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Theorem (Thas, 1976)

If Sis a set of mutually disjoint planes in Q(6, q) or W(5, q), then
|S| < g® + 1. If equality occurs, all planes ¢ S meet a unique element
of Sin aline. (In Thas’ terminology: spreads are perfect 1-codes.)

Proof.

Let M be the set of planes meeting a (necessarily unique) element of
Sin aline and R the rest.

There are (g + 1)(g° + 1)(g® + 1) planes in total, g + 1 planes through
aline and g2 + g + 1 lines in a plane:

(q+1)(@*+1)(G°+1) = [S|+IM|+|R| = |S|+IM| = | S|+|S|(q°+q+1)q.

sog®+1>|S|with|R| =0if |S| = ¢+ 1. O
Can we obtain similar results with other techniques?
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Definition of association scheme
A D-class association scheme is a pair (22, { Ry, -
and Ry, ..., Rp symmetric relations on Q s.t.:

(i) Rp is the identity relation,

(i) {Ro,...,Rp} is a partition of Q2,

(iii) there are intersection numbers p,f‘. such that
number of elements z in  for which (x, z)

equals pf.
R
z

.., Rp}) with Q a set

for (x,y) € Rk, the
Riand (z,y) € R;

Every relation R; is thus regular, with valency k; = p9.
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Example: the Paley scheme Ps = (2,{Ry, R1, R2})

mQ=F;=1{0,1,23,4}.
m We define 3 relations Ry, Ry, Rs:
m Ry is the identity relation: e.g. (2,2) € Ry,
m (a,b) € Ryifa— bis1or4 (and hence square): e.g. (2,3) € Ry,
m (a,b) € Ryifa— bis 2 or 3 (and hence non-square): e.g.
(1 s 4) S Rg.

Intersection number p},:

\/ \/

Z can only be 0 Z can only be 3

One should check all such cases... to conclude: p], = 1.
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Definition of Schur idempotents A;

Consider an association scheme (Q2,{ Ry, ..., Rp}) and order the
elements of Q: wy, ..., wq. For each relation R;, define the
(12| x |Q2|)-matrix A; over R:

{ (Ai)rs = 1if (wr,ws) € R;
(A)rs = 0if (wr,ws) ¢ R;.

Properties

m Ay is the identity matrix.

m Ay + ...+ Apis all-one matrix.

m They are D + 1 linearly independent matrices.

m A, is symmetric.

B AA =3 PiAK = Yok P (AK)! = (AiA) = ALAL = AjA;.
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Example: Paley scheme Ps = ({0,1,2,3,4},{Ro, R1, R2})

012 3 4
100 0 0\0
0100 0}
0010 0]2
0001 0]3
0000 1/4
012 3 4 012 3 4
0100 1\0 001 1 0\0
101 0 0|1 000 1 1]1
A= o101 0f2.,4= [10001]|
0010 1]|3 1100 03
1001 0)/4 0110 0/4

Note that Ay, A1 and A, are symmetric and add up to the all-one matrix!
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Definition Bose-Mesner algebra

Consider an association scheme (22, {Ry, ..., Rp}).
Bose-Mesner algebra: (D + 1)-space spanned by matrices Ay, ..., Ap.

Properties of Bose-Mesner algebra

m Closed under multiplication as A;/A; = 3", p,fj‘.Ak,VI,j.
m Commutative as A;A; = AjA;, Vi, j.

Problem with basis {Ay,...,Ap}.

Calculating the multiplication (agAg + . .. + apAp)(BoAo + - - - + BpAb)
is very very exhausting!
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Minimal idempotents

There is a unique basis {Ey, ..., Ep} of the Bose-Mesner algebra such
that E; is idempotent (so E? = E;) and E;E; = 0 if i # j.
Ey, ... Ep are the minimal idempotents.

Properties of minimal idempotents

m E; is an orthogonal projection, and projection onto (1,...,1) is
one of them (usually Ep).

m R/ orthogonally decomposes as Im(Ep) L ...Im(Ep).

[ ] E0+...+ED:I:A0.

B (NEo+...+ M pEp)(roEo + ... + upEp) is simply
(AoroEo + ... + ApupEp).

mIfA =XEy+...+ \pEpand v = VEj (so v € Im(E;)) then
VA = (VE/)()\()EO + ...+ >\DED) = V()\jE/') = )\/‘V.
So the coefficients Ao, ..., Ap are precisely the eigenvalues of A;!
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Matrix of eigenvalues
The matrix of eigenvalues P is the (D + 1) x (D + 1)-matrix containing
all eigenvalues:

1 ... Pyi=Kk;
1 ... Py
with A; = PyiEy + ... + PpiEp.

Properties

m As E; is orthogonal projection onto all-one vector, the first row
consists of the valencies.

m As Ay = |, all its eigenvalues are 1 and hence the first column is
all-one.

m As Ag + ...+ Apis all-one matrix, it is |Q2| Eyg, and hence the sum
of the columns is (|2}, 0, ...,0)".
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Matrix of eigenvalues of Paley scheme Ps
Ps = (Fs, {Ro, R1, R2}) with Ry, Ry, Ro the identity, square-difference-
and non-square-difference-relation.

A A Az

12 2 \ E
p= |1 =& 5]

1 —1;\6 —1?@ E,

s0: Ap = Ep + E1 + E5,
Ay = 2Ey+(= =1 f)Eri‘(

°)Ep, Ap = 2Eg+(= 1+\[)E +(=15 f)E

m the first row contains valencies of Ry, Ry, Ry,
m the first column is all-one,
m the sum of the columns is (5, 0, 0)'!
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How to express minimal idempotents

The columns of matrix of eigenvalues give coefficients for A; as
combination of Ey, ..., Ep.

But conversely, how to express E; as a combination of Ay, ..., Ap?
Inverting the matrix P is quite hard.....

Theorem: if for some E;, every R; has valency k; and eigenvalue ),

then E; is up to a positive scalar: %AO +...+ 2AD.
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Example: expressions for Paley scheme Ps

A A Az

1 2 2 \ E

p= (1 8 S35 g

1 —1;\6 —1?@ E,
Ay = Eo+ Ei+ E>
A = 2B+ (F55)E+ (55
Ao = 2B+ (FFE)E+ (FFO)E
Eo ~ 1Ao+ SAI+ A
Ei ~ %Ao-ﬁ- (7172\/5)/2A1+ (1+\[)/2A
Er ~ 1A+ CY92p. “f)/zA
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Suppose (2, {Ro, ..., Ap}) is an association scheme, and (non-empty)
S C Q. Choose a numbering wy, ..., wq for Q.

Characteristic vector of a subset
The characteristic vector xs of Shas (xs)i=1ifw; € Sand (xs); =0
ifwj ¢ S. So xs=1(0,1,0,1,1,...).

The vector v,, s
For every w € 2, we define the (D + 1)-vector v, s as:

Vo,s = [[Ro N ({w} x S)I,...[Rp N ({w} x S)I;
So (V,8)i = [Rin ({w} x S) = xsAix{,,-

Inner distribution of S
The inner distribution a is the average of all v,, s with w € S.

So a; = (xsAixk)/|S|.

Frédéric Vanhove Eigenvalue techniques applied to polar spaces



Introduction Association schemes
Algebraic background Bose-Mesner algebra
Geometric applications Subsets

The Paley Scheme Ps = ({0,1,2,3,4},{Ro, R, R2})
Consider S = {0, 1,3}. Characteristic vector of S: xyg =(1,1,0,1,0).

Vo,s = [1,1,1] (see drawing)
Vig = [1,1,1]
w2 s = [0,2, 1] (see drawing)
V3 s = [1,0,2]
vs s =1[0,2,1]

Inner distribution of S: @ = (o5 + vi.s + va5)/3 =1, 3, 3.
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We can orthogonally decompose xs as xsEo + ... + xsEbp-
What if some components are zero?

Theorem (Delsarte, 1973)

Let (2, {Ro, ..., Rp}) be an association scheme with S C Q. For any
minimal idempotent E;, let \; be the eigenvalue of A;, and let k; be the
valency of R;. The inner distribution a of S satisfies:

Ao

A
ao+...+—Da920,
ko

kp
with equality if and only if xgE; = 0.

Proof
0 < (xsE))(xsEj)' = xsEjEjx§ = xsEjxs ~
A A A
Xs(7Ao0 + -+ 22 Ap)xs ~ 22a0 + . .. + 32ap. 0
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If S C Q satisfies xsEj = 0, then Xsijiw} =0,Vw € Q.

This implies:

0=xs(2A0+ ..+ %AD)X@} = R(Vus)o + -+ 2(Vu,8)D, Y € Q.
Main idea

The more minimal idempotents E; for which xsE; = 0, the nicer the
subset S!!
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Example: the Paley scheme Py,

Suppose g = 1 mod 4 is a prime power. Let Q be g, with

Ry the identity relation, (a, b) € Ry if a— b is a non-zero square,
and (a, b) € R, if a— b is non-square.

Now (€2, {Ro, R1, R2}) is an association scheme with matrix of
eigenvalues P:

1 (g—-1)/2 (g-1)/2
1 (-1-vg)/2 (-1+.49)/2
1 (-1+v9)/2 (-1-y79)/2
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Theorem

If g = 1 mod 4 and every difference in S C Fq is square, then

|S| <1/q. If|S| =/q, then Va € F4\S, the number of s € Switha—s
squareis (/g —1)/2.

Proof

T (g-1)/2 (g-1)/2

T (-1-v9/2 (-1+9)/2

T (=1+v9/2 (-1-V9)/2
Vse S:vgs=(1,/S]—1,0) = Inner distribution : a = (1, ]S[ -1,0).

. 1 (=1-vQ9)/2 Cltva)/2,, IS\ 1
equality iff xgsE1 = 0, so |S| < /g with equallty iff XsE1 = O
If |S| = v/gand a € Fq\Sthen: v;5 = (0,x,,/q — Xx).
1-/q)/2 1 2

0 =1(vash+ 75 02/ (Vash + So ¥ (Vas)e
— x=(yq-1)/2 =
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Polar spaces

m Polar space P: incidence structure with 0-spaces (points),

1-spaces(lines),. .

.,(d — 1)-spaces,d-spaces (generators)

m (Finite) classical polar spaces:

P pts. on line d—spaces through (d — 1)-space | e
Qt(2d+1,q9) | (9) +1 (q)° + 0
H2d+1,¢%) | (¢®)+1 |(q )2+1 1/2
W2d+1,q) [ (@)+1 | (q)+ 1
QRd+2,q9) |[(@+1 [(@'+ 1
H(2d+2,¢%) | (¢®)+1 | (q? )z + 1 3/2
Q(2d+3,9) | (9) +1 (@)% + 2

m g+ 1 points on line— (g9+¢ + 1)(g?*" —1)/(q — 1) points in P

Frédéric Vanhove
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Association scheme (Q,{Ry, ..., Ry11}) on generators of polar space

m Q: generators or d-spaces of polar space
m (m,7') € Rjiff m N7’ is (d — i)-dimensional

In particular: Ry is identity relation, and (7, 7’') € Rgy1 iff m N7’ = 0.
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Example: planes or 2-spaces in Q~(7,q)

m Four relations:
Ry = identity, Ry=meet in line, R> = meet in point, R3 = disjoint.
m Matrix of eigenvalues:
1 @ (P+q+1) P(P+q+1) o
T @+@-1 (PP-g-1)¢F ¢
1 -q-1 —(¢*+q-1)q o
1T —¢-qg-1 q(@+g+1) ¢

(there is a natural ordering for the rows here)
Not really elegant... but consider last row/first row!

1 1 1
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m In general, if P has g° + 1 d-spaces through every (d — 1)-space:

Egi1~ A+ <qe>A1 +...+ (C]e> Adiq.

m Different cases:
Q' (2d+1,9) 1 Egsr ~ Ag—Ar+...+ (1) Agp
~ 1 PN
H(2d+17q)-Ed+1 ~ AO_WA1+---+ (7 Ad+1
1 —1\ %"
W(2d+1,q)/0(2d+1,q):Ed+1 ~ Ao—aA1+“.+ F Adii
~ 1 -1\
H(2d—|—2,q).Ed+1 ~ Ao—WA1—|—...—|— W Ad+1

1 PR
07(2d + 3, q) : Ed+1 ~ Ay — ?A1 + ...+ (?) Ad+1
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For every subset S C Q of generators: xs = xsEo+ .- + xsEqi1
(with xsEp = |S]/|2|xq) (use natural ordering for the E;).
If Sq, S, C then S; is a t-design, or S, is a t-antidesign, if respectively:

Xs, = XS1E0+ O+...+ 0+ XS1ET+1 +...+ XS1Ed+1
xs, = Xxs,Eot xsE1+...+ xsE+ 0 +...+4 0

In particular: S is a d-antidesign if and only if xg, Eq41 = 0.
Theorem (Delsarte, 1976)

A set S; of generators is a t-design if and only if every (t — 1)-space is
incident with exactly A generators of Sy, for some ).
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t-antidesigns also have a nice property:

Theorem (Delsarte, 1977)

Consider subsets S, S> C Q of generators, with S; a t-design and S,
a t-antidesign. Now |S; N Sy| = ‘S}A%'

Proof

We have an orthogonal decomposition:

XS \Iglixﬁ 0+...+ 0+ xsEt+1 +...+ xs Edt1
S,

Xs, = ‘|s2|‘><QJF xsE1+...+ xsEit 0 +...+ 0
_ t t 1SS

80181 1 8o = xsyx6, = Sz xaxh = Sl O

We will look for d-antidesigns (so with xgEg4.1 = 0).
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Generators of W(2d + 1,q)/Q(2d + 2, g), embedded in
W(2d+1,q%)/Q(2d + 2, q%)
d+1
W(2d +1,q9)/QR2d +1,9) : Egp1 ~ Ao — gA1 + ... + <_q1> Ad1
d+1
W(2d +1,9%)/Q(2d +1,G%) : Eg1 ~ Ao — gaAi +.. . + (ql Agi1

If Sis the set of generators of W(2d + 1,q)/Q(2d + 2, q): inner
distribution a contains just the valencies

a_ [1’”.’qi(i+1)/2 [dﬂ;q ’_“’q(d+1)(d+2)/2]
q

with [,’;ﬂ]q the number of m-spaces in PG(n, g).
~1

Sowhen is xsEq11 = 0? Iffag — zas + ... + (73) 7 'agy1 = 0...
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So xsEg+1 = 0if and only if:
d+1
> _(~1)goqE [dJT 1] = 0.
i—0 I lq

The g-binomial theorem gives us that for any indeterminate z:

d+1 d+1

- Td+1 ,
Zq/(m)/zzl [ Jlr ] _ H“ g 12),
i=0 a =1

With z = —q'~2, we see that E4,1xs = 0 <= [[Z}'(1 - ¢2)
which holds if and onlyifit<a<d+1.
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Application

Let S be the generators of W(2d + 1,q)/Q(2d + 2, q) in
W(2d+1,99)/Q(2d +2,g%) with1 <a<d+1.

For every generator 7, we have:

(Ves)o = ga(Ves)o + -+ (G3)* " (Ve.s)ar1 = 0.

If = meets every element of S in at most a point:

Ves =1[0,0,...,0,x,|S| — x].

Hence (21)9x + (ZH)71(IS| - x) =0 = x = 2.
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(Partial) spreads in a polar space P
P: q+ 1 points on a line, g° + 1 d-spaces through a (d — 1)-space.
m A partial spread S is a set of mutually disjoint generators (or
d-spaces) in P.
m Elementary upper bound |S|: (#points in P)/(#points in
d-space)=(q9*€ + 1)(=ovoid number).
m If|S| = g9+° + 1 (hence if S partitions P) then S is a spread.

Algebraic upper bound if d is even

Suppose d is even and S is a partial spread.
Ves=1[1,0,...,0,[S| - 1],vr € S

— inner distribution of S:a =[1,0,...,0,|S| — 1]
0§ao—%a1 ++#ad—ﬁad+1 :1—%

So | S| < gt@+De + 1 with equality iff xsEy 1 = 0!
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Comparing upper bounds for partial spreads

m So if d is even we have both g9+¢ + 1 and g9%+€ + 1 as bounds!
m Which bound wins... depends on whethere <1, e=1o0re > 1.

P e elem. bound | alg. bound
Qf(2d+1,9) [0 |qg9+1 QP +1=2
H2d+1,¢%) | 1/2| ¢®F' +1 | q9+1 +1
Wed+1,9) |1 |[q9" +1 qdt! +1
Q2d+2,q) [1 |q"+1 qdt! +1
H(d +2,¢%) | 3/2| 233 +1 | ¢39+3 11
Q (2d+3,9) |2 |q¥2+1 q29t2 41

Frédéric Vanhove
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e = 0: partial spreads Sin Q" (2d + 1,q), d even

m |S| <1+ 1 with equality iff xgsEg11 = 0.
m Weknowthat Eg 1 ~Ag— Ay +...+ Ag — Agi1-
So if | S| = 2, then for any generator = in Q™ (2d + 1, q), we have:

(Vr,s)o = (Vas)1 + ...+ (Ve s)d — (Vr,s)d+1 = 0.
Hence (v, s)a =1 and (v, s)p = 1 for some odd a and even b,
and the rest is zero.

This is normal as there are Latin and Greek d-spaces in Q" (2d + 1, q):

m 2 generators of same type meet in even-dimensional space,
m 2 generators of different type meet in odd-dimensional space.

The 2 elements of S must be of different type, and every generator will
meet one in an odd-dimensional space, and the other in an
even-dimensional space.
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e = 1/2: partial spreads Sin H(2d + 1, g?), d even

m |S| < g9 4 1 with equality iff xsE4.q = 0.
m Partial spreads of this size in H(2d + 1, g°) always exist (Aguglia,
Cossidente Ebert, 2001).

m We know that Eg. 1 ~ Ao — A1 + ... + gsAd — @z Adi1-
So if |S| = g9t + 1, then for any generator 7 in H(2d + 1, %), we
have: (Vi s)o — g(Va,s)t + - + ga(Ve,s)d — garr (Vi,s)a+1 = 0.
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Example: partial spread S of size 25 + 1 = 33 in H(9, 22).

For some random 4-spaces (or generators) =, we determine v, s.
(So we count the elements of S meeting = in a 4-space, 3-space,
2-space (or plane), 1-space (or line), 0-space (or point) and nothing.)

[0, 0, 0, 2, 13, 18] —32.0+16.0—-8.0+42-213+1.18=0
[0, 0, 1, 4, 12, 16] —-32.0+16.0-8.1+44-212+1.16=0
[1, 0, 0, 0, 0, 32] —-321+16.0-8.0+4.0-20+1.32=0
[0, 0, 0, 0, 11, 22] —-32.0+16.0-8.0+4.0-211+1.22=0
[0, 1, 0, 0, 16, 16] —32.0+16.1 —8.0+4.0-2.16+1.16 =0

(Vr,5)0— (Vr,5)1/2+ (Vr,5)2/4— (Vr,5)3/8+(Vr,5)a/16 — (V1 5)5/32 = 0,
or: =32(Vx,s)o+16(Vr 5)1 —8(Vrr.s)2+4(Vr,5)3 —2(Vr 5)a+(Vrr,s)5 = 0.
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Consider a partial spread S of size g9+ +1in H(2d + 1, ¢?), d even.
Suppose 7 is a generator meeting some my € Siin a (d — 1)-space.
Then it meets every other element of S in a point or nothing.

Hence: v, s = [0,1,0,...,0,x,9"" — x].
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S: partial spread of size g1 41 in H(2d + 1, ¢?), d even.
7 : generator meeting some mp € Sin a (d — 1)-space.
Vs =(0,1,0,...,0,x,q%*" — ).

As (Vr8)o = g(Vas)t + -+ ga(Vas)d — garr(Vas)ar1 = 0

1 X qd+1 —x

gt T g

and hence: x = ¢ = v, s =[0,1,0,...,0,9% ¢ — 9.
So we proved:

=0,

Property

If Sis a partial spread of size g9*' +1in H(2d + 1, ¢?), d even, then
every generator meeting some 7wy € Siin a (d — 1)-space meets
exactly g9 elements of S in a point.

(So these partial spreads are 1-regular codes).
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S: partial spread of size g1 41 in H(2d + 1, ¢?), d even.
7 : generator meeting every element of S in at most a point.
Ves =1[0,0,...,0,x,(q9"" +1) — x].

As (Vr,s)o = g(Ves)t + -+ qa(Ve,8)d — garr (Ve8)a41 = 0:

x (@ +1)—x

@ g

. . qd+1+1 i qd+1+1 qd+1+1
and hence: x = 9+ = Vﬂ,s - [07 Oa s 707 g+1 > q g+1 ]
So we proved:

Property
If Sis a partial spread of size g9+' + 1 in H(2d + 1, ¢°), d even, then
every generator meeting no element of S in more than a point, meets

+1 . .
exactly qqg” elements of Sin a point.
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Theorem (De Beule & Metsch, 2007)
If Sis a partial spread (hence a set of pairwise disjoint planes) in
H(5, ?):
m (S| <qg+1,
m |S| = ¢ + 1 if and only if every free plane (i.e. a plane meeting
every element of S in at most a point) meets exactly ¢ elements of
S in a point.

e+
In that case, ¢ must be ol

(In fact: these partial spreads in H(5, g?) are completely regular
codes.)

Frédéric Vanhove Eigenvalue techniques applied to polar spaces



Introduction Generators of polar spaces
Algebraic background Subfield embeddings
Geometric applications (Partial) spreads

Theorem
If Sis a partial spread of H(2d + 1, g?) with d even, with
|S| = g% +1,and T C Q a subset such that each (d — 1)-space is

incident with A elements of T, then |[SN T| = %

Proof
xsEq4+1 = 0 and hence Sis a d-antidesign, while T is a d-design. [

Theorem (Segre, 1965)

If T is a non-trivial set of lines in H(3, g2), covering every point \ times,
then A =(g+1)/2.

| don’t know any d-designs T in H(2d + 1, g?) (sets of d-spaces
covering every (d — 1)-space A times)...but |T|/|Q2| = 1/2 must
certainly hold (consider residue of (d — 2)-space).
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e = 1: partial spreads Sin W(2d + 1,q) and Q(2d + 2,q), d even

m Here, the algebraic and elementary bound are the same: g+ +1.
m So Sis a spread (a partition of the full space) iff xsEg.1 = 0.

m Each spread S is a d-antidesign, so for every d-design T (set of
il

generators covering every (d — 1)-space A times): |[SN T| = o
m If Sis a spread, then for any generator 7 in W(2d + 1, q) or

Q(2d + 2,q):

As Egiq ~ Ap — %A1 +---+%Ad_ #Adﬂi

(Va,s)o — %,(Vw,s)1 +...4+ #(Vn,s)d - #(Vﬂ,s)dﬂ =0.
As every point of must m must be covered by exactly one element
of S:

qd+1 1 d-+1

1 (Vashot g L (V)1 + A1(Ve 8)a+0.(Ve 8)ast = Lo
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Properties of spread Sin W(2d + 1,q)/Q(2d + 2, g), d even
For every generator or d-space «, we have:

(Va,s)o — %(Vw,sh +...+ %(Vms)d - #(Vms)dﬂ =0
d+171 d71 d+171
T Vas)o + T (Vas)t + oo+ 1.(Ves)d + 0.(Vir 5)a1 = T

Let us apply this!
mlifreS:v,s=[1,0,...,0,99].
m If m meets an element of Siin a (d — 1)-space:
Ves=1[0,1,0,...,0,x,9°"" — x]
= V,5=1[0,1,0,...,0,q% qo"' — q].
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Properties of spread Sin W(2d + 1,q)/Q(2d + 2, g), d even

(VW,S)O_%’(VW,S)1 +...+#(v7r3) qd+1( WS)G,Jr1 -0
d+1_4 d_1q d+171

,S)
m If # meets an element of Sin a (d — 2)-space, it meets all others
in at most a line: v, s = [0,0,1,0,...,0,x,y,q°"" — x — y].

L/

HOES

— V7r,S = [07 O) 1 9 0) cee 707 qd_zu qd - qd_25 qd+1 - qd]
(These spreads are hence 2-regular codes.)
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Properties of spread Sin W(2d +1,q)/Q(2d + 2, g), d even

(Vr8)o = G (V)i + -+ ga(Vs)d — garr (Vi s)at =0

d+1_1 d_1 d+1_1
Tt (Ves)o + T (Veshi + -+ (Ve s)a + 0.(Vr 8)a+1 = T

m If 7 meets no element of S in a plane or more:
Ves=1[0,0,...,0,x,y,q%"" —x — y],
— v, s=10,0,...,0, gz:} ,q9, g9t — q2g;’%1].
So in particular: no generator can meet every element of S in just
a point or nothing!
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Small case: W(9, q) and Q(10, q).

If Sis a spread (hence with |S| = g° + 1), and « is any 4-space then
there are 4 possibilities:

m 7 € S and is disjoint from all others,

m 7 meets one element of S in a solid, g* in a point and the rest in
nothing,

m 7 meets one element of Sin a plane, g° inaline, g* — g?ina
point and the rest in nothing,

m 7 meets ¢° + 1 elements of Sin a line, g* in a point and the rest in
nothing.

(Spreads are completely regular codes in this case.)
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Even smaller case: W(5, q) and Q(6, q).
If Sis a spread (hence with |S| = ¢ + 1), and « is any plane, then
there are 2 possibilities:

m 7 € S and is disjoint from all others,

m 7 meets one element of Sin a line, g? in a point and the rest in
nothing.

(Spreads are completely regular codes and even perfect 1-codes in
this case.)
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Thank you for your attention!
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