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m Group representations
m Permutation representations of groups
m Applications in geometry
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Representation of a finite group G
A representation is a map p from G to GL(V) with
m V a vector space V(n,C),
m GL(V) the group of invertible linear transformations of V,

m p(9291) = p(g2)p(g+) (SO group morphism).

Example
G=Cs;={eaa}and V=V(2C).

wo=(o 3 )ma=(9 7).
p(az)Z(j (1))
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Representation of a finite group G (repeat)
A representation is a map p from G to GL(V) with
m V a vector space V(n,C),
m GL(V) the group of invertible linear transformations of V,

m p(9291) = p(g2)p(g+) (SO group morphism).
Properties and terminology

m p(e) = p(e.e) = p(e).p(e) = p(e) is identity,
m degree of representation p is dim(V),

m if W C Vis subspace with p(g)(W) C W,vg € G:
W is subrepresentation.
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Homomorphisms between p; : G— Viand po : G — Vs
A homomorphism is a linear map f : V; — V, with
fopi(9) =p2(g)of,vg € G.

Vi p1(9) Vi

fl lf
V2 p2(9) V2

The homomorphisms form a complex vector space Hom(V;, V2).
p1 and po are equivalent if a bijective homomorphism exists.

Endomorphisms of a representation p

Endomorphisms of p: homomorphisms from p to p.
Endomorphisms of p form a complex vector space and a ring!
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Irreducible representations
Let p: G — GL(V) be a representation.

m If W C Vis subspace with p(g)(W) C W,vg € G:
W is subrepresentation.

m Vs irreducible if {0}, V are the only subrepresentations.

Decomposition of representation p : G — GL(V)
There is a decomposition into irreducible representations:

V=(Aad..0A)dBd..oB)o...

with (Aq ... Az) equivalent, (B; ... By) equivalent, . ...
®m unique up to equivalence and ordering
m the subspaces (A1 @ ... D AL),(Bi@...® By),...are unique!
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Example of decomposition
G=Cy={ealand V=V(2,C):
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Dimension of homomorphism-space
m Suppose p1 : G— GL(V;) and po : G — GL(V2) are
representations.

m Remember: Hom(V;, V,) is space of linear maps
f: V1 — V2 with f0p1(g) = pz(g) o f,Vg e G.
m We can obtain dim(Hom(V;, V»)) from the decompositions:

Vi=(Ara... BAz, )P (Bia®... ®Bp,) @ ...
ey L >
Vo=(Ax ... DAz, )D (Bia... ®Bp,) ...

Each arrow between equivalent irreducibles yields
homomorphism!

| dlm(HOm(V1, Vg)) = aya + b1b2 + ...
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Definition of permutation representation

m Suppose G acts transitively on (finite) set Q = {w1,wo, .. .}.
m Let {wi,wy,...} be a basis of CQ.
m We define p: G — GL(CQ) by p(g)(wi) = (wi)9.

Example

G = Ds and Q = {wy, wp, w3, ws} : W wa .
1 000 O 00 1
0100 1000

p(e) = 0010 ,p((w1wgw3w4)) - 0100 oo
0 001 0010
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Homomorphisms between permutation representations

m Suppose G acts transitively on Q and €'.
m Q x ' splits into orbits under G: Ry U R U ... ..
m For any R, define f; : CQ — CQ’ by:

fi(wr) = Z Wy

(wrwg)€ER;

m These maps f; are a basis for Hom(C, CQ')!
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Example: points and lines of a square
G= Dg actson Q2 = {W1,WQ,LU3,LU4} and Q' = {€12,€23,£34,€14}:

L2

w1 [0%)
o lo3
W4 w3
i

Q x ' splits into orbits Ry (incident point-line pairs) and
R. (non-incident point-line pairs).
We define corresponding maps fi, f» from CQ to CQ':
W fi(wy) = b1z + l1a, F(w2) = l12 + log, . ..
[ | fg(W1) = lp3 + {34, fg((,dg) =l14 + lag, . . ..
Now {f;, .} is a basis for Hom(CQ, CS2,).
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Characteristic vector of a subset S C Q
Characteristic vector ysis (1,1,0,1,0,...)" € CQ, with
(Xs)w =1ifw; €8, (xs)o, =0ifwi ¢ S.

Intersections of two subsets S; and S,
If 81, 82 C Q, then:

(vs)xs, = (1,1,0,1,0,...)(0,1,1,1,0,...)"
1.04+1.1+01+1.1+0.0
= 1SiNSy.
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Decomposition of permutation representation
Suppose G acts transitively on Q:

1
CQ=C| : | L(Ai®..0A)LBo..eB)L....

Consider any S C Q. We can decompose accordingly:

S
XS:H J_(VA,1+...—|—VA,a)J_(VB,1+...+VB’b)J_...
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Two subsets that are nice with respect to each other
Consider S, S’ C Q with:

]
S
Xs||Q< : )i(VA,1+---+VA,a)i(%+---+XB,/E)+---

1

1
Sl
xs,:||Q||( : ) J_(%+...+%)J_(v[3’1+...+v,’3’b)+...

1

Vg € G, we have in this case:

]
S/
X(S/)g=||Q||( : ) LW+ () L (VB )7+ 4 (v p)9) L

1

= [SN(8) = (xs)"(x(s19) = [SI[S]/1€-
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Remember: if G acts transitively on Q, ', then:
dim(Hom(CQ, CQ')) = number of orbits on Q x Q'!

Example: the square revisited
G= D8 actson Qq = {w1,w2,w3,w4} and Q= {612,623,&34,614}:

1 1
¢
w1 —2— wo ,(CQ1C( : )LALB,(CQz(C( : )LALC.
L4 1 1

lo3

W4

w3
o

m dim(Hom(CQy, CQy))
m dim(Hom(CQy, CQy))
m dim(Hom(CQy, CQy))

3 (=,collinear, opposite points)
3 (=,concurrent and opposite lines)
2 (incidence and non-incidence)
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Our goal
We consider:

m an incidence structure of rank n: with objects of n types
(points, lines, planes,...)

m the full automorphism group G of this structure.

Examples: PG(n, q), polar spaces, generalized hexagons,...
We will consider the n permutation representations on points,
lines,...
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Example: the rank n polar space W(2n—1,q)
Objects:

% points,..., ((g+1)...(q" + 1)) n-spaces or generators.
We decompose the permutation representation on generators:

CQ=Vo L Vs L...LV,L. 1V,
iqn—i—H -1 qn+1—2i+1 (q2n _ 1)“.(q2n+4—2i)

qg -1 2 (¢%2—-1)...(g?—1)

..... But for g = 1, dim(V;) just becomes (")!
Many nice incidence structures are buildings, where g = 1 plays
a fundamental role!

dim(V)) = q
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Buildings of rank n are certain incidence structures with n types
(Tits).
Each finite building has a Coxeter-Dynkin diagram, for instance:

ai (3) Q- (3) Qs Qn-—2 (3) Qn—1 (4) an

O O O O O O

m Each node corresponds with a type (points, lines,planes,...).
mifxy, ..., X 1,Xi1...,xp0f types 1,...i—1,i+1,... . nare
incident,
they are incident with g; + 1 common objects of type /.
m The thin building with (q1,...,g,) = (1,...,1) is constructed
from “Coxeter group" itself,
thick building is more complicated but similar.
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Coxeter group W and its thin building

myz =3 Mps = 4 Mg = 3
O ( ) O ( ) O ( ) O
Wo W3

4] Wy

m W is generated by involutions w;, with (w;w;)™ = e
(we draw no line if m; = 2 <= w,w; = w;w),

m maximal parabolic subgroup P; := ({wy, ..., wyo}\{w;}),

m objects of type i: cosets wP;,

m aP; and bP; are incident iff aP; N bP; # 0,

m decompositions of permutation representation of thick
building: in correspondence with that of thin building!
(Curtis-lwahori-Kilmoyer)
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(3) (3)
()
O O O
Q4 : points Q5 : lines Q3 : planes

We will decompose and write degree for points and lines.

Thin Az building= tetrahedron
| CQ1 :A1 J_Bg,CQQZA1 J_BgJ_ Cz.

Thick As building= projective space PG(3, q)

| (CQ1 = A1 1 Bq3+q2+q’ CQQ = A1 L Bq3+q2+q 1 Cq4+q2-
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Nice sets of lines S C Q, in PG(3, q)
C=A1LB1C
m Set of lines through one point: xs € A L B L £,

m Sis k-cover (i.e. every point on k lines of S)

—ys€ALB1C,
m Sis Cameron-Liebler line class «= ys € AL B L .
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points lines

g 3y 9 (4 &
Q()Q()O

generators

m B, is hyperoctahedral group of size (2"n!).
m Thick buildings of type B, are the polar spaces.

Frédéric Vanhove
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Decompositions for (classical) polar spaces
Remember that we just have to look at small group Bj!

co, =vo0 L vh0 1 v
cp  =VO0 L vt L v (va0 L vRT L v22)

CQp_1=V00 L [vh0 L v L (v 1 V2T Lo vrm20 gy =20y vyt

c, =v00 L v 1 [va0) L. v L [vr=1.0 1L [vm0)

Nice sets of points S in the polar space

myse VOO0 L VIO WK — Sis tight set,
myse VOO L WO VI — Sis k-ovoid
(i.e. every generator meets it in k points).
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The special subspace V'-°

CQp= VOO L[V'O L vt L [v20 L va! | v22] | ...

V10 corresponds with the reflection representation of degree n
of Coxeter group B,,.

Obtaining bounds

m Let p'%: CQ,, — V'O denote orthogonal projection.

m Forevery S C Qn : (p°°(xs), p*°(xs)) > 0,
with equality iff ys € (V19)+.
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:q (3) :" (3) :" :" (3) :q (4) q:e
points Qm:m-spaces generators

CQp= VOO L [VO | VvII] 1 [Vv30 1L val | v22] | ...

m We say S C Q, is partial m-system if An B+ = {0} with
A#B e S.

m In this case: (p'%(xs),p'%(xs)) > 0 < |S| < g™ '.q° + 1.

m Note that this ovoid number is same bound for every m
(Shult-Thas, 1994).

m m-systems are the partial m-systems reaching this bound,
and hence those with ys € (V19)L.
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Alternative proof for result on m-systems (Shult-Thas)
CQp = VOO L [VIO L VI L [V20 L vl | V22| |
m m-system S: ys € VOO L [V L VI L ...
m Set of m-spaces T of Q(2n,q), Q*(2n—1,q), H(2n -1, ?)
in Q" (2n+1,q), Q(2n. q), H(2n, ¢*):
X7 € VOO L [VI0 L VAT 1L [WAT L 2T | W22 L
m ST =|S|[T|/2m].
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Alternative proof for 2nd result on m-systems (Shult-Thas)!
CQp = VOO L V'O L Vb1 L [v20 L va! | v22] | . .
CQqy = VOO | [Vv1O 1L v,

m m-system S: xs € VOO L [0 1L VI L ...

m incidence between m-spaces and points yields
homomorphism f : CQ,, — CQ;.

m As fis homomorphism: f maps subrepr. into corresponding
equivalent subrepr.!

m Point-set S of points in some m € S'is given by: xg = f(xs).
m g€ VOO L WO VI

m Hence S'is a k-ovoid )
(i.e. every generator meets S in k points).
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qwi (3)dw2 (3)qw2 g, Wn-2 )q wn 1 q »Wn

O O O O O

points lines generators

Another interesting subspace (exclusively) for generators
CQp= VOO L [V L [Vv20] L ... L [Vvn-20] L [vr=10] L [V
m V"9 corresponds with 1-dim representation p of B, with:

plwi) = ... = plwn—1) =1, p(wn) = —1.

m For partial n-system S, n odd, projection p"° — V"° yields:

(P"%(x5). P"°(xs)) = 0 <= |S] < 1 - Ll

B —> max. size of partial spread in H(4n+1,q?) is ¢°"*' + 1.
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What about other finite Coxeter groups?
C—0 in.,o C—0

O0—0+0—0

Fy
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® @ B

O O O O

points Q lines planes symplecta

F4

m |Fy| = 1152 = 27.32,
m Thin: 24 points (), 96 lines, 96 planes, 24 symplecta ().
m Decompositions of CQ2 and C' in thin case with degrees:

CQ = Jy LA LByl CsL D
CQY = Jy LA, LByl C,L Dy

Only the first 3 irreducible representations are equivalent!
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So® A @ A @ Ct)
/ %
points Q lines planes symplecta Q’

Thick building of type F4

m (s,1)=(q,1),(1,9),(a.9).(q. %) or (¢°, q),
m number of points |2] and of symplecta |Q'|:

Q] = (®+s+1)(Pt+1)(P2+1)(s*2 +1),
Q] = (Bt 1)(Bs+ 1)+ 1) (s +1).

m Decompositions of permutation repr. on points and symplecta:

cQ = JLALBLCLD
cQ = J1LA1LBLC LD.
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S A L@ 4
Y U
points Q lines planes symplecta

cQ =J1LALB1LCLD
cQ = JLALBLC LD.

Nice subsets of points in Q

m Set of points Sin 1 symplecton r:
consider incidence map f € Hom(CQ', CQ):
xs=f(xz) €Im(f)=Jd LALB1LEZ 1M

m HenceifyrcJ LALB 1 CL1D,
then every symplecton meets T in |S||T|/|Q2| points.
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S A L@ 4
Y U
points Q lines planes symplecta

The special subspace A

CQ=J1ALB1LCLD.
A corresponds with the reflection representation of degree 4 of
Coxeter group F4.

Obtaining bounds
m S C Qis partial ovoid if no 2 points a, b € S are on common
lines with a third point.

m Projection p : CQ — Ayields for partial ovoids S:
|S| <1+ 313, with equality iff ys€ J L AL B L CLD.
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An application for (s, t) = (g, g?)!

- A T
.\/ /

O O

points lines planes symplecta

Suppose
m T: point set of embedded F4-building with (s, t') = (q, q):
xT€EJLALB1LEZ LD,
m S: partial ovoid with |S| = 1 4 s%8 = 1 + ¢°:
xs€J LALB1CL1D.
= [SNT|=(xs)'x7 = |SIITI/IQ] = ¢° + 1.
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Thank you for your attention!

(Slides will appear on http://cage.ugent .be/~fvanhove )
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