Unitals

Christine M. O’Keefe

Intensive Course on Galois Geometry and Generalized Polygons

1 Preliminaries

Throughout these notes, but with the exception of Section 4.5, the unitals we will study are assumed to be embedded in a projective plane of square order q. We will often restrict ourselves to translation planes of square order q and kernel containing GF( √ q) or to Desarguesian projective planes of square order q. We will use the notation π_q to denote a projective plane of order q and PG(2, q) for the Desarguesian projective plane of order q. In the n-dimensional Desarguesian projective space PG(n, q) a point X has coordinates X = (x_0, x_1, . . . , x_n) and a hyperplane H has coordinates H = [u_0, u_1, . . . , u_n]. Thus a point X lies in a hyperplane H if and only if X^T H = XH^T = H^T X = HX^T = 0.

Recall that a Baer subplane of π_q, q square, is a subplane of order √ q, and any line of π_q meets a Baer subplane in 1 or √ q + 1 points. A set of √ q + 1 points which is the intersection of a line with a Baer subplane is a Baer subline.

We will use the following representation of a translation plane π_q, q square, with kernel containing GF( √ q) in PG(4, √ q), due to André [1954] and rediscovered by Bruck and Bose [1964, 1966] and Segre [1964]. The construction is discussed in Hirschfeld [1985], Section 17.7.

Let Σ_∞ = P G(3, √ q) be embedded as a hyperplane in PG(4, √ q). Let S be a spread of Σ_∞. We define a new incidence structure: the points are the points of PG(4, √ q) not lying in Σ_∞, the lines are the planes of PG(4, √ q) which meet Σ_∞ in a line of S and incidence is natural. This incidence structure is an affine plane and can be completed to a projective plane π(S) by the addition of an ideal line ℓ_∞ whose points are the elements of the spread S. Conversely, any translation plane π_q of square order q and kernel containing GF( √ q) can be represented in this way as π(S) for some spread S. The plane π(S) is Desarguesian if and only if the spread S is regular.

Under this representation of π_q = π(S) in PG(4, √ q), a plane of PG(4, √ q) which does not lie in Σ_∞ and does not contain any line of S corresponds to a Baer subplane of π_q with √ q + 1 points on ℓ_∞, see Vincenti [1983], Proposition 2. It follows that a line of PG(4, √ q) which does not lie in Σ_∞ corresponds to a Baer subline of π_q with a point on ℓ_∞.

If π_q = PG(2, q) then the converse of each of these results is also true, see Vincenti [1983], Proposition 1. However if π_q is not Desarguesian then there may be counter-examples, such as are known to exist in certain translation planes of fourth-power order (see Vincenti [1983] and Freeman [1980]).

Recent accounts of unitals can be found in the excellent reference work: Hirschfeld [1998]. See also Beutelspacher [1995] and Thas [1995].

2 Hermitian Curves

Let P denote the set of points and let L denote the set of lines of π_q. A polarity of π_q is a bijective involutory map ϕ : P → L, L → P which preserves incidence (that is, for P ∈ P and ℓ ∈ L we have P ∈ ℓ if and only if ϕ(ℓ) ∈ ϕ(P )). A point P is absolute if P ∈ ϕ(P ) and a line ℓ is absolute if ϕ(ℓ) ∈ ℓ.

We suppose for the rest of this section that π_q = PG(2, q). Since a polarity of PG(2, q) is a collineation from PG(2, q) to its dual plane, a polarity has equation P → AP^σ and ℓ → A^{−T} ℓ^σ where A ∈ GL(3, q) and σ ∈ AutGF(q).

There are five different types of polarity, one of which is the Hermitian polarities of PG(2, q), for q a square, each of which has an equation of the form ϕ : P → AP^σ and ℓ → A^{−T} ℓ^σ where A ∈ GL(3, q) satisfies A^σA^{−T} = I and σ ∈ AutGF(q) is the map σ : P → P^{√q}. It is straightforward to check that this is indeed a polarity. First, certainly ϕ is a bijective map of P to L and L to P. Next, ϕ(ℓ)^T ϕ(P ) = (A^{−T} ℓ^σ )^T AP^σ = (ℓ^T )^σ A^{−1}AP^σ = (ℓ^T P )^σ ; so incidence is preserved. Finally, ϕ is an involution since ϕ(ϕ(P )) = ϕ(AP^σ) = A^{−T} (AP^σ)^σ = P^{σ2} = P.

The set of absolute points with respect to a Hermitian polarity ϕ : P → AP^σ, ℓ → A^{−T} ℓ^σ is called a Hermitian variety and is the set of points {X : X^T AX^σ = 0}. A Hermitian curve is a non-singular Hermitian variety.

Example 1 Let A = I be the 3×3 identity matrix and let σ : P → P^{√q}. Then A^σA^{−T} = I so ϕ : P → P^σ and ℓ → ℓ^σ is a Hermitian polarity. The set of absolute points is {X : X^T X^σ = x √ q+1 0 + x √ q+1 1 + x √ q+1 2 = 0}. In fact it is straightforward to verify that this is a Hermitian curve.

Theorem 2 (See Hirschfeld [1998, 5.7, 7.18, 7.19]) There is a single orbit of PGL(3, q) on Hermitian curves in PG(2, q), q square. Such a Hermitian curve therefore has canonical form x^{√q+1}_0 + x^{√q+1}_1 + x^{√q+1}_2 = 0, and has q √ q + 1 points. The stabiliser PGU(3, q) in PGL(3, q) of a Hermitian curve has order q √ q(q √ q + 1)(q − 1), and the number of Hermitian curves is q √ q(q √ q − 1)(q + 1). The group PGU(3, q) is called the projective unitary group and acts 2-transitively on the points of H.

The next theorems collect together several properties of Hermitian curves.

Theorem 3 (See Hirschfeld [1998, 7.20]) Let H be a Hermitian curve in PG(2, q), q square. There are q √ q+1 lines which each meet H in a single point, and the remaining q(q− √ q+1) lines each meet H in √ q + 1 points. The points of H on a line meeting H in √ q + 1 points form a Baer subline. Through a point P of H there passes one line meeting H in a single point; the remaining q lines on P each meet H in √ q + 1 points. Through a point Q not on H there are √ q + 1 lines meeting H in a single point; the remaining q − √ q lines on Q each meet H in √ q + 1 points.

Let H be a Hermitian curve in PG(2, q), q square. We call a line a tangent or a secant of H according as it meets H in one or √ q + 1 points.

Corollary 4 (See Hirschfeld [1998, 7.21]) Let ϕ be a Hermitian polarity with associated Hermitian curve H. If P ∈ H then ϕ(P ) is the unique tangent to H on P, and if Q ∉ H then ϕ(Q) is the secant of H which contains the points of H on the √ q + 1 secants on Q.

We therefore see that the set of secants of H is the set of lines of PG(2, q) which are not absolute with respect to ϕ. Also, the points of H which lie on the √ q + 1 tangents through a point Q ∉ H are collinear and in fact form a Baer subline.

Theorem 5 (See Hirschfeld [1998, 7.22]) In PG(2, q), q a square, the intersection of a Hermitian curve and a Baer subplane contains either 1, √ q + 1 or 2 √ q + 1 points.

3 Unitals

Inspired by the example of the Hermitian curves in PG(2, q), we define an object in any projective plane of square order which has the combinatorial properties of a Hermitian curve. We then investigate whether in PG(2, q) it must be a Hermitian curve and whether there exist examples in other planes.

A unital U in π_q, q square, is a set of q √ q + 1 points, such that each line meets it in either 1 or √ q + 1 points. A line is a tangent or a secant of U if it contains 1 or √ q + 1 points of U respectively.

It turns out that even in the case of non-Desarguesian planes examples of unitals can arise from certain polarities, as follows. Baer [1946] showed that a polarity of π_q has at least q + 1 absolute points, and if equality occurs then the set of absolute points is a line if q is even and an oval if q is odd. Further, he showed that if there are more than q + 1 absolute points then q is a square and if every non-absolute line has √ q + 1 absolute points then the set of absolute points is a unital. Seib [1970] improved this result as follows:

Theorem 6 (Seib [1970]) A polarity of π_q has at most q √ q + 1 absolute points and if equality occurs then the set of absolute points is a unital.

This observation has been used to construct unitals in the Figueroa planes of order q^3, q square, as outlined in Section 4.3 below.

Lemma 7 (Tallini Scafati [1966]) Let U be a unital in π_q, q square. Through a point P of U there pass one tangent and q secants, while through a point Q not on U there pass √ q+1 tangents and q − √ q secants. It follows that U has q √ q + 1 tangents and q(q − √ q + 1) secants.

Proof First, suppose that P ∈ U lies on a tangents and b secants. Then a + b = q + 1 and b √ q + 1 = q √ q + 1, and the result follows. Similarly, if Q ∉ U lies on a tangents and b secants then a + b = q + 1 and a + b( √ q + 1) = q √ q + 1, and the result follows. Now counting ordered pairs (P, ℓ) where P ∈ U ∩ ℓ and ℓ is a tangent of U shows that U has q √ q + 1 tangents. Finally, U has q^2 + q + 1 − (q √ q + 1) = q(q − √ q + 1) secants.

Corollary 8 (Tallini Scafati [1966]) Let U be a unital in π_q, q square. The set of tangents of U form the dual unital U^d in the dual plane π^d_q .

Proof By Lemma 7, U^d has q √ q + 1 points and a line of π^d_q meets U^d in either 1 or √ q + 1 points.

Lemma 9 (Grüning [1987]) Let U be a unital and let B be a Baer subplane of π_q, q square. If b denotes the number of lines of B which, when extended to π_q, are tangents of U and s denotes the number of points in B ∩ U then b + s = 2( √ q + 1). In particular, 0 ≤ |B ∩ U| ≤ 2( √ q + 1).

Proof We count in two ways the ordered pairs (P, ℓ) where P is a point of U, ℓ is a line of B (extended to PG(2, q)) and P ∈ ℓ. We obtain s( √ q + 1) + (q √ q + 1 − s).1 = b.1 + (q + √ q + 1 − b)( √ q + 1) and the result follows.

Recall that a blocking set in π_q is a set of points which is met by every line, and a blocking set is minimal if no point can be deleted to obtain a blocking set with fewer points. Since each line of π_q meets a unital, and each point of a unital lies on a tangent, it is immediate that a unital is a minimal blocking set.

Theorem 10 (Bruen and Thas [1977]) Let B be a minimal blocking set in a projective plane π_q of order q. Then |B| ≤ q √ q + 1 with equality if and only if B is a unital.

A (k, n)-arc K of type (m, n) in π_q is a set of k points such that each line meets the set in either m or n points, where m < n. If K has an m-secant ℓ then counting the points of K on the lines through a point of K∩ℓ shows that k ≤ (n−1)q+m. We see immediately that a unital is a (q √ q+1, √ q+1)-set of type (1, √ q+1), which has k = (n−1)q+m. The following theorems show that these properties characterise the set of unitals, Baer subplanes and/or their complements. The proofs are quite straightforward, involving counting appropriate sets in two ways and solving the resulting equations.

Theorem 11 (Tallini Scafati [1966]) Let K be a (k, n)-arc of type (m, n) in π_q, with m ≠ 0. If k = (n − 1)q + m then K is either a unital or the complement of a Baer subplane.

Corollary 12 (Tallini Scafati [1966]) A (k, n)-arc of type (1, n) in π_q is either a unital or a Baer subplane.

4 The Known Examples of Unitals

We have already seen one infinite family of unitals, namely the set of absolute points of a unitary polarity of PG(2, q), q square. Such a unital is called a classical unital.

4.1 The Buekenhout-Metz Unitals

Buekenhout [1976] proved the existence of unitals in every translation plane π_q of square order q with kernel containing GF ( √ q), as follows.

Let π_q = π(S) for a spread S of a hyperplane Σ_∞ of PG(4, √ q). Let V and W be points on a line t of S, and let O be an ovoid in some 3-dimensional subspace of PG(4, √ q) not containing V and such that O meets Σ_∞ in exactly the point W . Let U^∗ be the cone with vertex V projecting O, that is, U^∗ is the union of the lines joining V to each point of O. Equivalently, let V be a point on a line t of S and let O be an ovoid of the quotient space with respect to V which meets Σ_∞ in exactly t (so O is a set of q + 1 lines through V , no three of which lie in a plane through V , and O contains t). In either case, let U^∗ be the union of the lines so constructed. Then the set U of points of π_q corresponding to U^∗ is a unital, with ℓ_∞ tangent at a point T .

We verify directly that U is a unital in π_q, using the representation in PG(4, √ q). A plane of PG(4, √ q) on t and not contained in Σ_∞ contains exactly one line of U^∗, hence a line of π_q on T contains exactly √ q + 1 points of U. A plane of PG(4, √ q) not contained in Σ_∞ and not on t meets U^∗ in either 1 point or the √ q + 1 points of an oval, hence a line in π_q not on T contains 1 or √ q + 1 points of U.

We recall that all known ovoids in PG(3, √ q) are either elliptic quadrics (which exist for all q) or Tits ovoids (which exist for q > 2 even and not a square) (see Hirschfeld [1985], 16.4). However the classification of ovoids in PG(3, √ q) is complete only for all √ q odd and for √ q even with √ q ≤ 32 (Barlotti [1955], Panella [1955], Fellegara [1962], O’Keefe and Penttila [1990, 1992], O’Keefe, Penttila and Royle [1994] and Penttila and Praeger [1998]; see Hirschfeld [1985]).

Buekenhout [1976] showed that the classical unital in PG(2, q) arises by this construction with S a regular spread and O an elliptic quadric. Thus, choosing S to be regular and O to be a Tits ovoid gives rise to a non-classical unital in PG(2, q) for √ q > 2 even and not a square. Metz [1979] later observed that for any √ q > 2 it is possible to choose a regular spread S and an elliptic quadric O such that Buekenhout’s construction gives a non-classical unital in PG(2, q).

A Buekenhout-Metz unital in a translation plane π_q of square order q with kernel containing GF( √ q) is a unital which arises by this construction for any choice of spread S and ovoid O. Since the classical unital in PG(2, q) can be constructed in this way, it is included in the class of Buekenhout-Metz unitals.

Baker and Ebert [1992] and Ebert [1992, 1997a], extending results of Hirschfeld and Szőnyi [1991], gave coordinates for the Buekenhout-Metz unitals in PG(2, q) with underlying ovoid an elliptic quadric or a Tits ovoid. These representations also allowed the calculation of the number of inequivalent such unitals and their collineation groups.

Theorem 13 (Baker and Ebert [1992], Ebert [1992], Hirschfeld and Szőnyi [1991]) Let q be a square and for a, b ∈ GF(q) let U_{ab} = {(1, y, ay^2 + by^{√q+1} + r) : y ∈ GF(q), r ∈ GF( √ q)} ∪ {(0, 0, 1)}. Then U_{ab} is a Buekenhout-Metz unital in PG(2, q) if and only if:

(i) q is odd and 4a^{√q+1} + (b^{√q} − b)^2 is a non-square in GF( √ q) (ii) q is even, b ∉ GF( √ q) and a^{√q+1}/(b^{√q} + b)^2 has trace zero in GF(q).

Further, every Buekenhout-Metz unital in PG(2, q) constructed from an elliptic quadric can be expressed as U_{ab} for some a, b. In particular, U_{ab} contains an oval if and only if q is odd and b ∈ GF(q). In this case U_{ab} is the union of a partial pencil of q conics.

Theorem 14 (Ebert [1997a]) Let q be an even square such that √ q > 8 is a non-square, and let σ ∈ AutGF( √ q) be such that σ^2 ≡ 2 (mod √ q). Let β be a primitive element of GF(q) such that β^{√q+1} is a primitive element of GF(q). Let ϵ ∈ GF(q) \ GF( √ q) be such that ϵ^{√q} = 1 + ϵ and ϵ^2 = λ + ϵ for some λ ≠ 1 with trace(λ) = 1; so {1, ϵ} is a basis for GF(q) over GF( √ q). The set of points U_T = {(1, s + tϵ, r + (s^{σ+2} + t^σ + st)ϵ) : r, s, t ∈ GF( √ q)} ∪ {(0, 0, 1)} is a Buekenhout-Metz unital in PG(2, q) constructed from a Tits ovoid.

For completeness, we give the following theorem which should be compared with Lemma 9 and Theorem 5.

Theorem 15 (Quinn [1995]) Let U be a Buekenhout-Metz unital in PG(2, q), q > 169 a square, arising from an elliptic quadric. If B is a Baer subplane of PG(2, q) then 1 ≤ |U ∩ B| ≤ 2 √ q + 1. It is interesting to note that computer programs have shown that for small values of q the intersection numbers 0 and 2( √ q + 1) also occur.

4.2 The Buekenhout Unitals

Let π_q be a translation plane of square order q whose kernel contains GF( √ q). Suppose that π_q = π(S) for some spread S in the hyperplane Σ_∞ = P G(3, √ q) of PG(4, √ q). We denote the line at infinity of π_q by ℓ_∞. Suppose further that S contains a regulus R. We remark that the assumption that S contain a regulus is equivalent to assuming that the plane π(S) is derivable, see Section 4.4 below.

Let Q be a non-singular (parabolic) quadric in PG(4, √ q) which meets Σ_∞ in a nonsingular hyperbolic quadric, one of whose sets of generators is the regulus R. Then the set U of points of π_q corresponding to Q is a unital, with ℓ_∞ a secant line.

We verify directly that U is a unital in π_q, using the representation in PG(4, √ q). First, a plane of PG(4, √ q) containing a line of Q meets Q in either just the points of that line or in the points on a pair of lines. Also, a plane of PG(4, √ q) containing a line disjoint from Q meets Q in either a single point or a conic. Therefore a plane of PG(4, √ q) on a line t of R and not contained in Σ_∞ meets Q either just in t or in t together with a further line; hence a line in π_q on a point of U ∩ ℓ_∞ contains either 1 or √ q + 1 points of U. A plane of PG(4, √ q) not contained in Σ_∞ on a line t of S \ R meets Q in either a single point or a conic disjoint from Σ_∞; hence a line in π_q on a point of ℓ_∞ \ U contains either 1 or √ q + 1 points of U.

A unital constructed in this way in a derivable translation plane π_q of square order q and kernel containing GF( √ q) is called a Buekenhout unital.

4.3 The Hamilton-de Resmini Unitals

Hamilton and de Resmini [1998] construct a polarity in each Figueroa plane Fig(q^3) of order q^3, q > 4 square, and show that it has q^4 √ q + 1 absolute points. Theorem 6 then guarantees that the set of absolute points is a unital. The method is essentially the same as the one used by Julia Brown to construct ovals via appropriate polarities in the Figueroa planes.

The (finite) Figueroa planes form an infinite family of projective planes of order q^3, where q > 2 is a prime power. The original construction due to Figueroa [1982] had a further restriction on the value of q, but this was removed by Hering and Schaeffer [1982]. Grundhöfer [1986] later gave a synthetic construction, which we now describe.

Let q be any prime power and let α be a planar collineation of PG(2, q^3) of order 3, that is, the set of fixed points form a Desarguesian subplane of order q. With respect to α, the points and lines of PG(2, q^3) each fall into three disjoint classes according to the structure of their orbit under powers of α. A point P has type I if α(P ) = P ; type II if P, α(P ), α^2(P ) are distinct and collinear and type III if P, α(P ), α^2(P ) are distinct and not collinear. The line types are defined dually.

If P is a point of type III then let μ(P ) = α(P )α^2(P ) and if ℓ is a line of type III then let μ(ℓ) = α(ℓ) ∩ α^2 (ℓ). It is straightforward to verify that μ is an involutory bijection mapping the points of type III to the lines of type III and conversely. Let P and L denote the sets of points and lines of PG(2, q^3), respectively. Define a new incidence structure Fig(q^3) with points P, lines L and incidence as follows: a point P and a line ℓ are incident in Fig(q^3) if:

(i) μ(ℓ) ∈ μ(P ) in the case that P and ℓ are both of type III (ii) P ∈ ℓ otherwise.

Then Fig(q^3) is a projective plane of order q^3, the Figueroa plane, and is non-Desarguesian if q > 2. Theorem 16 (Hamilton and de Resmini [1998]) Let q be a square and let Fig(q^3) be the Figueroa plane constructed using the planar collineation P → P^q of PG(2, q^3) as above. The map ϕ which maps the point with coordinates X to the line with coordinates X^{q√q} and the line with coordinates Y to the point with coordinates Y^{q√q} is a polarity of Fig(q^3) with q^4 √ q + 1 absolute points, which therefore form a unital in Fig(q^3).

We remark that, as in Section 2, ϕ is a Hermitian polarity of PG(2, q^3) and hence its absolute points and absolute lines are the points and tangents of a classical unital U in PG(2, q^3).

Question: Does the Hamilton-de Resmini Unital have the same points as this classical unital? If so, then it is really an inherited unital in the sense of Section 4.4.

4.4 Inherited Unitals

A unital in a given projective plane often gives rise to a unital in a closely-related plane. In particular, if two planes are defined on almost the same point sets then sometimes most of the points of a unital in one plane are most of the points of a unital in the second plane. We call these unitals inherited, and in this section we discuss such unitals. Hall planes

The first unitals constructed in Hall planes arise from the original construction of Buekenhout [1976]. Further examples were found by Brouwer [1981].

Now, we investigate unitals arising in projective planes which are obtained from PG(2, q) by derivation as follows. Let π_q be a projective plane of square order q, let ℓ_∞ be a line of π_q and let A be the affine plane π_q \ ℓ_∞. A set D of √ q + 1 points of ℓ_∞ is called a derivation set if for each pair of points X, Y ∈ A such that the line XY meets ℓ_∞ in a point of D, there is a Baer subplane of π_q containing X, Y and D. (This Baer subplane is necessarily unique.) Given a derivation set D for π_q, there is an affine plane A^D of order q with points the points of A and lines each set of points of A on a line of π_q meeting ℓ_∞ \ D together with each set of points of A on a Baer subplane of π_q containing D. The unique completion of this affine plane to a projective plane by the addition of the points on a line ℓ^D_∞ is the plane π^D_q derived from π_q with respect to D. In the following we will regard π_q and π^D_q as having the same affine points and we will also identify the points of ℓ_∞ \ D in π_q with the corresponding points of ℓ^D_∞ in π^D_q . (For a full discussion of derivation see Hughes and Piper [1973].)

It is easily seen that a projective plane π_q represented as π(S) where S contains a regulus R is derivable. In fact R is a derivation set, and in the process of derivation the lines of π_q which are planes on lines of R are replaced by the planes on lines of the opposite regulus R^{opp}, which were the Baer subplanes in π. It is clear then that certain Buekenhout-Metz and Buekenhout unitals in PG(2, q) should inherit to unitals in the Hall plane PG(2, q)^d = H(q).

Several authors have verifed that indeed this is the case, for various unitals and various choices of derivation set see Barlotti and Lunardon [1979], Barwick [1996, 1997], Buekenhout [1976] and Grüning [1987]. Some of these constructions were repeated independently by Dover [1997] and Rinaldi [1995b, 1995a].

A first general approach to constructing unitals in derived planes, which includes all these previous examples, relies on the characterisation of unitals among blocking sets (Theorem 10).

Theorem 17 (Blokhuis and O’Keefe [1998]) Let π_q be a projective plane of square order q and let D be a derivation set in π_q.

(i) If there is a unital U in π_q such that U ∩ D = ∅ and each Baer subplane of π_q containing D meets U in 1 or at least √ q + 1 points, then there exists a unital in the derived plane π^D_q with the same points as U.

(ii) If there is a unital U in π_q such that U ∩D = D and each Baer subplane of π_q containing D meets U in √ q + 1 or at least 2 √ q + 1 points, then there exists a unital in the derived plane π^D_q with the same affine points as U.

Proof Let A = π_q \ ℓ_∞, where ℓ_∞ is the line containing D, and let U^′ = U \ ℓ_∞. (i) Let V^′ be the set of points P^′ ∈ ℓ^D_∞ which correspond to the points P ∈ ℓ_∞ ∩ U (so |V^′| = 1 or √ q + 1) and let U^D = U^′ ∪ V^′. Then U^D is a set of q √ q + 1 points in π^D_q which meets every line of π^D_q in 1 or at least √ q+1 points. Thus U^D is a blocking set. It is minimal, for otherwise there is a point P ∈ U^D on no tangent, implying |U^D| ≥ (q + 1) √ q + 1. By Lemma 10, U^D is a unital in π^D_q . (ii) By assumption U^′ has 1 or √ q + 1 points on each line of π_q, other than ℓ_∞, meeting ℓ_∞ \ D and 0 or at least √ q points on each Baer subplane of π_q on D. The set of Baer subplanes of π_q containing D is a set of √ q + 1 parallel classes of lines in the affine plane A^D derived from A; so let D^′ be the set of √ q + 1 points of ℓ^D_∞ which lie on these lines in the projective completion π^D_q . It follows that U^D = U^′ ∪ D^′ is a blocking set of q √ q + 1 points in π^D_q which meets every line in 1 or at least √ q + 1 points. As in the proof of part (1), U^D is a unital.

An alternative general approach to constructing unitals in derived planes verifies the properties of a unital directly.

Theorem 18 (Blokhuis and O’Keefe [1998]) Let π_q be a projective plane of square order q and let D be a derivation set on a line ℓ_∞ in π_q. Let U be a unital in π_q such that U ∩D = ∅, each Baer subplane of π_q containing D meets U in at least 1 point and

(i) if ℓ_∞ is a secant of U then at least ( √ q + 1)^2 Baer subplanes on D meet U in exactly

one point,

(ii) if ℓ_∞ is a tangent of U then at least √ q ( √ q +1) Baer subplanes on D meet U in exactly

one point.

Then there exists a unital in the derived plane π^D_q with the same points as U.

Proof Let U^D be defined as in the proof of Theorem 17. In order to prove that U^D is

a unital in π^D_q , it suffices to show that each Baer subplane on D meets U in either 1 or √ q + 1 points.

Let S = {B_1, . . . , B_s}, where s = q ( √ q + 1) be the Baer subplanes on D and let t_i =

|B_i ∩ U| ≥ 1. (i) Counting the ordered pairs (P, B) where P ∈ U, B ∈ S and P ∈ B yields: s∑ i=1 t_i = (q √ q − √ q )( √ q + 1)

and counting the ordered triples (P, Q, B) where P, Q ∈ U, B ∈ S and P, Q ∈ B yields: s∑ i=1 t_i(t_i − 1) = ( √ q + 1)(q − √ q − 1)( √ q + 1) √ q (this is the number of secants distinct from ℓ_∞ on a point of D multiplied by the number

of ordered pairs of points of U on such a secant). Thus we obtain: s∑ i=1 (t_i − ( √ q + 1))^2 = q ( √ q + 1)^2.

Now there are at least ( √ q + 1)^2 Baer subplanes B_i ∈ S with t_i = 1, and ( √ q + 1)^2 of them

contribute q ( √ q + 1)^2 to the sum. The remaining Baer subplanes in S therefore contribute

zero to the sum, and hence intersect U in exactly √ q + 1 points.

(ii) The argument in this case is analogous, with s∑ i=1 t_i = q √ q ( √ q + 1) and s∑ i=1 t_i(t_i − 1) = ( √ q + 1)(q − √ q )( √ q + 1) √ q.

Theorem 19 (Blokhuis and O’Keefe [1998]) Let π_q be a projective plane of square order

q and let D be a derivation set in π_q. If there is a unital U in π_q such that U ∩ D = D,

each Baer subplane of π_q containing D meets U in at least √ q + 1 points and there are at

least √ q + 1 Baer subplanes on D that meet U in exactly √ q + 1 points, then there exists

a unital in the derived plane π^D_q with the same affine points as U.

Proof Let U^D be as in the proof of Theorem 17. It suffices to show that each Baer

subplane on D meets U \ ℓ_∞ in 0 or √ q points of π_q \ ℓ_∞. Our argument is again analogous

to that given in Theorem 18(i), but with t_i = |B_i ∩ (U \ ℓ_∞) | ≥ 0. We find that s∑ i=1 t_i = (q √ q − √ q )( √ q + 1) and s∑ i=1 t_i(t_i − 1) = ( √ q + 1)(q − 1) √ q ( √ q − 1).

These theorems can be used to give short proofs of some known constructions of unitals in Hall planes mentioned above, as follow.

Theorem 20 (Buekenhout [1976], Grüning [1987]) Let U be a classical unital in a Desarguesian plane π_q = PG(2, q). Let D be a Baer subline comprising the points of U on a secant line to U. Theorem 17 or 19 guarantees the existence of a unital in the Hall plane PG(2, q)^D, with the translation line a secant and with the same affine points as U.

Theorem 21 (Barwick [1996], see also Rinaldi [1995a]) Let U be a classical unital in a Desarguesian plane π_q = PG(2, q). Let D be a Baer subline comprising points on a secant line to U, disjoint from U. Theorem 17 or 18 guarantees the existence of a unital in the Hall plane PG(2, q)^D, with the translation line a secant and with the same affine points as U. Theorem 22 (Barwick [1997], see also Buekenhout [1976], Rinaldi [1995b]) Let U be a Buekenhout-Metz unital (that is, a unital constructed as in [1976, Remark 4]) in a Desarguesian plane π_q = PG(2, q), with respect to the tangent ℓ_∞, and let D be a Baer subline on ℓ_∞, disjoint from U. Theorem 17 or 18 guarantees the existence of a unital in the Hall plane PG(2, q)^D, with the translation line a tangent and with the same affine points as U. Theorem 23 (Barlotti and Lunardon [1979], see also Dover [1997]) Let U be a Buekenhout- Metz unital in a Desarguesian plane π_q = PG(2, q), with respect to the tangent ℓ_∞. Let T = ℓ_∞ ∩U and let D be a Baer subline comprising the points of U on a secant line through T. Theorem 17 or 18 guarantees the existence of a unital in the Hall plane PG(2, q)^D, with the translation line a tangent and with the same affine points as U.

Hall and dual Hall planes

Brouwer [1981] constructed a unital in the Hall plane of order 9 and its dual. This example was generalized to any Hall plane and its dual by Grüning [1987]. Derived dual translation planes

Barlotti and Lunardon [1979] showed that inherited unitals exist in derived dual translation planes.

Hughes planes and derived Hughes planes

Let q be a square odd prime power and let GF( √ q) be a subfield of GF(q). Let ω be a primitive element of GF(q), and let an element x = ω^r ∈ GF(q) \ {0} be even if r is even and odd if r is odd. Define a new multiplication · on GF(q) as follows:

a · b = ab if a is even = ab^{√q} if a is odd 0 · b = a · 0 = 0.

On the set P = GF(q)^3 \ {(0, 0, 0)} we define an equivalence relation by: (x, y, z) ≡ (x^′, y^′, z^′) if (x, y, z) = k · (x^′, y^′, z^′) for some k ∈ GF(q). Consider the incidence structure H(q) with points P and lines P, and such that the point P = (x, y, z) ∈ P is incident with the line ℓ = [u, v, w] ∈ P if and only if xu_1 + yv_1 + zw_1 + (xu_2 + yv_2 + zw_2) = 0 where u = u_1 + tu_2, v = v_1 + tv_2 and w = w_1 + tw_2 for some t ∈ GF(q) \ GF( √ q). It is straightforward to verify that H(q) is a projective plane; in fact it is the Hughes plane of order q and is non-Desarguesian.

Brouwer [1981, 1989] constructed 4 non-isomorphic unitals in the Hughes plane of order 9. Rosati [1988] later constructed an infinite family of unitals in the Hughes planes, and Brouwer showed that it was different from the four known unitals in the Hughes plane of order 9.

Theorem 24 Rosati [1988] The set of points {(x, y, z) : x^{√q+1} + y^{√q+1} + z^{√q+1} = 0} is a unital in the Hughes plane of square odd order q.

Wantz [1996] developed a new coordinatisation for the Buekenhout-Metz unitals in PG(2, q), q odd, constructed from an elliptic quadric. The advantage of this new representation is that it is easy to prove that the same set of points is a unital in the associated Hughes plane of the same order. Also, the collineation groups and projective equivalence classes were calculated.

Theorem 25 (Wantz [1996]) Let q be a square and let a ∈ GF( √ q) and b ∈ GF(q) be such that b^2 − a^2 is a square in GF( √ q). Let β be a primitive element of GF(q) and let ϵ = β^{(√q+1)/2}; so {1, ϵ} is a basis for GF(q) over GF( √ q). The set of points U_{(a,b)} =

{(1, y, ay^2 + by^{√q+1} + tϵ) : y ∈ GF(q), t ∈ GF( √ q)} ∪ {(0, 0, 1)} is a unital in the Hughes plane of order q, which is projectively equivalent to a Rosati unital if and only if a = 0.

Abatangelo, Larato and Rosati [1990] showed the existence of unitals in derived Hughes planes.

4.5 Other (non-embedded) Unitals

Just for this section, a unital with parameter u is any 2–(u^3 + 1, u + 1, 1) design. We will call the blocks of the unital lines. It is straightforward to verify that a unital with parameter u has a total of u^2(u^2 − u + 1) lines and on each point there are u^2 lines. Ree Unitals

For any integer e ≥ 0 and √ q = 3^{2e+1}, there exists a Ree group^2G_2( √ q) Ree [1961] with a 2-transitive action on q √ q + 1 points. Any pair of points is fixed by a unique involution and such an involution fixes exactly √ q + 1 points, which we call a block. Lüneburg [1966] showed that the set of blocks on the q √ q + 1 points is a unital, which is not embeddable into a projective plane of order q such that the automorphisms of the unital are induced by collineations of the plane. Mathon Unitals

Mathon [1987] gives a construction for a family of designs, one instance of which provides a unital of parameter 6. The base blocks which generate such a design are listed in Mathon [1987] in the remarks following Corollary 4. Bagchi and Bagchi Unitals

Let u be an integer such that P = u + 1 and Q = u^2 − u + 1 are prime powers. Let G_Q be the multiplicative group of GF(Q) and let G_Q(M) (where M | Q − 1) be the unique subgroup of G_Q of order M. Let f: G_Q(P − 1) → G_P (_{P −1} 2 ) be an epimorphism. Let X = GF(P ) × GF(Q) and define A_0 = {(f(x), x) : x ∈ G_Q(P − 1)} ∪ {(0, 0)} A_j = (1, γ^j )A_0 0 ≤ j < u − 1 γ = generator of G_Q(P − 2) A_∞ = GF(P ) × {0}.

Define the incidence structure D with points the elements of X, blocks the distinct additive translates of A_∞ and A_j for 0 ≤ j < u − 1. It is straightforward to verify that each block has P points and D has (u − 1)P Q + 1.Q = u^4 − u^3 + u^2 blocks. In fact, D is a 1-design with P (u − 1) + 1 = u^2 blocks on a point. Further, Bagchi and Bagchi [1989] have given conditions under which D is a 2-design; in that case D is a unital U(u) of parameter u. They further showed that designs U(u) with parameters u = 2, 4 and 6 exist.

The unital U(2) is the classical unital with parameter 2 and is embeddable in PG(2, 2^2). Jackson, O’Keefe and Penttila [1990] showed that U(4) is not embeddable in any projective plane of order 4^2 = 16, while Jackson, Piper and Wild [1991] showed that U(6) cannot be embedded in any projective plane of order 36 such that the automorphisms of the design are induced by collineations of the plane. Brouwer’s Unitals

Brouwer [1981] used a computer search to construct 138 pairwise non-isomorphic unitals with parameter 3. Only 11 of these were embeddable in a projective plane of order 9; two in the Desarguesian plane, four in the Hughes plane, two in the Hall plane, two in the dual Hall plane and one embeddable in both the Hall plane and its dual. (The unitals in PG(2, 9) are the classical unital and the non-classical Buekenhout-Metz unital which is a union of conics discovered by Hirshfeld and Szőnyi [1991]. The unital embeddable in both the Hall plane and its dual was generalized to an infinite family by Grüning [1987]. Brouwer showed that Rosati’s unital in the Hughes plane was not among his four examples and gave an algebraic description for one of his unitals in Brouwer [1989].)

5 Characterisation Results

We note that every unital in PG(2, 2^2) is classical and hence is a Buekenhout-Metz unital. Consequently, in the following we will consider unitals in PG(2, q) where √ q > 2. A recent computer search by Penttila and Royle [1995] concludes that every unital in PG(2, 3^2) is a Buekenhout-Metz unital.

There are very few known constructions of unitals in PG(2, q). In fact, the only unitals in PG(2, q) known to the author are the classical, Buekenhout-Metz and Buekenhout unitals, and the duals of these unitals. We note, in particular, that the unitals investigated by Baker and Ebert [1990, 1992] Ebert [1992, 1997a] and by Hirschfeld and Szőnyi [1991] are shown, in the respective papers, to be Buekenhout-Metz unitals.

It is well-known that the dual of a classical unital in PG(2, q) is classical. Further, Barwick [1994] has shown that a Buekenhout unital in PG(2, q) is classical. Further:

Theorem 26 (Baker and Ebert [1992], Ebert [1992] and Casse, O’Keefe and Penttila [1996]) The dual of a Buekenhout-Metz unital in PG(2, q) is a Buekenhout-Metz unital.

Baker and Ebert [1992] showed that each Buekenhout-Metz unital in PG(2, q), q odd, is isomorphic to its dual. Ebert [1992] proved the same result for those Buekenhout-Metz unitals in PG(2, q), q even, for which the underlying ovoid is an elliptic quadric. Casse, O’Keefe and Penttila [1996] provide a proof which is valid for any q and any underlying ovoid.

Putting together all these results shows that in PG(2, q) every known unital is a Buekenhout-Metz unital.

5.1 Characterisations of the Classical Unital

Theorem 27 (Tallini Scafati [1966]) Let U be a unital in π_q, q square. For P_i ∈ U, denote the tangent to U at P_i by ℓ_i. Suppose that U is reciprocal, that is, for every P_1, P_2, P_3, P_4 ∈ U with no three collinear and ℓ_1 ∩ ℓ_2 ∈ P_3P_4 we have ℓ_3 ∩ ℓ_4 ∈ P_1P_2. Then U is the set of absolute points of a polarity. Thus if π_q = PG(2, q) then U is classical.

Theorem 28 (Faina and Korchmáros [1983], Lefèvre-Percsy [1982]) In PG(2, q), q > 4 square, a unital U such that each secant meets it in a Baer subline is classical.

A very recent result improves this characterisation in the case of q = p^2, p prime, by showing that assuming fewer than all q^2 − q √ q + q secants are Baer sublines suffices.

Theorem 29 (Ball, Blokhuis and O’Keefe [1998]) In PG(2, q), where q = p^2 and p is a prime, a unital U such that each of q √ q = p^3 secants meets it in a Baer subline is classical.

The next result shows that the property that the points of a classical unital on the tangents through a point off it are collinear characterises the classical unital. Since the dual of a classical unital is classical, this statement is equivalent to: the tangents at collinear points of a classical unital are concurrent.

Theorem 30 (Thas [1992]) In PG(2, q), q > 4 square, a unital U such that the tangents at collinear points are concurrent is classical.

Theorem 31 (Barwick [1994]) Let U be a unital in PG(2, q), q square, and let ℓ be a secant of U. If every Baer subline with a point on ℓ meets U in either 0, 1, 2 or √ q + 1 points then U is classical.

The next characterisation is a corollary of Theorem 38 below. It is the converse of Theorem 5.

Corollary 32 (Barwick, O’Keefe and Storme [1997]) Let U be a unital in PG(2, q), q square. Then U is classical if and only if every Baer subplane meets U in either 1, √ q + 1 or 2 √ q + 1 points.

O’Nan [1972] showed that the classical unital does not contain a configuration of four distinct lines which meet in six points (an O’Nan configuration). Piper [1972] conjectured that this property characterises the classical unital, and Wilbrink [1983] proved that this is true if q is even and the unital enjoys a further property:

Theorem 33 Wilbrink [1983] Let U be a unital in PG(2, q), where q is an even square. Suppose that:

(i) there is no O’Nan configuration with points points of U (ii) for each secant ℓ of U, point X ∈ U \ ℓ and secant m through X and meeting ℓ in a point of U, if Y is a point of (m ∩ U) \ {X} then there exists a secant ℓ^′ distinct from m on Y which meets each secant on X that meets ℓ in a point of U. Then U is classical.

Baker and Ebert [1990] show that in PG(2, q), q = p^h square, each Buekenhout-Metz unital constructed from an elliptic quadric intersects a classical unital in 1 (mod p) points, and mention a conjecture of Assmus and Key that every unital has this property with respect to the classical unital. The conjecture was proved by Blokhuis, Brouwer and Wilbrink [1991], since it is an easy corollary of Theorem 34 below, also conjectured by Assmus and Key. Before stating the theorem, we describe the context within which the result resides.

In PG(2, q), give the points an order (P_1, P_2, . . . , P_q2_{+q+1}) and let L denote the set of lines of PG(2, q). For a set S of points, let the characteristic vector be

χ(S) = (x_1, x_2, . . . , x_q2_{+q+1}),

where x_i = 1 if P_i ∈ S and x_i = 0 otherwise. Note that for two sets S_1, S_2 of points we have: |S_1 ∩ S_2| = χ(S_1) · χ(S_2). Now consider the subspace of GF(p)^{q2+q+1} spanned by {χ(ℓ) : ℓ ∈ L} over GF(p). It is a linear code, called the code of the plane PG(2, q).

Now let S be a set of points such that χ(S) is a codeword; so χ(S) = ∑ ℓ∈L α_ℓχ(ℓ) for some α_ℓ ∈ GF(p). If m is any line of PG(2, q), then |m ∩ S| = χ(m) · χ(S) = ∑ ℓ∈L α_ℓχ(m) · χ(ℓ) = ∑ ℓ∈L α_ℓ modulo p (since |m ∩ ℓ| = 1 or q + 1), which is therefore independent of m. In other words, a line meets S in a number of points which is a constant modulo p.

Now lines, Baer subplanes and unitals are examples of sets of points which are met by each line in 1 modulo p points, so we can ask whether the corresponding characteristic vectors are in the code of PG(2, q). By definition the code contains the characteristic vector of each line.

We now argue that if B is a Baer subplane of PG(2, q), q square, then χ(B) is not in the code of PG(2, q). Suppose, aiming for a contradiction, that χ(B) = ∑ ℓ∈L α_ℓχ(ℓ). Let B^′ be any Baer subplane of PG(2, q). Since |ℓ ∩ B^′| = 1 (mod p) for all ℓ ∈ L, we have χ(ℓ) · χ(B) = 1 (mod p) for all ℓ ∈ L. It follows immediately that |B ∩ B^′| = ∑ ℓ∈L α_ℓχ(ℓ) · χ(B^′) = ∑ ℓ∈L α_ℓ which is a constant modulo p. Thus if χ(B) is in the code, then every Baer subplane B^′ of PG(2, q) meets B in a number of points which is constant modulo p. Now B meets B in q^2 + q + 1 points, which is 1 modulo p. On the other hand, there exists a Baer subplane disjoint from B which therefore meets B in 0 modulo p points. The contradiction proves that χ(B) is not in the code of PG(2, q).

In the case of unitals, in fact only the classical unitals are codewords in PG(2, q), as follows.

Theorem 34 (Blokhuis, Brouwer and Wilbrink [1991]) Let q = p^h be a square. A unital in PG(2, q) is classical if and only if it is a codeword in the code of PG(2, q) spanned by the lines over GF(p).

For other characterisations of Hermitian curves among unitals see Abatangelo [1984] and Faina [1991].

5.2 Characterisations of Buekenhout-Metz Unitals

A non-classical Buekenhout-Metz unital has a special point, and in some sense a classical unital can be considered as a Buekenhout-Metz unital in which all points are special. Many of the characterisations of Buekenhout-Metz unitals are inspired by the observation that such a unital “looks like” a classical unital if local properties of this point are under consideration.

Theorem 35 (Lefèvre-Percsy [1981]) Let U be a unital in PG(2, q), q square and √ q > 2, and let ℓ be some tangent line to U. If all Baer sublines having a point on ℓ intersect U in 0, 1, 2 or √ q + 1 points, then U is a Buekenhout-Metz unital.

In fact Theorem 35 is a necessary and sufficient condition, and also holds for unitals in any translation plane of order q whose kernel contains GF ( √ q) which are such that the translation line is a tangent.

This characterisation is equivalent to the following. Let T be the point of U on the tangent ℓ. If the points of U on lines through T form Baer sublines and if each Baer subline meeting ℓ\{T } intersects U in at most 2 points, then U is a Buekenhout-Metz unital. (This follows from the fact that two Baer sublines of a given line in PG(2, q) meet in 0, 1, 2 or √ q + 1 points, see Dembowski [1968].) A related result is:

Theorem 36 (Larato [1983]) Let U be a unital in PG(2, q), q square and odd, and let ℓ be tangent to U. Then U is a Buekenhout-Metz unital if and only if for any two lines ℓ_1, ℓ_2 such that ℓ_1 ∩ ℓ_2 = ℓ ∩ U, there is a Baer subplane B containing ℓ satisfying B ∩ U = (ℓ_1 ∩ U) ∪ (ℓ_2 ∩ U).

Theorems 35 and 36 have recently been improved:

Theorem 37 (Casse, O’Keefe and Penttila [1996], Quinn and Casse [1995]) Let U be a unital in PG(2, q), where q is square and √ q > 2. Then U is a Buekenhout-Metz unital if and only if there exists a point T of U such that the points of U on each of the q secant lines to U through T form a Baer subline.

For the purposes of this next result, we call a Baer subplane of π_q linear if it corresponds to a plane under the representation of π_q in PG(4, √ q) due to André [1954] and Bruck and Bose [1964, 1966]. Note that a linear Baer subplane of π_q contains the translation line of π_q. Recall that if U is a Buekenhout-Metz unital in PG(2, q) with an associated elliptic quadric base and B is a Baer subplane, then Quinn [1995] has shown that 1 ≤ | U ∩ B| ≤ 2 √ q + 1 when √ q > 13.

Theorem 38 (Barwick, O’Keefe and Storme [1997]) Let U be a unital in a translation plane π_q of square order q with kernel containing GF( √ q), such that the translation line is a tangent. Then U is a Buekenhout-Metz unital if and only if every linear Baer subplane of π_q meets U in 1 modulo √ q points.

This theorem admits some immediate corollaries:

Corollary 39 (Barwick, O’Keefe and Storme [1997]) Let U be a unital in a translation plane π_q of square order q with kernel containing GF( √ q), such that the translation line is a tangent. If every Baer subplane of π_q which contains the translation line of π_q meets U in 1 modulo √ q points then U is a Buekenhout-Metz unital.

Corollary 40 (Barwick, O’Keefe and Storme [1997]) Let U be a unital in PG(2, q), q square, and let ℓ be a tangent. If every Baer subplane which contains ℓ meets U in 1 modulo √ q points then U is a Buekenhout-Metz unital.

Now we illustrate some characterisations of a more group-theoretical nature.

Theorem 41 (Abatangelo and Larato [1991], Abatangelo [1992]) In PG(2, q), q square, if a unital U is fixed by a subgroup Γ of PGL(3, q) such that: (i) there is a fixed point T ∈ U (ii) Γ has a normal subgroup acting transitively on U \ {T } (iii) the stabiliser in Γ of a point Q ∈ U \ {T } has a cyclic subgroup of order √ q − 1 then U is a Buekenhout-Metz unital in PG(2, q) arising from an elliptic quadric.

Theorem 42 (Abatangelo and Larato [1996]) Let U be a Buekenhout-Metz unital in PG(2, q), q square. If there is a point T ∈ U such that the stabiliser of U in PGL(3, q) has a subgroup which acts sharply-transitively on U \ {T } then U arises from an elliptic quadric.

Abatangelo and Larato [1996] further showed that the stabiliser Γ in PGL(3, q) of a Buekenhout-Metz unital U arising from a Tits ovoid has no normal subgroup acting sharply transitively on U \{T }, and the stabiliser in Γ of a point Q ∈ U \{T } has no cyclic subgroup of order √ q − 1. Theorem 43 (Ebert and Wantz [1996]) Let U be a unital in PG(2, q), q square, which is fixed by a subgroup of PGL(3, q) which is a semidirect product of a subgroup of order q by a subgroup of order √ q − 1. Then U is a Buekenhout-Metz unital with associated ovoid O an ellliptic quadric.

6 Notes and Nomenclature

Some of the objects studied in this note have different names in the literature.

For example, in some references unitals are called Hermitian arcs. We have avoided the use of the terms parabolic and hyperbolic, since these are used with different scopes in various parts of the literature. Most often they seem to be used to distinguish between Buekenhout’s two construction methods for unitals.

Perhaps the most serious difficulty is with regard to the term Buekenhout-Metz unital. We include in the class of Buekenhout-Metz unitals the unitals constructed using any spread S and any ovoid O in Buekenhout’s construction of Section 4.1. However some authors (notably Baker, Dover, Ebert and Wantz) use the term Buekenhout-Metz unital for a subclass of these ovoids (namely, those with S regular and O an elliptic quadric), introducing other terms such as Buekenhout-Tits unital and Buekenhout unital to cover other cases.

References to a number of related works can be found in Hirschfeld [1998, 12.9].

References [1] L. M. Abatangelo [1984] Una caratterizzazione gruppale delle curve hermitiane, Le Matematiche (1984), 101– 110.

V. Abatangelo [1992] On Buekenhout-Metz unitals in PG(2, q^2), q even, Arch. Math. 59 (1992), 197–203. V. Abatangelo and B. Larato

[1991] A group-theoretical characterisation of parabolic Buekenhout-Metz unitals, B.U.M.I. 7 5-A (1991), 195–206.

[1996] A characterization of Buekenhout-Metz unitals in PG(2, q^2), q even, Geom. Dedicata 59 (1996), 137–145.

V. Abatangelo, B. Larato and L.A. Rosati [1990] Unitals in planes derived from Hughes planes, J. Comb., Inform. and System Sciences 15 (1990), 151–155.

J. André [1954] Über nicht-Desarguessche Ebenen mit transitiver Translationsgruppe, Math. Z. 60 (1954), 156–186.

R. Baer [1946] Polarities in finite projective planes, Bull. Amer. Math. Soc. 552 (1946), 77–93. S. Bagchi and B. Bagchi [1989] Designs from pairs of finite fields. I. A cyclic unital U(6) and other regular Steiner 2-designs. J. Combin. Theory Ser. A 52 (1989), 51–61.

R.D. Baker and G.L Ebert [1990] Intersection of unitals in the Desarguesian plane, Congr. Num. 70 (1990), 87–94. [1992] On Buekenhout-Metz unitals of odd order, J. Combin. Theory Ser. A, 60 (1992), 67–84.

S. Ball, A. Blokhuis and C.M. O’Keefe [1998] Preprint 1998. A. Barlotti [1955] Un’estensione del teorema di Segre-Kustaanheimo, Boll. Un. Mat. Ital., 10 (1955), 96–98.

A. Barlotti and G. Lunardon [1979] Una classe di unital nei Δ-piani, Riv. Mat. Univ. Parma 5 (1979), 781–785. S.G. Barwick [1994] A characterization of the classical unital, Geom. Dedicata 52 (1994), 175–180. [1996] A Buekenhout unital in the Hall Plane, Bull. Belg. Math. Soc. - Simon Stevin 3 (1996), 113-124.

[1997] Unitals in the Hall plane, J. Geometry 58 (1997), 26–42. S.G. Barwick, C.M. O’Keefe and L. Storme [1997] Unitals which meet Baer subplanes in 1 modulo q points, preprint 1997. A. Blokhuis, A. Brouwer and H. Wilbrink [1991] Hermitian unitals are codewords, Discrete Math. 97 (1991), 63–68. A.E. Brouwer [1981] Some unitals on 28 points and their embeddings in projective planes of order 9, Geometries and Groups, Springer Lecture Notes in Mathematics, No 893 (1981), 183– 188.

[1989] A unital in the Hughes plane of order 9, Disc. Math. 77 (1989), 55–56. R.H. Bruck and R.C. Bose [1964] The construction of translation planes from projective spaces, J. Algebra 1 (1964), 85–102.

[1966] Linear representations of projective planes in projective spaces, J. Algebra 4 (1966), 117–172.

A. Beutelspacher [1995] Projective Planes, In Handbook of Incidence Geometry: Buildings and Foundations, pp 107–136, North-Holland, Amsterdam, 1995.

A. Blokhuis and C.M. O’Keefe [1998] On deriving unitals, to appear in the proceedings of the 16th British Combinatorial Conference.

A.A. Bruen and J.W.P. Hirschfeld, [1986] Intersections in projective spaces I: Combinatorics, Math. Z. 193 (1986), 215–225. A.A. Bruen and J.A. Thas [1977] Blocking sets, Geom. Dedicata 6 (1977), 193–203.

F. Buekenhout [1976] Existence of unitals in finite translation planes of order q^2 with a kernel of order q, Geom. Dedicata 5 (1976), 189–194.

L.R.A. Casse, C.M. O’Keefe and T. Penttila [1996] Characterizations of Buekenhout-Metz Unitals, Geom. Dedicata 59 (1996), 29–42. P. Dembowski, [1968] Finite Geometries, Springer, Berlin, 1968. J.M. Dover [1997] A family of non-Buekenhout unitals in the Hall planes, Mostly Finite Geometries (Iowa City, IA, 1996), 197–205, Lecture Notes in Pure and Appl. Math., Dekker, New York, 1997.

G.L. Ebert [1992] On Buekenhout-Metz unitals of even order, Europ. J. Combin. 13 (1992), 109–117. [1997a] Buekenhout-Tits unitals, preprint 1997. [1997b] Buekenhout unitals, preprint 1997. G.L. Ebert and K. Wantz [1996] A Group Theoretic Characterization of Buekenhout-Metz Unitals, J. Combin. Designs 4 (1996), 143–152.

G. Faina [1991] Intrinsic characterizations of Hermitian curves, Simon Stevin 65 (1991), 165–178. G. Faina and G. Korchmáros [1983] A graphic characterization of Hermitian curves, Ann. Discrete Math. 18 (1983), 335–342 G. Fellegara [1962] Gli ovaloidi di uno spazio tridimensionale di Galois di ordine 8, Atti Accad. Naz.

Lincei Rend. 32 (1962), 170–176. R. Figueroa [1982] A family of not (V, ℓ)-transitive projective planes of order q^3, q ≁= 1 (mod 3) and q > 2, Math. Zeit. 181 (1982), 471–479.

J.W. Freeman [1980] Reguli and pseudo-reguli in PG(3, s^2), Geom. Dedicata 9 (1980), 267–280. T. Grundhöfer [1986] A synthetic construction of the Figueroa planes, J. Geom. 26 (1986), 191–201. K. Grüning [1987] A class of unitals of order q which can be embedded in two different translation planes of order q^2, J. Geom. 29 (1987), 61–77.

Ch. Hering and H.-J. Schaeffer [1982] On the new projective planes of R. Figueroa, in Combinatorial Theory, Proc. Schloss Rauischolzhausen 1982, ed D. Jungnickel and K. Vedder, Berlin-Heidelberg-New York, (1982), 187–190.

J.W.P. Hirschfeld [1985] Finite Projective Spaces of Three Dimensions, Oxford University Press, Oxford, 1985.

[1998] Projective Geometries over Finite Fields, Second Edition, Oxford University Press, New York, 1998.

J.W.P. Hirschfeld, L. Storme, J.A. Thas and J.F. Voloch [1991] A characterization of hermitian curves, J. Geom. 41 (1991), 72–78. J.W.P. Hirschfeld and T. Szőnyi [1991] Sets in a finite plane with few intersection numbers and a distinguished point, Discrete Math. (1991).

D.R. Hughes and F.C. Piper [1973] Projective Planes, Springer-Verlag, New York, 1973. W.-A. Jackson, C.M. O’Keefe and T. Penttila [1990] On the unitals of Mathon, Bagchi and Bagchi, University of Western Australia Research Report, December 1990/46.

W.-A. Jackson, F. Piper and P.R. Wild [1991] Nonembedding of non-prime-power unitals with point-regular group, Discrete Math.

98 (1991), 23–28. B. Larato [1983] Una caratterizzazione degli unitals parabolici di Buekenhout-Metz, Matematiche (Catania) 38 (1983), 95–98.

C. Lefèvre-Percsy [1981] Characterization of Buekenhout-Metz unitals, Arch. Math. 36 (1981), 565–568. [1982] Characterization of Hermitian curves, Arch. Math. 39 (1982), 476–480. H. Lüneburg [1966] Some remarks concerning the Ree groups of type (G_2), J. Algebra 3 (1966), 256–259. R. Mathon [1987] Constructions for cyclic Steiner 2-designs. In Combinatorial Design Theory, volume 34 of Ann. Discrete Math., pp 353–362. North-Holland, Amsterdam, 1987.

R. Metz [1979] On a class of unitals, Geom. Dedicata 8 (1979), 125–126. C.M. O’Keefe and T. Penttila [1990] Ovoids in PG(3, 16) are elliptic quadrics, J. Geom. 38 (1990), 95–106. [1992] Ovoids in PG(3, 16) are elliptic quadrics, II, J. Geom. 44 (1992), 140–159.

C.M. O’Keefe, T. Penttila and G.F. Royle [1994] Classification of ovoids in PG(3, 32), J. Geom. 50 (1994), 143–150. M. O’Nan [1972] Automorphisms of Unitary Block Designs, J. Algebra 20 (1972), 495–511. G. Panella [1955] Caratterizzazione delle quadriche di uno spazio (tri-dimensionale) lineare sopra un corpo finito, Boll. Un. Mat. Ital. 10 (1955), 507–513.

T. Penttila and C.E. Praeger [1998] Ovoids and Translation Ovals, Proc. London Math. Soc., to appear. T. Penttila and G.F. Royle [1995] Sets of type (m, n) in projective and affine planes of order 9, Des., Codes, Cryptogr.

6 (1995), 229–245. F. Piper [1972] Unitary Block Designs in Graph Theory and Combinatorics, R.J. Wilson ed., Research Notes in Mathematics 34 (1972).

C.T. Quinn [1995] PhD Thesis, University of Adelaide. C.T. Quinn and L.R.A. Casse [1995] Concerning a characterisation of Buekenhout-Metz unitals, J. Geom. 52 (1995), 159–167.

R. Ree [1961] A family of simple groups associated with the simple Lie algebra of type (G_2), Amer.

J. Math. 83 (1961), 432–462. M.J. de Resmini and N. Hamilton [1998] Hyperovals and Unitals in Figueroa planes, Europ. J. Combin. 19 (1998), 215–220. G. Rinaldi [1995a] Hyperbolic unitals in the Hall planes, J. Geometry 54 (1995), 148-154. [1995b] Construction of unitals in the Hall planes, Geom. Dedicata 56 (1995), 249–255. L.A. Rosati [1988] Disegni unitari nei piani di Hughes, Geom. Dedicata 27 (1988), 295–299. M. Seib [1970] Unitäre Polaritäten endlicher projektiver Ebenen, Arch. Math. 21 (1970), 103–112. B. Segre [1964] Teoria de Galois, fibrazioni proiettive e geometrie non desarguesiane. Ann. Mat.

Pura Appl. 64 (1964), 1–76. M. Tallini Scafati [1966] Sui {k, n}-archi di un piano grafico finito, con particolare riguardo a quelli con due caratteri (Note I, II), Atti Accad. Naz. Lincei Rend. 40 (1966), 812–818, 1020–1025.

J.A. Thas [1992] A combinatorial characterization of Hermitian curves, J. Algebraic Combin. 1 (1992), 97–102.

[1995] Projective Geometry over a Finite Field, In Handbook of Incidence Geometry: Buildings and Foundations, pp 295–347, North-Holland, Amsterdam, 1995.

R. Vincenti [1983] A survey on varieties of PG(4, q) and Baer subplanes of translation planes, Ann. Discrete Math. 18 (1983), 775–780.

K. Wantz [1996] Unitals embedded in finite projective planes, PhD thesis, University of Delaware, 1996.

H. Wilbrink [1983] A Characterization of classical unitals, Finite Geometries, Lecture Notes in Pure and Applied Maths, 82 Marcel-Dekker, 1983, pp 445–454.

Address of the author: Dr Christine M. O’Keefe Department of Pure Mathematics University of Adelaide 5005 AUSTRALIA cokeefe@maths.adelaide.edu.au http://www.maths.adelaide.edu.au/Pure/cokeefe