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Algebraic background

The decompositions for projective spaces
Characterizations

Some interesting sets

Outline
m Introduction of decomposition of R into invariant subspaces
under group action.
m Decomposition of real algebra over subspaces of projective
spaces.
m Geometric meaning of algebraic properties and consequences.

m Some examples.
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Real algebras

Real algebras over finite sets

Group actions and decompositions of real algebras

m RQ: the real algebra over Q = {wy, ..., wq} : {Zl._|1 ciwilci € R}.
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Group actions and decompositions of real algebras

m RQ: the real algebra over Q = {wy, ..., wq} : {Zl._h ciwilci € R}
m The set {wy,...,w)q} is a basis of RQ.
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Algebraic background
The decompositions for projective spaces Real algebras
Characterizations Group actions and decompositions of real algebras
Some interesting sets

Real algebras over finite sets

m RQ: the real algebra over Q = {wy,...,wq}: {ZLZ'1 ciwj|Ci € R}.
m The set {wy,...,w)q|} is a basis of RQ.

m The characteristic vector of a subset S C Q is the formal sum xg
of all elements of S.
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Algebraic background
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Some interesting sets

Real algebras over finite sets

m RQ: the real algebra over Q = {wy,...,wq}: {ZLZ'1 ciwj|Ci € R}.

m The set {wy,...,w)q|} is a basis of RQ.

m The characteristic vector of a subset S C Q is the formal sum xg
of all elements of S.

m We define an inner product (.,.) on RQ with {w1,...,wyq} as
orthonormal basis.

m The inner product of xs, and xs, is then [S; N Sy|.
Example: 81 = {w1,w2,w4,w5}, 32 = {(.UQ,LU3,(.«)4}Z

XS = 1w+ lwot+ Owsz+ Twg+ 1.ws

XS, = Owi+ 1lwot+ 1wg+ Tlwst+ Ows

(xs»xs,) = 10+ 1.1+ 014+ 114+ 10
= 2
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B xo =wy + - +wq (this is the all-one vector).
m RQ decomposes orthogonally as RQ = (xq) L (xa)= .
m Suppose S C Q, with xg = cxa + V, v € (xa)*, then:

IS| =15NQ| = (xs:xa) = (Cxa + V., xa) = ¢{xa, xa) = ¢|Q|,

and hence: xs = %XQ +V,ve <XQ>J_'
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Real algebras

R(w) : Z W

Group actions and decompositions of real algebras
Every relation R C (Q4 x Qo) defines a linear map: RQ; — RQ,
,Vw e Q4.
(ww')eR
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Every relation R C (Q4 x Q) defines a linear map: RQy — RQy:
R(w) = Z W' Vw e Q.

(w,w")ER
Example
Qp
R= 2 :
{(a,s),(a,1),(a,u), (b,u), (b, v),(c,w)} C |

(Q1 X Qg) =

mR@=s+t+uRb)=u+vVv,R(c)=w
® R(x{ap)) = R(@a+b)=s+t+2u+v,Rb—3¢c)=u+v—3w
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Let (G, Q) be a permutation representation (with G and (2 finite).
m G acts transitively on Q if Vwy,wp € Q: 3g € G : w] = wo.
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Let (G, Q) be a permutation representation (with G and (2 finite).
m G acts transitively on Q if Vwy,wp € Q: 3g € G : w] = wo.
m The rank of (G, Q) is the number of orbits on Q x Q.
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Let (G, Q) be a permutation representation (with G and (2 finite).
m G acts transitively on Q if Vwy,wp € Q: 3g € G : w] = wo.
m The rank of (G, Q) is the number of orbits on Q x Q.

m G acts generously transitively on Q if
Vwi,wo € Q:3g € G- w1g = wg,wg = wq, and thus iff the orbits on
Q x Q are symmetric (i.e. (wy, wo) and (ws, wq) are always in the
same orbit).
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Let (G, Q) be a permutation representation (with G and (2 finite).

m G acts transitively on Q if Vwy,wp € Q: 3g € G : w] = wo.

m The rank of (G, Q) is the number of orbits on Q x Q.

m G acts generously transitively on Q if
Vwi,wo € Q:3g € G- w1g = wg,wg = w1, and thus iff the orbits on
Q x Q are symmetric (i.e. (wy, wo) and (ws, wq) are always in the
same orbit).

m Every g € G also acts on RQ:
(C1w1 + Cowop + - -+ )g = C1(w1g) + Cg(wg) + -
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Let (G, Q) be a permutation representation (with G and (2 finite).

m G acts transitively on Q if Vwy,wp € Q: 3g € G : w] = wo.

m The rank of (G, Q) is the number of orbits on Q x Q.

m G acts generously transitively on Q if
Vwi,wo € Q:3g € G- w1g = wg,wg = w1, and thus iff the orbits on
Q x Q are symmetric (i.e. (wy, wo) and (ws, wq) are always in the
same orbit).

m Every g € G also acts on RQ:
(C1Ld1 + Cowop + - -+ )g = C1(w1g) + Cg(wg) + -

Theorem

If G acts generously transitively with rank d + 1 on Q, then there is a
unique decomposition: RQ = Vo & ... & Vg, with V; # 0 and all V;
invariant (i.e. \/,.g = V;,Vg € G). Moreover, this decomposition is
orthogonalRQ = Vo L --- L Vg, and (xq) = (w1 + - +wjq)) is
always one of the V,.
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Real algebras

Group actions and decompositions of real algebras

Example: A square and its isometries

Take Q = {V1, Vo, V3, V4} and G = Dg.

Vi

Vo

Z

V3
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Example: A square and its isometries
Take Q = {V1, Vo, V3, V4} and G = Dg.

Vi

Vo

Va

V3

G acts generously transitively on €2, with 3 symmetric orbits on Q x Q:
{(v1,v1), (v2, v2), (3, v3), (Va, Va)},

{(V1’ VZ)’ (V1’ V4)7 (V27 V1)v (V27 V3)’ (V3, V2)’ (V37 V4)7 (V47 V3)7 (V4a V1)}’
{(v1,v3), (v2, va), (v3, V1), (va, v2)}.
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Example: A square and its isometries
Take Q = {V1, Vo, V3, V4} and G = Dg.

Vi

Vo

Va4 V3

G acts generously transitively on €2, with 3 symmetric orbits on Q x Q:
{(v1,v1), (v2, v2), (3, v3), (Va, Va)},

{(V1’ V2)7 (V1’ V4)7 (V27 V1)v (V27 V3)’ (V3, V2)’ (V37 V4)7 (V47 V3)7 (V4a V1)}’
{(v1,v3), (v2, va), (v3, V1), (va, v2)}.

RQ = Vy L V4 L Vo, with:

Vo = (vi + Vo + V3 + va) = (xa),

Vi=(Vi+Va—Vv3— Vg, vy — Vo —V3+Vy),

Vo =(vi —Vvo+v3—vy).

Frédéric Vanhove An algebraic approach to projective spaces



Algebraic background
The decompositions for projective spaces Real algebras
Characterizations Group actions and decompositions of real algebras
Some interesting sets

Suppose G acts generously transitively on Q with rank d + 1, with
decomposition RQ = (xq) L V4 L ... L V4 (so (V)9 = V,,Vg € G).
Let S and S’ be subsets of Q, such that xyg and xs have no
components in the same V;,i > 0.

_ 18l
Xs = ‘Q|XQ+V1+O+V37
s ,
Xs = |Q‘XQ+0+V2+O7
S/
X(sw) = (xs)? = |Q| xa +0+(v3)? +0.
S||S
SN(SD] = (xs ) = e (el + (1.0) + (0.4)9) + (1, 0)
= ISIS/I9]
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Theorem

Suppose G acts generously transitively on Q with decomposition
RQ = (xq) L Vy L... 1LV,

If S, S C Q, then |SN (S')Y] will be independent of g € G if and only if
VV; # (xq) either xg € V- or xs € V-

In that case: |S N (S')9] = 15i%,vg € G.
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Theorem

Suppose G acts generously transitively on Q with decomposition
RQ = (xq) L Vy L... 1LV,

If S, S C Q, then |SN (S')Y] will be independent of g € G if and only if
VV; # (xq) either xg € V- or xs € V-

In that case: |S N (S')9] = 15i%,vg € G.

The main idea
A subset S C Q is nice if its characteristic vector x is in some V!
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Real algebras

Group actions and decompositions of real algebras
Example: The square revisited

Vi

V2

Va V3
Q= {V1, Vo, Va3, V4} and G = Dg.
RQ = VQ 1 V1 1 V2, with: = <V1 +Vvo+v3+ V4> = <XQ>,

V1:<V1+V2—V3—V4,V1—V2—V3+V4>, V2:<V1_V2+V3_V4>.

[m]

=

DA
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Example: The square revisited

Vi

V2

Va
Q= {V1,V2,V3,V4} and G = Dg.
RQ=Vy L Vi L Vo,with: Vo =(vi +va4 vz + v4) = (xa),
Vi=(vi+ve—vs—vay,vi —Va—Vva+ W), Vo= (Vs —va+ V3 — W).
S={vi,ve}l:ixs=n+v=
1/2(vi+vo+va+vg) +1/2(vi + vo —vg — vy) € Vo L Vi.

V3
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Example: The square revisited

Vi

V2

Va
Q= {V1,V2,V3,V4} and G = Dg.
RQ=Vy L Vi L Vo,with: Vo =(vi +va4 vz + v4) = (xa),
Vi=(vi+ve—vs—vay,vi —Va—Vva+ W), Vo= (Vs —va+ V3 — W).
S={vi,v} xs=vVi+w =
1/2(vi+vo+va+vg) +1/2(vi + vo —vg — vy) € Vo L Vi.
S={v,v}: Xs=vi+v3=
1/2(vi+vo+va+vg) +1/2(vi —vo+v3—vy) € Vo L Vo

V3
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Algebraic background
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Example: The square revisited

Vi Vo

Va

Q= {V17 Vo, V3, V4} and G = Dg.

RQ=Vy L Vi L Vo,with: Vo =(vi +va4 vz + v4) = (xa),
Vi=(vi+ve—vs—vay,vi —Va—Vva+ W), Vo= (Vs —va+ V3 — W).
S={vi,v} xs=vVi+w =
1/2(vi+vo+va+vg) +1/2(vi + vo —vg — vy) € Vo L Vi.
S={v,v}: Xs=vi+v3=

1/2(vi+vo+va+vg) +1/2(vi —vo+v3—vy) € Vo L Vo
Application of theorem:|SN (S)9| = |S||S'|/|Q2] =2.2/4 =1,Vg € G.
Verification: (S')9 is either {vy, v3} or {vo, v4},Vg € G.

V3
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m Let L, denote the set of m-dimensional spaces or m-spaces in
PG(n,q).

[m]

=

DA



m Let L, denote the set of m-dimensional spaces or m-spaces in
PG(n,q).

m LetQbeany Lpand G= PGL(n+1,q).
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Algebraic background

The decompositions for projective spaces
Characterizations

Some interesting sets

m Let L, denote the set of m-dimensional spaces or m-spaces in
PG(n,q).

m LetQbeanyLy,and G=PGL(n+1,q).

m If (mq,m2), (7], 75) € Lm X Ly, then:
(3g € PGL(n+1,q) : (m1,m2)9 = (7}, ™)) <=
dim(my N mp) = dim(7) N m5).
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Algebraic background

The decompositions for projective spaces
Characterizations

Some interesting sets

m Let L, denote the set of m-dimensional spaces or m-spaces in
PG(n,q).

m LetQbeanyLy,and G=PGL(n+1,q).

m If (mq,m2), (7], 75) € Lm X Ly, then:
(3g € PGL(n+1,q) : (m1,m2)9 = (7}, ™)) <=
dim(my N mp) = dim(7) N m5).

m Hence G acts generously transitively on m-spaces and the rank
(number of orbits on pairs) of (G, L) is min(m+1,n—m+ 2).
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The decompositions for projective spaces
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Some interesting sets

m Let L, denote the set of m-dimensional spaces or m-spaces in
PG(n,q).

m LetQbeanyLy,and G=PGL(n+1,q).

m If (mq,m2), (7], 75) € Lm X Ly, then:
(3g € PGL(n+1,q) : (m1,m2)9 = (7}, ™)) <=
dim(my N mp) = dim(7) N m5).

m Hence G acts generously transitively on m-spaces and the rank
(number of orbits on pairs) of (G, L) is min(m+1,n—m+ 2).

Example: Lines in PG(3,q9)(n=3,m=1)

m Q=Lyand G= PGL(4,q).
m 3 orbits on Ly x L4 :{(/1,/2)’/1 = /2},
{(h, k)|hand kare concurrent}, {(k, k)|h Nk = 0}.
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The real algebras RL,, and the incidence maps

m We will consider the real algebras RL,, over m-spaces:
RLm = {32z eLm Ci(mm)ilCi € R}

m With the incidence relation between my-spaces and m»-spaces,
we associate the incidence map vm, m, : RLm, — RLpy,:

tmy,ma (Tmy) = E : Tmy, VTm, € L.

Tmy I7rm2

Frédéric Vanhove An algebraic approach to projective spaces



Eisfeld (1999): structure of decomposition of RL,.
Example: PG(4, q)

RL_4

RLy RL; RL, RLz RL4
Voo Vg Vo Voo Vo V4
Wow W W W

ViV
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Algebraic background

The decompositions for projective spaces
Characterizations

Some interesting sets

Eisfeld (1999): structure of decomposition of RL,.
Example: PG(4, q)

RL y RLy RLy RL, RLz RL,
V, V., V, V., V, V,

Properties

m V_; = (xq) (the 1-dimensional space, spanned by all-one-vector),

m If there is a V; in both RLy,, and RLp,,, then the incidence map
tmy,m, IS @ bijection between both.

m [fthereis a V;in RLpy, and not in RLy,, then ¢m, m, vanishes on V.
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Algebraic background

The decompositions for projective spaces
Characterizations

Some interesting sets

Sets defined using incidence map
Sets with constant intersection
Geometric results

m Consider a fixed my-space mp, in PG(n, g).

m The set S of all mp-spaces in PG(n, g), incident with 7, , is given
by: x5 = tmy,mo(X{m,})-

B xs € RLy, willbe in V,.L iff Vi appears in RLpy,, and not in RLp, .
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Algebraic background X Ay o=
r L Sets defined using incidence map
The decompositions for projective spaces ) . )
P Sets with constant intersection
Characterizations

. . Geometric results
Some interesting sets

m Consider a fixed my-space mp, in PG(n, g).

m The set S of all mp-spaces in PG(n, g), incident with 7, , is given
by: xs = tmy,m,(X{m, })-

B xs € RLy, willbe in \/,-L iff Vi appears in RLpy,, and not in RLp, .
Example: PG(5, g)

RL_y RLy RLi RL, RL; RL; RLs
Vo, V.4 V4 V4 V4 V., V4
Vo W W W W
V4 V4 V4
Vo

If pis a point in PG(5, q), and S is the set of planes through p, then
xs ¢ Vi, & Vg e Vit e Vs
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Algebraic background

The decompositions for projective spaces
Characterizations

Some interesting sets

Sets defined using incidence map
Sets with constant intersection
Geometric results

xs if S is set of points, lines, planes, 3-spaces, 4-spaces, 5-spaces

through point g in PG(6, q):

RL.¢+ RLy RLy RLy RLz RLs RLs RLg
Voo Voo Vg Voo Vo4 Vg Vo V4
Voo W W W W W
Vi v ViV
Vo V2
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Algebraic background

The decompositions for projective spaces
Characterizations

Some interesting sets

Sets defined using incidence map
Sets with constant intersection

Geometric results

xs if S is set of points, lines, planes, 3-spaces, 4-spaces, 5-spaces

through point g in PG(6, q):

RLy RLy RL; RL, RlL3 RL; RLs RLg
V_4 Voo Voo Vo4 Vo4 V4 V.4 V_4
Vo Vo Vo Vo Vo Vo
Vi V4 Vi Vi
Va Vo

More generally: s if Sis set of points, lines, planes, 3-spaces,
4-spaces, 5-spaces through point 7g,in 5-space 75 in PG(6, g) with

molms:
RL_; RLy RL; RL, RLz RLs RLs RLsg
Voo Vo Vo Vo Vo Vo Vo Vo
Vo Vo Vo Vo Vo Vo
Vi Vi Vi Vi

Va

Vs

In general: if S is set of m-spaces in PG(n, q) through 7, and in mp,
(my < m< mp) then xyg € V&, Vi>my +(n—mp) +1.

Frédéric Vanhove
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Algebraic background

The decompositions for projective spaces
Characterizations

Some interesting sets

Sets defined using incidence map
Sets with constant intersection
Geometric results

m Let S’ be the set of my-spaces, incident with an my-space 7, .

m Vg € PGL(n+1,q): S is the set of m,-spaces, incident with
(7Tm1 )g_
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The decompositions for projective spaces
Characterizations

Some interesting sets

Sets defined using incidence map
Sets with constant intersection
Geometric results

m Let S’ be the set of my-spaces, incident with an my-space 7, .

m Vg € PGL(n+1,q): S is the set of m,-spaces, incident with
(7Tm1 )g_

Theorem (Repetition)

Suppose G acts generously transitively on Q with decomposition
RQ=(xq) L Vi L...L V.

If S, S C Q, then |SN(S')Y] will be independent of g € G if and only if
VVi # (xq) either xg € V- or x5 € Vit

In that case: |SN (S')9] = % Vg € G.

Hence a set S of my-spaces will be such that every my-space is
incident with a constant number of elements of S, iff x5 € \/,-L for all V;
appearing in RLp, , except V_;.
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Algebraic background

The decompositions for projective spaces
Characterizations

Some interesting sets

Sets defined using incidence map
Sets with constant intersection
Geometric results

Example in PG(5, q)

RL_; RLy RL;y RL, RlL3 RL; RlLs
V. V., V., V., V, V., V,
Wo W W W W
Vi Vi
Vo

m A set of solids (or 3-spaces) S is such that every point (or

0-space) is covered a constant number of times by elements of S
ifszG Vi 1 V.

Frédéric Vanhove An algebraic approach to projective spaces



Algebraic background

The decompositions for projective spaces
Characterizations

Some interesting sets

Sets defined using incidence map
Sets with constant intersection
Geometric results

Example in PG(5, q)

RL_; RLy RL;y RL, RlL3 RL; RlLs
Vo, V., V., V., V., V., V,
o Vo Vo Vo Vo
Vi Vi
Vo

m A set of solids (or 3-spaces) S is such that every point (or

0-space) is covered a constant number of times by elements of S
ifszG Vi 1 V.
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Example in PG(5, q)

RL_; RLy RL;y RL, RlL3 RL; RlLs
Vo, V., V., V., V., V., V,
o Vo Vo Vo Vo
Vi Vi
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m A set of solids (or 3-spaces) S is such that every point (or

0-space) is covered a constant number of times by elements of S
ifszG Vi 1 V.
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Example in PG(5, q)

RL_; RLy RL;y RL, RlL3 RL; RlLs
Vo, V., V., V., V., V., V,
o Vo Vo Vo Vo
Vi Vi
Vo

m A set of solids (or 3-spaces) S is such that every point (or

0-space) is covered a constant number of times by elements of S
ifszG Vi 1 V.
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The decompositions for projective spaces
Characterizations
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Sets defined using incidence map
Sets with constant intersection
Geometric results

Another example in PG(5, q)

RL_;y RLy RL;y RL, RLz; RL; RLs
V_, Vo, Vo4 V.4 Vo V4 V_
Vo W W W W
Vi Vi
Vo

A set of planes (or 2-spaces) S is such that every line (or 1-space) is
covered a constant number of times by elements of S iff
Xs € Vi 1L Ws.
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Another example in PG(5, q)

RL_;y RLy RL;y RL, RLz; RL; RLs
V_, Vo, Vo4 V.4 Vo V4 V_
Vo W W W W
Vi Vi
Vo

A set of planes (or 2-spaces) S is such that every line (or 1-space) is
covered a constant number of times by elements of S iff
Xs € Vi 1L Ws.
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Another example in PG(5, q)

RL_;y RLy RL;y RL, RLz; RL; RLs
V_, Vo, Vo4 V.4 Vo V4 V_
Vo W W W W
Vi Vi
Vo

A set of planes (or 2-spaces) S is such that every line (or 1-space) is
covered a constant number of times by elements of S iff
Xs € Vi 1L Ws.
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The decompositions for projective spaces
Characterizations

Some interesting sets

Sets defined using incidence map
Sets with constant intersection
Geometric results

Another example in PG(5, q)

RL_;y RLy RL;y RL, RLz; RL; RLs
V_, Vo, Vo4 V.4 Vo V4 V_
Vo W W W W
Vi Vi
Vo

A set of planes (or 2-spaces) S is such that every line (or 1-space) is
covered a constant number of times by elements of S iff
Xs € Vi 1L Ws.
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Algebraic background

The decompositions for projective spaces
Characterizations

Some interesting sets

Sets defined using incidence map
Sets with constant intersection
Geometric results

If min(a,n—1 — a) < min(b, n — 1 — b) (hence if there are at most as
many V; for RL, as for RLp) then there are no sets S of a-spaces in
PG(n, q), such that every b-space is incident with a constant number
of elements of S, except ) and L,.
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Algebraic background

The decompositions for projective spaces
Characterizations

Some interesting sets

Sets defined using incidence map
Sets with constant intersection
Geometric results

If min(a,n—1 — a) < min(b, n — 1 — b) (hence if there are at most as
many V; for RL, as for RLp) then there are no sets S of a-spaces in
PG(n, q), such that every b-space is incident with a constant number
of elements of S, except ) and L,.

Argument in PG(5,q) fora=1,b=2

RLy RLy RL; RL, RLz RLs RLs

o Vo W W W
Vi Vi Vi
Va

m In RL4, all V; also appear in RL, as well.
m Hence xs(€ RL¢) would have to be in = (xq)-
m The only possibilities for xg are 0 or yqo,s0 S=0or S = Q.
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Algebraic background

The decompositions for projective spaces
Characterizations

Some interesting sets

Sets defined using incidence map
Sets with constant intersection
Geometric results

If min(a,n—1 — a) < min(b, n — 1 — b) (hence if there are at most as
many V; for RL, as for RLp) then there are no sets S of a-spaces in
PG(n, q), such that every b-space is incident with a constant number
of elements of S, except ) and L,.

Argument in PG(5,q) fora=1,b=2

RLy RLy RL; RL, RLz RLs RLs

o Vo W W W
Vi Vi Vi
Va

m In RL4, all V; also appear in RL, as well.
m Hence xs(€ RL¢) would have to be in = (xq)-
m The only possibilities for xg are 0 or yqo,s0 S=0or S = Q.
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Algebraic background

The decompositions for projective spaces
Characterizations

Some interesting sets

Sets defined using incidence map
Sets with constant intersection
Geometric results

Let S be a set of a-spaces in PG(n, g). Then every b-space will be
incident with a constant number of elements of S, if and only if every
(n—1 — b)-space is incident with a constant number of elements of S.
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Algebraic background

The decompositions for projective spaces
Characterizations

Some interesting sets

Sets defined using incidence map
Sets with constant intersection
Geometric results

Let S be a set of a-spaces in PG(n, g). Then every b-space will be
incident with a constant number of elements of S, if and only if every
(n—1 — b)-space is incident with a constant number of elements of S.

Argument in PG(5,q) fora=2,b =1

RLy RLy RL; RLy, RLz; RL; RLs

Voo W W W W
Vi Vi
Va

m Every 1-space is covered by a constant number of planes in S iff

Xs € 1 V.
m Every 3-space covers a constant number of planes in S iff
Xs € 1 Vo.
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Algebraic background

The decompositions for projective spaces
Characterizations

Some interesting sets

Sets defined using incidence map
Sets with constant intersection
Geometric results

If Sis a set of myo-spaces in PG(n, g), such that every my-space

(my < mo) is covered by a constant number of elements of S, then for
every ¢ < min(my, n — mo), the nr. of elements of S incident with both
Tm,—c and Tp_¢, Tm, —clmn—c, is also a constant.
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Algebraic background

The decompositions for projective spaces
Characterizations

Some interesting sets

Sets defined using incidence map
Sets with constant intersection
Geometric results

If Sis a set of myo-spaces in PG(n, g), such that every my-space

(my < mo) is covered by a constant number of elements of S, then for
every ¢ < min(my, n — mo), the nr. of elements of S incident with both
Tm,—c and Tp_¢, Tm, —clmn—c, is also a constant.

Proof for PG(6, q) with m; = 1, m, = 2, ¢ = 1: planes covering lines
equally often are also incident with a point and 5-space equally often

RL_y RL, RL; RL; RLz RLy RLs RLg

V() Vo Vo Vo VO VO
Vi Vi Vi Vi
Vs Vo

m Every line is in a constant number of planes of S:
Xs € ( 1 V2) - RLZ

m If S’ is set of planes through point g and in hyperplane 75 (molns):
X's € ( 1 Vo L Vq) — apply Theorem on constant |S A (S%)9|.
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Symplectic polarities
An example in PG(5, 2)

m Consider a symplectic polarity 6 in PG(2n+ 1, q), and let Sp,

denote the set of absolute m-spaces (tm C (7m)? or (7m)? C mm).

[m]
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Algebraic background
The decompositions for projective spaces Symplectic polarities

Characterizations An example in PG(5, 2)
Some interesting sets

m Consider a symplectic polarity 6 in PG(2n+ 1, q), and let Sp,
denote the set of absolute m-spaces (1, C (7m)? or (mm)? C 7m).
m xs, € V- ifand only if i is even:
XS, € V X8 € Vo4 L V1,X32 eV L V...

Example: symplectic polarities in PG(5, q)

RL_y RLy RL; RL, RL; RL; RLs
V_4 Ve Vo4 V4 V.4 V_, V_
Vo W W W W
Vi Vi Vi
Va
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Algebraic background
The decompositions for projective spaces Symplectic polarities
Characterizations An example in PG(5, 2)
Some interesting sets

m Consider a symplectic polarity 6 in PG(2n+ 1, q), and let Sp,
denote the set of absolute m-spaces (7, C (7m)? or (1m)? C mm).

® xs, € V7 ifand only if i is even:
Xs, €V 1,xs € 1 Vi,xs, € 1LV,

Example: symplectic polarities in PG(5, q)

RL_y RLy RLi RL, RLz3 RLs RLs

Vo Vo Vo VO VO
V4 V4 2
Vo

Hence if Sis a set of m-spaces in PG(2n + 1, q), the number of totally
isotropic m-spaces in S is the same for every symplectic polarity iff
Xs € Voi L VoL Vo L. ..
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Symplectic polarities
An example in PG(5, 2)

m If Sis set of m-spaces in PG(n, q): every point is covered equally
ofteniff xse V- =V_y L Vy L ...

[m]
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Algebraic background
The decompositions for projective spaces Symplectic polarities
Characterizations An example in PG(5, 2)
Some interesting sets

m If Sis set of m-spaces in PG(n, q): every point is covered equally
ofteniff xys € Vg- =V_4 L V4 L ...

m There are many examples of such sets: for instance
(t —1)-spreads in PG(et — 1, q).
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Algebraic background
The decompositions for projective spaces Symplectic polarities
Characterizations An example in PG(5, 2)
Some interesting sets

m If Sis set of m-spaces in PG(n, q): every point is covered equally
ofteniff xys € Vg- =V_4 L V4 L ...

m There are many examples of such sets: for instance
(t —1)-spreads in PG(et — 1, q).

m But what about non-trivial sets of m-spaces S such that every line
is covered equally often (<= xs € Vi N Vit =V_4 L V,..)?
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Algebraic background
The decompositions for projective spaces Symplectic polarities
Characterizations An example in PG(5, 2)
Some interesting sets

In PG(5, 2), 3 non-isomorphic sets of planes S exists, with |S| = 279
and xg € 1 Ws.
RL ¢ RLy RL; RL, RLz RLs RLs

Vo Vo Vo VO VO
Vi Vi Vi
V2

Implications by preceeding results

m Every line is covered by the same number of planes in S: 3.
B xsisalsoin VOl = every point is in 31 planes of S.

m For every point 7y and hyperplane 74 through mg, the number of
planes in S incident with both is 7.

m The number of totally isotropic planes in S w.r.t. any symplectic
polarity is 27.
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Thank you for your attention!
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