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Abstract

Suppose that an automorphism group G acts flag-transitively on a finite gener-
alized hexagon or octagon S, and suppose that the action on both the point and
line set is primitive. We show that G is an almost simple group of Lie type, that is,
the socle of G is a simple Chevalley group.

1 Introduction

The classification of all finite flag-transitive generalized polygons is a long-standing impor-
tant open problem in finite geometry. Generalized polygons, introduced by Tits in [18],
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are among the most notable and prominent examples of discrete geometries, they have a
lot of applications and are the building bricks of the Tits buildings. The determination
of all finite flag-transitive examples would have a great impact on many problems, not
in the least because of a significant weakening of the hypotheses of many results. It is
generally considered as an “NC-hard” problem, where NC stands for “No Classification
(of finite simple groups allowed)”. By a result of Feit and Higman [5], we must only
consider generalized triangles (which are the projective planes), generalized quadrangles,
generalized hexagons and generalized octagons. In each case there are nontrivial examples
of finite flag transitive geometries, and it is believed that we know all of them. The most
far reaching results are known for the class of projective planes, where the only counterex-
amples would have a sharply transitive group on the flags, and the number of points must
be a prime number, see [9]. For generalized quadrangles, besides the well known classical
(and dual classical, in the terminology of [14]) cases there are exactly two other exam-
ples, both arising from transitive hyperovals in Desarguesian projective planes, namely
of respective order 4 and 16 (and the hyperovals are the regular one and the Lunelli-Sce
hyperoval, respectively). Both quadrangles have an affine representation, that is, their
point set can be identified with the point set of a 3-dimensional affine space, and the
line set is the union of some parallel classes of lines of that space (more precisely, those
parallel classes of lines that define the corresponding hyperoval in the plane at infinity).
For generalized hexagons and octagons, only the classical (Moufang) examples are known
to exist, and the conjecture is that they are the only flag-transitive ones (and some even
conjecture that they are the only finite ones!). An affine construction similar to the one
above for quadrangles can never lead to a generalized hexagon or octagon, and this obser-
vation easily leads to the nonexistence of generalized hexagons and octagons admitting a
primitive point-transitive group and whose O’Nan-Scott type is HA (see below for precise
definitions).

This observation is the starting point of the present paper. Since the classification of
finite flag-transitive generalized polygons is NC-hard, we have to break the problem down
to a point where we must start a case-by-case study involving the different classes of finite
simple groups. One celebrated method is the use of the famous O’Nan-Scott Theorem.
This theorem distinguishes several classes of primitive permutation groups, one being the
class HA above. Another class is the class AS, the Almost Simple case, and this class
contains all known examples of finite flag-transitive generalized hexagons and octagons.
Ideally, one would like to get rid of all O’Nan-Scott classes except for the class AS. The
rest of the proof would then consist of going through the list of finite simple groups
and try to prove that the existing examples are the only possibilities. In the present
paper, we achieve this goal. We even do a little better and prove that we can restrict to
Chevalley groups, that is, we rule out the almost simple groups with alternating socle,
the sporadic groups being eliminated already in [2]. The treatment of the different classes
of Chevalley groups is a nontrivial but — so it appears — a feasible job, and shall be



pursued elsewhere. Note that the classical hexagons and octagons have a flag-transitive
automorphism group of almost simple type with socle the simple Chevalley groups of
type Go, 3Dy and 2F4. Their construction is with the natural BN-pair. The automorphism
group of these polygons is primitive on both the point-set and the line-set, and it is also
flag-transitive.

We note, however, that our assumptions include primitive actions on both the point
and the line set of the generalized hexagon or octagon. In some case, this can be weakened,
and we have stated our intermediate and partial results each time under the weakest
hypotheses. This could be important for future use when trying to reduce the general
case to the primitive one handled in large in this paper.

A similar treatment for the finite generalized quadrangles seem out of reach for the
moment. Therefore, we restrict ourselves to the cases of hexagons and octagons for the
rest of the paper.

2 Setting

Let S = (P, L,I) be a finite point-line geometry, where P is a point set, £ is a line set,
and I is a binary symmetric incidence relation. The incidence graph of S is the graph with
vertex set P U L, where the adjacency relation is given by the incidence relation I. The
diameter of § is by definition the diameter of the incidence graph of S, and the gonality
of § is by definition half of the girth of the incidence graph of S (which is a bipartite
graph and therefore has even girth). For n > 2, the geometry S is a weak generalized
n-gon, if both the diameter and the gonality of S are equal to n. If every point is incident
with at least three lines, and every line carries at least three points, then we say that S
is thick, and we call it a generalized n-gon, or generalized polygon. In this case, there are
positive integers s, t > 2 such that every line is incident with s + 1 points, and every
point is incident with ¢+ 1 lines. We call (s, t) the order of S. If n = 2, then S is a trivial
geometry where every point is incident with every line. If n = 3, then § is a projective
plane.

A generalized 6-gon (or hexagon) S with order (s,t) has (1 + s)(1 + st + s*t?) points
and (1 4 ¢)(1 + st + s%*t?) lines. The number of flags, that is the number of incident
point-line pairs, of S is equal to (1 + s)(1 +¢)(1 + st + s°t*). Also, it is well known that
st is a perfect square (see [5, 19]). A generalized 8-gon (or octagon) S with order (s,t)
has (1 + s)(1 + st)(1 + s*?) points and (1 + ¢)(1 + st)(1 + s*¢?) lines. The number of
flags of S is equal to (1 + s)(1+ t)(1 + st)(1 + s*?). Also, it is well known that 2st is a
perfect square (see [5, 19]). Hence one of s, ¢ is even and consequently, either the number
of points or the number of lines of S is odd.

Let S = (P, L, I) be a generalized hexagon or octagon. A collineation or automorphism
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of G is a permutation of the point set P, together with a permutation of the line set L,
preserving incidence. The group of automorphisms is denoted by AutS and is referred to
as the automorphism group of S. If GG is a group of automorphisms of S, then G can be
viewed as a permutation group on P and also as a permutation group on £. The main
theorem of this paper is the following.

Theorem 2.1 Suppose that G is a group of automorphisms of a generalized hexagon or
octagon S = (P, L,I). If G is primitive on both P and L and G is flag-transitive then G
must be an almost simple group of Lie type.

3 Some preliminary results

The next result will be useful to rule out the existence of generalized polygons with a
certain number of points. Suppose that n is a natural number and suppose that n =
3%pTt - - - pi¥ where the p; are pairwise distinct primes all different from 3, @ > 0 and
a; = 1 for all . Then we define the following quantities:

a(n) _ 3max{0,a—l} H pZOcZ’
p;Z1 mod 3

bn) = ] »"

p;Z1 mod 4

We obtain the following result about the number of points of a generalized hexagon or
octagon.

Lemma 3.1 Suppose that S = (P, L, 1) is a generalized hexagon or octagon.

(i) If S is a generalized hexagon, then a(|P])® < |P|.

(ii) If S is a generalized octagon, then b(|P])? < |P|.

PROOF. (i) Suppose that S is a generalized hexagon with order (s,t). Then |P| =
(1 + s)(1 + st + s*t?). As mentioned in the previous section, st is a square, and it was
proved in the last paragraph of [2, page 90] that if p is a prime such that p|1 + st + s*t?,
then p = 1 (mod 3); in addition, 1 + st + s*¢? is not divisible by 9. Thus a(|P|) must
divide 1 + s and |P|/a(|P|) must be divisible by 1 + st + s*2. On the other hand, since
t > 2, we obtain that (1+ s)? < (1 + st + s°t?), which implies that a(|P|)? < |P]/a(|P]),
and so part (i) is valid.



(i) Suppose that S is a generalized octagon with order (s,t). Then |P| = (1+ s)(1 +
st)(1 + s?t?). As mentioned above, 2st is a square, and it was proved in [2, page 99]
that, if p is a prime such that p|1 + s?t?, then p = 1 (mod 4). Thus b(|P]) must divide
(1+ s)(1 + st) and |P|/b(]P]) must be divisible by (1 + s*t?). On the other hand, since
s, t > 2, it follows that (1 + s)(1 + st) < (1 + s*t?), and so b(|P|) < |P|/b(|P]), and
statement (ii) holds. O

We will use the following notation: if x is a point collinear with the point y, that is, x and
y are incident with a common line, then we write x ~ y. Dually, the notation L ~ M for
lines L, M means that L and M are concurrent; that is, they share a common point. If
x and z are non collinear points collinear to a common point g, then, assuming that the
gonality is at least 5, the point y is unique with this property and we write y = xxz.

If G is a permutation group acting on a set ) then the image of w € Q under g € G is
denoted by wg, while the stabilizer in G' of w is denoted by G,,. The group G is said to
be semiregular if G, = 1 for all w € 2, and it is said to be regular if it is transitive and
semiregular.

Lemma 3.2 If S = (P, L,I) is a generalized hexagon or octagon with order (s,t), then
the following is true.

(i) If ged(s,t) # 1 and g is an automorphism of S, then either g has a fized point or
there is a point x € P such that x ~ xg.

(i) If ged(s,t) # 1 and g is an automorphism of S with order 2, then g has either a
fized point or a fixed line. In particular, if G is an automorphism group of S with
even order, then G cannot be semireqular on both P and L.

(iii) Let x be a point and let y; and ys be two points collinear with x such that y, is
not collinear with yo. Suppose there are automorphisms g1, gs mapping x to yy, Ys,
respectively. If g1 and go commute, then y1g2 = Y291 = .

() If G is an automorphism group of S which is transitive on P, then Caus(G) is
ntransitive on P.

(v) If G is an automorphism group of S acting faithfully and flag transitively, then
|G| < |GL|'? for all x € P.

PrOOF. Claim (i) is shown in [16]. To show (ii), let g be an automorphism with order
2 and assume that g has no fixed point. Then, by (i), there is a point z € P, such that
x ~ xg. Suppose that L is the line that is incident with x and xg. Then the image Lg
of L is incident with zg and 2¢? = x, and so Lg = L. Thus L must be a fixed line of g.

5



If G is an automorphism group with even order then G contains an automorphism with
order 2. If G is semiregular on P then g has no fixed point in P. Thus, by the argument
above, g must have a fixed line, and so G cannot be semiregular on £. Thus (ii) is proved.
In claim (iii), as ¢ ~ y;, the point y; = xgy is collinear with y;9o = xg1go. Similarly,
Y1 = xgp is collinear with yog1 = 29291 = xg192. Hence if x # xg;g,, then the gonality of
S would be at most 4, which is a contradiction. Let us now show (iv). Set C' = Caus(G)
and assume that C'is transitive on P. Let x and y be vertices of S such that z ~ y. Then
there is some g € G such that xg = y. On the other hand, as § is thick and its gonality is
at least 6, we can choose distinct vertices y; and y, such that z ~ y;,  ~ ya, y o4 y1, and
y % yo. By assumption, C' is transitive, and so there are ¢;, ¢y € C such that xc; = y;
and zce = Y. Then we obtain that y;9 = y2g = =, which is a contradiction, and so (iv)
is valid.

Finally, we verify (v). Suppose first that S is a generalized hexagon with order (s, ),
let x € P and let GG, denote the stabilizer in G of x. Since G is flag-transitive, G, must
be transitive on the ¢ + 1 lines that are incident with z and, in particular, |G,| > ¢ + 1.
Therefore, using the Orbit-Stabilizer Theorem and the inequality s < ¢ (see [7] and [19,
Theorem 1.7.2(ii)]),

Gl _
Gl

1P| = (14 s)(1+st+ ) < (1 +)(1+t*+15) <1+ <|G|M,

and the statement for hexagons follows. If S is a generalized octagon with order (s,t),
then, using the inequality s < ¢ (see [8] and [19, 1.7.2(iii)]), we obtain similarly that

G
||G “ =|Pl=(1+s)1+st)(1+s) < (1+)A+)(1+°) < (1 + )" <|GM,
and the statement for octagons also follows. 0

We note that a generalized hexagon or octagon is a self-dual structure, and so the dual
of a true statement is also true. For instance, taking the dual of statement (iv), we obtain
the following fact: if G is a line-transitive automorphism group of S, then Caus(G) is
intransitive on the lines. In this paper we do not state the dual of a each of the results,
but we often use the dual statements in our arguments.

We will also need the following group theoretic lemma. Recall that a group G is said
to be almost simple if it has a unique minimal normal subgroup 7" which is non-abelian
and simple. In this case, T' is the socle of G and the group G can be considered as a
subgroup of the automorphism group of 7' containing all inner automorphisms.

Lemma 3.3 (a) Let S be an almost simple group with socle T' and let H be a mazimal
subgroup of S such that T L H. Then Np(HNT)=HNT.
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(b) Suppose that Ty, ..., T} are pairwise isomorphic finite simple groups and, for i =
2,...,k, the map «; : Ty — T; is an isomorphism. Then the subgroup

D= {(t,as(t),...,as(t)) | t € T1}

1s self-normalizing in Ty X - -+ X T}.

PROOF. (a) If S and T are as in the lemma, then HNT <H. Hence H < Ng(HNT'). Note
that S can be considered as a primitive group acting on the right coset space [S : H] with
point-stabilizer H. Since the socle of such a primitive group is non-regular, we obtain
that HNT # 1. Hence H NT is a proper, non-trivial subgroup of 7', which cannot be
normal in S. Thus, since H is a maximal subgroup of S, we obtain that Ng(H NT) = H.
Hence Np(HNT)=Ng(HNT)NT =HNT.

(b) Let G =T, X --- x Ty, and let (t1,...,tx) € Ng(D). Then, for all t € Ty,
(t,a(t), ... ap(t) ) = (1 an(t) ... ay(t)™) € D.

Thus, for all i € {2,...,k}, we obtain that a;(t") = «;(t)%. Therefore t;a; ' (t;)7! €
Cr,(t). As this is true for all t € T}, we obtain that t;a; *(t;)™" € Z(Ty). As T} is a
non-abelian, finite, simple group, this yields that «;(t1) = t;. Hence (t1,...,t) € D, and
so Ng(D) = D. 0

4 Hexagons and Octagons with primitive automor-
phism group

The structure of a finite primitive permutation group is described by the O’Nan-Scott
Theorem (see [3, Sections 4.4-4.5] or [4, Section 4.8]). In the mathematics literature, one
can find several versions of this theorem, and in this paper we use the version that can,
for instance, be found in [1, Section 3|. Thus we distinguish between 8 classes of finite
primitive groups, namely HA, HS, HC, SD, CD, PA, AS, TW. A description of these
classes can be found below.

Recall that in a finite group G, the socle of G is the product of the minimal normal
subgroups in G and it is denoted by SocG. In fact, Soc G is the direct product of the
minimal normal subgroups of G. As a minimal normal subgroup of G is a direct product
of pairwise isomorphic finite simple groups, the socle of G is also the direct product of
finite simple groups.

Suppose that Gy,..., G} are groups, set G = G; X --- X Gy, and, for i € {1,... k},
let ¢; denote the natural projection map ¢; : G — G;. A subgroup H of G is said
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to be subdirect with respect to the given direct decomposition of G if ¢;(H) = G; for
1 = 1,..., k. If the G; are non-abelian finite simple groups then the G; are precisely
the minimal normal subgroups of G. In this case, a subgroup H is said to be subdirect
if it is subdirect with respect to the decomposition of GG into the direct product of its
minimal normal subgroups. If GG is a finite group then the holomorph Hol GG is defined as
the semidirect product G x AutG.

The O’Nan-Scott type of a finite primitive permutation group G can be recognized
from the structure and the permutation action of SocG. Let G < Sym{2 be a finite
primitive permutation group, let M be a minimal normal subgroup of G, and let w € €.
Note that M must be transitive on (2. Further, M is a characteristically simple group, and
so it is isomorphic to the direct product of pairwise non-isomorphic finite simple groups.
The main characteristics of G and M in each primitive type are as follows.

HA M is abelian and regular, Co(M) = M and G < Hol M.

HS M is non-abelian, simple, and regular; SocG = M x Cg(M) = M x M and G <
Hol M.

HC M is non-abelian, non-simple, and regular; SocG = M x Cg(M) = M x M and
G < Hol M.

SD M is non-abelian and non-simple; M, is a simple subdirect subgroup of M and
Ce(M) =1.

CD M is non-abelian and non-simple; M, is a non-simple subdirect subgroup of M and
Ce(M) =1.

PA M is non-abelian and non-simple; M, is a not a subdirect subgroup of M and
Mw 7é 1; Cg(M) = 1.

AS M is non-abelian and simple; Cg(M) = 1, and so G is an almost simple group.

TW M is non-abelian and non-simple; M, = 1; Cg(M) = 1.

We pay special attention to the groups of type AS. In this class, the group G has
a unique minimal normal subgroup which is non-abelian and simple. Therefore G is
isomorphic to a subgroup of AutT which contains all inner automorphisms. Such an
abstract group is referred to as almost simple. The next result shows that under certain
conditions a primitive automorphism group of a generalized hexagon or octagon must be
an almost simple group.



Theorem 4.1 If G is a point-primitive, line-primitive and flag-transitive group of auto-
morphisms of a generalized hexagon or octagon, then the type of G must be AS on both
the points and the lines. In particular, G, as an abstract group, must be almost simple.

Theorem 4.1 is a consequence of the following lemma.

Lemma 4.2 If G is a group of automorphisms of a generalized hexagon or octagon S =
(P, L, 1) then the following holds.

(i) If G is primitive on P then the type of G on P is not HA, HS, HC. Dually, if G is
primitive on L then the type of G on L is not HA, HS, or HC.

(ii) If G is flag-transitive and it is primitive on P then the type of G on P is not PA or
SD. Dually, if G is flag-transitive and it is primitive on L then the type of G on L
is not PA or SD.

(iii) If G is flag-transitive and it is primitive on both P and L, then the O’Nan-Scott
type of G on P and on L is not SD or TW.

PROOF. Let S and G be as assumed in the theorem. Suppose further that G is primitive
on P and let M be a fixed minimal normal subgroup of G. In this case, M =T} x--- x T},
where the T} are finite simple groups; let 7" denote the common isomorphism type of the
T;.

(i) As M is transitive on P, Lemma 3.2(iv) implies that C (M) must be intransitive.
Since Cg(M) is a normal subgroup of GG, we obtain that Cg(M) = 1. Hence the O'Nan-
Scott type of G on P is not HA, HS, HC. The dual argument proves the dual statement.

(ii) Assume now that G is flag-transitive and it is primitive on P. We claim that the
O’Nan-Scott type of G on P is not PA or CD. Assume by contradiction that this O’Nan-
Scott type is PA or CD. In this case P can be identified with the Cartesian product I'*
in such a way that G can be viewed as a subgroup of the wreath product H wrS, where
H is a primitive subgroup of SymI' and the projection of G into S, is transitive. Set
N = Soc H and let v € I'. We must have that N*, considered as a subgroup of H wrS,,
is a subgroup of G, and, in fact, N = SocG = M. Further, we have the following two
possibilities.

PA If the type of G is PA then the type of H is AS and we have that N 2 T,/ =k
and N, is a proper subgroup of V.

CD If the type of G is CD, then the type of H is SD, N =2 T where s > 2 and s = k//.
In this case, N, is a diagonal subgroup in N which is isomorphic to 7.
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Since H is primitive on I', the normal subgroup N must be transitive on I'. If v € T,
then H, is a maximal subgroup of H. Thus Lemma 3.3 implies that Ny(N,) = N,
(part (a) of the lemma applies in the PA case, and part (b) applies in the CD case).
Suppose that v, 0 € I" such that N, = Ns. Then there is n € N such that yn = ¢, and
(N,)" = Ns = N,. Hence n normalizes N,, and so n € N,, and we obtain that v = 4.
Therefore different points of I' must have different stabilizers in N.

Let a be an arbitrary element of I' and consider the point x € P represented by the
(-tuple (o, v, ..., ). We claim first that there exists a point y ~ x such that every entry
of the (-tuple representing y is equal to «, except for one entry. Indeed, let y be any
point collinear with x. Then, if the claim were not true, we may assume without loss of
generality that y is represented by (01, o, . ..), where 3; # a # 5. By the argument in
the previous paragraph, the stabilizers in N of o and 3; are distinct, and so there exists
g € N, such that 3] := 519 # 1. Put g = (g9,1n,1n,...,1x) (¢ factors) and y' = 3.
Let h € Ng, be such that o/ := ah # a (such an h exists by the argument in the previous
paragraph). Put h = (1x,h, 1y, 1y, ..., 1y) (¢ factors), and put 2’ = zh. Then 2’ # z,
and both y and v’ are fixed under h. Since y ~ z ~ y/, we deduce y ~ ' ~ y'. This
implies (because the gonality of S is at least 5) that z, 2/, y, v’ are incident with a common
line. But all entries, except the second, of 2’ are equal to o. Thus our claim is proved.

So we may pick y ~ x with y = (5, a,,...,a) (¢ entries) and [ # a. By the flag-
transitivity, there exists g € G, mapping y to a point not collinear with y. There are two
possibilities.

(a) We can choose g such that the first entry of yg is equal to a.

(b) For every such g, the first entry of yg differs from «.

In case (a), as x = (a,...,a) and g € G, we may suppose without loss of generality
that v := yg = (o, #,v,..., ). Choose h,h' € N such that ah = 3, and ah’ = (.
Put h = (h,1y,...,1y) and n = (1x,h,1n,...,1y). Then h and 1 commute and
Lemma 3.2(iii) implies that z = zhh'. Hence a = B = (3, a contradiction.

In case (b), we consider an arbitrary such g and put z = yg. Also, consider an arbitrary
g € G, not preserving the first component of I' x I' x --- x I'. By assumption, yg’ is
incident with the line through x and y, and we put 2’ = yg’. If we now let y and ¢’ in the

previous paragraph play the role of z and 2/, respectively, of the present paragraph, then
we obtain a contradiction again.

Thus we conclude that the type of G on P is not PA or CD and the dual statement
can be verified using the dual argument.

(iii) Suppose that S is a generalized hexagon or octagon and G is a group of automor-
phisms such that G is flag-transitive and G is primitive on P and L of type either SD or
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TW. First we claim that S must be a generalized hexagon and ged(s,t) = 1. If Sis a
generalized octagon with order (s,t), then either |P| or |£| must be odd. However, the
degree of a primitive group with type SD or TW is the size of a minimal normal subgroup,
which is even, as it is a power of the size of a non-abelian finite simple group. Therefore
S must be a hexagon as claimed. Assume now by contradiction that ged(s,t) # 1 and
consider the subgroup 7 of the socle M. Since G is either SD or TW on P and also on
L we have that T} is semiregular on both P and on £. However, as 77 is a non-abelian
finite simple group, 77 has even order, and this is a contradiction, by Lemma 3.2(ii).

So we may suppose for the remainder of this proof that & is a generalized hexagon
with parameters (s, t) such that ged(s,t) = 1. Note that the number of lines is (t+1)(1+
st+s2t?), and the number of points is (s+1)(1+ st +s%2). If G has the same O’Nan-Scott
type on the set of points and the set of lines, then |P| = |£|, which implies s = ¢. Since
ged(s,t) = 1, this is impossible, and we may assume without loss of generality that the
type of G is SD on P and it is TW on £. Hence |P| = (s + 1)(1 + st + s*?) = |T|*"! and
L] = (t+1)(1 + st + s*t?) = |T'|*. Thus |T| = (t+1)/(s+1) and so t = s|T| + |T| — 1.

We digress in this paragraph to show that the order of the non-abelian finite simple
group T is divisible by 4. It seems to be well-known that this assertion follows immediately
from the Feit-Thompson Theorem which states that |T| is even. The following simple
argument was showed to us by Michael Giudici in private communication. Recall that the
right-regular representation g of 7' is a homomorphism from 7" to Sym T that maps t € T
to the permutation o(t) € SymT where o(t) is defined by the equation xp(t) = =t for all
x € T. Tt is easy to see that o(T) is a regular subgroup of Sym T’; that is o(T) is transitive,
and, for all t € T\ {1}, o(t) has no fixed-points. Now o(7") = T and o(T) N AltT is a
normal subgroup of o(7") with index at most 2. Thus o(T) < Alt T, and so every element
of o(T') is an even permutation on 7. By the Feit-Thompson Theorem referred to above,
we have that T contains an involution g. Since p(g) is also an involution, it must be
the product of disjoint transpositions. As o(g) is an even permutation, the number of
transpositions in p(g) must be even. Further, as o(g) has no fixed-points, every element
of T must be involved in precisely one of these transpositions. This implies that 4 | |T],
as claimed.

We now continue with the main thrust of the proof. In order to derive a contradiction,
we show that the equations for s, t and |T| above imply that 4 1 |T'|. Indeed, note that
st is a square, and so, as ged(s,t) = 1, we have that ¢ must be a square. If 4 divides |T|
then t = s|T|+|T|—1 = 3 (mod 4). However, 3 is not a square modulo 4, which gives the
desired contradiction. Hence, in this case, G cannot be primitive with type SD or TW. [J

The reader may wonder whether it is possible for an abstract group G to have two
faithful primitive permutation actions, one with type TW and one with type SD. Gross
and Kovécs in [6] show that if G is a twisted wreath product of A; and Ag where the
twisting subgroup in Ag is isomorphic to As, then G is isomorphic to the straight wreath
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product Aswr Ag. Hence in this case G can be a primitive permutation group of type TW
and also of type SD.

Now we can prove Theorem 4.1.

PROOF OF THEOREM 4.1. Suppose that G is a point-primitive, line-primitive and flag-
transitive group of automorphisms of a generalized hexagon or octagon. Using parts (i)—
(iii) of Lemma 4.2, we obtain that the type of G on both the points and lines must be
AS. In particular GG, as an abstract group, must be almost simple. O

5 Hexagons and octagons with an almost simple au-
tomorphism group

In this section we prove the following theorem.

Theorem 5.1 If S is a generalized hexagon or octagon and G is a flag-transitive and
point-primitive automorphism group of S, then G is not isomorphic to an alternating or
symmetric group with degree at least 5.

Our strategy to prove Theorem 5.1 is to show that a maximal subgroup of an alter-
nating or symmetric group cannot be a point-stabilizer. To carry out this strategy, we
need some arithmetic results about the maximal subgroups of A,, and S,,.

Lemma 5.2 Ifn € N and n > 107 then

n12+12Uog2 n| < n|/2 (1)

PROOF. Checking the numbers between 107 and 208, we can see that (1) holds for all
n € {107,...,208}. So suppose without loss of generality in the remaining of this proof
that n is at least 209. The Stirling Formula gives, for each n > 1, that there is 9,, € [0, 1]
such that n! = (n/e)"v/2mne’/127) (see [10, Theorem 2, Chapter XII]), which gives that
(n/e)® < n!/2. We claim that n™2 < (n/e)” for n > 8. Easy calculation shows that the
inequality holds for n = 8. We assume that it holds for some n and prove by induction
that it holds for some n + 1. Let us compute that

((n+ 1)<n+l>/2)2 _ (e pmtt (n+1) (n—i— 1)"

nn/? nn n

and

(n/e) nr n

(((n - 1>/e>"“>2 (A S (e
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This shows that
(n+ 1)(”“)/2 o ((n+ 1)/6)"Jrl
nn/2 ~ (n/e)n

and the assumption that n™? < (n/e)" gives the claimed inequality for n + 1. Therefore
it suffices to show that n!?t12les2n) < /2 and, in turn, we only have to show that
12 + 12logyn < n/2 for n > 209. Again, easy computation shows that the inequality
holds for n = 209. Since x — 12 + 12log, « is a concave function and x +— x/2 is a linear
function, the inequality must hold for all n > 209. 0

Lemma 5.3 Suppose that G is an alternating or symmetric group with degree n (n > 5)
and H is a primitive and mazimal subgroup of G such that |H|'*> > |G|. Then G and H
must be as one of the groups in the table of Appendix A.

PROOF. Suppose that H is a primitive and maximal subgroup of GG. Using the classifi-
cation of maximal subgroups of the alternating and symmetric groups [11] and Maroti’s
Theorem [13, Theorem 1.1}, we have that one of the following must hold:

(1) n = k* for some k > 5 and £ > 2 and H is permutationally isomorphic to (S wr Sy)N
G in product action;

(2) G is isomorphic to M,, for n € {11,12,23,24} in its 4-transitive action;

(3) |G‘ < pltlogan]

Suppose that case (1) is valid and let H be permutationally isomorphic to the group
(S wrSy) NG in product action for some k£ > 5 and ¢ > 2. Then we obtain that

‘H|12 < (k!)12£ . (£|)12

We claim that (k)26 . (¢)12 < (k9)!/2 except for finitely many pairs (k, /). First note
that all primes p dividing (k!)!* - (£1)12 will also divide (k‘)!/2. For an integer z, let |z|,
denote the largest non-negative integer « such that p®|z. It suffices to show that, there
are only finitely many pairs (k,¢) such that |[(k1)'2 - (¢1)12|, > |(k%)!/2],, where p is an
arbitrary prime which is not greater than max{k, ¢}. It is routine to check that if x is an
integer then

2|z >z T 1 x P x
], = gy =2y =2 F o . 2
i ;{p“J ;pu p;pu p p—1 p—1 @
Hhus k 0 1206+ 120 240k +24¢
[(B1)2- ()], < 120—— + 12 = i < i
p—1 p—1 p—1 p
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Clearly, ¥ > 8. Further, as k > 5, £ > 2, and p < max{k,(}, we obtain that p* < k’.
Hence we obtain from the first equality in (2) that

k,é
0)1/21y >

Routine computation shows that the set of pairs (k, /) for which £ > 5 and ¢ > 2 and
240k + 240 > k' is {5,...,48} x {2} U {5,...,8} x {3}. Then checking finitely many
possibilities it is easy to compute that (k)12 . (¢1)*2 > (k%)!/2 if and only if (k,I) €
{5,...,10} x {2}. In particular, the degree of H is at most 100.

(2) Easy computation shows that |M,|'? > n!/2 for n € {11, 12,23, 24}.

(3) Lemma 5.2 shows that if n > 107 then n'?*12lle2nl < pn1/2. Hence if n > 107
and H is a maximal subgroup of A, or S, which is as in part (3) of the theorem, then
|H|'? < n!/2. Thus, in this case, the degree of H must be at most 106.

Summarizing the argument above: if H is a primitive maximal subgroup of G such
that |H|'? > |G| then the degree of H is at most 106. It remains to prove that H must be
one of the groups in the table in Appendix A. Various classifications of primitive groups
of small degree can be found in the literature; for convenience we use the classification
by Roney-Dougal [15], as it can be accessed through the computational algebra system
GAP [17]. In what follows we explain how we obtained the table in Appendix A using
the GAP system. First, for a fixed n € {5,...,106}, let P, denote the list of of primitive
groups with degree n. For H € P, we check whether or not H < A,. Then we check
whether |H|'? > |G| where G is either A, (if H < A,) or S,, (otherwise). If H satisfies
this condition then we keep it in P,, otherwise we erase it from P,. The next step
is to eliminate those groups which are clearly not maximal subgroups in A, or S,. If
H,, Hy € P, such that H;, Hy <A, and H; < H, then H; is erased from P,. Similarly,
if Hy, Hy £ A, such that H; < H,, then H; is thrown away. We do this calculation for
all n € {5,...,106} and the subgroups H that we obtain are in Appendix A. O

Let us note that Lemma 5.3 is not an “if and only if” statement. Indeed, the table
in the appendix may be redundant in the sense, that a subgroup in the table may not be
maximal in A,, or S,,.

Let us now prove Theorem 5.1.

PROOF OF THEOREM 5.1. Suppose that S = (P,L,I) is a generalized hexagon or
octagon and G is a point-primitive, flag-transitive automorphism group of § such that G
is isomorphic to A, or S,, with some n > 5. By Buekenhout and Van Maldeghem [2], we
may assume that n > 14. Let x € P. Then G,, as a subgroup of S,,, is either intransitive,
or it is transitive and imprimitive, or it is primitive. We consider these three cases below.
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G, is intransitive. Here, G, is the stabilizer in G of a partition of the underlying
set into two blocks, one with size k and one with size ¢, where k + ¢ = n, k # (. Let
us also allow here the case when k£ = /£, though in this case G, may not be intransitive.
Assume without loss of generality that £ < . Then GG, contains a subgroup isomorphic to
(A xA;) xCy. Hence the points of S can be labelled with the subsets of {1,2,...,n} of size
k. We may label z as {1,2,...,k}. Let k; < k be maximal with the property that there
is a point y of S collinear with = and the label of y intersects {1,2,...,k} in k; elements.
Without loss of generality, we may assume that y ~ x has label {1,2,... ki, k+1,...,2k—
ki1}. First suppose that ky = k — 1. Note that, since the permutation rank of G is at
least 4, we may assume k > 3. By transitivity of G, on {1,2,...,k}, and by transitivity
of the pointwise stabilizer of {1,2,... &k} on the complement {k + 1,k +2,...,n}, every
point with a label sharing exactly k — 1 elements with {1,2,... k} is adjacent with z.
An arbitrary element g of G, now maps y onto a point ¢ with label, without loss of
generality, either {1,2,... )k — 1,k +2} or {2,3,...,k,k+ 1} or {2,3,...,k,k+2}. In
the first two cases ¥’ is collinear with y. Since, by flag-transitivity, we can choose g such
that it does not preserve the line xy, and hence does not map the point y onto a collinear
point, we may assume that the point ¢’ with label {2,3, ..., k, k4 2} is not collinear with
y, and hence has distance 4 to y (in the incidence graph). But now the automorphism
(1k+1)(k k+2) (if ¥ = k+1) fixes both y and ¢/, but not x = yxy”. Hence k; < k— 1.

Now the automorphism (k — 1 k)(k + 1 2k — k1 + 1) belongs to G, and maps y to
a point z whose label shares k — 1 elements with y. Hence z cannot be collinear with y
(otherwise, mapping y to z, the image of z produces a point with a label contradicting
the maximality of k; which is less than k& — 1). On the other hand, z is collinear with
x. If ky > 0, then the automorphism (1 k + 2)(k — 1 k) belongs to G, preserves y and
z, but not x = yxz. Now suppose that £y = 0. If 2k + 1 < n, then the automorphism
(1 2k+2)(2 3) fixes y and z, but not z = yxz, a contradiction. If 2k+1 = n, then, by the
maximality of ki, and the transitivity of A, we see that there are precisely k + 1 points
collinear with x on which G, acts 2-transitively. This easily implies that either s = 1 or
t = 0, either way a contradiction.

G, 1s imprimitive. Here G, is the stabilizer of a partition of the underlying set into
¢ blocks each with size k. Let x be a point of S, which we may assume without loss
of generality to correspond to the partition of {1,2,...,n} into ¢ subsets of size k given
by {ik + 1,ik + 2,...,ik + k}, 0 < i < £. We may assume that ¢ > 2, the case { = 2
being completely similar to the intransitive case, as noticed above. (If £ = 2 then, as the
number of point is greater that 4, we may also assume that k£ > 3).

We first claim that there is some point y ~ x such that y corresponds to a parti-
tion sharing at least one partition class with x (we will identify the points with their
corresponding partition). Let y be any point collinear with x and suppose that y has
no partition class in common with x. If £ = 2, then ¢ > 6 and so the automorphism
(1 2)(3 4) destroys at most 4 classes of y, while it fixes . Hence the image z of y has at
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least three classes {i1, 12}, {43, 44}, {i5, 96} in common with y, and therefore we may assume
that y ¢ z. The group generated by (i1 i2)(i3 i4), (i1 ?3)(i2 i4) and (iy i5)(iz ig) fixes both
y and z but cannot fix z, a contradiction. Suppose now k£ > 2. Then the automorphism
(1 2 3) destroys at most 3 classes of y and maps y to a point z sharing at least £ —3 classes
with y. This is at least one if £ > 3. If £ = 3, then k > 3 and hence some class of y shares
at least two elements with some class of z. Without loss of generality, we may assume
that 1,2 are in some class of y and hence the automorphism (1 2 3) destroys at most two
classes of y, resulting in the fact that z shares at least one class with y again. Let this
common class be given by {iy, iz, i3, ...}, where we may suppose without loss of generality
that i1,12,43 do not belong to a common class of . The automorphism (i; iy i3) fixes
both y and z, but not z = yxz, a contradiction. Our claim is proved.

Now let /1 be maximal with respect to the property that there exist two collinear
points sharing ¢; classes. By the foregoing, ¢; > 0, and we may assume that the class
{1,2,...,k} belongs to the point y ~ x. Suppose that {; < ¢ —2. In particular, it follows
from our assumptions that ¢ > 4. It also follows from our assumptions that there is
a transposition (j; j2) fixing z and not fixing y. Hence the automorphism (1 2)(j; js)
preserves x and maps y to a point z sharing ¢ — 2 classes with y. By the maximality of
(1, we see that y o z. Also, y and z contain a common class which is not a class of z. So
there exist elements j3, j4 contained in a common class of both y and z, but belonging to
different classes of . The automorphism (1 2)(js j4) fixes y and z, but not * = yxz, a
contradiction. We have shown that ¢; = ¢ — 2, and this now holds for all ¢ > 3.

Now let k; be the maximal number of elements in the intersection of two distinct
classes of two collinear elements sharing ¢ — 2 classes. Note that k; > k/2 > 0. First
we show that k1 < £ — 1. So we assume by way of contradiction that k4 = k — 1. By
transitivity of GG, every point with a partition sharing ¢ — 2 classes with x and for which
the distinct classes share k — 1 elements, is collinear with z. By flag-transitivity and
thickness, at least two such points ¢/, y” are not collinear with y. If the different classes of
y' (compared with the classes of x) are the same as those of y, then, for k£ > 2, the same
arguments as in the intransitive case lead to a contradiction. For k = 2, 3" does not have
this property (since there are only three points with ¢ — 2 given partition classes), and we
switch the roles of ¢’ and y” in this case. So ¢’ differs from y in three or four classes. We
distinguish between two possibilities.

(1) y and y' differ in exactly three partition classes. We may assume that y contains
the classes {1,2,...,k—1,k+1} and {k,k+2,k+3,...,2k} (and the other classes coincide
with classes of ). Without loss of generality, there are two possibilities for /. Either ¢’
contains the classes {1,2,...,k—1,2k+ 1} and {k,2k +2,2k+3,...,3k} (and the other
classes coincide with classes of x), or ¥ contains the classes {1,2, ..., k—2,k,2k+ 1} and
{k—1,2k+ 2,2k + 3,...,3k} (and the other classes coincide with classes of x). In the
first case the automorphism g = (kK + 1 2k + 1 k) maps y onto ¢/, and ¥’ onto a point
collinear with x. Since 3¢ is not collinear with yg = v’, we see that g must preserve
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yxy = ygxy'g = x. But it clearly does not, a contradiction. In the second case the
automorphism (k — 12k + 1)(k k + 1) interchanges y with ¢, but does not fix z = yxy/,
a contradiction.

(2) Hence y and y' differ in four partition classes. We take y as in (1), and we can
assume that y’ contains the classes {2k+1,2k+2,...,3k—1,3k+1} and {3k, 3k +2,3k+
3,...,4k}. Now the automorphism (k k4 1) (3k 3k + 1) interchanges y with 3’ without
fixing x = yxy/’, a contradiction.

Hence we have shown k; < k — 1. But now the rest of the proof is similar to the last
paragraph of the intransitive case, where the subcase k1 = 0 cannot occur. We conclude
that G, is primitive on {1,2,...,n}.

G, is primitive. By Lemma 3.2(v), |G| < |G,|"?, and so Lemma 5.3 implies that G
and G, must be in the table of Appendix A. Set u = |P| = |G : G,| and let a(u) and
b(u) be the quantities defined before Lemma 3.1. Then Lemma 3.1 implies that if S is a
hexagon then a(u)® < u and, if S is an octagon, then b(u)? < u. For each pair (G, G,)
in Appendix A, one can compute using, for instance, the GAP computational algebra
system, the quantities u, a(u), and b(u). The computation shows that a(u)® > u and
b(u)? > u holds in each of the cases. The computation of a(u) and b(u) are presented in
Appendices B and C. Therefore none of the groups in Appendix A can occur, and so we
exclude this case as well.

Thus G cannot be an alternating or symmetric group. 0
Now we can prove our main theorem.

PROOF OF THEOREM 2.1. Suppose that S and G are as in the theorem. Then Theo-
rem 4.1 implies that G must be an almost simple group. Let T' denote the unique minimal
normal subgroup of G. Note that T is a non-abelian simple group. By [2]|, T' cannot be a
sporadic simple group, and by Theorem 5.1, T" cannot be an alternating group. Thus T
must be a simple group of Lie type and G must be an almost simple group of Lie type. [

6 Directions of future work

Now that Theorem 2.1 is proved, the next step in the full classification of generalized
hexagons and octagons satisfying the conditions of Theorem 2.1 is to treat the class of
almost simple groups of Lie type. It is not our intention to be as detailed as possible
regarding these groups, as we think the only worthwhile job now is to complete the
classification in full. We noted in the proof Lemma 4.2 that in a generalized octagon
either the number of points or the number of lines is odd. Therefore it is meaningful
to investigate which almost simple groups of Lie type with odd degree can occur in
Theorem 2.1. Another possible task is to use Lemma 3.2 to characterize the case when
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the parameters are not co-prime. We conclude this paper by presenting a couple of
examples to illustrate that Lemmas 3.1 and 3.2 can be used, to some extent, in this
direction. However, our examples also show that a complete treatment of these groups is
beyond the scope of this paper and will probably require new ideas.

Let us assume that G is an almost simple group of Lie type with socle T" and that
G is a group of automorphisms of a generalized hexagon or octagon S = (P, L) acting
primitively both on the point set and on the line set, and transitively on the set of flags.
Suppose, in addition, that the number |P| of points is odd and let = be a point. The
possibilities for 7" and the point stabilizer T, can be found in [9, 12]. One possibility, for
instance, is that ¢ = 3?1 with some m > 1, T = 2Gy(q) and |T}| = q(¢* — 1). We claim
that it follows from our results that this case cannot occur. Note that |P| = ¢*(¢*> —q+1).
If S is a hexagon, then Lemma 3.1 implies that a(¢*(¢> —q +1))* < ¢*(¢> — ¢ + 1) (the
function a is defined before Lemma 3.1). However, a(¢?(¢*> — ¢ + 1))3 > 3'2™%3 which
would imply that 3'27+3 < 3%m+4 which does not hold for m > 1. Thus such a hexagon
does not exist, and similar argument shows that neither does such an octagon.

Another case is that T = Fy(q), |Tx] = ¢*%(¢*> — 1)(¢* — 1)(¢® — 1)(¢® — 1), and so
IP| = ¢®(¢® + ¢* +1). Computer calculation shows that among the prime-powers that
are smaller then 10%, there are 626 values of ¢ such that a(|P])® < |P|, and there are 625
such values with b(|P|)? < |P|. Therefore Lemma 3.1 cannot directly be used to exclude
this case.

We conclude this paper with an example that shows how Lemma 3.2 may be applied.
Let § = (P, L) be as above and let us assume that the parameters s and ¢ of S are
not co-prime. By Lemma 3.2(ii), an involution in G either fixes a point or fixes a line.
Now if GG is isomorphic to A,, or S,, with some n > 5, then, by possibly taking the dual
polygon, we may assume that a double transposition (in the natural representation of i)
is contained in a point stabilizer GG,. Therefore, as a subgroup of S,,, G, has minimal
degree at most 4 (see [4, page 76] for the definition of the minimal degree). Now if G,
is primitive then [4, Example 3.3.1] shows that n < 8, and hence G is ruled out by [2].
This argument shows that under the additional condition that ged(s,t) # 1, the proof of
Theorem 5.1 can be significantly simplified.
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Appendix A Table 1

The following table contains the primitive maximal subgroups H of A, and S, (n > 5)
such that |H|'? < n! and |H|'? < n!/2 if H < A,. Note that the table may contain
non-maximal subgroups; see the remarks at the end of the proof of Lemma 5.3. The table
was automatically generated from a GAP output, and so the notation follows the GAP

system.

C(B) < Ap
PGL(2,5) < Sg
ASL(3, 2) < Ag

PGammaL(2, 8) < Ag
s(5) < S1o
AGL(1, 11) < Sq1
PGL(2, 11) < Sy2
PSL(2,13) < Aqy

17:8 < Arr
PGL(2,17) < S138

PGL(2,19) < Sa9

S(7) < Sa21

23:11 < Agg
PSL(2, 23) < Agg
AGL(2, 5) < Sa25
ASL(3, 3) < Aoy

PGammaU(3, 3) < Agg

PGammaL(2, 27) < Sog
PGL(2,29) < S30
ASL(5, 2) < A3zz

S(8) < Ass

A(9) < Azg
PSL(2,37) < Asg
PSL(4, 3) < Aygo
PGL(2,41) < Syo

PSp(4, 3):2 < Syus
A1t(11) < Agp
AGL(6, 2) < Agg

A1t(9)°2.2°2 < Agy

D(2x5) < As
7:3 < Ay
PSL(2, 7) < Ag
AGL(2, 3) < Sg
PGammaL(2, 9) < Sig
M(11) < Agg
13:6 < A13
PGL(2,13) < S14
L(2, 2°4):4 = PGammaL(2, 2°4) < Ay
19:9 < Ajg
A(7) < A2y
PGammaL (3, 4) < Sai
M(23) < Ag3
PGL(2, 23) < Sog
(S(8) x 5(8)):2 < Sa5
PSp(4, 3):2 < Aoy
PSp(6, 2) < Agg
29:14 < Agg
L(3, 5) < Az1
PSL(2, 31) < Asz
PGammaU(3, 3) < Azg
S(9) < S36
PGL(2,37) < S3g
PSp(4, 3):2 < Sy
PSL(2,43) < Agy
(A7) x A(7)):4 < Ay
Sym(11) < Ss5
Sym(8) wreath Sym(2) < Ags
Sym(9) wreath Sym(2) < Sgi

AGL(1, 5) < S5
L@3, 2) < A7
PGL(2, 7) < Sg
A(B) < Ao
11:5 < Agq
M(12) < Ao
L(@3, 3) < Ais
PSL(4, 2) < As
AGL(1, 17) < Si7
AGL(1, 19) < Sig
PGL(3, 4) < Ao
M(22) < Ago
AGL(1, 23) < Sa3
ASL(2, 5):2 < Azs
PSigmaL(2, 25) < Agg
AGL(3, 3) < Sa7
S(8) < Agg
AGL(1, 29) < Sg9
L(5, 2) < A3
PGL(2, 31) < Sz2
PSp(4, 3):2 < Azg
(S(6) x S(6)):2 < Szg
PSp(4, 3):2 < Ay
PGL(4, 3) < Sy40
PGL(2,43) < S44
(S(7) x 8(7)):2 < Sa9
PSL(3, 7).3 < As7
sym(12) < Agg
Sym(10) wreath Sym(2) < Sjpo

PSL(2,5) < Ag
AGL(1, 7) < S7
372:(2°A(4)) < Ag
M(10) < Ajo
M(11) < Apg
PSL(2, 11) < Ajg
AGL(1, 13) < S13
2°4.PSL(4, 2) < Ag
PSL(2,17) < Agg
PSL(2,19) < Agg
PGL(2, 7) < Sa21
M(22):2 < Sa2
M(24) < Agy
(A(B) x A(5)):2°2 < Ags
PGammaL(2, 25) < Sag
PGammaL(2, 8) < Agg
PSL(2, 27):3 < Aog
PSL(2,29) < Azg
AGL(1, 31) < Sz
PGammaL(2, 32) < Ass
PSp(6, 2) < Azg
(S(5) x S(5)):2 < Sz
PSp(4, 3) < Ago
PSL(2,41) < Ago
S(10) < Ags
PSU(3, 5):2 < Asp
PSL(6, 2) < Ags
Sym(13) < S7g
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Appendix B Table 2

The following table contains the values of v and a(u) where u = |G : H|, G and H are
as in Appendix A, and degG = deg H > 14. One can read off that in each of the cases
a(u)?® > wu, which implies that G cannot be an automorphism group of a flag-transitive
generalized hexagon with point stabilizer H. See the proof of Theorem 5.1.

PSL(2,13) < A1g
a(u)® ~ 6.86 - 1018
u A 3.99 - 107

PGL(2,13) < Si14
a(u)® ~ 6.86 - 1018
uw A 3.99 - 107

PSL(4, 2) < A1s
a(u)® ~ 1.67 - 10%°
uw A 3.24-107

2°4.PSL(4, 2) < Agg
a(u)® ~ 1.67 - 10%°
uw A 3.24 107

17:8 < Ayr
a(u)® =~ 3.20 - 1026
w A 1.30 - 1012

L(2, 2°4):4 = PGammaL(2, 2°4) < Aj7
a(u)® ~ 1.85 - 1020
uw A 1.08 - 1010

AGL(1, 17) < Sy7
a(u)® ~ 3.20 - 1026
w A 1.30 - 1012

PSL(2,17) < Agg
a(u)® ~ 3.20 - 1026
w A 1.30 - 1012

PGL(2,17) < Sig
a(u)® ~ 3.20 - 1026
w A 1.30 - 1012

19:9 < Ajg
a(u)® ~ 6.44 - 1033
w A 3.55 - 101

AGL(1, 19) < Sio
a(u)® ~ 6.44 - 1033
uw A 3.55- 101

PSL(2,19) < Agg
a(u)® ~ 6.44 - 1033
w A 3.55 - 101

PGL(2,19) < Sap
a(u)® ~ 6.44 - 1033
u A 3.55 1014

A < Agy
a(u)® ~2.17 - 1034
w A 1.01 106

PGL(3, 4) < Aoy
a(u)® =~ 1.57 - 1030
uwA 42210

PGL(2, 7) < So1
a(u)® ~ 7.34 - 10%7
uw A~ 1.52-10'7

S(7) < Sa1
a(u)® ~ 2.17 - 1034
w A 1.01 - 1016

PGammaL (3, 4) < Saj
a(u)® =~ 1.57 - 1030
uw A 4.22 1014

M(22) < Aga
a(u)® ~ 4.25 - 1031
w A 1.26 - 10'°

M(22):2 < So2
a(u)® ~ 4.25 - 1031
w A 1.26 - 10'°

23:11 < Agg
a(u)® ~ 8.12 - 1042
u = 5.10 - 1019

M(23) < Ag3
a(u)® ~ 4.25 - 1031
w A 1.26 - 101°

AGL(1, 23) < Sa3
a(u)® ~ 8.12 - 10%?
uw = 5.10 - 1019

M(24) < Agg
a(u)® ~ 4.25 - 1031
w A 1.26 - 10'°

PSL(2, 23) < Aoy
a(u)® ~ 8.12 - 1042
u = 5.10 - 1019

PGL(2, 23) < Saoy4
a(u)® ~ 8.12 - 10%?
w A 5.10 - 101°

ASL(2, 5):2 < Aas
a(u)® ~ 1.31 - 10%7
u = 1.29 - 102!

(A(5) x A(5)):272 < Agp
a(u)® ~ 9.51 - 1045
uw A 5.38 - 1020

AGL(2, 5) < Sa5
a(u)® ~ 1.31 - 107
u = 1.29 - 102!

(S(5) x S(5)):2 < Sop
a(u)® =~ 9.51 - 10%°
uw = 5.38 - 1020

PSigmaL(2, 25) < Agg
a(u)® ~ 1.31 - 10%°
u =~ 1.29 - 1022

PGammaL (2, 25) < Sog
a(u)® ~ 1.31 - 10°Y
w A 1.29 - 10%2

ASL(3, 3) < Aay
a(u)® ~ 2.81 - 10°!
u = 3.59 - 1022

PSp(4, 3):2 < Aa7
a(u)® ~ 3.21 - 10%9
w A 1.05 - 1023

AGL(3, 3) < Sa7
a(u)® ~ 2.81 - 10%!
u =~ 3.59 - 1022

PGammaL (2, 8) < Ag
a(u)® ~ 2.84 - 10°
w A 1.00 - 1026

0000

PGammaU(3, 3) < Aagg
a(u)® ~ 5.54 - 10°°
u = 1.26 - 10%°

PSp(6, 2) < Agg
a(u)® ~ 3.21 - 10%°
w A 1.05 - 1023
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S(8) < Asg
a(u)® ~ 1.49 - 10%4
u = 3.78 - 10%4

PSL(2, 27):3 < Aog
a(u)® ~ 8.41 - 10°7
wa 5.17 -10%4



PGammaL (2, 27) < Sog
a(u)® ~ 8.41 - 10°7
w R 5.17 - 10%4

29:14 < Agg
a(u)® ~ 3.57 - 1054
w = 1.08 - 1028

AGL(1, 29) < Sag
a(u)® ~ 3.57 - 1064
u = 1.08 - 1028

PSL(2,29) < Agzg
a(u)® ~ 3.57 - 1064
u = 1.08 - 1028

PGL(2,29) < S3o
a(u)® ~ 3.57 - 1064
u = 1.08 - 1028

L(3, 5) < A3p
a(u)® ~ 1.09 - 1062
w = 1.10 - 1028

L(5, 2) < A3g
a(u)® ~ 1.92 - 1090
u~ 4.11 - 1026

AGL(1, 31) < Sgz1
a(u)® ~ 5.58 - 1070
u = 8.84 - 1030

ASL(5, 2) < Ags
a(u)® ~ 1.92 - 1090
w = 4.11 - 1026

PSL(2, 31) < Agz
a(u)® ~ 5.58 - 1070
u = 8.84 - 1030

PGL(2, 31) < Sgo
a(u)® ~ 5.58 - 1070
u = 8.84-10%°

PGammaL (2, 32) < A3s
a(u)® ~ 1.50 - 1072
u = 2.65 - 103!

S(8) < Ass
a(u)® ~ 5.70 - 1078
wa 1.28 - 103°

PGammaU(3, 3) < Asg
a(u)® ~ 9.86 - 1054
w = 1.53 1037

PSp(4, 3):2 < Agzg
a(u)® ~ 3.65 - 1080
u = 3.58 - 1036

PSp(6, 2) < Asg
a(u)® ~ 5.70 - 1078
u = 1.28 - 103°

A(9) < Aszg
a(u)® ~ 2.92 - 1081
w = 1.02 - 1036

S(9) < S36
a(u)® ~ 2.92 - 1081
w = 1.02 - 1036

(S(6) x (6)):2 < S36
a(u)® ~ 3.65- 1077
u = 3.58 - 1035

(8(5) x S(5)):2 < S36
a(u)® ~ 1.70 - 1082
uw e 1.29 - 1037

PSL(2,37) < Asg
a(u)® ~ 8.72 - 1090
uwa 1.03 - 1040

PGL(2,37) < S3s
a(u)® ~ 8.72 - 1090
uw A~ 1.03 - 1040

PSp(4, 3):2 < Ayg
a(u)? ~ 5.05 - 1087
u A 7.86 - 1042

PSp(4, 3) < Agp
a(u)® ~ 4.04 - 1088
uw A 1.57 - 1043

PSL(4, 3) < Ago
a(u)® ~ 6.92 - 1084
uw A 6.72 - 1040

PSp(4, 3):2 < Syo
a(u)® ~ 4.04 - 1088
w A 1.57 - 1043

PGL(4, 3) < S40
a(u)® ~ 6.92 - 1034
u A 6.72 - 1040

PSL(2,41) < Ayo
a(u)® ~ 8.79 - 1097
u A 2.03 - 1046

PGL(2,41) < S42
a(u)® ~ 8.79 - 1097
u A 2.03 - 1040

PSL(2,43) < Agy
a(u)® ~ 3.87 - 10107
uw A 3.34 - 10%°

PGL(2,43) < Sg4
a(u)® ~ 3.87 - 10107
u A 3.34 - 10%°

S(10) < Ays
a(u)® ~ 5.83 . 10101
u A 1.64 - 10%°

PSp(4, 3):2 < Sys
a(u)® ~ 4.66 - 1019°
w A 2.30 - 10°1

(A x AT :4 < Ago
a(u)® ~ 6.52 - 10116
w A 1.19 - 10°°

(S(7) x S(7)):2 < Sa9
a(u)® ~ 6.52 - 10116
uw A 1.19 - 10°°

PSU(3, 5):2 < Asg
a(u)® ~ 2.43 - 1012°
uw A~ 6.03 - 10°8

A1£(11) < Ass
a(u)® ~ 1.62 - 10142
uw A 3.18 - 1090

sym(11) < Ss5
a(u)® ~ 1.62 - 10142
uw A 3.18 - 1090

PSL(3, 7).3 < Asy
a(u)? ~ 8.06 - 10156
u & 3.59 - 1099

PSL(6, 2) < Ag3
a(u)® ~ 1.12 - 10164
uw A 4911076

AGL(6, 2) < Ags
a(u)® ~ 1.12 - 10164
uw A 4.91-1076

Sym(8) wreath Sym(2) < Agyg
a(u)® ~ 2.35 - 10167
uwa1.95-107°

sym(12) < Agg
a(u)® ~ 7.71 - 10174
u A 5.68 - 1083

Sym(13) < S7s
a(u)® ~ 5.28 - 10214
wa 1.81.1010%

Alt(9)°2.272 < Agg
a(u)® ~ 2.97 - 10220
uw A 2.20 - 10109

Sym(9) wreath Sym(2) < Sgi
a(u)® ~ 2.97 - 10220
uw A 2.20 - 10109

Sym(10) wreath Sym(2) < Sigo
a(u)?® ~ 2.74 . 10293
uw A 3.54 - 10144

23



Appendix C Table 3

The following table contains the values of u and b(u), where u = |G : H|, G and H are
as in Appendix A, and degG = deg H > 14. One can read off that in each of the cases
b(u)? > u, which implies that G cannot be a automorphism group of a flag-transitive
generalized octagon with point stabilizer H. See the proof of Theorem 5.1.

PSL(2,13) < A1g
b(u)? ~ 3.61 - 10%2
uw A 3.99 107

PGL(2,13) < Si14
b(u)? ~ 3.61 - 10'2
uw A 3.99 - 107

PSL(4, 2) < Ajs
b(u)? ~ 1.41 - 10%°
uw A 3.24-107

2°4.PSL(4, 2) < Agg
b(u)? ~ 1.41 - 100
w A 3.24 107

17:8 < Ayr
b(u)? ~ 4.68 - 1017
w A 1.30 - 1012

L(2, 274):4 = PGammaL(2, 274) < A7
b(u)? ~ 3.25 - 10'3
uw A 1.08 - 1010

AGL(1, 17) < Sy7
b(u)? ~ 4.68 - 1017
w A 1.30 - 1012

PSL(2,17) < Ajg
b(u)? ~ 4.68 - 1017
w A 1.30 - 1012

PGL(2,17) < Sig
b(u)? ~ 4.68 - 1017
w A 1.30 - 1012

19:9 < Aqg
b(u)? ~ 3.46 - 1022
uw A 3.55 101

AGL(1, 19) < Sig
b(u)? ~ 3.46 - 1022
uw A 3.55-10'%

PSL(2,19) < Agg
b(u)? ~ 3.46 - 1022
uw A 3.55 101

PGL(2,19) < Sa9
b(u)? ~ 3.46 - 1022
u A 3.55 1014

AT < Agp
b(u)? ~ 7.79 - 1022
w A 1.01 - 106

PGL(3, 4) < Ao
b(u)? ~ 1.35 - 1020
uwA 42210

PGL(2, 7) < So1
b(u)? =~ 1.75 - 1025
wa 1.52-10'7

S(7) < So1
b(u)? =~ 7.79 - 1022
w A 1.01 - 1016

PGammaL (3, 4) < Sai
b(u)? &~ 1.35 - 1020
uw A 4.22 1014

M(22) < Aga
b(u)? &~ 1.21 - 1021
w A 1.26 - 10'°

M(22):2 < So2
b(u)? ~ 1.21 - 1021
w A 1.26 - 10'°

23:11 < Aoz
b(u)? ~ 4.04 - 1028
u = 5.10 - 1019

M(23) < Ag3
b(u)? ~ 1.21 - 1021
w A 1.26 - 10'°

AGL(1, 23) < Sa3
b(u)? ~ 4.04 - 1028
uw = 5.10 - 1019

M(24) < Agg
b(u)? ~ 1.21 - 102!
w A 1.26 - 10'°

PSL(2, 23) < Aoy
b(u)? ~ 4.04 - 1028
u = 5.10 - 1019

PGL(2, 23) < Saoy4
b(u)? ~ 4.04 - 1028
w A 5.10 - 101°

ASL(2, 5):2 < Aas
b(u)? ~ 2.58 - 10°1
u = 1.29 - 102!

(A(5) x A(5)):272 < Ags
b(u)? ~ 4.49 - 1030
uw A 5.38 - 1020

AGL(2, 5) < Saj
b(u)? ~ 2.58 - 10%1
uw = 1.29 - 102!

(S(5) x S(5)):2 < Sop
b(u)? ~ 4.49 - 1030
uw A 5.38 - 1020

PSigmaL(2, 25) < Agg
b(u)? ~ 2.58 - 1033
u = 1.29 - 1022

PGammaL (2, 25) < Sog
b(u)? ~ 2.58 - 10°3
w A 1.29 - 10%2

ASL(3, 3) < Aay
b(u)? ~ 1.99 - 1034
u = 3.59 - 1022

PSp(4, 3):2 < Ag7
b(u)? ~ 1.01 - 10%3
w A 1.05 - 1023

AGL(3, 3) < Sa7
b(u)? ~ 1.99 - 1034
u =~ 3.59 - 1022

PGammaL (2, 8) < Aagg
b(u)? ~ 9.31 - 10%8
w = 1.00 - 1026

PGammaU(3, 3) < Aagg
b(u)? ~ 1.45 - 10°7
u = 1.26 - 10%°

PSp(6, 2) < Agg
b(u)? ~ 1.01 - 1033
w A 1.05 - 1023
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S(8) < Asg
b(u)? ~ 1.30 - 1036
u = 3.78 - 10%4

PSL(2, 27):3 < Agg
b(u)? ~ 4.13 - 10°8
wa 5.17 -10%4



PGammaL(2, 27) < Sog
b(u)? ~ 4.13 - 10°8
wa 5.17 - 10%4

29:14 < Agg
b(u)? ~ 1.08 - 10%3
uw A 1.08 - 1028

AGL(1, 29) < Sag
b(u)? ~ 1.08 - 10%3
u~ 1.08 - 1028

PSL(2,29) < Agzg
b(u)? ~ 1.08 - 10%3
w A 1.08 - 1028

PGL(2,29) < S3¢
b(u)? ~ 1.08 - 10%3
w = 1.08 - 1028

L(3, 5) < A3p
b(u)? ~ 2.28 - 10%!
w = 1.10 - 1028

L(5, 2) < A3g
b(u)? ~ 1.54 - 1040
u~ 4.11 - 1026

AGL(1, 31) < Sgz1
b(u)? ~ 1.46 - 1047
u = 8.84 - 1030

ASL(5, 2) < Aga
b(u)? ~ 1.54 - 1040
w = 4.11 - 1026

PSL(2, 31) < Aga
b(u)? ~ 1.46 - 10%7
u = 8.84 - 1030

PGL(2, 31) < Sgzo
b(u)? ~ 1.46 - 1047
u = 8.84-10%°

PGammaL (2, 32) < A3s
b(u)? ~ 1.31 - 10%8
u = 2.65 - 103!

S(8) < Ass
b(u)? ~ 3.19 - 10°2
w A 1.28 - 1038

PGammaU(3, 3) < Asg
b(u)? ~ 4.59 - 10°6
w = 1.53 1037

PSp(4, 3):2 < Aszg
b(u)? ~ 5.11 - 10°3
u = 3.58 - 1036

PSp(6, 2) < Asg
b(u)? ~ 3.19 - 10°2
w A 1.28 - 1035

A(9) < Asg
b(u)? ~ 2.04 - 104
w = 1.02 - 1036

S(9) < S36
b(u)? ~ 2.04 - 104
uw = 1.02 - 1036

(S(6) x (6)):2 < S36
b(u)? &~ 5.11 - 10°1
u = 3.58 - 1035

(8(5) x S(5)):2 < Sap
b(u)? ~ 6.62 - 105
uw = 1.29 - 1037

PSL(2,37) < Asg
b(u)? ~ 4.23 - 1090
uw~ 1.03 - 1040

PGL(2,37) < S3s
b(u)? ~ 4.23 - 1090
uw =~ 1.03 - 1040

PSp(4, 3):2 < Agp
b(u)? &~ 2.94 - 10°8
u A 7.86 - 1042

PSp(4, 3) < Ay
b(u)? ~ 1.17 - 10°°
uw A 1.57 - 1043

PSL(4, 3) < Aygg
b(u)? ~ 3.63 - 10°°
u =~ 6.72 104

PSp(4, 3):2 < S0
b(u)? ~ 1.17 - 10°°
w A 1.57 - 1043

PGL(4, 3) < Suo
b(u)? ~ 3.63 - 10°6
u A 6.72 - 1040

PSL(2,41) < Ayo
b(u)? ~ 1.97 - 109°
u A 2.03 - 1040

PGL(2,41) < S42
b(u)? ~ 1.97 - 109°
u A 2.03 - 1040

PSL(2,43) < Aygy
b(u)? ~ 5.31-107!
uw A 3.34 - 10%°

PGL(2,43) < Sg4
b(u)? &~ 5.31 - 1071
u A 3.34 - 10%°

S(10) < Ays
b(u)? ~ 6.98 - 107
u A 1.64 - 10%°

PSp(4, 3):2 < S5
b(u)? ~ 2.79 - 107°
w A 2.30 - 10°1

(A x AT :4 < Ago
b(u)? ~ 7.52-1077
w A 1.19 - 10°°

(S(7) x S(7)):2 < Sa9
b(u)? ~ 7.52 - 1077
uw A 1.19 - 10°°

PSU(3, 5):2 < Asg
b(u)? ~ 3.89 - 1083
uw A~ 6.03 - 10°8

ALt (11) < Ass
b(u)? ~ 6.40 - 1094
uw A 3.18 - 10%°

AGL(6, 2) < Agy
b(u)? ~ 2.32 - 10109
wa 4911076

Sym(11) < Sss
b(u)? ~ 6.40 - 1094
uw A 3.18 - 10%°

Sym(8) wreath Sym(2) < Agyg
b(u)? ~ 3.81 - 10111

uwa1.95-107°

PSL(3, 7).3 < Asy
b(u)? &~ 4.02 - 10104
u A 3.59 - 1099

sym(12) < Agg
b(u)? ~ 3.90 - 10116
u A 5.68 - 1083

PSL(6, 2) < Ag3
b(u)? ~ 2.32 - 10109
uw A 491107

Sym(13) < S7g
b(u)? &~ 1.40 - 1043
uw A 1.81-1010°

A1t(9)72.272 < Agy
b(u)? ~ 9.59 - 10146
w A 2.20 - 10109

Sym(9) wreath Sym(2) < Sgi
b(u)? ~ 9.59 - 10146
u A 2.20 - 10109
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Sym(10) wreath Sym(2) < Sigo
b(u)? ~ 4.22 - 10192
u & 3.54 - 10144



