Arcs and caps in projective spaces

J.W.P. Hirschfeld, G. Korchmáros and L. Storme^�

Intensive Course on Galois Geometry and Generalized Polygons

1 Arcs in projective spaces

1.1 Definitions and elementary properties

An n-arc in P G(N, q), with n ≥ N +1, is a set of n points, every N +1 of which are linearly independent. An n-arc is called complete when it is not contained in an (n + 1)-arc. A point R extends an n-arc K to an (n + 1)-arc if and only if K ∪ {R} is an (n + 1)-arc.

The maximum size for which there exists an n-arc in P G(N, q) is denoted by m(N, q). The size of the second largest complete arc in P G(N, q) is denoted by m^′(N, q).

We start by looking at n-arcs in P G(2, q).

1.2 n-Arcs in P G(2, q)

Here, an n-arc is a set of n points, no three of which are collinear.

The classical example of an arc is the set of rational points of a conic. This shows that there exist (q + 1)-arcs in P G(2, q).

For q odd, this is the maximum size of an arc in P G(2, q). For q even, a conic plus its nucleus (the intersection point of its tangents) is a (q + 2)-arc. Since any arc in P G(2, q) has at most q + 2 points, so, for q even, q + 2 is the maximum size of an arc.

These results are summarized in Table 1.1. q m(2, q) q odd q + 1 [3] q even q + 2 [3]

Table 1.1: m(2, q)

An m(2, q)-arc in P G(2, q), q odd, is called an oval and an m(2, q)-arc in P G(2, q), q even, is called a hyperoval. Formerly, the term oval was used in both cases.

For q odd, a first question that arises is whether every (q + 1)-arc is a conic. This was decided by a result of Segre.

�Research Associate of the Fund for Scientific Research - Flanders (Belgium)

Theorem 1.1 (Segre [64, 65]) For q odd, an oval is the set of rational points of a conic.

This result, sometimes referred to as the fundamental result of finite geometry, was a strong motivation for further research in this field.

There are considerable differences between q even and q odd.

For q even, a conic plus its nucleus is a hyperoval. A hyperoval of this type is called regular. As shown by Segre [67], for q = 2, 4, 8, every hyperoval is regular.

But for q = 2^h, h ≥ 4, there exist irregular hyperovals, that is, hyperovals which are not the union of a conic and its nucleus. Several infinite classes of irregular hyperovals are known.

The next result gives a canonical form for hyperovals.

Theorem 1.2 (Segre [67], [31, 35, §8.4]) Any hyperoval of P G(2, q), q = 2^h and h > 1, is projectively equivalent to a hyperoval D(F ) = {(1, t, F (t)) ‖ t ∈ F_q} ∪ {e_1, e_2} where F is a permutation polynomial over F_q of degree at most q − 2, satisfying F (0) = 0, F (1) = 1, and such that F_s(X) = (F (X + s) + F (s))/X is a permutation polynomial for each s in F_q, satisfying F_s(0) = 0.

A polynomial F (X) of this type is called an o-polynomial [12] and, conversely, every o-polynomial gives rise to a hyperoval. Table 1.2 presents the known infinite classes of hyperovals.

Name F (X) q = 2^h Conditions Regular X^2 [3] Translation X^{2i} (h, i) = 1 [67] Segre X^6 h odd [70] Glynn I X^{3σ+4} h odd σ = 2^{(h+1)/2} [23] Glynn II X^{σ+λ} h odd σ = 2^{(h+1)/2}; [23] λ = 2^m if h = 4m − 1; λ = 2^{3m+1} if h = 4m + 1 Payne X^{1/6} + X^{3/6} + X^{5/6} h odd [54] Cherowitzo X^σ + X^{σ+2} + X^{3σ+4} h odd σ = 2^{(h+1)/2} [14] Subiaco S_1(X) h = 4r + 2 ω^2 + ω + 1 = 0 [13, 55], [56] Subiaco S_2(X) h = 4r + 2 δ = ζ^{q−1} + ζ^{1−q} [13, 55], ζ primitive in GF (q^2) [56] Subiaco S_3(X) h ≠ 4r + 2 Tr(1/δ) = 1 [13, 55], [56]

Table 1.2: Hyperovals in P G(2, q), q even

In Table 1.2,

S_1(X) = ω^2(X^4 + X) X^4 + ω^2X^2 + 1

+ X^{1/2};

S_2(X) = δ^2X^4 + δ^5X^3 + δ^2X^2 + δ^3X X^4 + δ^2X^2 + 1 + (X δ )_1/_2 ; S_3(X) =

(δ^4 + δ^2)X^3 + δ^3X^3 + δ^2X X^4 + δ^2X^2 + 1 + (X δ )_1/_2 . 1.3 Arcs in P G(2, q) and algebraic curves

Apart from the problem of classifying hyperovals in P G(2, q), q even, much attention has been paid to the problem of extending an n-arc to to an m(2, q)-arc.

Finding the values of n for which an n-arc is always contained in an oval, for q odd, or hyperoval, for q even, is relevant for solving problems on arcs or on other substructures in higher-dimensional spaces.

The crucial technique in obtaining results for this problem is the link between algebraic curves and n-arcs in P G(2, q).

To describe this link, we will consider an n-arc of lines. This is a set of n lines, no three of which have a point in common.

1.3.1 The case q even

Theorem 1.3 Let K be an n-arc of lines {l_1, . . . , l_n} in P G(2, q), q even. The line l_j for j ≠ i intersects l_i in n − 1 different points; the remaining t = q + 2 − n points of P G(2, q) on l_i belong to exactly one line of K. So there are exactly tn points of P G(2, q) on precisely one line of K. These tn points belong to an algebraic curve Γ of degree t with the following properties:

(i) Γ is unique if n > t, that is, when n > (q + 2)/2;

(ii) Γ contains no point P on two lines of K and consequently no line of K is a component of Γ;

(iii) each point of P G(2, q) that belongs to exactly one line of K is a non-singular point of Γ.

This curve Γ of degree t is called the associated curve of the n-arc of lines K.

Theorem 1.4 Let K be an n-arc of lines in P G(2, q), q even, (q + 2)/2 < n ≤ q + 1. Suppose Γ is the curve of degree q + 2 − n which corresponds to K.

If K is incomplete, then any line ℓ of P G(2, q) which extends K to an (n + 1)-arc is a component of Γ, and conversely, any line ℓ of P G(2, q) which is a component of Γ extends K to an (n + 1)-arc.

1.3.2 The case q odd

Theorem 1.5 Let K = {l_1, . . . , l_n} be an n-arc of lines in P G(2, q), q odd. As for q even, a line l_i of K (1 ≤ i ≤ n) contains q + 2 − n = t points of P G(2, q) that do not belong to any other line of K. These tn points of P G(2, q) belong to an algebraic curve Γ of degree 2t with the following properties:

(i) Γ is unique if n > 2t, that is, when n > (2q + 4)/3;

(ii) Γ contains no point P that belongs to two lines of K and consequently no line of K is a component of Γ;

(iii) if R is a point of P G(2, q) that belongs to just one line l_j of K, then l_j and Γ intersect in R with multiplicity 2, that is, I(l_j, Γ; R) = 2;

(iv) Γ can contain components of multiplicity 2, but not all components of Γ have multiplicity 2.

This curve Γ of degree 2(q + 2 − n) is called the associated curve of the n-arc of lines K. Theorem 1.6 Let K be an n-arc of lines in P G(2, q), q odd, (2q + 4)/3 < n ≤ q + 1. Suppose Γ is the curve of degree 2(q + 2 − n) which corresponds to K.

If K is incomplete, then any line ℓ of P G(2, q) which extends K to an (n + 1)-arc is a component of Γ, and conversely, any line ℓ of P G(2, q) which is a component of Γ extends K to an (n + 1)-arc.

These results linking an algebraic curve to an arc allow the use of algebraic geometry methods to study arcs.

Table 1.3 surveys the known results on the extendability problem of arcs. In P G(2, q), for q subject to the conditions in the second column, the third column gives an upper bound for m^′(2, q); the fourth column indicates when this upper bound is sharp in the case that equality does not hold in general. The fifth column gives the value of m(2, q). So any n-arc with n > m^′(2, q) is contained in an m(2, q)-arc, and the latter arc is described in the last column.

q m^′(2, q) Sharpness m(2, q) m(2, q)-arc (1) q = p^{2e}, ≤ q − √ q/4 + 25/16 q + 1 conic p > 2, e ≥ 1 (2) q = p^{2e+1}, ≤ q − √ pq/4 q + 1 conic p > 2, e ≥ 1 +29p/16 + 1 (3) q prime, q > 2 ≤ 44q/45 + 8/9 q + 1 conic (4) q = p^h, p ≥ 5 ≤ q − √ q/2 + 5 q + 1 conic (5) q = p^h, p ≥ 3, ≤ q − √ q/2 + 3 q + 1 conic q ≥ 23^2, q ≠ 5^5, 3^6, h even for p = 3 (6) q = 2^{2e}, e > 1 = q − √ q + 1 q + 2 hyperoval (7) q = 2^{2e+1}, e ≥ 1 ≤ q − √ 2q + 2 q = 8 q + 2 hyperoval

Table 1.3: Upper bounds for m^′(2, q)

Result (1) is due to Thas [80]; (2) and (7) to Voloch [83]; (3) to Voloch [82]; (4) and (5) to Hirschfeld and Korchmáros [36, 37], and (6) to Segre [71].

Of great interest is the sharpness of the bound in (6). Segre had proved that every narc in P G(2, q), q even, with n > q − √ q +1, is extendable to a (q +2)-arc. Independently,

Boros and Szőnyi [2], Fisher, Hirschfeld and Thas [21], and Kestenband [41] constructed a complete (q − √ q + 1)-arc in P G(2, q), q = 2^{2e}, e > 1. This example implied the determination of the precise value of m^′(2, q), for q an even square.

For small values of q, the uniqueness of the complete (q − √ q + 1)-arcs follows from Hirschfeld [31, §14.8], [35, §8.7], Lisonek [42, p.193], Chao and Kaneta [10, 11].

Theorem 1.7 In P G(2, q), q = p^{2e}, q > 4, a complete (q − √ q + 1)-arc exists. For q = 9, 16, 25, a complete (q − √ q + 1)-arc is projectively unique.

It is conjectured also for q an odd square with q > 9 that m^′(2, q) = q − √ q + 1.

1.4 n-Arcs in P G(N, q)

1.4.1 m(N, q)-Arcs

We first present the known results on the characterization of m(N, q)-arcs in projective spaces P G(N, q) of small dimension N. To describe these arcs, we need the following definitions.

Definition 1.8 (i) A normal rational curve (NRC) in P G(N, q), 2 ≤ N ≤ q − 2, is a (q + 1)-arc projectively equivalent to the (q + 1)-arc {(1, t, . . . , t^N ) ‖ t ∈ F^+_q } where F^+_q = F_q ∪ {∞} and where t = ∞ defines the point e_N .

(ii) In P G(3, q), q even, L_e = {(1, t, t^e, t^{e+1}) ‖ t ∈ F^+_q }, with t = ∞ again defining the point e_3.

Table 1.4 shows the value of m(N, q) for small dimensions N. The characterization of the m(N, q)-arcs L in P G(N, q) is given in the last column. q N m(N, q) L (1) q = p^h N ≥ q − 1 N + 2 {e_0, . . . , e_N , e} (2) q odd, q > 3 3 q + 1 NRC (3) q = 2^h, q > 4 3 q + 1 L_e, e = 2^v, (v, h) = 1 (4) q odd, q > 5 4 q + 1 NRC for q > 83 (5) q = 2^h, q > 4 4 q + 1 NRC (6) q = 2^h, q ≥ 8 5 q + 1 NRC for q ≥ 16 (7) q = 2^h, q ≥ 16 6 q + 1 NRC for q > 64

Table 1.4: m(N, q) and m(N, q)-arcs

Result (1) is due to Bush [5] and (2) to Segre [66]. The value of m(N, q) in (3) is due to Casse [6], as well as to Gulati and Kounias [25], while the characterization of the (q + 1)-arcs is by Casse and Glynn [7]. In (4), the value of m(N, q) is due to Segre [66]; the characterization of L follows from Table 1.5. The bound in (5) is by Casse [6], and by Gulati and Kounias [25], while the characterization of the (q + 1)-arcs is due to Casse and Glynn [8]. Result (6) is by Maruta and Kaneta [44], and (7) by the same authors [40, 44] for the bound and by Storme and Thas [74] for the characterization of the (q + 1)-arcs.

The preceding results show that when q is odd and N = 2 or N = 3, then the m(N, q)- arcs always are normal rational curves. This led to the conjecture that in P G(N, q), q odd, 2 ≤ N ≤ q − 2, every m(N, q)-arc is a normal rational curve.

This conjecture is however false. Glynn [24] found an example of an m(N, q)-arc in P G(4, 9) different from a normal rational curve. This example is of particular interest since this 10-arc L is the only known (q + 1)-arc in P G(N, q), q odd, 2 ≤ N ≤ q − 2, which is not a normal rational curve.

Theorem 1.9 (Glynn [24]) In P G(4, 9), a 10-arc is one of two types; it is either a normal rational curve or is projectively equivalent to

L = {(1, t, t^2 + ηt^6, t^3, t^4) ‖ t ∈ F_9} ∪ {(0, 0, 0, 0, 1)},

where η^4 = −1.

1.4.2 Extendability of arcs in P G(N, q)

As for N = 2, a problem that has been intensively studied is the extendability of n-arcs in P G(N, q) to larger arcs. Table 1.5 summarizes the main results on this topic. An n-arc in P G(N, q), satisfying the condition on n in the third column, can be extended uniquely to a (q + 1)-arc L, whose description is given in column 4. N q n > L ≥ 2 q = p^{2e}, p odd, e ≥ 1 q − √ q/4 + N − 7/16 NRC [78, 80] ≥ 2 q = p^{2e+1}, p odd, e ≥ 1 q − √ pq/4 + 29p/16 NRC [83] +N − 1 ≥ 2 q prime, q > 2 44q/45 + N − 10/9 NRC [82] ≥ 2 q = p^h, p ≥ 5 q − √ q/2 + N + 3 NRC [36] ≥ 2 q = p^h, p ≥ 3, q ≥ 23^2, q − √ q/2 + N + 1 NRC [37] h even for p = 3, q ≠ 5^5, 3^6 3 q = 2^h, h > 1 q − √ q/2 + 9/4 L_e, e = 2^v, [74] (v, h) = 1 ≥ 4 q = 2^h, h > 2 q − √ q/2 + N − 3/4 NRC [74]

Table 1.5: Upper bounds for m^′(N, q)

To obtain the results for q even, the following theorems on the relation between arcs and surfaces in P G(3, q) and between arcs and hypersurfaces in P G(4, q) are crucial.

Theorem 1.10 (Bruen, Thas and Blokhuis [4]) Let K = {Π_1, . . . , Π_n} be an n-arc of planes in Σ = P G(3, q), q = 2^s.

For each plane Π_i, 1 ≤ i ≤ n, let Z_{ij} , i ≠ j, denote the set of those points of the line Π_i ∩ Π_j lying on exactly two planes of K. Then

(i) there exists an algebraic curve C_i in Π_i of degree q + 3 − n containing all the sets Z_{ij} , j ≠ i, and with C_i ∩ Π_j = Z_{ij} ;

(ii) there exists an algebraic surface Φ = Φ(K) of degree t = q + 3 − n algebraically containing the curves C_i and with Φ ∩ Π_i = C_i, 1 ≤ i ≤ n.

This surface Φ is called the surface associated to the n-arc K.

Theorem 1.11 (Bruen, Thas and Blokhuis [4]) Let K = {Π_1, . . . , Π_n} be an n-arc of planes in Σ = P G(3, q), q = 2^s, with associated surface Φ = Φ(K).

Assume that n > (q + 4)/2. Then (i) this surface is unique;

(ii) if K^′ = {Π_1, . . . , Π_u}, with u > n, is an arc of planes in Σ = P G(3, q) containing K, then Φ(K) factors into the varieties Φ(K^′), Π_{k+1}, . . . , Π_u where Φ(K^′) is the surface associated to the arc K^′;

(iii) there is a bijection between the planes of Σ = P G(3, q) extending K to an (n + 1)-arc and the linear components over F_q of Φ.

Theorem 1.12 (Bruen, Thas and Blokhuis [4]) Let K = {Π_1, . . . , Π_n} be an n-arc of hyperplanes in Σ = P G(4, q), q = 2^s.

For each hyperplane Π_i, 1 ≤ i ≤ n, let Φ_i denote the surface of degree q + 4 − n corresponding to the (n − 1)-arc of planes Π_i ∩ Π_j, 1 ≤ j ≤ n, j ≠ i, in Π_i. Then there exists an algebraic hypersurface Φ = Φ(K) of degree t = q + 4 − n algebraically containing the surfaces Φ_i and with Φ ∩ Π_i = Φ_i, 1 ≤ i ≤ n.

This hypersurface is called the hypersurface associated to the n-arc K.

Theorem 1.13 (Bruen, Thas and Blokhuis [4]) Let K = {Π_1, . . . , Π_n} be an n-arc of hyperplanes in Σ = P G(4, q), q = 2^s, with associated hypersurface Φ = Φ(K).

Assume that n > (q + 6)/2. Then (i) this hypersurface is unique;

(ii) if K^′ = {Π_1, . . . , Π_u}, with u > n, is an arc of hyperplanes in Σ = P G(4, q) containing K, then Φ(K) factors into the varieties Φ(K^′), Π_{k+1}, . . . , Π_u where Φ(K^′) is the hypersurface associated to the arc K^′;

(iii) there is a bijection between the hyperplanes of Σ = P G(4, q) extending K to an (n + 1)-arc and the linear components over F_q of Φ.

1.5 Arcs and C-dual arcs

1.5.1 The C-duality principle

Remark 1.14 The existence of an n-arc in P G(n−k −1, q) is equivalent to the existence of a linear [n, k, n − k + 1] MDS code C. But the dual code C^⊥ of an [n, k, n − k + 1] MDS code is an [n, n − k, k + 1] MDS code [43, Ch.11, §2]. Hence, to C^⊥ also corresponds an n-arc K̂, where this is an n-arc in P G(k − 1, q).

This theorem, proved independently by Thas [79] and by Halder and Heise [26], makes it possible to link n-arcs in P G(n − k − 1, q) to n-arcs in P G(k − 1, q). An n-arc K in

P G(n − k − 1, q) and an n-arc K̂ in P G(k − 1, q) are called C-dual arcs if and only if they define dual MDS codes.

This C-duality principle implies also that every new result on arcs immediately leads to a second new result on arcs, but now for the C-dual arcs.

1.5.2 Applications for q odd

This C-duality principle on arcs states for instance that an n-arc of P G(n − k − 1, q) is contained in a normal rational curve of P G(n − k − 1, q) if and only if its dual n-arc in P G(k − 1, q) is contained in a normal rational curve of P G(k − 1, q) [43, Ch.10, §8]. In Table 1.5, results regarding arcs contained in normal rational curves, in projective spaces of small dimension, were presented. Using the C-duality principle, the results in Table 1.5 on arcs in P G(N, q), with N small, can be retranslated into results on arcs in P G(N, q) contained in normal rational curves, but now for dimensions N close to q.

In Table 1.6, in the spaces P G(N, q), with N satisfying the bounds in the table, any n-arc, where n satisfies the bound in the second column, is contained in a normal rational curve. So, in these spaces, m(N, q) = q + 1 and every (q + 1)-arc is a normal rational curve.

Only n-arcs in P G(N, q), with n ≥ N + 4, are considered since it is a known result that an (N + 3)-arc of P G(N, q), 2 ≤ N ≤ q − 2, is always contained in a unique normal rational curve [33, §21.1]. q n ≥ m(N, q) = q + 1 q = p^{2e}, p > 2, e ≥ 1 N + 4 q − 3 ≥ N > q − √ q/4 − 39/16 q = p^{2e+1}, p > 2, e ≥ 1 N + 4 q − 3 ≥ N > q − √ pq/4 + 29p/16 − 3 q prime, q > 2 N + 4 q − 3 ≥ N > 44q/45 − 28/9 q = p^h, p ≥ 5 N + 4 q − 3 ≥ N > q − √ q/2 + 1 q = p^h, p ≥ 3, q ≥ 23^2, q ≠ 5^5, 3^6, N + 4 q − 3 ≥ N > q − √ q/2 − 1 h even for p = 3 q = 2^h, h > 2 N + 6 q − 5 ≥ N > q − √ q/2 − 11/4 Table 1.6: Arcs in P G(N, q), N close to q

1.5.3 Applications for q even

We have already seen fundamental differences between arcs in spaces of even characteristic and in spaces of odd characteristic, such as the existence of (q + 2)-arcs in P G(2, q), q even.

These differences are reflected when applying the C-duality principle. For instance, the (q + 2)-arcs in P G(2, q), q even, have C-dual (q + 2)-arcs in P G(q − 2, q), q even.

This latter result was first discovered by Thas.

Theorem 1.15 (Thas [79]) In P G(q − 2, q), q even, m(q − 2, q) = q + 2.

In Section 1.2, we addressed the problem of classifying the hyperovals of P G(2, q), q even. This problem can be immediately retranslated into the equivalent problem of classifying the C-dual (q + 2)-arcs in P G(q − 2, q), q even.

In [33, §21.1], it was proved that every (N + 3)-arc of P G(N, q) is contained in a unique normal rational curve of P G(N, q). The particular application of this result for N = q − 2 implies that every (q + 1)-arc of P G(q − 2, q) is a normal rational curve.

Hence, a (q + 2)-arc of P G(q − 2, q), q even, can be described as the union of a normal rational curve and a point.

The necessary and sufficient condition a point has to satisfy in order to extend a normal rational curve to a (q + 2)-arc is given in the following theorem.

Theorem 1.16 (Storme and Thas [75]) A point P = (a_0, . . . , a_{q−2}) of P G(q − 2, q), q even, extends the normal rational curve K = {(1, t, . . . , t^{q−2}) ‖ t ∈ F^+_q } to a (q + 2)-arc if and only if F (X) = ∑q_{−2} i=0 a_{q−2−i}X^{i+1} defines a (q + 2)-arc K^′ = {(1, t, F (t)) ‖ t ∈ F_q} ∪ {e_1, e_2} in P G(2, q); in this case, K^′ is a C-dual (q + 2)-arc of K ∪ {P }.

This correspondence between the points P and the (q + 2)-arcs K^′ is one-to-one if the condition F (1) = 1 is added.

The C-duality principle also makes it possible to determine the complete spectrum of n for which a complete n-arc exists in P G(N, q), with N close to q.

Table 1.7 presents the results by Storme and Thas [73] for the values of n for which there exist complete n-arcs in the respective spaces P G(N, q). Note that (a) N +5 = q +1 when N = q − 4; (b) N + 4 = q + 1 when N = q − 3; (c) N + 4 = q + 2 when N = q − 2.

q N n = n = n = n = N + 4 N + 5 q + 1 q + 2 q = p^{2e}, e ≥ 1, q − 2 ≥ N + p > 2 > q − √ q/4 − 39/16 q = p^{2e+1}, e ≥ 1, q − 2 ≥ N > + p > 2 q − √ pq/4 + 29p/16 − 3 q prime, q > 2 q − 2 ≥ N > 44q/45 − 28/9 + q = p^h, p ≥ 5 q − 2 ≥ N > q − √ q/2 + 1 + q = p^h, p ≥ 3, q ≥ 23^2, q − 2 ≥ N > q − √ q/2 − 1 + h even for p = 3,

q ≠ 5^5, 3^6 q = 2^h, q ≥ 32, q − 5 ≥ N + + + q ≠ 64 > q − √ q/2 − 11/4 q = 64 N = 58 or N = 59 + + q = 2^h, q ≥ 8 q − 4 + + + q = 2^h, q ≥ 8 q − 3 + + q = 2^h, q ≥ 4 q − 2 + +

Table 1.7: Spectrum of complete arcs

2 n-Caps in P G(N, q)

2.1 Definition and first results

An n-cap in P G(N, q) is a set of n points, no three of which are collinear. It is complete when it is not contained in an (n + 1)-cap of P G(N, q). A point R of P G(N, q) extends an n-cap K to an (n + 1)-cap if and only if K ∪ {R} is an (n + 1)-cap.

Table 2.1 presents the known values for m_2(N, q), the size of the largest caps in P G(N, q). An m_2(3, q)-cap of P G(3, q) is also called an ovoid. q N m_2(N, q) q odd 3 q^2 + 1 [3] q even, q > 2 3 q^2 + 1 [63] q = 2 N 2^N [3] q = 3 4 20 [58] q = 3 5 56 [28] q = 4 4 41 [16]

Table 2.1: m_2(N, q)

2.2 The known results on m_2(N, q)-caps

The following result gives the known characterizations of m_2(N, q)-caps in P G(N, q).

Theorem 2.1 (i) (Barlotti [1], Panella [53]) For q odd or q = 4, an ovoid in P G(3, q) is an elliptic quadric.

(ii) (Tits [81], [33, §16.4]) There exists an ovoid in P G(3, 2^{2e+1} ), e ≥ 1, which is not an elliptic quadric. This ovoid, the Tits ovoid, is projectively equivalent to the set K = {(0, 1, 0, 0)} ∪ {(1, z, y, x) ‖ z = xy + x^{σ+2} + y^σ, with (x, y) ∈ F^2_q and σ = 2^{e+1}}.

(iii) (Fellegara [20], Penttila and Praeger [59]) In P G(3, 8), an ovoid is an elliptic quadric or a Tits ovoid.

(iv) (O’Keefe and Penttila [47, 50]) In P G(3, 16), an ovoid always is an elliptic quadric. (v) (O’Keefe, Penttila and Royle [51]) In P G(3, 32), an ovoid is an elliptic quadric or a Tits ovoid.

(vi) (Segre [68]) In P G(N, 2), a 2^N -cap is the complement of a hyperplane. (vii) (Hill [30]) There are nine projectively distinct 20-caps in P G(4, 3). (viii) (Hill [29]) The 56-cap in P G(5, 3) is projectively unique.

(ix) (Edel and Bierbrauer [16]) There exist at least two types of 41-caps in P G(4, 4).

2.3 Extendability of caps

As for arcs, there are a number of results on the extendability of caps in P G(3, q) to ovoids and, more generally, on the extendability of caps in P G(N, q) to m_2(N, q)-caps.

Of particular interest here is the value m^′_2(3, q). This is the cardinality of the second largest complete n-cap in P G(3, q).

Table 2.2 displays the values of n for which an n-cap in P G(N, q) is contained in an m_2(N, q)-cap. The table is in two parts. The first part shows upper bounds for q even. The second part of the table displays the upper bounds on m^′_2(3, q) for q odd, using the following relation between m^′_2(2, q) and m^′_2(3, q). The technique used by Nagy and Szőnyi to obtain these formulas is based on the following idea.

Suppose K is an n-cap in P G(3, q), q odd, having a large cardinality n. Then there exist a large number of planes intersecting K in more than m^′_2(2, q) points. Hence, these planes intersect K in a subset of a conic (Table 1.3).

The main goal is now to put all these conics onto one elliptic quadric. This then implies immediately that the cap K is contained in an elliptic quadric.

In Table 2.2(ii), for the corresponding value of m^′_2(2, q), see Table 1.3.

Theorem 2.2 (Nagy and Szőnyi [46]) If, for q odd, m^′_2(2, q) ≥ (5q + 19)/6, then

m^′_2(3, q) < qm^′_2(2, q) +^3_4 (q +^{10}_3 − m^′_2(2, q))^2 − q − 1.

N q m^′_2(N, q) m_2(N, q)-cap 3 q even, q ≥ 8 ≤ q^2 − q + 5 ovoid [9] N 2 2^{N −1} + 2^{N −3} complement of [15] a hyperplane

Table 2.2(i): Upper bounds for and values of m^′_2(N, q)

q odd, q ≥ 17 m^′_2(3, q)

q = p^{2e}, < q^2 − q^{3/2}/4 + 39q/64+ p > 2, e ≥ 1 85q^{1/2}/128 + 4153/3072 q = p^{2e+1}, < q^2 − p^{3e+2}/4 + 119p^{2e+2} /64 p > 2, e ≥ 1 −87p^{e+2}/128 + 7p^{e+1} /8 + 2523p^2 /1024 −203p/32 + 37/12 q prime, q > 2 < 2641q^2/2700 − 4q/135 + 94/27 q = p^h, p ≥ 5 < q^2 − q^{3/2}/2 + 67q/16 − 5q^{1/2}/4 + 13/12 q = p^h, p ≥ 3, q ≥ 23^2, q ≠ 5^5, 3^6, < q^2 − q^{3/2}/2 + 35q/16 + q^{1/2}/4 − 11/12 h even for p = 3

Table 2.2(ii): Upper bounds for m^′_2(3, q)

Among the known results on caps, two results discuss the spectrum for the values n for which a complete n-cap can exist. The first result gives the precise values n for which a complete n-cap in P G(N, 2), with n ≥ 2^{N −1} + 1, exists. The latter result for caps in P G(3, q), q even, gives a number of intervals on n for which it is impossible to have a complete n-cap in P G(3, q).

Theorem 2.3 (i) (Davydov and Tombak [15]) In P G(N, 2), N ≥ 3, a complete n-cap K, with n ≥ 2^{N −1} + 1, has order n = 2^{N −1} + 2^{N −1−g} for some g = 0, 2, 3, . . . , N − 1. For each g = 0, 2, 3, . . . , N − 1, there exists a complete (2^{N −1} + 2^{N −1−g})-cap in P G(N, 2).

(ii) (Storme and Szőnyi [72]) There does not exist a complete n-cap in P G(3, q), q even, q ≥ 64, for which n ∈ [ q^2 − (c − 1)q + c √ q + 2 − c + ( c 2 ) , q^2 − (c − 2)q − c^2 √ q ]

where c is an integer which satisfies

2 ≤ c ≤ −2 √ q + 3 + √ 16q √ q + 12q − 44 √ q − 7 4 √ q + 2

≈^4 √ q. 2.4 Caps in P G(N, q), N > 3

Remark 2.4 The classical examples of caps are the conics in P G(2, q) and the elliptic quadrics in P G(3, q). In other words, they are the quadrics which only have points, and no lines.

In dimension greater than three, every quadric contains lines. Hence, for dimensions at least four, it is impossible to select quadrics as the classical examples of caps.

This leads to the fundamental problem:

In dimension greater than three, what are the classical examples of caps?

This problem is one of the most fascinating problems in finite geometry. The great difficulty of it can easily be seen in the differences between the orders of the upper bounds on the size of a cap (Section 2.5), and the sizes of the cardinalities of the known examples of caps (Section 2.6).

In Tables 2.3(i) and 2.3(ii), the known upper bounds on m_2(4, q) are presented. The entries in Table 2.3 are a consequence of the results in Theorem 3.5.

The upper bound for q odd is based on the following idea. Let K be an n-cap in P G(4, q), q odd, of large cardinality n. Then many 3-dimensional subspaces must intersect K in more than m^′_2(3, q) points; hence, they intersect K in a subset of an elliptic quadric. These subsets of elliptic quadrics are put together onto one quadric, thus showing that K has a too large intersection with a quadric.

This implies a corresponding upper bound on the size of a cap in P G(4, q), q odd. The upper bound for m_2(4, q), q even, is based on arguments which avoid the classification of ovoids in P G(3, q).

Theorem 2.5 (i) (Storme, Thas and Vereecke [76]) If m^′_2(3, q) ≥ (41q^2 + 237q − 32)/48 for q odd, then

m_2(4, q) ≤ (q + 1)(m^′_2(3, q) − m^′_2(2, q)) + m^′_2(2, q).

(ii) (Hirschfeld and Thas [38]) If m^′_2(3, q) ≥ q^2 − q − 1 for q even and q ≥ 8, then

m_2(4, q) ≤ (q − 1)m^′_2(3, q) + q^2 + 2.

q m_2(4, q) q even, q ≥ 8 ≤ q^3 − q^2 + 6q − 3 [9, 38]

Table 2.3(i): Upper bounds for m_2(4, q), q even

q odd m_2(4, q) q = p^{2e}, p > 2, e ≥ 1, < q^3 − q^{5/2}/4 + 39q^2/64 + 85q^{3/2}/128+ q ≥ 49 1225q/3072 + 85q^{1/2}/128 + 4153/3072 q = p^{2e+1}, < q^3 − p^{e+1}q^2/4 + 119pq^2/64 − 87p^{e+2}q/128+ p > 2, e ≥ 1, q ≥ 41 7p^{e+1} q/8 + 2523p^2 q/1024 − 403pq/64 + 25q/12 −87p^{e+2} /128 + 7p^{e+1}/8 + 2523p^2 /1024 − 203p/32 + 37/12 q prime, q ≥ 41 < 2641q^3/2700 − 79q^2/2700 + 346q/135 + 94/27 q = p^h, p ≥ 5, q ≥ 41 < q^3 − q^{5/2}/2 + 67q^2/16 − 5q^{3/2}/4 + 13q/48 − 5q^{1/2}/4 + 13/12 q = p^h, p ≥ 3, < q^3 − q^{5/2}/2 + 35q^2/16 + q^{3/2}/4 − 83q/48 + q^{1/2}/4 − 11/12 q ≥ 23^2, q ≠ 5^5, 3^6,

h even for p = 3

Table 2.3(ii): General upper bounds for m_2(4, q), q odd

2.5 Upper bounds on caps in P G(N, q), N > 4

The difficulties for obtaining results on caps are also seen in the problem of finding formulas which link values m_2(N, q) for different values of the dimension N. For upper bounds, the best formula is deduced by Hill and relates m_2(N − 1, q) to m_2(N, q).

Theorem 2.6 (Hill [29]) For q > 2 and N > 4, m_2(N, q) ≤ qm_2(N − 1, q) − q − 1, m_2(N, q) ≤ q^{N −4}m_2(4, q) − q^{N −4} − 2(q^{N −5} + · · · + q) − 1.

Inductive application, for q odd, of this formula starting from the formulas for m_2(4, q) (Table 2.3(ii)) gives the results in Table 2.4(ii).

For q even, an alternative argument, which avoids Hill’s formula, was used to find the upper bounds on m_2(N, q) [76].

Comparing these upper bounds to the sizes of the known caps, it is believed that these upper bounds are much too large.

q, N m_2(N, q) q = 3 m_2(N, 3) ≤ 2 · 3^{N −2} + 2 [29] q = 4 m_2(N, 4) ≤ 4^{N −1} − 4^{N −2} − 2 · 4^{N −3} − 2 · 4^{N −4}/3 + 5/3 q even, q ≥ 8 m_2(5, q) < q^4 − q^3 + 5q^2 + 2q − 2 [76] q even, q ≥ 8 m_2(6, q) < q^5 − q^4 + 5q^3 + q^2 + 2q − 2 [76] q even, q ≥ 8, m_2(N, q) < q^{N −1} − q^{N −2} + 5q^{N −3} + q^{N −4}+ [76] N > 6 (q^{N −5} + · · · + q^2) + 2q − 2

Table 2.4(i): Upper bounds for m_2(N, q)

q odd m_2(N, q) q = p^{2e}, p > 2, < q^{N −1} − q^{N −3/2}/4 + 39q^{N −2}/64 + 85q^{N −5/2}/128 e ≥ 1, q ≥ 49 +1225q^{N −3}/3072 + 85q^{N −7/2}/128 +1081q^{N −4}/3072 − 2θ_{N −5} + 1 q = p^{2e+1}, < q^{N −1} − p^{e+1}q^{N −2}/4 + 119pq^{N −2}/64 p > 2, e ≥ 1, q ≥ 41 −87p^{e+2} q^{N −3}/128 + 7p^{e+1}q^{N −3}/8 + 2523p^2 q^{N −3}/1024 −403pq^{N −3}/64 + 25q^{N −3}/12 − 87p^{e+2}q^{N −4}/128 +7p^{e+1}q^{N −4}/8 + 2523p^2 q^{N −4}/1024 − 203pq^{N −4}/32 +25q^{N −4}/12 − 2θ_{N −5} + 1 q prime, q ≥ 41 < 2641q^{N −1}/2700 − 79q^{N −2}/2700 + 346q^{N −3}/135 +67q^{N −4}/27 − 2θ_{N −5} + 1 q = p^h, p ≥ 5, q ≥ 41 < q^{N −1} − q^{N −3/2}/2 + 67q^{N −2}/16 − 5q^{N −5/2}/4 +13q^{N −3}/48 − 5q^{N −7/2}/4 + q^{N −4}/12 − 2θ_{N −5} + 1 q = p^h, p ≥ 3, q ≥ 23^2, < q^{N −1} − q^{N −3/2}/2 + 35q^{N −2}/16 + q^{N −5/2}/4 h even for p = 3, q ≠ 5^5, 3^6 −83q^{N −3}/48 + q^{N −7/2}/4 − 23q^{N −4}/12 − 2θ_{N −5} + 1

Table 2.4(ii): General upper bounds for m_2(N, q), q odd

2.6 Lower bounds on the sizes of caps

Another way for obtaining new results on caps is to construct caps which are as large as possible.

The most important construction techniques are recursive. They use constructions of caps in low-dimensional spaces to construct new and larger caps in higher-dimensional spaces.

We first describe the technique by Segre which has recently been improved by Storme, Thas and Vereecke.

(1) The Segre method. Let K be a k-cap in P G(N, q). Consider P G(N + 3, q) and identify the last three coordinates of a point of P G(N + 3, q) with one element of F_q2 × F_q. Then, for fixed coordinates y of the points of K, K^′ = {(y, x, x^{q+1})||y ∈ K, x ∈ F_q2 } ∪ {(0, . . . , 0, 0, 1)} is a (q^2k + 1)-cap of P G(N + 3, q).

(2) The Storme-Thas-Vereecke method. Let K be a cap in P G(N, q). Consider P G(N + 3r, q), r ≠ 3, and identify the last 3r coordinates of a point of P G(N + 3r, q) with an r-tuple of F_q2 × F_q. Then, for fixed coordinates y of the points of K, the set of points with coordinates

(y, y_1, y^{q+1}_1 , y_2, y^{q+1}_2 , . . . , y_r, y^{q+1}_r ) (0, 0, 1, x_2, x^{q+1}_2 , x_3, x^{q+1}_3 , . . . , x_r, x^{q+1}_r ) (0, x_1, x^{q+1}_1 , 0, 1, x_3, x^{q+1}_3 , . . . , x_r, x^{q+1}_r ) ... (0, x_1, x^{q+1}_1 , x_2, x^{q+1}_2 , . . . , x_{r−1}, x^{q+1}_{r−1}, 0, 1)

with y_1, . . . , y_r ∈ F_q2 , with x_1, . . . , x_r ∈ F_q2 where x^{q+1}_i + x^{q+1}_j ≠ −1 when i ≠ j, is a cap of P G(N + 3r, q). These two methods lead to the following formulas which give lower bounds on the sizes of caps in P G(N, q).

q Conditions m_2(N, q) q m_2(N + 3, q) ≥ q^2m_2(N, q) + 1 [68] q m_2(N + 3r, q) ≥ q^{2r}m_2(N, q) + q^{2r−2} + · · · + q^2 + 1 [68] q m_2(N + 6, q) ≥ q^4m_2(N, q) + 2q^2 [76] q m_2(N + 9, q) ≥ q^6m_2(N, q) + 2q^4 + 1 [76] q 4 ≤ r ≤ √ 2q/3 m_2(N + 3r, q) ≥ q^{2r}m_2(N, q) +r(q^{2r−2} − (r − 1)(r − 2)(q^3 − q)q^{2r−6}/2) [76] q 4 ≤ r < √ q m_2(N + 3r, q) ≥ q^{2r}m_2(N, q)+ [76] rq^2(q^2 − (q + 1)) · · · (q^2 − (r − 2)(q + 1))

Table 2.5: General inequalities

We now present lower bounds on m_2(N, q). The lower bounds for arbitrary values of the dimension N follow from an inductive application of the formulas of Table 2.5. To obtain such a lower bound, in general, we start with the cardinality of a known n-cap in a particular projective space of small dimension. These cardinalities are listed in Table 2.6(i).

q N m_2(N, q) ≥ q even, q > 4 4 2q^2 + q + 9 [18] q ≡ 1 (mod 8) 4 (5q^2 − 2q − 7)/2 [19] 3 < q ≡ 3 (mod 8) 4 (5q^2 − 8q − 13)/2 [19] q ≡ 5 (mod 8) 4 (5q^2 − 6q − 11)/2 [19] q ≡ 7 (mod 8) 4 (5q^2 − 4q − 9)/2 [19] q odd 5 q^3 + q^2 + 3q + 3 [17] q even 5 q^3 + 2q^2 + q + 2 [45] q 6 q^4 + 2q^2 [17]

Table 2.6(i): Lower bounds on m_2(N, q), N = 4, 5, 6

In Tables 2.6(ii), 2.6(iii) and 2.6(iv), we use the general inequalities to obtain lower bounds for m_2(N, q) for arbitrary dimensions N [76]. We first discuss dimensions N = 8 to N = 14. To obtain a formula for N = 7, 10, 13 which is valid for all q, we define the coefficients of q^2, q and 1 of the lower bound m_2(4, q) in Table 2.6(i) as a, b, and c.

q N m_2(N, q) ≥ Condition q > 4 7 aq^4 + bq^3 + cq^2 + 1 m_2(4, q) ≥ aq^2 + bq + c q odd 8 q^5 + q^4 + 3q^3 + 3q^2 + 1 q even 8 q^5 + 2q^4 + 2q^3 + 4q^2

q 9 q^6 + 2q^4 + 1 q > 4 10 aq^6 + bq^5 + cq^4 + 2q^2 m_2(4, q) ≥ aq^2 + bq + c q odd 11 q^7 + q^6 + 3q^5 + 3q^4 + 2q^2 q even 11 q^7 + 2q^6 + 2q^5 + 4q^4 + q + 2 q, q < 25 12 q^8 + 2q^6 + 2q^2 q, q ≥ 25 12 q^8 + 4q^6 − 12q^5 + 12q^3 q > 4 13 aq^8 + bq^7 + cq^6 + 2q^4 + 1 m_2(4, q) ≥ aq^2 + bq + c q = 8, 16 14 q^9 + 2q^8 + q^7 + 2q^6 + 2q^4 + 1 q ≥ 32, q even 14 q^9 + 2q^8 + 4q^7 − 4q^6 −24q^5 + 12q^4 + 24q^3 q odd, q < 25 14 q^9 + q^8 + 3q^7 + 3q^6 + 2q^4 + 1 q odd, q ≥ 25 14 q^9 + q^8 + 4q^7 − 8q^6 −12q^5 + 12q^4 + 12q^3

Table 2.6(ii): Lower bounds on m_2(N, q), N small

Now we present, in the following two tables, lower bounds on m_2(d, q) for arbitrary dimension d (Remark the change in notation for the dimension). In Table 2.6(iv), R = ⌊√ 2q/3 ⌋ is equal to the largest integer smaller than or equal to √ 2q/3. Again, to describe easily the formula for dimension 3N + 4, we assume m_2(4, q) ≥ aq^2 + bq + c (See Table 2.6(i)).

q d m_2(d, q) ≥ q = 3 3N + 2 (2 · 3^{2N +3} − 3^{2N +1} − 3^{2N} − 3^{2N −2} − 1)/8 [52] q = 3 3N + 3 (2 · 3^{2N +3} − 3^{2N +1} − 3^{2N} − 3^{2N −2} − 1)/4 [52] q = 3 3N + 4 (2 · 3^{2N +3} − 3^{2N +1} − 3^{2N} − 3^{2N −2} − 1)/2 [52] q 3N, q^{2N} + [76] 4 ≤ N ≤ √ 2q/3 N(q^{2N −2} − (N − 1)(N − 2)(q^3 − q)q^{2N −6}/2) q 3N + 4, aq^{2N +2} + bq^{2N +1} + cq^{2N}+ [76] 4 ≤ N ≤ √ 2q/3 N(q^{2N −2} − (N − 1)(N − 2)(q^3 − q)q^{2N −6}/2) q odd 3N + 5 (q + 1)m_2(3N + 3, q) [45, 76] q even 3N + 5 (q + 2)m_2(3N + 3, q) [45, 76]

Table 2.6(iii): Lower bounds on m_2(d, q) q d m_2(d, q) ≥ q 3N, q^{2N} + Rq^{2N −2} − R(R − 1)(R − 2)(q^3 − q)q^{2N −6}/2 [76] N > √ 2q/3 +q^{2N −2R−2} + q^{2N −2R−4} + · · · + q^2 + 1 q 3N + 4, aq^{2N +2} + bq^{2N +1} + cq^{2N}+ [76] N > √ 2q/3 Rq^{2N −2} − R(R − 1)(R − 2)(q^3 − q)q^{2N −6}/2 +q^{2N −2R−2} + · · · + q^2 + 1 q odd 3N + 5, (q + 1)m_2(3N + 3, q) [45, 76] N > √ 2q/3 q even 3N + 5, (q + 2)m_2(3N + 3, q) [45, 76] N > √ 2q/3 Table 2.6(iv): Lower bounds on m_2(d, q)

References

[1] A. Barlotti, Un’ estensione del teorema di Segre-Kustaanheimo. Boll. Un. Mat. Ital.

10 (1955), 96-98.

[2] E. Boros and T. Szőnyi, On the sharpness of a theorem of B. Segre. Combinatorica 6 (1986), 261-268.

[3] R.C. Bose, Mathematical theory of the symmetrical factorial design. Sankhyā 8 (1947), 107-166.

[4] A.A. Bruen, J.A. Thas and A. Blokhuis, On M.D.S. codes, arcs in P G(n, q) with q even and a solution of three fundamental problems of B. Segre. Invent. Math. 92 (1988), 441-459.

[5] K.A. Bush, Orthogonal arrays of index unity. Ann. Math. Statist. 23 (1952), 426- 434.

[6] L.R.A. Casse, A solution to Beniamino Segre’s ‘Problem I_{r,q}’ for q even. Atti Accad.

Naz. Lincei Rend. 46 (1969), 13-20.

[7] L.R.A. Casse and D.G. Glynn, The solution to Beniamino Segre’s problem I_{r,q}, r = 3, q = 2^h. Geom. Dedicata 13 (1982), 157-164.

[8] L.R.A. Casse and D.G. Glynn, On the uniqueness of (q + 1)_4-arcs of P G(4, q), q = 2^h, h ≥ 3. Discrete Math. 48 (1984), 173-186.

[9] J.M. Chao, On the size of a cap in P G(n, q) with q even and n ≥ 3. Preprint. [10] J.M. Chao and H. Kaneta, Classical arcs in P G(r, q) for 11 ≤ q ≤ 19. Discrete Math. 174 (1997), 87-94.

[11] J.M. Chao and H. Kaneta, Classical arcs in P G(r, q) for 23 ≤ q ≤ 27, submitted. [12] W.E. Cherowitzo, Hyperovals in Desarguesian planes of even order. Ann. Discrete Math. 37 (1988), 87-94.

[13] W.E. Cherowitzo, T. Penttila, I. Pinneri and G.F. Royle, Flocks and ovals. Geom.

Dedicata 60 (1996), 17-37.

[14] W.E. Cherowitzo, α-Flocks and hyperovals. Geom. Dedicata, to appear. [15] A.A. Davydov and L.M. Tombak, Quasiperfect linear binary codes with distance 4 and complete caps in projective geometry. Problems of Inform. Transmission 25 (1990), 265-275.

[16] Y. Edel and J. Bierbrauer, 41 is the largest size of a cap in P G(4, 4), submitted. [17] Y. Edel and J. Bierbrauer, Recursive constructions for large caps. Bull. Belg. Math.

Soc. Simon Stevin, to appear.

[18] Y. Edel and J. Bierbrauer, A family of caps in projective 4-space in even characteristic, submitted.

[19] Y. Edel and J. Bierbrauer, A family of caps in projective 4-space in odd characteristic, submitted.

[20] G. Fellegara, Gli ovaloidi di uno spazio tridimensionale di Galois di ordine 8. Atti Accad. Naz. Lincei Rend. 32 (1962), 170-176.

[21] J.C. Fisher, J.W.P. Hirschfeld and J.A. Thas, Complete arcs in planes of square order. Ann. Discrete Math. 30 (1986), 243-250.

[22] E.M. Gabidulin, A.A. Davydov and L.M. Tombak, Linear codes with covering radius 2 and other new covering codes. IEEE Trans. Inform. Theory 37 (1991), 219-224.

[23] D.G. Glynn, Two new sequences of ovals in finite Desarguesian planes of even order.

Combinatorial Mathematics X, ed. L.R.A. Casse, Lecture Notes in Mathematics 1036, Springer, 1983, pp. 217-229.

[24] D.G. Glynn, The non-classical 10-arc of P G(4, 9). Discrete Math. 59 (1986), 43-51. [25] B.R. Gulati and E.G. Kounias, On bounds useful in the theory of symmetrical factorial designs. J. Roy. Statist. Soc. Ser. B 32 (1970), 123-133.

[26] H.-R. Halder and W. Heise, On the existence of finite chain-m-structures and k-arcs in finite projective space. Geom. Dedicata 3 (1974), 483-486.

[27] M. Hall, Ovals in the Desarguesian plane of order 16. Ann. Mat. Pura Appl. 102 (1975), 159-176.

[28] R. Hill, On the largest size of cap in S_{5,3}. Atti Accad. Naz. Lincei Rend. 54 (1973), 378-384.

[29] R. Hill, Caps and codes. Discrete Math. 22 (1978), 111-137.

[30] R. Hill, On Pellegrino’s 20-caps in S_{4,3}. Combinatorial Geometries and their Applications (Rome 1981), Ann. Discrete Math. 18 (1983), 443-448.

[31] J.W.P. Hirschfeld, Projective Geometries over Finite Fields. Oxford: Oxford University Press, 1979.

[32] J.W.P. Hirschfeld, Caps in elliptic quadrics. Ann. Discrete Math. 18 (1983), 449- 466.

[33] J.W.P. Hirschfeld, Finite Projective Spaces of Three Dimensions. Oxford: Oxford University Press, 1985.

[34] J.W.P. Hirschfeld, Complete arcs. Discrete Math. 174 (1997), 177-184. [35] J.W.P. Hirschfeld, Projective Geometries over Finite Fields (Second Edition). Oxford: Oxford University Press, 1998.

[36] J.W.P. Hirschfeld and G. Korchmáros, On the embedding of an arc into a conic in a finite plane. Finite Fields Appl. 2 (1996), 274-292.

[37] J.W.P. Hirschfeld and G. Korchmáros, On the number of rational points on an algebraic curve over a finite field. Bull. Belg. Math. Soc. Simon Stevin 5 (1998), 313-340.

[38] J.W.P. Hirschfeld and J.A. Thas, Linear independence in finite spaces. Geom. Dedicata 23 (1987), 15-31.

[39] J.W.P. Hirschfeld and J.A. Thas, General Galois Geometries. Oxford: Oxford University Press, 1991.

[40] H. Kaneta and T. Maruta, An elementary proof and an extension of Thas’ theorem on k-arcs. Math. Proc. Cambridge Philos. Soc. 105 (1989), 459-462.

[41] B.C. Kestenband, A family of complete arcs in finite projective planes. Colloq. Math.

57 (1989), 59-67.

[42] P. Lisonek, Computer-assisted studies in algebraic combinatorics. Ph.D. Thesis, Research Institute for Symbolic Computation, J. Kepler University Linz, 1994. RISC- Linz Report Series No. 94-68.

[43] F.J. MacWilliams and N.J.A. Sloane, The Theory of Error-Correcting Codes. Amsterdam: North-Holland, 1977.

[44] T. Maruta and H. Kaneta, On the uniqueness of (q+1)-arcs of P G(5, q), q = 2^h, h ≥ 4. Math. Proc. Cambridge Philos. Soc. 110 (1991), 91-94.

[45] A.C. Mukhopadhyay, Lower bounds on m_t(r, s). J. Combin. Theory Ser. A 25 (1978), 1-13.

[46] G.P. Nagy and T. Szőnyi, Caps in finite projective spaces of odd order. J. Geom.

59 (1997), 103-113.

[47] C.M. O’Keefe and T. Penttila, Ovoids of P G(3, 16) are elliptic quadrics. J. Geom.

38 (1990), 95-106.

[48] C.M. O’Keefe and T. Penttila, Hyperovals in P G(2, 16). European J. Combin. 12 (1991), 51-59.

[49] C.M. O’Keefe and T. Penttila, A new hyperoval in P G(2, 32). J. Geom. 44 (1992), 117-139.

[50] C.M. O’Keefe and T. Penttila, Ovoids of P G(3, 16) are elliptic quadrics, II. J. Geom.

44 (1992), 140-159.

[51] C.M. O’Keefe, T. Penttila and G.F. Royle, Classification of ovoids in P G(3, 32). J.

Geom. 50 (1994), 143-150.

[52] F. Pambianco and L. Storme, Unpublished manuscript (1995).

[53] G. Panella, Caratterizzazione delle quadriche di uno spazio (tridimensionale) lineare sopra un corpo finito. Boll. Un. Mat. Ital. 10 (1955), 507-513.

[54] S.E. Payne, A new infinite family of generalized quadrangles. Cong. Numer. 49 (1985), 115-128.

[55] S.E. Payne, A tensor product action on q-clan generalized quadrangles with q = 2^e.

Linear Algebra Appl. 226-228 (1995), 115-137.

[56] S.E. Payne, T. Penttila and I. Pinneri, Isomorphisms between Subiaco q-clan geometries. Bull. Belg. Math. Soc. Simon Stevin 2 (1995), 197-222.

[57] S.E. Payne, T. Penttila and G.F. Royle, Constructing a cyclic q-clan. Preprint. [58] G. Pellegrino, Sul massimo ordine delle calotte in S_{4,3}. Matematiche (Catania) 25 (1970), 1-9.

[59] T. Penttila and C.E. Praeger, Ovoids and translation ovals. J. London Math. Soc., to appear.

[60] T. Penttila and G.F. Royle, Classification of hyperovals in P G(2, 32). J. Geom. 50 (1994), 151-158.

[61] T. Penttila and G.F. Royle, On hyperovals in small projective planes. J. Geom. 54 (1995), 91-104.

[62] T. Penttila and G.F. Royle, Private communication (1995).

[63] B. Qvist, Some remarks concerning curves of the second degree in a finite plane.

Ann. Acad. Sci. Fenn. Ser. A 134 (1952).

[64] B. Segre, Sulle ovali nei piani lineari finiti. Atti Accad. Naz. Lincei Rend. 17 (1954), 1-2.

[65] B. Segre, Ovals in a finite projective plane. Canad. J. Math. 7 (1955), 414-416. [66] B. Segre, Curve razionali normali e k-archi negli spazi finiti. Ann. Mat. Pura Appl.

39 (1955), 357-379.

[67] B. Segre, Sui k-archi nei piani finiti di caratteristica due. Rev. Math. Pures Appl. 2 (1957), 289-300.

[68] B. Segre, Le geometrie di Galois. Ann. Mat. Pura Appl. 48 (1959), 1-97. [69] B. Segre, Lectures on Modern Geometry. Roma: Cremonese, 1961. [70] B. Segre, Ovali e curve σ nei piani di Galois di caratteristica due. Atti Accad. Naz.

Lincei Rend. 32 (1962), 785-790.

[71] B. Segre, Introduction to Galois geometries. (ed. J.W.P. Hirschfeld) Atti Accad.

Naz. Lincei Mem. 8 (1967), 133-236.

[72] L. Storme and T. Szőnyi, Caps in P G(n, q), q even, n ≥ 3. Geom. Dedicata 45 (1993), 163-169.

[73] L. Storme and J.A. Thas, Complete k-arcs in P G(n, q), q even. Discrete Math.

106/107 (1992), 455-469.

[74] L. Storme and J.A. Thas, M.D.S. codes and arcs in P G(n, q) with q even: An improvement of the bounds of Bruen, Thas and Blokhuis. J. Combin. Theory Ser. A 62 (1993), 139-154.

[75] L. Storme and J.A. Thas, k-arcs and dual k-arcs. Discrete Math. 125 (1994), 357- 370.

[76] L. Storme, J.A. Thas and S. Vereecke, New lower and upper bounds for caps in finite projective spaces. Unpublished manuscript (1998).

[77] G. Tallini, Calotte complete di S_{4,q} contenenti due quadriche ellittiche quali sezioni iperpiane. Rend. Mat. e Appl. (5) 23 (1964), 108-123.

[78] J.A. Thas, Normal rational curves and k-arcs in Galois spaces. Rend. Mat. 1 (1968), 331-334.

[79] J.A. Thas, Connection between the Grassmannian G_{k−1;n} and the set of the k-arcs of the Galois space S_{n,q}. Rend. Mat. 2 (1969), 121-134.

[80] J.A. Thas, Complete arcs and algebraic curves in P G(2, q). J. Algebra 106 (1987), 451-464.

[81] J. Tits, Ovoides et groupes de Suzuki. Arch. Math. 13 (1962), 187-198.

[82] J.F. Voloch, Arcs in projective planes over prime fields. J. Geom. 38 (1990), 198-200.

[83] J.F. Voloch, Complete arcs in Galois planes of non-square order. Advances in Finite Geometries and Designs (eds. J.W.P. Hirschfeld, D.R. Hughes, J.A. Thas). Oxford: Oxford University Press, 1991, 401-406.

James W.P. Hirschfeld, School of Mathematical Sciences, University of Sussex, Brighton BN1 9QH, United Kingdom jwph@sussex.ac.uk http://www.maths.sussex.ac.uk/Staff/JWPH/)

Gabor Korchmáros, Dipartimento di Matematica, Università della Basilicata, Via N. Sauro 85, 85100 Potenza, Italia kg159sci@unibas.it

Leo Storme, Universiteit Gent, FCW, Galglaan 2, 9000 Gent, Belgium ls@cage.rug.ac.be http://cage.rug.ac.be/∼ls