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Abstract. In this paper, we introduce thep-adic Moufang condition for hyperbolic buildings of
rank 3. It is the most obvious and simplest generalization of thep-adic Moufang condition for affine
buildings, introduced in Part III of this sequence of papers. We show thatp is very restricted, which
confirms (but does not prove) the conjecture that nop-adic analogue is possible for the construction
of Moufang (hyperbolic) buildings by Ronan and Tits.
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1. Introduction

In the previous parts of this paper, we have characterized several classes of rank 3
affine Bruhat–Tits buildings (the ‘classical’ examples of such buildings) by
assumptions on the automorphism group. One of the conditions was thep-adic
Moufang condition, which is in a way complementary to the usual Moufang con-
dition in that it is satisfied by affine buildings over local fields with a character-
istic different from its residue field, whereas the usual Moufang condition implies
that the local field has the same characteristic as its residue field (see, e.g., Van
Maldeghem and Van Steen [8]).

An open problem in the theory of affine buildings is whether thep-adic build-
ings can be constructed in a similar way as the Moufang affine buildings in Ronan
and Tits [2]. Such a construction would probably give rise to ‘p-adic’ hyperbolic
(and other types of) buildings. In the present paper, we have tried to give the
simplest generalization of the notion ofp-adic Moufang to compact hyperbolic
rank 3 buildings (i.e., the rank 2 residues are not trees). We show that in this casep

is very restricted, which makes it very unlikely that such hyperbolic buildings exist.
This, in turn, makes it very unlikely that ap-adic analogue to the construction of
Ronan and Tits [2] exists. At the same time, some geometric insight is gained in
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the structure of hyperbolic buildings of rank 3, which is the second motivation for
this paper.

We will view the apartments of a hyperbolic building of rank 3 as tessellations
of the hyperbolic plane into congruent triangles (the latter are the chambers). The
notion of ap-adic Moufang building in the affine case requires the notion of par-
allel walls, hence we will have to define this in the hyperbolic case, too. Also,
we will view the hyperbolic plane itself as the points inside the unit circleC in
a(n oriented) Euclidean real planeE. The lines are the parts of the lines through
the center ofC insideC, and also the parts of the circles ofE insideC meeting
C perpendicular. This way, it will make sense to talk about clockwise progressing
around a point (and it should be clear what is meant by it; once an orientation is
chosen, everything below will be independent of it).

Moreover, we will say that a compact hyperbolic building of rank 3 is of type
1i−j−k if the residues of the vertices of different type are, respectively, generalized
i-gons,j -gons andk-gons.

An interesting feature that comes along with our result is that apparently the
primes 2 and 3, but also the hyperbolic buildings of type13−4−6 play a special
role.

2. Definitions and Statement of the Main Result

2.1. PARALLELISM IN HYPERBOLIC APARTMENTS

We denote bySt (P ), for P a point in an apartment6, the set of all walls of6
throughP . Also, cl(P,Q), for two pointsP andQ lying on the same wallN , is
the intersection of all half apartments containing bothP andQ. It is obviously a
subset ofN (the ‘interval[P,Q]’).

DEFINITION 1. Two wallsM andN in an apartment6 of a (compact) hyper-
bolic rank 3 building areseparating wallsif they intersect as hyperbolic lines in a
hyperbolic plane.

DEFINITION 2. SupposeM andN are separating walls in some apartment6 of
a compact hyperbolic rank 3 building1. Then the wallM ′ is calledN-parallel to
M (M ′//NM) if and only if the following conditions are satisfied:

(i) M ′ separatesN .
(ii) Let {N = h0, . . . , hr−1} be the set of walls in6 that are incident with the

vertexP determined byM andN . Let {N = h′0, . . . , h′s−1} be the set of walls
in 6, all incident with the vertexP ′ determined byM ′ andN . The labelling
is done in such a way that if one progresses clockwise aroundP (respectively
aroundP ′) starting fromN , hi (h′j ) is met just beforehi+1 (h′j+1) for all i,
06 i 6 r−2 (for all j , 06 j 6 s−2). IfM = hi for somei, 16 i 6 r−1,
thenM ′ = h′j of {N = h′0, . . . , h′s−1} with i/r = j/s.
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DEFINITION 3. SupposeM andN are separating walls of some apartment6 of
a compact hyperbolic rank 3 building1. Then two verticesP andQ onN that are
incident (in the hyperbolic plane) with walls which areN-parallel toM are called
(N,M)-successiveif and only if none of the vertices onN \ {P,Q} that are in
cl(P,Q) contains a wallN-parallel toM.

In view of Definition 3, we introduce a new distanceδ′N,M(P,Q) between two
verticesP andQ on N such thatP andQ are contained in wallsN-parallel to
some wallM, withM separatingN . The value of 1+ δ′N,M(P,Q) is defined as the
number of vertices onN in cl(P,Q) that contain a wallN-parallel toM.

2.2. THE p-ADIC MOUFANG CONDITION

Let us denote by∂α the boundary of the rootα in some apartment6 of 1. We
assume that roots (or, equivalently, half apartments) are closed, i.e.,∂α ⊆ α. Also,
we denote by−α the root in6 oppositeα, i.e.,−α = (6 \ α) ∪ ∂α.

DEFINITION 4. A compact hyperbolic rank 3 building1 satisfies thep-adic
Moufang condition(with respect to a given apartment6), p a prime, if for every
two separating wallsM andN in 6 and for every rootα in 6 with ∂α = M a
grouppU(α,N) exists such that the following conditions are satisfied (whereP0

is the intersection point ofN andM).

(HPM1) Every element ofpU(α,N) fixes every chamber having a panel inα \∂α.
(HPM2) pU(α,N) acts transitively on the chambers ofSt (π)\ {c}, with π a panel

in ∂α andc the chamber ofα in St (π) (whereSt (π) is the set of chambers
in 1 containingπ ).

(HPM3) Supposeπ is a panel in∂α and suppose thatc′ is the chamber inSt (π)∩6
not inα. If g ∈ StabpU(α,N)(c′), theng fixes the wallM ′ of 6 \ α that is
N-parallel to∂α and for whichP0 and the vertex determined byM ′ and
N are(N,M)-successive.

(HPM4) Supposeπ is a panel in∂α and suppose thatc′ is the chamber ofSt (π)∩
6 not in α. Then(pU(α,N))p = StabpU(α,N)(c′) and StabpU(α,N)(c′) =
pU(β,N), whereβ ⊃ α is the root of6 such that∂β is N-parallel
to ∂α, and such that the vertexQ determined by∂β andN , and the
vertexP determined by∂α andN are(N,M)-successive.

(HPM5) If α andβ are roots in6 with ∂α and∂β separating walls, both separating
N , with ∂α ∩ ∂β ∩ N nonempty, and withN ⊂ (α ∩ β)∪
((−α) ∩ (−β)), then[pU(α,N), pU(β,N)] 6 pU( ]α, β[ , N), where
pU(]α, β[, N) denotes the group generated by all groupspU(γ,N) with
γ satisfyingα∩β ⊂ γ and(−α)∩ (−β) ⊂ (−γ ) and withγ 6∈ {α, β}. If
such a rootγ does not exist, thenpU(]α, β[, N) is, by definition, trivial.

The set of rootsγ satisfyingα ∩β ⊂ γ and(−α)∩ (−β) ⊂ (−γ ) andγ 6∈ {α, β},
as in (HPM5) above is sometimes itself denoted by]α, β[. The conditionN ⊂
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(α ∩ β)∪ ((−α)∩ (−β)) in (HPM5) implies that for everyγ ∈]α, β[, the wall∂γ
separatesN .

Our main result reads as follows:

THEOREM IV. In characteristic neither2 nor 3, p-adic Moufang hyperbolic rank
3 buildings of type different from13−4−6 do not exist.

Moreover, we will show that the above definition can be applied to affine build-
ings and that it precisely gives the definition ofp-adic Moufang affine building of
rank 3.

3. Proof of Theorem IV

LEMMA 5. If 1 is a thick compact hyperbolic rank3 building that satisfies the
p-adic Moufang condition with respect to some apartment6, then for every vertex
P in 6, the residueRes(P ) in 1 is a Moufang generalized polygon.

Proof.For every rootα in 6 such that∂α containsP , and for any wallN in 6
that separates∂α and is incident withP , the grouppU(α,N) clearly induces in
Res(P ) a root group. We conclude that Res(P ) satisfies the Moufang condition.2
Hence, by a result of Weiss [12] (see also Tits [5, 6]), we must only deal with
hyperbolic buildings of type1i−j−k with i, j, k ∈ {2,3,4,6,8}.

LEMMA 6. If 1 is ap-adic Moufang building of type1i−j−k , then8 6∈ {i, j, k}.
Proof.Since Moufang octagons only exist in characteristic 2 (see Tits [7]), it is

clear thatp = 2. But by loc. cit., every Moufang octagon has root collineations of
order 4, hence Condition (HPM4) can never be satisfied. 2
A crucial tool is the following well-known and elementary result in group theory.

LEMMA 7. Supposeg and h are arbitrary elements of some groupϒ . If
[[g, h], h] = [[g, h], g] = 1, then[gr, hs] = [g, h]rs .

Proof.See Gorenstein [1] (Lemma 22(i)). 2
LEMMA 8. Suppose1 is a thick compact hyperbolic rank3 building satisfying
the p-adic Moufang condition with respect to some apartment6 in 1. Let α
andβ be different roots in6 such that]α, β[= {γ }, for some rootγ in 6, then
[gpi , hpj ] = [g, h]pi+j , for all g ∈ pU(α,N), for all h ∈ pU(β,N), and for all
natural numbersi, j .

Proof.Since1 satisfies (HPM5), we have the relations

[pU(α,N), pU(β,N)] 6 pU(γ,N),
[pU(γ,N), pU(α,N)] = 1 and [pU(γ,N), pU(β,N)] = 1.
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Figure 1.

Hence[[g, h], g] = 1 and[[g, h], h] = 1. The result now follows from Lemma 7.2
For the remaining proofs of this section, we assume that6 is a given apartment

of a rank 3 compact hyperbolic building1, and that1 satisfies thep-adic Moufang
condition with respect to6. We further denote byN1 andN2 two separating walls
in 6. The intersection point ofN1 with N2 is denoted byP .

The label of a pointQi on Ni (i ∈ {1,2}) is m (∈ N) if Res(Qi) in 1 is a
generalizedm-gon. In the pictures, we sometimes (also) denote the points by their
labels.

SupposeQi is a point ofNi (i ∈ {1,2}) and suppose that Res(Qi) is a general-
izedm-gon for a specific value ofm > 2. Then we letαi1, . . . , α

i
2m be roots in6

(in a natural clockwise cyclic order) the boundary of every one of them containing
Qi, as in Figure 1.

Suppose Res(P ) is a generalizedm-gon for somem in {2,3,4,6}. Then we
denote byU1, . . . , U2m the root groups (in a natural cyclic order) in the apartment
of Res(P ) determined by6. Note that the walls corresponding to these root groups
can be identified with the walls of1 in6 throughP . Hence, we can choose indices
in such a way thatUj corresponds withα′ij , 16 j 6 2m. We then note thatUj is
induced bypU(αij , Ni), and hence independent of the (suitable) wallNi through
Qi (i = 1,2).

THEOREM 9. Nop-adic Moufang rank3 building of type13−3−4 exists forp 6=
2.

Proof. The wallN1 contains vertices with label 3 and 4. LetP andQ be two
vertices onN1 labelled 4 and at minimum distance. Leth′ and g′ be arbitrary
elements ofpU(α1, N1) respectivelypU(α3, N1) inducing nontrivial elements in,
respectively,U1 andU3 as in Figure 2, where the shaded areas ofU1 andU3

mark the respective rootsα1 and α3. Then by Condition (HPM4), an element
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Figure 2.

Figure 3.

h ∈ pU(α1
1, N1) and an elementg ∈ pU(α1

3, N1) exist such thath′ = hp and
g′ = gp. By Lemma 8, we have[hp, gp] = [h, g]p2

, hence[h′, g′] = 1 is re-
stricted to Res(P ), because[h, g]p2

fixes the ‘second’ wall (drawn in dashes in
Figure 2)N1-parallel to∂α1

2. By the arbitrary choice ofh′ andg′, we conclude that
[U1, U3] = 1. Similarly, replacingN1 byN2, one shows[U2, U4] = 1. By Tits [4],
p = 2. 2
In a similar way we prove the following theorem:

THEOREM 10. No p-adic Moufang rank3 building of type13−4−4 or 14−4−4

exists forp 6= 2.

This takes care of all cases with no residue isomorphic to a generalized hexagon.

THEOREM 11. No p-adic Moufang rank3 building of type12−4−6 exists for
p 6= 3.

Proof. We use similar notation as in the previous proof, except that we now
assume that the wallN1 contains vertices labelled 2 and 6, andQ1 andP are
vertices ofN1 with label 6 and at minimum distance. Note that there is a unique
vertex labelled 2 in[P,Q1], and through that vertex there is a unique wall distinct
fromN1, and that wall isN1-parallel to∂α1

3. Leth′ andg′ be arbitrary elements of,
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respectively,pU(α1, N1) andpU(α3, N1) (corresponding with the root groupsU1

andU3 respectively, see Figure 3).
Using Condition (HPM4), an elementh ∈ pU(α1

1, N1) and an elementg ∈
pU(α1

3, N1) exist such thath′ = hp andg′ = gp
2

(the square ofp appears here
because there is anN1-parallel wall between∂α1

3 and∂α3 – the latter throughP
corresponding withU3 – namely one through the point labelled 2). By Lemma 8
we obtain[hp, gp2] = [h, g]p3

, and so, restricted to Res(P ), we have[h′, g′] = 1.
This implies[U1, U3] = 1.

A similar argument using the wallN2 (see Figure 3), which contains vertices
labelled 6 and 4, implies[U2, U4] = 1. This implies thatp = 3, see Tits [3]. 2
In a similar way we prove the following theorem:

THEOREM 12.Nop-adic Moufang rank3building of type1a−6−6 (a ∈ {2,3,4,6})
or 13−3−6 or 14−4−6 exists forp 6= 3.

This shows Theorem IV.

4. Thep-adic Moufang Condition Applied to Irreducible Affine Rank 3
Buildings

In the affine case, separating walls in an apartment6 are walls that are nonparallel
in the Euclidean plane. It is easily seen thatN-parallel walls are just parallel walls,
for all wallsN . Now it is also easily seen that the convex closure of a half apartment
α and a chamber having a panel in common with∂α is a half apartmentα′ such
that∂α is parallel with∂α′ and both walls are at minimum distance (i.e., there is
no wall parallel to∂α in the closure of∂α and∂α′).

In view of these remarks, it is now easy to see that condition (HPM3) is super-
fluous in the affine case, and that the notion ofp-adic Moufang introduced in this
paper and applied to affine rank 3 buildings is equivalent to the notion of affine
p-adic Moufang buildings of rank 3 introduced by the second author in Part III
[11].
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