = 5", with k£ a nonsquare of K.

t 3t?
CZ{( 32 k(1 + kt2)? ) 'tEK}'

Two flocks arise.

Two flocks arise.

3.6 G/PTJLW: For ¢ = 3", with n a nonsquare of K.

t 5t
C:{<§t3 —nt—n_1t9>t€K}

This is an interesting example because each entry of the matrix is an additive
function of ¢. This means on the one hand that the associated translation
plane is a semifield plane (cf. [22]), and on the other hand that the associ-
ated generalized quadrangle is the point-line dual of a translation generalized
quadrangle GQ(q, ¢*) (cf. Chapt. 8 of [54]). Moreover, for ¢ > 9 this GQ has
a translation dual that is not a flock quadrangle for any flock (cf. 8.7.2(iv)
of [54] and [46]).

Two flocks arise.
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3.7 Fi: For all odd g > 5.

The Fisher flock has a g-clan representation (first discovered by J. A. Thas
[64]; first given in explicit ¢-clan form in [45]) which appears in detail in [26].
However, it is rather involved and not as pretty as the BLT representation
discovered by T. Penttila [57]. Since we need the basic setup to give the new
family presented in [57] anyway, we give that here and use it to give this new
description of the Fisher BLT-set.

Let K = GF(q) € GF(¢?) = E, ¢ odd and ¢ > 5. Let ¢ be a primitive
element for £ and put n = (%!, so n has multiplicative order ¢ + 1. Let
T(x) = x+z, wherez = 2%. Let V = {(z,y,a) : 2,y € E, a € K} considered
as a b-dimensional vector space over K in the standard way. Define a map
@:V — K by

Q(z,y,a) = 2% + 4 — @’

It is easy to see that @) is a quadratic form on V' with polar form f given by

f((z,y,a), (z,w,b)) = T(22) + T(yw) — 2ab.
Then the BLT-set P is given by

, 1 . 1
P={0P,01): 1<) <o gy

3.8 Pe: For all ¢ =+1 (mod 10).

This example was discovered by T. Penttila [57]. (Our choice of quadratic
form is superficially different from that of [57], so the description of the
BLT-set is also slightly different.)

With the same notation as in the preceding example, the BLT-set is given
by

77:{(2172j,773j,\/5) eV:0<j<q}

The present author has worked out a g¢-clan representation of this BLT-
set, but it seems too involved to be helpful. Moreover, with the BLT-set
representation it is almost trivial to show that the group of the BLT-set is
transitive, implying that there arises only one flock.

3.9 LP: For all ¢ = 3°.
For t € K with ¢ = 3° and n a fixed nonsquare of K, let
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s t t* + nt?
P\t —n T 0 -0t )

Then C = {A; : t € K} is a g-clan.

This construction will appear in M. Law and T. Penttila [34]. The full
collineation group of GQ(C) is determined in [41], with some very interesting
consequences for flocks. Recall that the orbits on the lines through the point
(00) of GQ(C) correspond to the isomorphism types of the flocks. In this case
the lines [A(co)] and [A(0)] each yield orbits of size one. For each o € Aut(K)
and each choice of £1 there is a collineation of GQ(C) that maps [A(t)] to
[A(t)], where

f=dnz .
If the orbit of [A(¢)] has size h, then the stabilizer of [A(¢)] has order 2¢. So
the flocks corresponding to [A(c0)] and [A(0)] both have stabilizers of order
2e. In general there are many isomorphism classes of flocks, including some

with stabilizers of order 2e and others with stabilizers of order 1. If ¢ = 3¢
with e odd, there are 2 4+ 34, (3¢ — 1) - ¢(£) orbits. If e = p" with p an odd
1 (3600M) 4

o ) orbits in GF(37")\ GF (3" ") with length 2e.

This means that they correspond to flocks which are rigid, i.e., which have
trivial automorphism group. (Note that our use of the word “rigid” differs
from the use in [25], where a group preserving a flock is called rigid provided
it fixes each plane of the flock.)

. h—
prime, there are 37

4 Infinite families of flocks with ¢ even

4.1 g¢-clans, GQ and herds of ovals

For g even, the connection between flocks, spreads, g-clans, generalized quad-
rangles of order (¢?, ¢), subquadrangles of order ¢ and herds of ovals is given in
detail in the survey [26] along with a description of the Fundamental Theorem
and its consequences. Consequently we give here only the basic machinery
necessary for the constructions and just enough material on collineations of
the GQ to make a comparison with some recent work of C. M. O’Keefe and
T. Penttila [36]. Then we set up some new machinery so that we can include
in our list of known examples the new Adelaide geometries [17].

Let K = GF(q) with ¢ = 2°. Let tr : K — GF(2) be the absolute trace
function. As above, let C be the cone C = {(X,, X1, X2, X3) € PG(3,K) :
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0 Zt
be a 2 x 2 matrix over K, and let m; be the plane with equation m; : x;Xo +
2. X1 +y: Xo+ X3 = 0. As before, put C ={A4;:t € K}. Then F(C) = {m; :
t € K} determines a flock of C if and only if C is a g-clan, which is the case

if and only if
ys # y; and tr <(xs — )2 — Zt)) =1
’ (ys - yt)2

X2 = XX} with vertex P = (0,0,0,1). Foreacht € K let A; = ( Ty Y )

for all s,t € K with s # t.

In this case (i.e., ¢ = 2°), not only is there a generalized quadrangle GQ(C)
associated with the g-clan C as well as a spread of PG(3, ¢), there is a family
of ¢+ 1 subquadrangles of GQ(C) each having order (¢, q) and a herd of ovals
in PG(2,¢). In the published literature there are different representations of
the associated elation group G. For this survey we have chosen the following

normalizations and standardized notations.

Let P = < (1) (1) ) If @ and (3 are both 2-tuples of elements of K,

put o 8 = /aPBT. Then the elation group G is given by

G={(a,p,¢):a,3€ K*cc K},

where the group operation is given by

(. B,c)o (B, ) =(a+ o, B+ ct+ +Bod)

Without loss of generality, we may assume that all ¢g-clans have upper trian-

gular matrices
o Tt Yt . . 00
At—<0 zt>WIthAo_<OO>’

with z; = 1, and with y; = ts for all t € K. Also put A = Ag.
There are two families of subgroups of G, each subgroup having order ¢* and
being elementary abelian, that play important roles in ¢-clan geometry.

For0£~ve K* L,={(y®a,c)eG:a€ K* ce K};
For0£a€e K?’ R,={(y®a,c)eG:v€ K* ce K}.

For nonzero o, v € K%, L, = L, (resp., R, = R,) if and only if {a,~} is
K-dependent. Hence we may think of the £, (resp., R,) as indexed by the
points of PG(1, ¢). The scalar multiplication d((y® «), ¢) = ((dy® «), dc) =
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((y ® dav), dc) makes each £, and R, into a three-dimensional vector space
over K. So there are associated projective planes /;, ~ R, = PG(2,q).
Clearly the center Z = {((0,0),¢) € G : c € K} of G is contained in each £,
and R,.

When we have used a ¢-clan C to construct a four-gonal family J for G,
and have then the associated generalized quadrangle GQ(C), it will turn
out that the £, essentially index the lines through the point (c0), and the
R, index the subquadrangles of order (g, q) containing the points (co) and
(0,0,0) along with their associated ovals.

Identify elements of K = K U {oo} with points of PG(1,¢q) in the following
way. For t € K, write 7, = (1,t), and v, = (0,1). So for 0 # v = (a,b),
Y = Voja- Fort € K, we then write £, = L, and R; = R,,. Now let C
be a fixed g-clan normalized as above, including the matrix A.,. (Here, for
te K, vy, = (1,5). For t = oo, strictly speaking, y; = 0, but we write
Yy = Yoo = (0,1) anyway.) For t € K and o € K2, put g,(a) = vaA,al.
It then follows easily that

g+ B) = gu(@) + gi(B) + 1+ (o B) and gy(ka) = kgi(a).
Then for each t € K define a subgroup of G as follows:

At) ={(y, @, g(a) e G:a € K}

It follows that A(t) is a subgroup of £, having order q*. Specifically, for
te K, Alt) < L, and A(co) < Lo. The point here is that J(C) = {A(?) :
t € K} is the usual 4-gonal family for G with £, being the tangent space of
J(C) at A(t?).

Note that for each k € K, the map («,(,¢) — (ka, kB, kc) is an au-
tomorphism of G which fixes setwise each subgroup A(t), t € K. Put
Ay(t) = RaNA(L) = {d(y, @ a,g(a)) : d € K}, so |Aa(t)] = ¢. It follows
that A, (t) determines a point A,(t) in the projective plane R,. Property
K1 for 4-gonal families guarantees that O, = {A4(t) : t € K} is an oval of
Re. The isomorphism R, — PG(2,q) : ((z,y) ® a,2) — (z,y, 2) gives the
standard coordinates for R,. Using these standard coordinates, A,(oc0) is the
point (0,1,0) and A,(t) is the point (1,2, vaAaT).

It follows easily that O, is isomorphic to the oval O, in PG(2, ¢) with nucleus
(0,0,1) given by

O, = {<1,t5, \/aAtaT> te K} u{(0,1,0)}.

The ¢ + 1 distinct subgroups R, arise from the ¢ + 1 elements o = (0, 1)
and o = (1,s2) for s € K. For these ¢ + 1 values of o, we substitute for o
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and for the ¢g-clan matrices A;, in the set O.,, and then apply the collineation
(z,y,2) — (22,42 2%) (and if o # (0,1) we divide the third coordinate by
an appropriate constant) to obtain the ¢+ 1 projectively equivalent ovals O,
where:

Oy ={(1,t,z):t € K} U{(0,1,0)},

1:h
O = {(1,75, hsn TS ) te K} U{(0,1,0)}.

1+szl+s%

Equivalently, J, = {A4(t) : t € K} is a 4-gonal family for R,. It was
shown in [50] that the associated generalized quadrangle of order ¢ may be
viewed as a subquadrangle of GQ(C) containing the points (co0) and (0, 0, 0).
Moreover, the subquadrangle associated with R, is isomorphic to T5(O,)
(cf. [43], [50], and [44]).

Following Cherowitzo, Penttila, Pinneri and Royle [16], a herd of ovals in
PG(2,q), q even, is a family of ¢ + 1 ovals {Os : s € GF(q) U {c0}}, each
of which has nucleus (0,0,1) and contains the points (1,0,0),(0,1,0) and
(1,1,1), and such that (with K = GF(q) as above)

Ox ={(1,t, foo(t)) : t € K} U{(0,1,0)} and
O, ={(1,t, fs(t)) : t € K} U{(0,1,0)}, =z €K,
Fo(t) + Ksfo(t) + s2t2

1+ ks + 52

for some k € K satisfying tr(x) = 1.

Here the functions f., and f,, s € K, are all o-polynomials, since each gives
an oval containing the prescribed points.

In [16] it is proved that such a herd of ovals gives rise to a (normalized) ¢-clan

(A Hfi(w):te[{}.

As we have seen above, such a normalized ¢-clan C corresponds to a herd
H(C) of ovals. In our notation, fy(t) = z; and kf(t) = 2.

fs(t) =

?

4.2 Collineations

Let G denote the group of collineations of GQ(C) fixing the point (co) (which
is the complete group of collineations when C is not classical, i.e., not linear),
and let Gy be the subgroup of G fixing the point (0,0,0). Then a major
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consequence of the Fundamental Theorem is that each element of G is in-
duced by an automorphism 6 of the group G with a very particular form.
There is an automorphism ¢ of K, and there are two matrices A € GL(2, q),

B € SL(2,q) for which 0 = 6(o, A, B). Then
0(07A’ B) : ((avﬁ)’c) = ((aaaﬁa)(A ® B)v __)v

where for our present purposes we may ignore the effect of 6 on the third
coordinate. The important thing to notice is that

(v®a),c)— (AR a’B,——).

This means that 0(0,A,B) : L, — L4 and 0(0,A,B) : Ry — Raop.
Hence o and A determine the action of Gy on the lines of GQ(C) through the
point (00), and o and B determine the action on the set of subquadrangles
and especially on the herd of ovals. (Recall that to each line [A(t)] through
the point (00) of GQ(C) there is associated a flock (cf. [2], [48], [42]), with
two lines in the same Gy-orbit if and only if their associated flocks are pro-
jectively equivalent.) Using this approach it has been possible to compute
the full collineation group of GQ(C) for the ¢-clans (with ¢ even) in each of
the infinite families known prior to the year 2000, and then to compute the
group of collineations induced on the herd, especially the induced subgroup
stabilizing a given oval. This was done in the Subiaco Notebook by adapting
results of several previously published papers. But it was always fairly tech-
nical, especially so for the Subiaco ¢-clans. Very recently a new approach
to computing the group acting on a herd was given by C. M. O’Keefe and
T. Penttila [36]. We describe this new approach below, but leave open the
question of just how the two approaches fit together. The treatment in [36]
seems a bit incomplete at this point.

Let F denote the collection of all functions f : K — K such that f(0) =
0. Note that each element of F can be expressed as a polynomial in one
variable of degree at most ¢ — 1 and that F is a vector space over K. If
f(z) =X a;z" € F and o € Aut(K), then write f7(z) = > aZz’. In notation

adapted from that of [36], an element 1) € PI'L(2,q) acts on the projective
line PG(1,q) by ¢ : & +— Az for some A = ( CCL Z ) € GL(2,q) and some

o € Aut(K). Let the image of f € F under ¢ be the function ¢ f : K — K
such that

az + ¢

0F) = A b0z + )7 () + 1Al b () + 1A (5).
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This definition yields an action of PI'LL(2, ¢) on F which O’Keefe and Penttila
call the magic action. They prove that the magic action of PI'L(2,q) on
F is (projective) semi-linear and that of the subgroup PGL(2,q) on F is
(projective) linear. It follows that the magic action of PI'L(2,q) on F is
determined by the magic action of a collection of generators for PT'L(2, q).

In particular, they use the following generators:

8 (i T, 0of(2) =a 2f(az), for 0 # a € K;

Tcif'—><i ?)f, 1.f(2) = f(z+¢) + f(c), force K;

Og: T+

¢: T ( (f é )x 0f(z) = 2f(=71);
Po 1 T+ T, pof(2) = f7(2), for 0 € Aut(K).

Let o(F) ={f € F :deg(f) < q—2, and for each s € K, the
function fs(z) = (f(z + s) + f(s))/xz, x # 0, is a permutation}. For each
f € o(F), define the following set of points in PG(2, q):

D(f) ={(Lt, (1)) : t € K} U{(0,1,0)}.

Then D(f) is an oval with nucleus (0,0, 1) and containing the points (1,0, 0)
and (0, 1,0) precisely because f € o(F), and each oval with these properties
can be written in this form. Hence a polynomial in o(F) is called an o-
permutation. If an o-permutation f satisfies f(1) = 1, so that D(f) contains
the point (1,1,1), then f is called an o-polynomial. Associated with an o-
polynomial f are ¢ — 1 o-permutations, the non-zero scalar multiples of f.
With an o-permutation f is associated a unique o-polynomial (ﬁ) f. For
f € F we use (f) to denote the one-dimensional subspace of F containing
f. Clearly all nonzero members of (f) give projectively equivalent ovals. A
remarkable result of [36] is that PT'L(2, ¢) acts (via the magic action) on the
set of one-dimensional subspaces spanned by o-permutations, and hence it
acts on the ovals. Moreover, if f, g € o(F), then D(f) and D(g) are equivalent
under the usual action of PI'L(3, ¢) if and only if they are equivalent under
the magic action of PT'L(2, ¢). What is even more remarkable is that under
the magic action PT'L(2, ¢) maps g-clans to g-clans and herds to herds. This
suggests that one definition of the automorphism group of a herd H(C) =
{D(f,) : s € K} might be that it is the stabilizer of {(f,) : s € K} in
PT'L(2, ¢) under the magic action.

Until recently the known infinite families of herds were the classical herds, the
FTWKB herds, the Payne herds and the Subiaco herds. The automorphism
groups of these herds had been determined earlier, (in the sense that Gy had
been determined and the induced stabilizer of each oval was shown to be the
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complete stabilizer), but in [36] they were recalculated quite efficiently using
the magic action. There were also some examples of herds over fields of small
order (cf. [52]) which have been shown by W. E. Cherowitzo, C. M. O’Keefe
and T. Penttila [17] to belong to an infinite family called the Adelaide family
by their discoverers. In that paper the automorphism groups of the Subiaco
and Adelaide herds were calculated in a unified manner. A consequence of
this computation is that the stabilizer of the Adelaide ovals contains a cyclic
group of order 2e (where ¢ = 2¢), but it is not determined whether or not
this is the complete stabilizer of these ovals.

It is important to keep in mind that the group Gy of collineations of GQ(C)
fixing the points (oo) and (0,0,0) simultaneously has a (faithful) represen-
tation as a permutation group acting on the lines through (oo) and also one
acting on the associated herd (i.e., on the set of subquadrangles of order ¢
containing the points (co) and (0,0,0)). Of course these two permutation
representations are isomorphic as abstract groups, but in general they do not
have to be permutation equivalent. As we shall see a little later, the Subiaco
geometries for ¢ = 2¢ with e = 2 (mod 4) provide examples of this. It seems
clear that the group induced by Gy on the herd should be permutation iso-
morphic to that induced by the magic action on the herd, but the ‘proof’ in
[36] is quite terse.

4.3 A census of ¢g-clans and herds

We now give a listing of the known ¢-clans along with an indication of how
many inequivalent flocks and inequivalent ovals arise.

1. Classical A herd is classical provided the associated GQ is isomorphic to
the GQ comprising the points and lines of the hermitian variety H(3,¢?). In
this case the flock is linear and the translation plane is Desarguesian. The

normalized g-clan is
t3 3
C = 1 0t € K
0 kt2

(for fixed k € K with tr(k) = 1). The classical herd is {D(f,) : s € K},
where f,(z) = 22 for all s € K. So only one flock and one oval arise.

2. FTWKB A herd is FTWKB provided ¢ = 2° with e odd, and the

associated normalized g-clan is given by

i 13
C = te K
Wy ) een)
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The flocks arise by the geometrical construction of J. C. Fisher and J. A. Thas
[21], but the corresponding translation planes were discovered by M. Walker
[75] (using flocks) and independently by D. Betten [7]. The associated GQ
were discovered by W. M. Kantor [29] essentially via ¢-clans. This example
is non-classical for e > 2, in which case still only one flock arises and all the
ovals are equivalent to D(z1) [50].

3. Payne The Payne herd, for ¢ = 2°, e odd, has normalized g-clan

1,1
C:{<t6 t§>:t€K}.
0 to

It is classical if and only if ¢ = 2 and FTWKB if and only if ¢ = 8. For
q > 32 two flocks arise [47], and two ovals arise, one equivalent to the Segre
oval D(z5), and one equivalent to D(z + 22 + x¢) [44].

The remaining examples are the Subiaco and Adelaide geometries. The Subi-
aco examples were first given by W. E. Cherowitzo et al.[16] as g-clans. They
exist for all ¢ = 2° and were new for ¢ > 32, except that certain of the smaller
examples had been found by computer and the general construction was ob-
tained in pieces. Since their construction is rather technical, since a rather
complete review of them is in [26], and since the new construction of the
Adelaide geometries is via a technique that gives both the Subiaco and the
Adelaide (as well as the classical) examples, we give only this new version
and refer the reader to [16] (also see [51]) for the original constructions. This
new construction was discovered during an attempt to generalize the cyclic
construction of [52]. However, the problem of giving a direct connection
between the Adelaide construction and that in [52] seems to be open.

Let E = GQ(q¢?) be a quadratic extension of K = GF(q), ¢ = 2° Let
1# 3 € E satisfy 877! =1, and let T(x) =z + 2% for all x € E. Let a € K
and f,g: K — K be defined by:

Ty 1
T TG T

+ 1;

_ _T(E™ME+1) T((Bt +59™) 1
JO = Jms) ==y * O+ T@)E £y
and
. _T(B™) (5t +1)") L
29lt) = agmall) = gyt + T+ TR + et | T

Finally, put
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C:Cm,g:{<fg) a;it)>:teK}.

Then W. E. Cherowitzo, C. M. O’Keefe and T. Penttila [17] prove the fol-
lowing remarkable theorem.

Theorem 5 If m = +1 (mod g+ 1), then C is the classical q-clan for all
q = 2° and for all 3. If ¢ = 2° with e odd and m = £4 (mod q + 1), then C
is the example first found as a g-clan by W. M. Kantor and which gives the
Fisher-Thas-Walker Flock. If ¢ = 2¢ with m = £5, then C is the Subiaco
q-clan for all B such that if X is a primitive element of K and = \Fa=1),
then q + 1 does not diwvide km. If ¢ = 4° > 4 and m = i% (mod q + 1),
then for all B, C is a q-clan called the Adelaide g-clan.

4. Subiaco Given g = 2¢, the ¢-clan is unique up to equivalence, giving just
one flock in all cases. The situation for herds is different. For e = 2 (mod 4)

there are two types of ovals. The Subiaco herd has ZL ovals of one type, the

5
remaining ZL(QTH) ovals being of one other type. For all other cases there is

just one flock and just one oval.

5. Adelaide These are constructed for ¢ = 2¢ with e even. The magic action
of the group of the herd is shown in [17] to be Cy41 X Csy, but the treatment
given of the effect of the magic action on the lines of GQ(C) through (co) and
of that on the ovals of the herd is a bit murky. However, for the examples
with ¢ = 4%, k < 8, that were studied by computer, it is known that the
group is transitive both on the lines through (co) and on the ovals of the
herd, so that only one of each arises. This certainly must be true in general,
but these examples must be studied some more.

5 Sporadic ¢-clans with ¢ odd

With the discovery of the Adelaide geometries [17] all g-clans known to us
with g a power of 2 belong to one or more of the infinite families mentioned
in the previous section. For ¢ odd the situation is quite different. With
computer aided searches at least 38 different (presently sporadic) g¢-clans
have been discovered, many producing several new flocks. We start with one
that has interesting properties and seems to be truly sporadic.

5.1 An example with ¢ = 3°

This example was found by an interesting mix of theory and computer assis-
tance. T. Penttila and B. Williams [60], with a slight assist from a computer,

81



discovered a translation ovoid of the quadric Q(4,3%). Already in 1994 (see
the proceedings of the Oberwolfach meeting on Designs and Codes in 1994),
J. A. Thas [67] had shown how to interpret a translation ovoid of a quadric
Q(4,q) as a g-clan and flock whose associated GQ is the point-line dual of
a translation GQ. L. Bader, G. Lunardon and I. Pinneri [3] translated the
ovoid into a g-clan and flock using this method, which is also elucidated in
[35]. Then L. Bader, D. Ghinelli and T. Penttila [1] gave a computer-free
proof of the existence of the ¢g-clan. The ¢-clan for this flock is given by

t =t
o~ fa—( L T )ieen)

The entries of this matrix are additive functions of ¢, so that the associated
translation plane is a semifield plane and the corresponding generalized quad-
rangle is the point-line dual of a translation GQ, both of which are shown
to be new in [3]. Exactly two flocks arise, the original semifield flock and ¢
copies of a non-semifield flock. There is then also the translation dual GQ (as
in [54]), which is shown in [3] to be new and which itself has a point-line dual
that is not a flock quadrangle for any flock. This is the only such example
known other than the family of examples in Section 3.6. In [1] there is made
a tangential connection between this example and the sporadic simple group
My;.

Another observation about the above ¢-clan is that each entry of the given
matrix is a monomial function of ¢, hence C is called a monomial g-clan. For
q even, the first three families of Section 4. are monomial, and in [59] these
are shown to be the only ones. For g odd, the first four families of Section
3. are monomial. In [1] a computer search is used to show that semifield
monomial flocks are completely classified for ¢ = 3™ and n < 100, and for
q = p" with p prime and p < 100 and n < 100. In fact, the authors do
a great deal more. A collection of ¢ — 1 pairwise disjoint irreducible conics
on a quadratic cone is a reqular partial flock provided there is a subgroup of
PGL(4, q) acting regularly on the set of conics. In [55] it is shown that any
partial flock of order ¢g—1 can be uniquely completed to a flock. Hence regular
partial conical flocks give rise to (complete) flocks. Y Hiramine and N. L.
Johnson [23] have classified regular partial conical flocks into three general
types. In [1] the first type is studied via computer, with no new examples
turning up and rather strong conditions being imposed on the remaining
possibilities.
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5.2 Other sporadic examples

In the table below we list the remaining known sporadic examples found
by computer. In the column of attributions, we use the following notation:
DCH refers to [19], PR to [58], LP to [32] (which will appear as a sequel to
[58]), and DCP to an unpublished result of F. De Clerck and T. Penttila that
will appear in [32]. The representation of Gy on the lines through (co) has
a kernel A/ of order ¢ — 1. We let Gy denote the quotient group Go/N. In
the column labeled ‘orbits’ an entry of the form a®.b*> means three orbits of
length a and two orbits of length b.
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q |Go| orbits  who? No. of flocks

17 144 126 DCH
17 24 12.6 PR
19 20 20 PR
19 16 82,22 PR
23 72 18.6 DCH
23 1152 24 PR
23 24 24 PR
23 16 82.42 PR
23 6 63.32 PR
25 16 16.8.2 PR
25 8 83.2 PR
29 720 30 LP
29 48 24.6 LP
29 8 83.4.2 LP
29 6 64.32 LP
29 3 310 LP
31 96 2462 LP
31 10 102522 LP
31 8 83.42 LP
31 4 48 LP
37 T2 36.2 LP
37 4 49.2 LP
37 4 4912 LP
41 60 30.12 LP
41 24 24126 LP
41 8 8.2 LP

43 4 41 LP
47 2304 48 DCP
47 24 242 LP
47 3 316 LP

49 40 40.10 LP
49 20 20252 LP
03 24 242.6 LP
23 12 1246 LP
59 120 60 LP
29 5 512 LP
125 72 72.24%.6 LP

B DR OWANSNR D OWN D DN U UTW DO Ut — i WOt =N = NN
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6 Characterizations, spreads and a geometric
construction

6.1 Property (G) and flock GQ

Let GQ(F) be a generalized quadrangle of order (¢?, ¢) arising from a flock
F. In [46] it was proved that GQ(F) satisfies the following condition called
Property (G) at the point (c0).

Start with a GQ(¢% q) = S, and let L; and M; be any distinct lines of
S incident with the point p. Suppose that (L;, Lo, L3, L) are four distinct
pairwise nonconcurrent lines and (My, My, M3, M,) are any four distinct lines
for which L; is concurrent with M; whenever 2 < i+ 35 < 7. We say S
has Property (G) at the point p provided it always follows that L, and M,
are concurrent. Because the parameters (s,t) of the GQ have s = ¢, any
triad of pairwise nonconcurrent lines has a perp of size 1 4+ ¢, and there
is another way to express Property (G). Alternatively, we say that S has
Property (G) at p provided that whenever (Ly, Ly, L3) is a triad of (pairwise
nonconcurrent) lines, one of which is incident with p, and for which there is
a line M; incident with p and concurrent also with all of L;, Ly and L3, then
{L1, L, L3} =1 +4¢.

In a truly remarkable sequence of papers, J. A. Thas ([65], [66], [69], [68])
has proved (among several other things) that when ¢ is odd, if S is a GQ of
order (¢%, q) and has Property (G) at a point p, then S is a flock GQ. When
q is even an additional hypothesis must be used to reach this conclusion, and
in the general case his result is slightly better than the one just mentioned.
The reference [68] gives an excellent survey (along with some improvements)
of these and related results. Here we give only the barest outline.

To explain the results we find it convenient to switch to the point-line dual
setting. Let S = (P, B,I) be a GQ(q,¢?), so each triad of points has a
perp of size ¢ + 1, from which it follows that its span (or perp perp) has
size at most ¢ + 1. The triad (y1,y9,¥y3) is said to be 3-regular provided
{1, yo, y3) 1t = g+ 1. Let (p, L) be a flag. We say that S has Property (G)
at the flag (p, L) provided that each triad (yi,v2,y3) C pt with 3, incident
with L is 3-regular. In [68] the following theorem is proved.

6.1.1 Property G and flock GQ, ¢ odd

Theorem 6 If S has Property (G) at the flag (p, L) and q is odd, then S
is the point-line dual of a flock GQ GQ(F) for some flock F of a quadratic
cone. Moreover, the line L is reqular, so there is a dual net Nj. This dual
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net satisfies the Aziom of Veblen (cf. [68]) if and only if F is a Kantor Flock
(i.e., F is of the type given in 3.5).

Now suppose S has Property (G) at the flag (p, L) and y is any point of L
different from p. Consider the incidence structure S,y = (Pyy, Bay, Iy) Where

o P, =zt \ {z,y}+t.

e Elements of B,, are of two types: (a) the sets {y,v/,y"}*+\ {y}, with
{y,y,y"} a triad contained in zt; and (b) the sets {z,w}* \ {x}, with
T ~why.

e [,, is containment.

It follows that the incidence structure S,, is the design of points and lines
of the affine space AG(3,q). In particular, ¢ is a prime power. Now let z be
a point of P not on L, and collinear with a point v on L with = # u # y.
The ¢* lines of type (b) of S, are parallel, so they define a point co of the
projective completion PG(3,q) of AG(3,q). Then ({z, 2} \ {u}) U {oo} is
an ovoid O, of PG(3,¢q). We can now state the theorem for ¢ even.

6.1.2 Property G and flock GQ, ¢ even

Theorem 7 Let S be a GQ of order (q,q¢*), ¢ = 2¢ > 1. If S has Property
(G) at the flag (p, L), and if each ovoid O, is an elliptic quadric, then S is
the point-line dual of a flock GQ. The line L is reqular, and the corresponding
dual net Ny satisfies the Axiom of Veblen (so is known; cf. [68]).

The above theorem makes it very interesting to know all the ovoids in
PG(3,q), q even. For ¢ = 2,4 or 16 it is known that all ovoids are el-
liptic quadrics (cf. [38] and [39]). The only known ovoids are the elliptic
quadrics that exist for all ¢ = 2° and the Tits ovoids that exist for ¢ = 2°¢
with e odd and greater than 1. The problem of determining all ovoids in
PG(3, q) remains unsolved for ¢ > 64 and is likely to remain so for a while
yet in spite of a great deal of progress on this problem. For example, M.
Brown has proved that if even one secant plane section of an ovoid O is a
conic, then the ovoid is an elliptic quadric (cf. [13]). He also proved that if
even one secant plane section is a ‘pointed conic’ (i.e., an oval obtained by
interchanging the nucleus of a conic with any point of the conic), then either
g = 4 and the ovoid is an elliptic quadric, or ¢ = 8 and the ovoid is a Tits
ovoid ([12]. Even if it should turn out that the only ovoids are the known
ones, the following conjecture of J. A. Thas [68] would remain open.
Conjecture. ([68]) Let S be a GQ of order (q,q?), q even, and assume that
S satisfies Property (G) at some line L. Then S is the dual of a flock GQ.
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We note that a GQ T3(0) of J. Tits with O a Tits ovoid (cf. [54]) satisfies
Property (G) at any flag (0o, L), with oo the unique point p of T5(O) for
which each flag (p, L) has Property (G). As T5(0O) is a translation GQ), it is
not the dual of a flock GQ by the main result of [27].

6.2 Characterizations of translation GQ

J. A. Thas has obtained deep and beautiful characterization theorems for
translation GQ, but only in some cases do his results apply to the point-
line dual of a flock GQ. We refer the reader to [68] and [62] for excellent
expositions of these results. For the present we mention only one result from
[62]: Let GQ(F) be a GQ of order (¢?, q), q even, arising from a flock F. If
the point (00) of GQ(F) is collinear with a regular point different from (o00),
then GQ(F) is isomorphic to the classical GQ H(3,¢%), i.e., the flock F is

linear.

6.3 Subquadrangles

Any 3-regular triad of points of a GQ S of order (s,s?), s even, defines
a subquadrangle §" of order s (cf. 2.6.2 of [54]). Also, from the point-
line dual point of view, any flock quadrangle S(F) has a herd of ovals and
corresponding subquadrangles isomorphic to T5(0) for O in the herd. As
noted in [63], this accounts for at least ¢> + ¢? subquadrangles of order g.
In [37] it is shown that these subquadrangles and their images under the
collineation group of S(F) are the only subquadrangles of order ¢ containing
the point (co0). It is also noted that every isomorphism between known
subquadrangles §; and S, of order ¢ of a known GQ S of order (¢%,q), ¢
even, extends to an automorphism of S. In fact, it is shown that the herd
associated with a flock GQ (and hence also the set of subquadrangles of order
q containing the point (c0)) is an invariant of the flock GQ. The article [37] is
a convenient reference for a variety of results concerning the automorphisms
and subquadrangles of the classical GQ Q(5,q) and the Tits generalized
quadrangles T3(£2) where Q) is the Tits ovoid.

6.4 Spreads, ovoids and generalized fans

In a GQ of order (s,t) a spread is a set of 1 + st lines that are pairwise
nonconcurrent, i.e., they partition the pointset. Dually, an ovoid is a set of 1+
st pairwise noncollinear points. Many papers have been written concerning
spreads and ovoids of GQ. In particular, any flock GQ of order (¢?,¢) has
ovoids (cf. [71]). In [68] this is improved for ¢ even to say that any GQ of
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order (¢2,q), q even, that satisfies Property (G) at some point must have
ovoids.

Let S = GQ(F) be the GQ of order (¢?,q) arising from the flock F of the
quadratic cone C in PG(3,q), ¢ even. Let &' = T5(O), O an oval of PG(2, q),
be one of these subquadrangles, so that the point (co) of T3(0) is also the
point (00) of GQ(F). Let M be a line of GQ(F) not belonging to the
subquadrangle T5(0O). Each point of M is on a unique line of T5(0), giving
a spread Sy of T»(O). Recall the model of T5(0) starting with the oval O
of PG(2,q) embedded in PG(3,q). The ¢* + 1 lines of Sy consist of a point
y € O (viewed as a line of T5(0)), and ¢? lines not in PG(2, q) of ¢ quadratic
cones C,, x € O\ {y}, of the space PG(3, q) containing T5(O), where C, has
vertex x, is tangent to PG(2,¢) at xzy and has nucleus line zn, with n the
nucleus of O. This theorem is a main result of [63] and it also appears in
[14] along with many other results. The oval O is a conic if and only if the
flock F is linear. This result first appeared in [40], but it reappeared in [63]
as an application of the previous result. The intersection of the lines of C,,
z € O\ {y}, with a fixed plane 7 (# PG(2,¢q)) through the line yn, gives a
collection of ovals of the plane 7 called a generalized fan.

The paper [14] makes a detailed study of the spreads of T3(O), but most
its results are only indirectly related to flock GQ. For example, if o is a
generator of Aut(GF(q), ¢ = 2¢, the paper [14] establishes a link between
a-flocks (flocks of cones over translation ovals D(«)) and generalized fans
where each oval of the fan is isomorphic to D(1/«).

Let &' = (P, B',I') be a subquadrangle of order s of the GQ S = (P, B, I)
of order (s,s?), s > 1. If z € P\ P, then the s*> + 1 points of P’ which are
collinear with z form an ovoid O, of &’ (cf. 2.2.1 of [54]). We say that S’ is
doubly subtended when for each point x € P\ P’ there is exactly one point
' € P\ P, with © # 2/, for which O, = O,,. J. A. Thas [68] proves that if S
has a doubly subtended subquadrangle S’, then if s is even &’ is isomorphic
to the GQ W (q) arising from a symplectic polarity, and if s is odd then all
points of & are antireqular, i.e., each triad of points has a perp of size 0 or
2.

Consider the following theorem from [71]: Let S be a GQ of order (¢, ¢%), ¢
even, having a subquadrangle S’ isomorphic to Q(4,¢). If in &’ each ovoid
O, consisting of all points of &’ collinear in § with a given point x of S\ &’
is an elliptic quadric, then S is isomorphic to Q(5,q). It follows that any
GQ of order (16, 4) that has a subquadrangle of order 4 must be isomorphic
to Q(5,4). In his Ph.D. thesis, M. R. Brown improves this theorem by
weakening the hypothesis to the assumption that the subtended ovoids be
elliptic quadrics or Tits ovoids.

A rosette based at a point X of a GQ S of order (s,t) is a set R of ovoids
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with pairwise intersection { X'} and such that {#\{X} : 0 € R} is a partition
of the points of § not collinear with X. The point X is called the base point
of R. It follows that a rosette R has s ovoids.

If S = (P, B,I)is a GQ of order (7, %) with a subquadrangle S’ = (P, B, I')
of order r, then every line of S is either a line of S’ or is incident with exactly
one point of §’. A line of § meeting S’ in exactly one point is called a tangent.
Given a tangent line [ to &', the set of r ovoids subtended by points of [ not
in &’ forms a rosette of §’. We say that this rosette is the rosette subtended
by the line [ or that the rosette is subtended.

A (finite) semipartial geometry (SPG) is an incidence structure 7 = (P, B, I)
in which P and B are disjoint (non-empty) sets of objects called points and
lines, respectively, and for which I C (P x B) U (B x P) is a symmetric
point-line incidence relation satisfying the following axioms:

(i) Each point is incident with 1 + ¢ lines (¢ > 1) and two distinct points
are incident with at most one line;

(ii) Each line is incident with 1 4 s points (s > 1) and two distinct lines
are incident with at most one point;

(iii) If X is a point and [ is a line not incident with X, then the number
of pairs (Y, m) € P x B for which XImIYIl is either a constant «
(a > 0), or 0;

(iv) For any pair of non-collinear points (X,Y’) there are u (1 > 0) points
Z such that Z is collinear with both X and Y.

The integers s, t, a, u are the parameters of 7. For more information on
SPGs see [20].

By Theorem 3.1.7 of M. Brown [11], if S is a GQ of order (r,7?) and &' is
a subGQ of order r such that each subtended ovoid of &’ is subtended by
precisely two points, then the subtended ovoid/rosette structure is an SPG
with parameters s =r — 1, t = 7%, a =2 and g = 2r(r — 1). M. Brown also
shows that the above condition is equivalent to the existence of an involution
of S that fixes [” pointwise. By starting with the GQ of order (¢, ¢?), (¢
odd and not prime), arising from the g-clan in Example 3.3 first given by
Kantor, which has classical subquadrangle of order ¢, M. Brown finds SPQs
not isomorphic to any previously known ones.
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6.5 The geometric construction by J. A. Thas of all
flock GQ

The problem of finding a geometric construction of a flock GQ was open
for quite some time. As the years passed after N. Knarr [31] found such
a construction for ¢ odd, many researchers came to believe that no such
construction could exist for ¢ even. Hence it was quite surprising when J. A.
Thas presented his construction in [69], with refinements of related material
in [68] and [70]. This construction represents a major resolution of a long
open problem, and no survey of recent results on flock GQ would be complete
without it.

Let C be a quadratic cone with vertex x of PG(3, ¢). Further, let y be a point
of C\ {z} and let ¢ be a plane of PG(3, ¢) not containing y. Project C \ {y}
from y onto (. Let 7 be the tangent plane of C at the line xy and let TN = T'.
Then with the ¢* points of C \ zy there correspond the ¢* points of the affine
plane ( —T = (’; with any point of zy\ {y} there corresponds the intersection
oo of zy and (; with the generators of C distinct from xy there correspond
the lines of ¢ distinct from 7' containing oco; with the (nonsingular) conics
on C passing through gy there correspond the affine parts of the ¢? lines of ¢
not passing through oo; and with the (nonsingular) conics on C not passing
through y there correspond the ¢*(q¢ — 1) (nonsingular) conics of ¢ which are
tangent to 1" at oo.

Let F' = {C},C;3,...,C;} be a flock of the cone C. Now consider the
set = {Cy,Cy, .. .,Cy—1, N} consisting of the ¢ — 1 nonsingular conics
C1,Cy,...,C4—1 and the line N of ¢, which is obtained by projecting the
elements of F' from y onto ¢. So Cy,Cy,...,C,_; are conics which are mu-
tually tangent at oo (with common tangent line 7') and N is a line of ¢ not
containing oo.

Now we consider planes 7., # ¢ and p # ¢ of PG(3, ¢), respectively contain-
ing T and N. In pu we consider a point r, with » ¢ ( U 1. Next, let O;
be the nonsingular quadric which contains C;, which is tangent to 7., at oo
and which is tangent to g at r, with i =1,2,...,g—1. As C; N N = (), the
quadric O; is elliptic, 1 <i < ¢q — 1.

Next let S be the following incidence structure.

Points of S

(a) The ¢*(q — 1) nonsingular elliptic quadrics O containing O; N 7y, =
LY U MY (over GF(g?)) such that the intersection multiplicity of O;
and L at oo is at least three (these are O;, the nonsingular elliptic
quadrics O # O; containing LY U M) (over GF(¢?)) and intersecting
O; over GF(q) in a nonsingular conic containing co, and the nonsingular
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elliptic quadrics O # O; for which O N O; over GF(¢?) is LY U M)
counted twice), with 1 <i < ¢ —1.

(b) The ¢* points of PG(3,q) \ Tuo-
(c) The ¢* planes of PG(3, ¢) not containing oo.

(d) The ¢ — 1 sets O;, where O; consists of the ¢> quadrics O of type (a)
corresponding with O;, 1 <i <g¢q— 1.

(e) The plane 7.

(f) The point oco.

Lines of S

(i) Let (w,7) be a point-plane flag of PG(3,¢q), with w & 7 and oo & 7.
Then all quadrics O of type (a) which are tangent to v at w, together
with w and ~, form a line of type (i). Any two distinct quadrics of
such a line have exactly two points (co and w) in common. The total
number of lines of type (i) is ¢°.

(ii) Let O be a point of type (a) which corresponds to the quadric O,
1<i<q—1.IfO0ONTe =0;N7s = LY UMY (over GF(¢?)), then
all points O’ of type (a) for which O’ N O over GF(¢?) is LW U MY
counted twice, together with O and O;, form a line of type (ii). There
are ¢*(q — 1) lines of type (ii).

(iii) A set of ¢ parallel planes of AG(3,q) = PG(3,q) \ T, where the line
at infinity does not contain oo, together with the plane 7, is a line of

type (iii).
(iv) Lines of type (iv) are the lines of PG(3, ¢) not in 7, containing co.
(v) {00, Moo, 01,04, ...,Oy_1} is the unique line of type (v).
Incidence of S

Incidence is containment.

It is proved in [69] that S is a GQ isomorphic to the point-line dual of the
flock GQ GQ(F).
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7 Additional remarks

After the writing of this paper was essentially completed there came to our at-
tention a new connection between flocks (qua g-clans) and another geometric
construct. R. D. Baker, G. L. Ebert and K. L. Wantz [6] define a hyperbolic
fibration to be a set of ¢ — 1 hyperbolic quadrics and two lines which together
partition the points of PG(3,¢). Such a fibration is called regular provided
the two (skew) lines of the fibration are conjugate with respect to each of the
hyperbolic quadrics. A surprising discovery is that a special type of regular
hyperbolic quadric is equivalent to a flock of a quadratic cone. The inter-
est in hyperbolic fibrations derives from their connection with linespreads of
PG(3,q), and hence with translation planes. The interconnections are still
being sorted out, but this new discovery adds its own emphasis to our sense
that the theory of flocks and their related geometries is very much alive and is
at the heart of a great deal of current research on finite projective geometries
and their special substructures.

Other results related to flock GQ are given by K. Thas in the preprint [72].
A point p of a § = GQ(s,t) is a translation point provided each line through
p is an axis of symmetry. This says § is a translation GQ with base point p
for which the associated elation group is an abelian group (whose elements
are called translations). We close this survey with the main result from [72].

Theorem 8 (K. Thas [72]) Let S be a GQ(s,t), s > 1, ¢t > 1, and suppose S
has two distinct translation points. Then one of the following must occur.

1 The two translation points are noncollinear and S s of classical type.

In all other cases the two translation points are collinear.

i s =1t and S is isomorphic to Q(4,s).
i s #t, s is even and S is isomorphic to Q(5,s).

i s =q", t = q¢*" with ¢ some odd prime power, ¢ > 4n* —8n+2, and S
15 the point-line dual of a flock GQ) whose flock is a Kantor flock.

v s=q", t =qg> with ¢ some odd prime power, ¢ < 4n*> —8n+2, and S
15 the translation dual of the point-line dual of some flock GQ).

Note: The inequality in part (iv) derives from some very interesting work in
progress by A. Blokhuis, M. Lavrauw and S. Ball [10].
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