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Ingham-Karamata theorem

Theorem (Ingham, Karamata, 1934)

Let p € L™ be supported on the positive half-axis. Suppose that

Lipist _ 1/°° —su
s s, e *p(u)du

admits an analytic continuation beyond Res = 0, then
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Applications

@ Number theory: Newman used a simpler version of the
Ingham-Karamata theorem for his proof of the PNT (1980).

@ Operator theory
© Probability theory
@ Semigroup theory
Q ...
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An example in semigroup theory

Theorem (Arendt, Batty, 1988)

Let (T(t))e>0 be a bounded Cy-semigroup on a Banach space X
with generator A. Suppose that the spectrum satisfies
a(A)N iR = (), then

| T()A7Y| =0, t— oo.
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Abstract Cauchy problem

The Arendt-Batty theorem implies that the classical solutions of
the abstract Cauchy problem

{x'(t) = Ax(t), t>0,

x(0) = xo, xp € X,

given by x(t) = T(t)xo, t > 0, xo € D(A), converge to 0 as
t — oo if A satisfies the hypotheses of the Arendt-Batty theorem.
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A quantified version for semigroups

Theorem (Batty, Duyckaerts, 2008)

Let (T(t))e>0 be a bounded Co-semigroup on the Banach space X
whose generator A satisfies o(A) N iR = (). Suppose that

M: Ry — (0,00) is a non-decreasing continuous function such
that the resolvent satisfies ||R(is, A)|| = O(M(|s|)) as |s| — co.

Then
T(A =0 ——|, t— oo,
H ( ) H (M_l(ct)>

log

for some ¢ > 0, where
Miog(s) = M(s)(log(1 + s) + log(1 + M(s))).
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Quantified Ingham-Karamata theorem

Theorem (Stahn, 2017)

Let M, K be continuous non-decreasing functions. Let p € L™
such that L{p; s} admits an analytic extension to

1
Qm = {se C: Res > _M(]Ims])}’

where it satisfies the bound

sup |sL{p; s}|

< 00,
seQum K(|Im S|)

then for all c < 1

X 1
/0 p(u)du= 0 (I\/lKl(cx)> , X — 00,

where Mk (s) = M(s)(log(1 + s) + log(1 + K(s)))-
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Optimality of the Tauberian theorem

Theorem (Debruyne, Seifert, 2018)

Let M, K, r be non-decreasing functions and assume that M and K
are continuous. Suppose Mk(s) = O(exp(as)) for some o > 0. If

If(x)| = O(r(x)*l), X — 00,

for every Lipschitz continuous function whose Laplace transform
extends analytically to the region Qp and is O(|K(Ims)|) there,
then

r(x) = O(I\/I};l(x)), X — 00.
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A taste of the proof: sketch of the main idea

Let X be the Banach space consisting of all (bounded) Lipschitz
continuous functions whose Fourier transform extends analytically
to Qp where it is O(]K(Ims)|), topologized canonically via the
seminorm

[s8(s)|

gllx = llglle + 18" ltee + sup ——7—=,
Igllx = liglls -+l + sup 500
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A taste of the proof: sketch of the main idea

Let X be the Banach space consisting of all (bounded) Lipschitz
continuous functions whose Fourier transform extends analytically
to Qp where it is O(]K(Ims)|), topologized canonically via the
seminorm
/ |s&(s)|
X = Lo + Lo+ sup ——

lallx = lelle + 18 + svp B0t
and let Y consist of all the functions g € X such that additionally
g(x) = O(r(x)™1), topologized via

lglly = llgllx + sup [g(x)r(x)|-
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A taste of the proof: sketch of the main idea

Let X be the Banach space consisting of all (bounded) Lipschitz
continuous functions whose Fourier transform extends analytically
to Qp where it is O(]K(Ims)|), topologized canonically via the
seminorm

sg(s)|
glix = llglle + 1&g || toe + sup ——7——,
lallx = gl + 118 + sup 50

and let Y consist of all the functions g € X such that additionally
g(x) = O(r(x)™1), topologized via

lglly = llgllx + sup [g(x)r(x)|-

By hypothesis, X = Y and Y is continuously embedded in X. By
the open mapping theorem, there is C such that

sup g(x)[r(x) < Cliglix, g€ X.
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A taste of the proof: sketch of the main idea

Now choose g(x) = gy (x) := f(A(y — x)) for some appropiate f,
then roughly speaking, one obtains
ey/M()
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A taste of the proof: sketch of the main idea

Now choose g(x) = gy (x) := f(A(y — x)) for some appropiate f,
then roughly speaking, one obtains

/M)

V(y) < A+ KO

Now choose A optimal (dependent of y).
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Optimality for semigroups

Theorem (Debruyne, Seifert, 2018)

Let M be a non-decreasing continuous function satisfying

M(s + ¢/M(s)) > cM(s) and M(s) = O(exp(as)) for some

a, ¢ > 0. There exists a complex Banach space X and a bounded
Co-semigroup (T(t))e>0 on X whose generator A satisfies
a(A)NiR =10, ||R(is,A)|| = O(M(|s])) as |s| — oo and

lim sup | M1 (£) T(£)A~}| > o.
t—o00
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