Old and new results on the MDS-conjecture

J. De Beule
(joint work with Simeon Ball)

Department of Mathematics
Ghent University

February 9, 2012
Incidence Geometry and Buildings 2012

Jan De Beule MDS-conjecture



Introduction

Definitions

Definition

An arc of a projective space PG(k — 1,q) is a set K of points
such that no k points of K are incident with a common
hyperplane. An arc K is also called a n-arc if |[K| = n.

Definition
Alinear [n,k,d] code C over Iy is an MDS code if it satisfies
k=n-d+1.

Jan De Beule MDS-conjecture



Introduction

Suppose that C is a linear [n, k,d] over Fy with parity check
matrix H. Then C is an MDS-code if and only if every collection
of n — k columns of H is linearly indepent.
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Introduction

Suppose that C is a linear [n, k,d] over Fy with parity check
matrix H. Then C is an MDS-code if and only if every collection
of n — k columns of H is linearly indepent.

Linear MDS codes are equivalent with arcs in projective

spaces.
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Introduction

fundamental questions

@ What is the largest size of an arc in PG(k — 1,q)?

@ For which values of k —1,q, q > k, is each (q + 1)-arc in
PG(k — 1,q) a normal rational curve?

{(,t,... .t Y [t e Fq} U{(0,...,0,1)}

@ Foragivenk —1,q, g > k, which arcs of PG(k — 1,q) are
extendable to a (q + 1)-arc?
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old(er) results

Early results

In the following list, g = p", and we consider an |-arc in
PG(k —1,q).
@ Bose (1947): 1 <g+1lifp>k =3.
@ Segre (1955): a (q + 1)-arc in PG(2,q), q odd, is a conic.

Lemma (Bush, 1952)

Anarcin PG(k — 1,q), k > g, has size at most k + 1. An arc
attaining this bound is equivalent to a frame of PG(k — 1, q).

@ g =2, k = 3: hyperovals are (q + 2)-arcs.
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old(er) results

MDS-conjecture

An arc of PG(k — 1,q), k < g, has size at most q + 1, unless g
isevenand k = 3 ork = g — 1, in which case it has size at
most q + 2.
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old(er) results

more (recent) results

@ Conjecture is known to be true for all g < 27, forallk <5
andk >q—3andfork =6,7,q — 4,9 — 5, see overview
paper of J. Hirschfeld and L. Storme, pointing to results of
Segre, J.A. Thas, Casse, Glynn, Bruen, Blokhuis, Voloch,
Storme, Hirschfeld and Korchmaros.

@ many examples of hyperovals, see e.g. Cherowitzo’s
hyperoval page, pointing to examples of Segre, Glynn,
Payne, Cherowitzo, Penttila, Pinneri, Royle and O’Keefe.

Jan De Beule MDS-conjecture



old(er) results

more (recent) results

@ An example of a (q + 1)-arc in PG(4,9), different from a
normal rational curve, (Glynn):

K ={(1,t,2+nt® t3,t*) | t € Fo,n* = —13U{(0,0,0,0,1)}

@ An example of a (q + 1)-arc in PG(3,q), q = 2",
ged(r, h) = 1, different from a normal rational curve,
(Hirschfeld):

K={(1,t,t% 12+ |t e Fq} U {(0,0,0,1)}
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Lemma of tangents

arcs in PG(2,q)

tangent lines through

P1 = (17070): X1 =aiXz
P2 = (0, 1,0)2 X5 = biXq
p3 = (0,0,1): Xo = ¢iXy
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Lemma of tangents

arcs in PG(2,q)

tangent lines through

P1 = (17070): X1 =aiXz
P2 = (0, 1,0)2 X5 = biXq
p3 = (0,0,1): Xo = ¢iXy

Lemma (B. Segre)

t
H aibici =-1
i=1
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Lemma of tangents

coordinate free version

Ty = [1(X1 — aiX2)
Tipoy = [1(X2 — biXo)
Tips) = [1(Xo — CiX1)

Tip,1(P2) Tipyy (P3) Tpay (P1) = (1) T (p,1(P3) Tp,3 (P1) T sy (P2
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Lemma of tangents

coordinate free version in PG(k — 1,q)

Lemma (S. Ball)
Choose S C K, |S| =k — 3, choose p1,p2,p3 € £\ S.

Tsup} (P2) Tsugp,} (P3) Tsugps} (P1)
= (—1)""Tsugp,3 (P3) Tsugp,} (P1) Tsuips} (P2)
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Lemma of tangents

Interpolation

Lemma (S. Ball)

Let || > k +t > k. Choose Y = {y1,...,Yk—2} C K and
ECK\Y,|E|=t+2. Then

0= ZTY(a) H det(auz7yl7"'7yk—2)_l

acE zeE\{a}
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Lemma of tangents

Exploiting interpolation and Segre’s lemma

Let || >k +t > k. Choose Y = {y1,...,Yk—2} C K and
ECK\Y,|E|=t+2,r <min(k —1,t + 2). Let

0 = (as,...,ai_1,Yi,--.,Yk—2) denote an ordered sequence, for
the elements a,,...,a;_1 € E

Lemma (S. Ball)

= Tg(a B
0= Z (H%)Te,(ar) H det(ar,z,6,)7 %,

ajp,...,ar€E i=1 ZE(EUY)\(Q[U{&[})

The r! terms in the sum for which {a,...,a;} = A, ACE,
|A| =r, are the same.
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Lemma of tangents

Exploiting interpolation and Segre’s lemma

Let || >k +t > k. Choose Y ={y1,...,¥k_2} C K and
ECK\VY,|E|=t+2,r <min(k —1,t + 2). Let

0 = (as,...,ai_1,Yi,---,Yk_2) denote an ordered sequence, for
the elements ay,...,aj_1 € E

Lemma (S. Ball)

LT, (3 _

ay<..<arcE \i=1 ze(EUY)\(6ru{ar})
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Lemma of tangents

avoiding some restriction

Suppose that £ is an arc in PG(k — 1,q), then one can
construct an arc K in PG(|K| —k — 1,q), with || = |K'|.

Jan De Beule MDS-conjecture



Beyond k < p?

Segre product

LetA=(aj,...,an) and B = (bg,...,b,_1) be two
subsequences of K of the same length n and let D be a subset
of €\ (AUB) of sizek —n —1.

Definition

DU{alrnvaiflvbi 7"'7bn71}(ai )
U{ay,...,ai_1,b; 7...,bn,]_}(bi—l)

noT
Po(A.B) =] 7
i=1 D

Jan De Beule MDS-conjecture



Beyond k < p?

Using Segre’s lemma again

Pp(A*,B) = (—1)"*'Pp(A, B),
PD(Av B* ) = (_ )H_lPD(A? B)’

where the sequence X* is obtained from X by interchanging
two elements.
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Beyond k < p?

Interpolation again

@ Suppose that K| =q + 2.

@ LetL of sizep — 1, Q of size p — 2, X and Y both of size
k — p be disjoint ordered sequences of K. Let S, denote
the sequence (s, | i € 7), 7 € {1,2,...,[S|} for any
sequence S.

@ Let o(X;, X) denote the number of transpositions needed
to map X onto X,.

o M={1,....,k—p}

0=> (-1)HeCp y (Y2 %) [ det(z, Xwnr, Yo L)
TCM ZEQUX, U\ -
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Beyond k < p?

Interpolation again

o LetECQ,|E|=2p—k—2.
@ LetW = (wy,...,Wpy) be an ordered subssequence of £
disjointfromLUX UY UE.

n
0=[]det(ynsa—i,X,L) J] det(z,X,L)"

i=1 Z€EEUY UWa;,

..which is a contradiction
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Beyond k < p?

Corollary (Ball and DB)

Anarcin PG(k —1,q), q = p", p prime, h > 1, k < 2p — 2 has
size at most q + 1.
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