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Original Fatou-Riesz theorem

Theorem (Fatou, 1906)

Let

f (z) =
∞∑
n=0

anz
n

satisfy the Tauberian condition an = o(1) (such that in particular f
is analytic in the unit disc). Suppose that f admits an analytic
extension at z = 1, then

∞∑
n=0

an = f (1).
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A Fatou-Riesz type Tauberian theorem

Theorem (Ingham, Karamata, 1934)

Let ρ ∈ L∞ be supported on the positive half-axis. Suppose that

L{ρ; s} =

∫ ∞
0

e−suρ(u)du converges for <e s > 0,

and that L{ρ; s}/s admits an analytic continuation beyond
<e s = 0, then ∫ x

0
ρ(u)du = o(1), x →∞.
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Slowly decreasing functions

Definition

A function S is slowly decreasing if for each ε > 0, there exists
δ > 0 and N such that

S(x + h)− S(x) ≥ −ε, ∀x > N and 0 < h < δ.

Definition

A function S is very slowly decreasing if for each ε > 0, there
exists N such that

S(x + h)− S(x) ≥ −ε, ∀x > N and 0 < h < 1.
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Other version Ingham-Karamata theorem

Theorem

Let τ ∈ L1loc(R) be slowly decreasing such that supp τ ⊆ [0,∞).
Suppose that

G (s) := L{τ ; s} converges for <e s > 0

and admits an analytic extension beyond <e s = 0, then

τ(x) = o(1), x →∞.
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Other version Fatou-Riesz theorem

Theorem

Let τ ∈ L1loc(R) be very slowly decreasing such that
supp τ ⊆ [0,∞). Suppose that

G (s) := L{τ ; s} converges for <e s > 0

and admits an analytic extension at s = 0, then

τ(x) = o(1), x →∞.
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Some areas of applications

These type of theorems have numerous applications in

1 Number theory

2 Operator theory

3 Semigroup theory
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Weakening of hypothesis analytic extension

The hypothesis analytic extension is not necessary. Each of the
following conditions is sufficient:

1 Continuous extension,

2 L1loc -extension,

3 Extension to a local pseudo-function

It turns out that the latter hypothesis is also necessary.
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Local pseudo-functions

Definition

A tempered distribution f ∈ S ′ is a pseudo-function if f̂ ∈ C0. A
distribution f is locally a pseudo-function if it coincides on each
finite interval with a pseudo-function.
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Characterization of local pseudo-functions

Proposition

A distribution f is locally a pseudo-function iff

lim
h→∞

〈
f (t), e ihtφ(t)

〉
= 0, ∀φ ∈ D.

Definition

A distribution f is locally a pseudo-measure if〈
f (t), e ihtφ(t)

〉
= O(1), ∀φ ∈ D.
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Local pseudo-function boundary behavior

Definition

A function G which is analytic on the half-plane <e s > 1 admits
local pseudo-function behavior on the line <e s = 1 if for each
φ ∈ D,

lim
σ→1+

∫
G (σ + it)φ(t)dt = 〈g(t), φ(t)〉 ,

where g is locally a pseudo-function.
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Boundedness result

Theorem (Debruyne,Vindas, 2016)

Let τ ∈ L1loc(R) be such that supp τ ⊆ [0,∞) and slowly
decreasing. Suppose that

G (s) := L{τ ; s} converges for <e s > 0

and admits local pseudo-measure behavior at s = 0, then

τ(x) = O(1), x →∞.
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Theorem with local pseudo-function behavior

Theorem (Debruyne, Vindas, 2016)

Let τ ∈ L1loc(R) be such that supp τ ⊆ [0,∞) and slowly
decreasing. Suppose that

G (s) := L{τ ; s} converges for <e s > 0

and admits local pseudo-function behavior on the line <e s = 0,
then

τ(x) = o(1), x →∞.
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Version for very slowly decreasing functions

Theorem (Debruyne,Vindas, 2016)

Let τ ∈ L1loc(R) be very slowly decreasing such that
supp τ ⊆ [0,∞). Suppose that

G (s) := L{τ ; s} converges for <e s > 0

and admits local pseudo-function behavior at s = 0, then

τ(x) = o(1), x →∞.
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Finite form versions: two-sided condition

Theorem (Debruyne, Vindas, 2017)

Let ρ ∈ L1loc(R) be such that lim supx→∞ |ρ(x)| := M and vanishes
on (−∞, 0). Suppose that there is λ > 0 such that

L{ρ; s}
s

has local pseudo-function boundary behavior on i(−λ, λ). Then

lim sup
x→∞

∣∣∣∣∫ x

0
ρ(u)du

∣∣∣∣ ≤ Mπ

2λ
.

Moreover the constant π/2 cannot be improved.
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Finite form versions: one-sided condition

Theorem (Debruyne, Vindas, 2017)

Let ρ ∈ L1loc(R) be such that lim infx→∞ ρ(x) := −M and vanishes
on (−∞, 0). Suppose that there is λ > 0 such that

L{ρ; s}
s

has local pseudo-function boundary behavior on i(−λ, λ). Then

lim sup
x→∞

∣∣∣∣∫ x

0
ρ(u)du

∣∣∣∣ ≤ Mπ

λ
.

Moreover the constant π cannot be improved.
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